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ABSTRACT

Langevin equations for intrinsic optical bistability in a system of two-level

atoms interacting by dipole-dipole interactions are treated, and the stochas-

tic effects of quantum noise are analyzed. For cases in which the population

relaxation is very slow (relative to the homogeneous dephasing rate of the

complex dipole) we derive a one-dimensional Ito stochastic differential equa-

tion for the inversion of population. For such cases the probability distribu-

tion, diffusion process and the first passage times between the two metastable

states are calculated. On the other hand, the quantum fluctuations in in-

trinsic bistability of a pure quantum mechanical system are calculated by

using the Einstein relations. We find that a quantum noise which is above

the standard quantum limit is inherent in the reaction field. We develop a

theoretical analysis for the spectrum of the light scattered by two, two-level

atoms driven near resonance by an external electromagnetic field.

Keywords:

Intrinsic Optical Bistability; Cooperative Effects; Resonance Fluorescence;

Quantum Noise.
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1. INTRODUCTION

Intrinsic optical bistability (lOB) that is not caused by external feedback

such as mirrors, has been the subject of recent intense interest.' It was first

pointed out by Bowden and Sung 2a and by Bowden 2
1 that optical bistability

(OB) may occur for a system comprising a collection of atoms which inter-

act with the electromagnetic field and are driven by an externally applied

coherent field without external feedback. The first detailed experimental

study of intrinsic optical bistability was conducted almost simultaneously by

Hajto and Janossy3 using amorphous GeSe2 , who interpreted their results

as due to temperature-dependent induced optical absorption in the mate-

rial, and Bohnert, Kalt and Klingshirn4 , who used CdS, and also Rossmann,

Hennbberger and Voigt' using the same material. The process in the first

case depends upon absorption due to temperature variation induced by the

incident field, whereas the later cases depend upon saturation of absorption

due to the generation of carriers in the material, and the IOB has been

interpreted' as due to bandgap renormalization. Since the earlier works,

there have been many theoretical and experimental investigations of various

forms of IOB 1.

In certain recent works7 the nonlinear oscillator model has been used as

a prototype medium exhibiting intrinsic bistability. Various effects related

to intrinsic bistability have been explored by following this model. On the

other hand the two-level system has been used as a prototype medium for

describing quantum mechanical effects in intrinsic optical bistability. - 2 In
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previous works we have presented quantum mechanical treatments of mir-

rorless (intrinsic) optical bistability (LOB) from collections of spatially dis-

tributed two-level atoms interacting via the electromagnetic (e.m.) field and

driven by an externally applied coherent field.

The aim of the present research project was to study the effects of quan-

tum fluctuations on IOB since these effects have not been studied in the

previous works. The bistability effects have a potential significance for de-

veloping "optical computers". The use of intrinsic bistability as a switching

mechanism will have the following advantages:

a) As the external feedback such as mirrors is not needed, the switching

unit can be very small and therefore much less complicated, more efficient

and less expensive than that used in a conventional optical bistability.

b) The switching times in intrinsic optical bistability will be short

relative to the switching times obtained in optical bistability with mirrors.

However, the insertion of noise including especially the quantum fluctuations

might destroy the hysteresis cycle behavior of the steady state response.

Therefore, we have found it to be of utmost importance to investigate these

statistical fluctuations.

Some of the physical effects in cooperative resonance fluorescence are

very similar to those of the intrinsic bistability 13- 17 as both phenomena are

related to the coherent dipole-dipole interactions. An interesting problem

in this field which has been studied in the present project is the resonance

fluorescence spectra from two two-level atoms including the dipole-dipole

interactions.
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2. SCIENTIFIC RESULTS

The detailed scientific results of the present project are given in the three

articles added in the Appendices. Here we give a short review of our work.

The Langevin equations for intrinsic bistability had been derived in pre-

vious works 8- '0 . The solution of the equations was based on complete fac-

torization of the dipole operators and then the Langevin terms drop out for

the expectation values. Instead of this approximation we use in the present

work partial factorization, by which the expectation values are made and

factorized in the first stage only relative to the atoms. The deviation from

complete factorization is due to the Langevin noise terms.

After using the above approximation the quantum nature of the equa-

tions is related to the "Langevin force" operators f(+)(r), which stem from

the vacuum contribution to the fluctuations. r is the retarded time and

< [f(+)(r), f(-)(r')] >oc 6(r - r'). The f(±) operators are independent of

the space coordinate. Therefore the treatment of quantum fluctuations in the

case of a short sample (a width smaller than a wavelength) and in the case of

a long sample are similar. We assume that the f(+) operators are gaussian

operators representing a gaussian white noise. By using this approximation

we transform the equations for the inversion of population and for the two

components of the complex dipole into three coupled Ito random differential

equations'8 .

The quantum statistical treatment of the intrinsic bistability can be sim-

plified for the case when the dephasing constant is much larger than the
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relaxation constant (032 >> /3). In a pure quantum mechanical model

32 = #1/2, but we may introduce homogeneous broadening by considering

A3 and 02 as empirical cases. In many experimental cases the condition

02 >> 83 is fulfilled. Under these conditions the relaxation of the dipole

operators is very rapid relative to the relaxation of the inversion of popu-

lation. Therefore for this case the expectation value for the complex dipole

operators is adiabatically eliminated by using Eq. (17) of Ref. 9. We get

by this approximation a one-dimensional Ito differential equation for the in-

version of population. The methods for solving such a random differential

equation have been described in the theories developed for bistability in laser

cavities" - "° . The tunnelling process and the passage times between the two

stable states in intrinsic bistability were calculated by using these methods

for such cases in which /32 >> #I. The analytical and numerical calculations,

made by following this method, are presented in Appendix A. Cooperative

effects in the resonance spectra of two-level atoms are usually treated by as-

suming that the atoms are within a small volume with dimensions smaller

than a wavelength" -22 . In Appendix B we analyze the resonance fluores-

cence spectra of two two-level atoms by taking into account the dependence

of the coherent dipole-dipole interactions on the distance between the atoms.

In the present project we have treated also a pure quantum mechanical

system in which the relaxation rate fl of the inversion of population is the

spontaneous decay time and the relaxation rate for the dipole moment is

given by 02 61/2. By using the quantum theory of noise developed by
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Lax23 we have calculated al the second moments of the dipole operators and

studied the statistical properties of the reaction field.

It has been shown by other authors that squeezing 24 - 2 can be produced

by optical bistability"7 but this possibility has been studied only under the

approximation of a good cavity limit. For such cases the medium relaxation

is much faster than that of the field and then the atomic variables can be

eliminated. The problem of photon statistics is studied in Appendix C for the

extreme case of a bad cavity limit where we preclude any reflecting boundaries

and where the relaxation of the field is much faster than the relaxation of the

material. The statistical properties of the transmitted radiation are discussed

and it has been found that squeezing is not obtained in the present system.

CONCLUSIONS

The simple modified Maxwell-Bloch equations used by us are useful as a

generic model for describing the effects of quantum fluctuations oil intrinsic

bistability. The long passage times calculated by us, for a two-level system

with large dephasing rates indicate reasonably suitable conditions for obtain-

ing intrinsic optical bistability. However, the effect of quantum fluctuations

in terms of the average passage times can be an important effect. Quantum

noise effects, as discussed here, can lead to significant "glitch" rates which

can seriously affect stability and switching properties of a bistable device.

By solving our equations for the pure quantum mechanical case we find

that the reaction field in intrinsic bistability is bunch:d so that a quantum

8



noise which is above the quantum noise limit is inherent in this system. We

conclude that the photon statistics in the bad cavity limit is more chaotic

than the good cavity limit in which squeezing was predicted.

The theoretical analysis made in the present work for the resonance flu-

orescence spectra of driven two, two-level atoms can be used for evaluating

the spectra in numerical calculations. For the case of two, two-level atoms

at resonance interacting with a resonant external field, which are within a

volume with a dimension smaller than a wavelength, we have derived an an-

alytical expression for the line shape. Additional side bands appear, which

are shifted from the line center approximately by twice the Rabi frequency,

but thesejinbands are very broad and very weak.
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level atoms scpara(cd by less than a resonance wavc- "good cavity limit" is of course tle complement of
length, has been strongly addressed in the calcula- the "bad cavity" approximation and requires that
tional heuristic treatment of I lopf and Bowden [71. the reflectivity boundary condition prevails, i.e. a
In that work it has been shown that the stochastic high-Q cavity. In this case the photon lifetime is large
processes in the two-level atoms with the dipole-di- and the cavity width is small. Titus it can happen that
pole interactions causes bimodality. A "clean cxper- the mediun relaxation is much faster than that or
intent" which might be quite close to this model, the field and then tie atomic variables can be adi-
would be a collection of Rydberg atoms [ 16 1 in ion abatically eliminated (20,2 11. An example would be
traps 117,18 1. lhe collisional broadening can be a nonlinear cavity composed of a Kerr medium be-
controlled by laser cooling and decorrelation can be tween highly reflecting mirrors. In our works we have
controlled by introduction or thermal IR or FIR ra- treated short samples configurations of two-level at-
dialion. Thus, aloms can be brought closer together ores without any reflecting boundary conditions so
by laser cooling and decorrelated independently by that we have assumed the "bad cavity limit".
interacting with an externally applied stochastic field In our previous works 112-14 1 we have shown that
silleriIn posed on tlhe cohcrent driving field (tlis cubic nonlinearities appearing in dense two-level
needs further considerations). As has been shown in systems, (lue to the dipole-dipole interactions, call
the heuristic treatment of ref. 171 bistability is ob- lead to lOll. This, of course, is related to early quain-
tamned whnch the number of atoms within a cubic turn treatments of bislability that is in tcrms of fac-
wavelength is laige. torization and cubic nonlinearities 122,23 ]. 1 he aim

In recent works 112-14.191 we have treated the of the present Letter is to describe tle efect ofquan-
problem of lO1 in collections of spatially distributed turn noise on 1013. As is well known the stochastic
two-level atoms interacting via lie electromagnetic processes, in general, change the phenomenon of bi-
field and driven by an externally applied coherent stability to bimodal probability distributions. Since
Field. In the eailier woiks on lOl of two-lcvcl sys- stochastic effects have not Ieen treated previously
tenis tie dipole-dipole interactions have been treated for lOl1 our new analysis of such clfects should be of
by assuming a small %olniic with dimensions smaller interest.
thian a resonance wavelength [ 1,6] or by assuming The equations of motion obtained for a short sam-
a systcm with a small number of atoms in semiclas- pie of two level atoms, including the noise source op-
sical approximation 171. In tie recent works 112- erators, are given as 112- 14
14. 19 1 we have lreated the pioblein from the many-
body standpoint by developing the I leisenberg equa- dKa:z, r)>./dr= -fit[ a,, t) >, -I-u
tions ofnotion in (he "bad-cavity" limit, where tie +01(/h 1 (a o(Z, t) .+ o(a {z, T) )XI
relaxation of tile Field ii the mediunm is much faster
than tile rclaxation of tlte material. JIhis is tle case -2Ka,.(z, t) ) " (t)-21 -r(0 (_.{z. t)>,

"lteit tite cavily width y is very large. Since )' cor- (I)
responds to the average photon lifeitime in the cavity d <aj 0 (z, r) >./dr= - (tE/2h) (C:(Z, T)>,

we oblain tle exlrcme "bad cavity limit" by pre-

chiding any reflecting boundaries and when tle up- +i PA- (E,(z, 0 <a (,dz, T) .
per bound for the photon lifetime is given by the pas- -fl2 (a. O(z, r) > +f -() (a(z, t) >. (2)
sage time through the medium. If the cavity width y
is much laiger than tle material relaxation rate then I lere ( a,,,. is the expectation value of the slowly
ile field variables can be adiabatically eliminated varying complex atomic polarization per unit vol-
from itle I lcisenberg equations of motion with the nime, and (a,>,, is tie expectation value of the atomic
approxitntion that the field is in steady state oin the inversion per unit volume. The average < ). are with
lite scale of the material response time. The formal respect to the atomic states only. lhe parameter It is
procedure for adiabatic elimination, specifically in the modulus of tile matrix element of the transition
the "had cavity limit" as well as the "good cavity dipole moment or an aton, and a is the number of
limit". bas been presented by Lugialo 1201. The atoms per unit volume. 4=w-w, is the detuning
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where to is thle frequency of tile applied field Eg and iniation for strong dcphasing, decoi relation of a,,
to) is the atomic resonance frequency. The rates fl1  and u, is anl excellent approximation, and indeed,
and Pl2 are tile inverses of the relaxation timies 7T, and must follow for consistency. One should be aware of
T2 for thie inversion of population and the dlipole tite fact that the effect of 1011 treated here is not rc-
motmnt, respectively, anti J=wO-o is thie dcvia- latcdl at all to thle cooperative effects discussed f1or
tion of thle applied field frequency to from thle altmic S17. It is related to the renormalization of thle hec-
resonance frequency (o(. ( is thle frequency renor- qucucy due to thle high density of tile two level atoms
mialization constant derived in our previous work and is similar to the reniornialization of frequency

= 7nflc(3)i for l013 in semiconductors as explained in thle in-
() trodluction to titis Letter.

where fl is tlie spontaneous dlecay constant By adiabatic elimination of (a ,,,> and ((-j 0> in

/1 4 2/3ic(4) eqIs. (1I), (2) we obtain (lie single Ito equation
[24,251 for the inversion

The frequency renormializat ion stems front coherent
dipole-dipole interactions between atomis that are ( fj, '\11
within a volume of a cubic wavelength. The electro- - I? (a + I) I t - d
miagnet ic I ild a I ppca ts ini c(cgs. ( 1, (2) ini I wo pidIts,
i.e. thle free fieldf fand the macroscopic field E. The -( R: !+ t,- -* - (11 -
latter is assumed to be a constant classical driving (i (A - a.) i (2I- (.)7- ? / 1
field (or equivalently that it is in coherent state). The(6
free field operators of eqIs. (I)1 (2 ) obey inl the plane
wave limit, thle eqIuationswhr o=1PhitieRbfcqnyofilap

K, (O(r f - (r 0 )>f1 5( -t- p liedl external field. H ere, we hiave defined thie di-

(f T ) f1 ( C > (1 ( ) f - (' > mensionless stochastic variahles dV ' and dF-- by
thle equations

0'f Orf ('> =0 (5)

where the averages ( > are expectation valuies, and dFAI r ' W , (11 (r ,, (7)
T is thle retarded time variable T=t-Z/C. These Op rl d r
crators constitute fluctuating noise terms which, stem,
fromt thle quantum field coupling to thle atonms, and have drtopped the < >,, notation For convenience

In ouir previous works we have treated thie prob- and scaled the atomic variales to functions coic-
lent of factorizition of products of atomic operators stpondling to densities per atom. The stochastic plop.
that arise fromt adiabatic elimination of thie reaction erties of thle variables (IF ' and (IF Fo llow fronm eqs.
field contr ibutions. I lere the multiplications with thle (5) and ( 7)
slowly varying external field V are automatically lac-
torized under thie present assumption of a driving <d1F (T) (I' V 17 > ) P = (It,
classical field. 'Ihle only operator product terms left <tl (I T) dI' r' > < (IF ( r) (IF- ( r ) >
in eq. ( I) are tile multiplicative noise termns, and( this
of course faclorize willh respect to thle atomic initial < (IFl ( t ) (IE ( ), > = tI . (8)
states (in consistence with the maikovian approxi-
nmation of eq. ( 5 )). In thle present work wc assume 'Ihle model cami be easily generalized to othier spe-
also adiabatic elimination conditions for (a, ,,). cific radiation resemvoir condlitions, such as a thter-
which means overwhelming large tlepliasing of tial reservoir at temperature 14 0). Using conditions
(a o) (fh 2 Il ). 'lTus, under these coniditionis, the (8) we transform eq. (6) intoc a Fokker-hPhanck
coherence of thle off-diagonal dipole terms is equation 124,25 J for the inversion of poplulaItiont 1:
quenched and tile diagonal and off-diagonal teirms as a function of thle parameters I (o, I!, J, f, fl, and
are decorrelated. Tlhus, tinder tile adiabatic approx- fl~t (where /i2 -t fl,)
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S It,)" F r I a N -0.5 02 10+ f( 411 )+ ,( (9)

We epresent the (inft ternm A ( ai ) and the di[ffusion10

coefficient 11(a) as 
2

A 1 It 1 Izfl2 (1) -10o~.__
fl'+(-0 100l'J1 200

~ ~ ± ~ . (I I ) Fig. 1. (a,> as a function of l(,',RI 'for nortalimie planiclers
+ Q ? w. I= -=-10 anfl(= 100,. wheiw all quaniieis are in

'Iw liela% state solution of (9 is gienbyunt- of fl,. I lie solid arid dotted curves represent respectively
~ ) s g ~en~)ystable and unstable steady states. Ilie points a. li and c represent

I / Ia ) \thle titice solutions of tlhe cutuec steady .;tate ctlilatlon where thec
.1 ~()=C CXp i 2 f dry. subscripts j= 1. 2 and 3 tefcr, respectively, to extetnral fields

- 11(Q I wtI'= 100, 120 and 150 in units of71

----- CxlUrI, (12)11 ( 0) previous work (ref. [11, eq. ( 18) ). atid this, of

NVhetI e(is a tlOrnli7zal i Constatnt antile I~~e course, is inl total agreemenit with life exsprcssion for
liiiI '(a. ) is defined as (lic drnift lei of e(I. ( 10). '1 lie dephising late, fl2,

has been chlosenl to be 10 fi,, so that the applroxi-

L'(a)=-1 F 1) ationl fl2 >> Ai is justified. To obtain a condition of
f I (~ intrinsic bistabilify thie pananieter ( tnust satisfy

16,14 J (/f2> 6. For illustration we have chosetn
1'(rf) plays a role similar to a chemical potential E = 100 and A= - 10, in units of fli. Thbis gives life
since fihe miaitn dependceHC~C Oil 0: is throtugh this ratio c/fl2 = 10. The solid and dlotted curves in Fig. I
ftunction while Mar) is a slowly varying futnction of represenit, respectively, stable and unstable steady
0 . states. The points a, b and c in this figure repiesenl,

13y a stralightfforwatid integration wie get respectively, the three steady state solutions for a.

/ (f~ z 2  for a prescribed Field value I(O,, I' where j= 1, 2, 3
7"-. If,i( 6I +( k) - -4/J refer to 1(l)"1 12 = 100, 120, 150 respectively. For the

\fit I ()R ~ satine conditions and prescribed fields tlie conic-

2 41172-I sponding probability functions~f"'1(a.), calculated
+ (I+ ')R 2- - fromt eq. ( 12), are depicted as ftunctionis of a, iii ig.

IO~n1 2. The maxitia of tife probability denisity functions,

I2ll - (14) in each case, correspond to life two stable solutions,
p),t 2( ry:a and c, of tile cubic equation whereais fihe minima,

b, correspond to the associated unstable solution of
10 illustrate fihe quantumn noise effects ill intrinlsic the eqtuation.

bistability we show inl Fig. I thle value of (a,> as a The time dependent Fokker-Planck equation, eq.
functiotn of I (on I', where all rates are normalized to (9), cati be described by (201
PI,. 'I his Ifigure has been calculated according to the
steady state cubic eqtuationi of state obtained in our T)a, t)i=fa ,
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in the upper (highly excited) bianch of a>. and change
03I 12(ltI in the ncighiborhood of a to approach thec point

02a, or we may start on the lower branich and ar i vc at
10 - (Ithe point c. After the fast relaxation of the first step

C1 the probability densityf(ao) is given lby the line pro-

C2 file about the point a, whereas for thie second case it
t-o - is given by thie line profife about point c, as illus-

trated in fig. 2.
In tlie long time limit (thie second stage) thec func-

01 - tion f( a,) can Ibe app~roximlated by

fto~ fa , r)=f (511(a _ ) + ex p( - A IT)f. I( G: (16)

where A(a>.) is the cigenfunction of the Fokker-
0.01 Planck operator corresponding to the cigenvalue A,.

b The probability to find the system in the states a and
c at time r are givcn, respectively, by

0 001

C3  uv.,( t) f f'(a) dry,

00001 
0

b 1  lt(()= I-n'3 r) .(17)

0 , ''Vo Thle rate by which iv,j(r) changes is given by

Fig. 2. The probability dcnsity f ((o.) for various external fieldls where r,, and r, are the "escape timecs" out of' the a
as a function (of (7, for stationary states with normalized paramne- andl c wells of the potential. O n the other hiand we
teis/1, = I,flj= 10,.I= - 10, t= 100. 1 li three curves arc for liclds have
w~ith 1(,), 1 100, 1 20 311(] ISO0.The maxima a and c correspond
to the stable solutions (If the cubic eqtuations and (lie minima 1 tt,/t -A1 t,(r)-t,(c) (19)
to ottie cottespooding unstablc solutions, wherej= f, 2, 3 refer to

I1W" 12= 0,11 n Irsetvl.Alprmtl r lt By comparing eqs. (18 ) atid (19 ) we get
Oo.. f, I r tt,(co0) I

where, under conditions similar to those wh ichi per- (2o)
tamn to fig. 2, the linear operator exhibits a necarly de- Byuigmtosdc Heinc'.12,1adap
generate pair of lowest lying eigcnvafues, An=(0 and proximations that ate valid within the switching ie-
A I#o0, and a large gap between A I and the remaining ie(le"saetmsargvnby10
eigcnvalues. The lime evolution off( a:, r) ocur in ie h 'saetme' r ie yI2)

tosprtstp.In the first one the relaxation usn0ehd ecie n cs 212 n p

poesiloainwihtetwo pasof the double % tfd:BO) ep U(rQ)
peaed istibuiondescribed in Fig. 2, evolve in- 0

dependently of each other [ 20 1. This stage is veryU.
rapidl corresponding to the high eigenvalues for which T,=At o l, - x tl(a) (2

A,> 1 j>I) Tes th o le two peaks, of a given f
disriutin t Iicend thIfe first saeis identical
to hatrcpesetedby f tI ( or.), but thie ratio of thie where Al is a function of the potential hairier be-

maxia othepeas my bdiffierenit, depending on tween the two potential wells,
the nital ondtios. eferin tofig. 1, we may start
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( 1983) 1088.
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Resonance Fluorescence Spectra of Two Driven Two-
Level Atoms

YACOB BEN-ARYEII ANID CIIARLES M. BOWDEN

Abstract-We develop a theoretleal analysls fur the spectrun or fine agreement with that of Mollow [I], Oliver et al. 115J,
light scattered by two, two-level nons drihen near resonance hy an Carmichael and Walls 141, Kimble et al. 161, and many
external coherent eleetrnngunellc field. hlie atonis are assunied tin re- others. This result is in contrast with the one-photon ap-
lax In equilibriun wi th tle driving field dise it radiation lamping. The
explicli dependence of lie coherent dlple-dliole Interacllus oni line proximualion 1161, which gives a ratio 2 : 1 rather than 3: 1
dislejnce bhetieen line two ationis Is takenint account In line Ilieorelical in the peak heights. A more sophisticated one-photon
treatment of tire spectra. For lie ease of Iwo, hwo-level aloms vliih a model for resonance fluorescence spectra of a two-level
fixed dislance smaller than a wavelength, ain analytilcal resnil for lie atoul has been developed by Baklanov 1171 and by Sten-
resonance fluorescenee line shape Ix oblalined, and tle result Is cor- holn I 181. This new one-photon nmodel gives the correct
pared to previous works. resonance fluorescence spectra and is in complete agree-

ment with other works 111,141, 161, 1151. It is the purpose
1. INIRODUCIION of tie present work to apply this approach 117], [18] forO NE of the most interesting subjects in quantum optics developing the theoretical analysis of the resonance fluo-

which has been studied extensively in the literatue iescence spectra of two, two-level atons and to compare
is the resonance fluorescence spectra from a two-level file results to those of other authors 181-113].
alom interacting with a nearly resonant coherent exlernal Cooperative atomic effects in the resonance fluores-
field 111-151. Interesting quantum effects, such as photon cence spectra are usually treated by assuming that the at-
antibunching, have been observed 161 in connection with omes are within a snmall volume with dimensions smaller
the resonance fluorescence phenomena. The structure of than a wavelength. The nature of the coherent dipole-di-
the spectrum of resonance fluorescence of a cooperative pole interactions between two identical two-level atoms
system of atons has been investigated in muany woiks 171- at a fixed arbitrary distance r apart has been studied by
113 1. Senitzky 171 was tine first to predict Ihat tie spectluo Milonni and Knight 1191. The coherent dipole-dipole in -
of a cooperative system would consist not only of the usual teractions with their explicit spatial dependence may ex-
peaks, but also of additional side bands at the harmonics plain various cooperative effects, such as superradiance
of the Rabi frequency. This problem has been investi- 1201 and intrinsic bistability 1211. In the present work, we
gated further in the various works 181-1131, and in partic- analyze the resonance fluorescence spectra by taking into
ular, the dynamics of the two, two-level atomlS has been account the dependence of the coherent dipole-dipole in-
investigated. teractions on the distance r between the atons.

The purpose of tie present work is to study resonance lin Section I, we present the general theory for the dy-
fluorescence spectra of two, two-level atoils by tile use of namics of driven, spatially separated two, two-level at-
new methods and compare (he results to other works. oins. We follow here the approach given in 1191, by which

The spectral distribution of the resonance fluorescence the dipole-dipole interactions lead to a damping mecha-
scattered light of one two-level atom is well known I ll. nisin, but in addition, we include here the effect of the
It has been well established experimentally 1141 that for collcrett interaction with the externally applied field.
low incident field strengths, the scattered spection con- In Section I1, we develop tie density matrix equations
sists of a single broadened line, which above certain of mtotion by generalizing (lie calculations made in 1171
threshold strength, it exhibits a pair of side bands in ad- and 1181 for one atom to two, two-level atoms. The anal-
dition to the central component. The ratio of the central ysis for the resonance fluorescence spectra is made in See-
line to the side band peak heights is 3: 1, while the line tion IV. Although for the general cases it was not possible
width ratio is I : 1.5. This kind of spectrum is in coulplete for us to obtain final analytical results, the equations de-

veloped by us can be used further in a numerical analysis.
NIanusctipt received September 17. 1987; revised Jnnmy 25. 198R. Also, we have emphasized the analysis of specific cases
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field, which is nearly resonant with the two-level atomic where 1 4- ) and I - > refer to an atom in the upper and
frequency. It is assumed that tie two atoms come into lower statc of tlhe two-level, respectively, and the indexes
equilibrium with the driving field through lie effect of ra- I and 2 refer to the atom number.
diation damping. In the I lamiltoiian of (2. 1), we distinguish between the

The Hamiltonian, which describes the system, is given coherent interaction i" with the external applied field and
in the rotating wave and in the electric dipole approxi- tle incoherent interaction H' with the continuum of the
niation by I/ Ito + i' + !t": electromagnetic modes. 'he incoherent interaction de-

( 2 scribes tie escape of excitation energy into tlie radiation
H, = a + h Z &,a a field and is noted as a dissipative mechanism. This dis-

q sipatiol appears in a way that is analogous to a relaxation
2 to a Ieat bath where the heat bath is understood as the
I i q quantum fluctuations of the photon vacuum.

2 The influence of the incoherent interaction I' on the

if = - WRU O F')-. , + ilIC (2. I) equations of motion can be calculated separately from that
2 i=i of the coherent interaction in the following way. By as-

where IIC denotes the Ilermitial conjugate and sumiing that the atomic system is in initial state I 0,, ) (n
= I ...4), its decay into a lower state is evaluated by

S - - , "q. (2.2) developing lhe equations of motion (ue to 11' and solving
lnthem by the use of the Laplace transform within the pole

Ho includes the free atoms and free field lhamiltonian. We approximation (see explicit calculations in 1191).

use here the usual operators related to the SU(2) algebra We find that the damping constants for the states 1 0)

for a single atom: uaV represents lie population inversion und ffi) are given by , and 0-, respectively, where

operator and ao n are the raising and lowering operators 13+= 3(I ± g(r)) = [3 ± B; B = flg(r). (2.4)
for atom i with coordinates ,i. WR is the Rabi rate asso- Here fl 2 2 W1/3hc- is one half of tie Einstein A coef-
ciated with the applied coherent field. wo and lo are [he ficient and g(r) is a spatial factor which depends on the
carrier frequency and wave vector of the applied field, distance between the atoms. g ( r) is described explicitly
respectively. V is the quantizalion volume for the field, in 1191 or, in another form, B = Og(r) is described in
Wq is tile frequency and E,. is a unit vector in the direction 121 . g(r) tends to I for r - 0 and tends to 0 for r - oo.of polarization for the mode q, Fji is the dipole tuoment Tle imaginary part of Og(r) = B corresponds to fre-
vector of atomi i, and w is the atomic frequency of file two- quency shifts and lie absohne values of (he amplitudes of
level system. 102 ) andshift)addcth at ae

We limit the discussion in the present paper to the case ) and I 6 > decay at a rate
of an external field propagating perpendicular to lie in- Re f0±. = fl(I ± Re g(r)) = fl ± Re B. (2.5)
teratomic axis. By choosing the center of coordinates at In lie same way, we find that the amplitude for the state
tlhe center of the interalomic axis, one finds immediately I ) has a damping constant 20 where the decay constant
that the spatial factors of 1" vanish. Therefore, ir tihis from the state I1, ) to tle state I 92 > is f0. = ( 1 +
case, the interaction with the radiation is completely sym- g ( r)) = 0 + B, while that from 101 ) to 103 ) is 0- =
metric relative to the two atoms and the analysis of the 0( 1 - g(r)) = fl - B. Taking into account tie imagi-
resonance fluorescence spectra is relatively simpler. "'he nary pail of g(r) (including frequency shifts), tie effect
treatment of the general case where the radiation is prop- of 11' on lie amplitudes of tle states I 9,,, > can be dle-
agating in any direction cali be done in a straightforward scrihed by lie following diagram.
way by following the present methods, although the
expressions will be more complicated (the interaction 11"
inserts spatial factors in tle matrix elements which are 0
different for the two atoms). For cases for which k, • i"
<< I, the spatial fi.ctors of i" can he neglected and tlie , > ) .
present analysis remains valid for any direction of the ex- "
lernal applied field.

A complete set of the atoomic states can be given as 1 4 )
10 ) = I+  + ) ; In ithe present work, we calculate the resonance fluo-

rescence spectra in a strong field by including in our re-

I I +duced system two sets of states: the states I,. ) (O =

f2, -+ >,1- > + 1 ,1I+ 1 1 ... 4) which do not include scattered photons, and tie
states I 0,,o.q ) which include one scattered photon in the

I,-I ,1 - mode q. We introduce the atomic reduced density matrix
,f2 j t -~ elements,

It 4) I - ),1- (2.3) p,... = 1 ,,,P 0,l );,, o,,,.,,q = (,4,OIP.,I,.,q) (2.6)
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where we have traced out the slates of the collthiUil field- p22, and use instead the normalization condition
We calculate the equations of motion for these dcnsity
matrix elements by using the lamiltonian 110 + 1" of Pu + P22 + P33 + P44 = 1. (3.5)

(2.1). The effect of I' on the equations of motion has By assuming steady-state conditions, i.e., . 0, we
been reduced to the use of the damping constants evalu- get 16 equations for the density matrix elements n,,,, (in,
ated previously for the amplitudes of tie states 14, ) (or it = I, • • • , 4 ). All the density matrix elements, which

Under steady-state conditions, the calculation of are coupled to the antisymnictric state 103 ), call be elim-
the density matrix elements p,,, and P,,,.,q is reduced to inated from this equation in the following way.
the solution of algebraic equations. The procedure is coin- From the equation
pletely analogous to the method used in 1171, [181. flow-
ever, tie calculations for our system of two, two-level at- P33 0 = 2(fl - Re B)pu - 2(f3 - Re B)p, (3.6)

onis become much uiore complicated than those made for we get tie result
one two-level atom. The complication is mainly due to
the fact that each of tie sets p,,,., and P include 16 P33 = Pit. (3.7)

inatrix elements (i = I ...4, n = I ...4) and the so- The set of equations
lutio of 16 simultaneous algebraic equations becomes
quite tedious. Although in the present paper we develop P11 = 0 = -iA 13 - iy)i 2j - (30 - 11*)Mt

the theory for general cases, we emphasize tilially special I 23 = 0 -i(YT.1 - icYT1 - 2(3 - tin BM23
cases for which the calculations and the physical solutions
become quite simple. P.1.1 = 0 = iA 34 + i 32 - (13 - B)M34  (3.8)

The theory and the calculations which are presented (including also their complex conjugates) are honioge-
here can be used further for evaluating the resonance flu- ncous algebiaic equations whose only solutions are
orescence spectra of two-level atoms by numerical cal-
culations solving the algebraic equations. In the following ,13 = P23 = P34 = 0. (3.9)
section, we present the calculations for the reduced del- The equations for the density matrix elements, which
sity matrix elements p,,, and p,,, q. These inatri x elements are not coupled to (e state become
are used for evaluating the resonance fluorcscence spectra
in Section IV. 11 = 0 = iy( 12 - P21) -

4 0pm;

Ill. liH DFNSHiY MAIRIX ELQIIAiION o1; Mo IiON 
2

pjI +P22 + P44 = I

We introduce the slowly varying noiidiagonal density i)4.1 = 0 = irY(P42 - P24) - 2(0 + Re B)P 22
matrix elc ients by using the dclinitions

b12 = P12 " = 21; 24 = P24Ci ' (2) * + 2(03 - Re B)ptj.

P11 = P 3le"' = P31) Pii = P30 ""' ( ) U'4 t P1 = 0 = -2iA 1 4  + to(b1 2  - p24) - 2013 4

14 = P1 40 2 "i'O' ( 4 ) ; M P23 = P 32) * (3.1 ) P12 - iA 1i, + iU [P t, - P22 4- P41 - (303 + B*) 1,2

where the deviation fro||t resonance is given by P24 = = -iA 2 4 -+- ia P22 - P44 4t b14

A = w - w,,. (3.2) - (13 4 fl) ,4  (3.10)

We choose the phase of wR so that it is an itmgillary nul0- where the equations for p12, P24, and P14 are complex,
ber and define while other equations are real. These equations may be

S1(. easily calculated by numerical analysis.
WR = ity [2 (3.3) For a very strong external field at exact resonance, the

where a is a real number. This choice of phase corire- approximate solutions of (3. 10) are given by
sponds to the Hlam iltoiian of interaction and the interac- I
tion constant a defined in 1181 for treating the resonance P1l = P22 = 

P33 ' P44 _; 14 = 0

fluorescence spectra for one two-level atomi.

In addition to the danping of the denOsity matrix cle- 2iflp, (for A = 0;
Inleats p,,,,, we include in these equations the increase of a2 = 

P42 = OA
the population of the levels I 4p ), I 0 ), and 104 ), rep-
resented by pz,, p3.3, and p44, due to the decay from the of >> 1, a >> I 1). (3.1)
upper states. The equations for the diagonal matrix elc- Equations (3.11) represent the fact that when the pump-
ments are dependent via tie relation ing by the driving field at resonance (A = 0) is very

l + b22 + iP3 "+" 4 = o (3.4) strong, the population in the four states becomes approx-
imately equal. In the present paper, we discuss analyti-

so that we should eliminate one of the equations, e.g., for cally the problern only for this limiting case. For other
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cases, we represent the solutions by dcriving sets of al- get three algebraic elutatioIIs:
gebraic equations which can be solved mimcrically.

We introduce slowly varying density matrix elements . = - 6) - 3J3 + B*P1.3,
p ,,,q using the follow ing definitions: _ i1 2 3  - 2

-2it' P2.31. - it,

P2.lq P2.Iqe- 2 
,t Pi.2q = P,2q; 4,q = P4.1,, , = C = ib - 2(0 + ',ll B)]p .q

4.2, P4.2,7
e -  2  

4q = PZ.,t; P4..,t = P.=.t.t' + io tp .q " P.t.3q -

,.,4q = PI,4e , I iq Pt., , 2 = P 2. 2,e? P,., 0 ,i)A + ..j] - (13 - B*)P.3,

PI.3q P ..3q; P2.3q = P2.3qe - ,"; P4.3q P.,.tq' - i P4. o - CP2.3q (3.15)

(3.12) where

where (, is the frequency of the external field. For these I, I -
e fq " P, _ 2 (3.16)

density matrix elements, we get under steady conditions, For the density matrix elemens l)S.nq where a = 1,
three independent sets of algebraic equations. 4, we get four algebraic equations:

For , where in * 3, we get nine algebraic equa- .

tions: ., = i(A 1 6) - - BjP . + icP3.lq

P,.,.1  0 - + 1.-i( - ) - 3/3 1... hiP, 2,1 P1.2," t) - i, - 2(,3 - hm B) 3.2q

- i [t.,q - 2,2q - 1 iuY jjt + P3.4q]

P4,.q = 0 = [i(2A 6 ,) - 21 ji.,q -ip,,, - P" 4' 0 = ji - 2(0 - Re B),., , . 0

P2. q = 0 t [i(A 1 6) - 33 - B l't
1  

( 0 --i(A - t) -(0 - B)(3.4q
-tIYP2 t+qP~q i(h., - qP3,.3 (3.17)-1- ia [ 2.2q - 1.1,q - ilql Y Mq - i

For the stationaty state, we get h.q = 0 so that (3.15)
,.' = 0 = fib - 2(13 + Re B)P,.2,1  ate tndcpendetit of (3.17). For the general case, we have

for q,,,., 15 algebraic equations which can be solved by
+ i([P2.tq + h2.-q - P -.2,- P1. 2, sitmple numerical analysis (excluding iii.jq = 0).

The use of the density matrix elements derived in the
+ 2(0 + Re B) j.q r/,* P2 present section for calculating tie resonance fluorescence

p,.1, = 0 = 4i - tff115,.q + ir[/3,.2,, 132.1j spectra is described in the next section. We develop an
analytical solution for the resonance fluorescence spectra

Pt.4q =0 =[-i(2A - 6) 20 2jlt.,,,, for two, two-level atoms which are at resonance (A 0 )

and at a distance smaller than a wavelength.
4- ioYP.2q - P,44.q[ - ql, P2

IV. R, sONAN(E Ft.tORESCENCE IN A STRiONG FInD

P-4.4,1 = 0 = W4<.,,~ Pt - P2.4q 'Pt.2 The resonance tllorescence spectra are given as

+ 2(0t - Re B),.iq - 2(/3 + Re B)2.2, d
) 1. 1 IP.,q..Iq + P q.3q - P2q.2q '1 ,,,,., (4.1)

P2 .4 = o - -i(A -,) - h-)],,
where only the growth due to the spontaneous emission

- i . - ,.,- h..,q - ' *P22 (evaluated by the interaction I/') can be seen by the de-
lector, which is in a direction diferent front that of the

P4.q = 0 = [i(A + 6) - (0+ B )4,, applied field. In1 (4. 1), we traced over the atomic states
where we have taken into account that there is no spon-

+ ict P4,4q + P., Iq -h2 q -74*P41 (3.13) laneous emission to tie tpper state 101

where By using the equation

( , , - ,,. A C=,, -,,, -- I'P, (4.2)
and

we get
(p'.' eql -2 Re t,, e (3.(4.3q q d

For the density matrix elements P,,ulq where In * 3, we h l 2 Re (4.3)

lob- A
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(I -Pq4, l I',24 sirniplilies lihe expressions. Thre condition E << I refers
(it toq4I~,~ ( 2R ' 4 24;- e~P.l lie approximation of a strong field where the Rabi line

width at T2 is large relative to tire spontaneous decay line
(4.4) width (3. For exact resonance, 161 I cq- wIarid [lie

P 3q 3I -2 Ile P,(4.5) apoximration 16I/0 >> I excludes thie line center so
(i.tq~,ni ~ ~ i3i that our approximations are valid for the line wings. The

The ourters o therigt sde f (42)-4.4 co re solution of thre line shape under these approximnations by
The ourterrs n te rghtsid of(4.)144) oil- following thre present methods is interesting as it call be

spond to tlie transitions dlescribedl schrematically in thie done analytically and the results can be conmpared to, those
diagrani of Section 11. !in order to obtain the resonance of other investigators 171-[ 131.
fluorescence spectra, we need explicit expressions for thle By following thre above approximations, we have ob-
density inatrix elements p .. , wich call Ilc calculated by tamned solutions to p.,,,.,, of (3. 13). which are correct to
solving independent sets of algebraic eqluatins given in first ordler iii c. By substituting these solutions in (4.1),
the previous section as (3.10). (3. 13), (3.15), aind (3.17). (4.3), and (4.4), we get tire following expression for the
Since (lie treatmnit of thie general cases needs the use ofliesa:

it' . 2 qqPl (S12 - 2 )2(6 -141), 21212 8)'(312' +~ 4 )E 4)} (4.9)

Q [1(il - 2]' c'(W -6)7 S12(it' - 2) (12' - 8)]f + f'(1412' - 82122 48

very lengthy and tedious algebia. we p)ICler to analyz.e and~t In Fi is I. we describe (ire line shape If/ q as a function Of
discuss thiese cases by thre use of rriiiicaml analysis in a thle nlonulalizcd frequency 11 I Cq- wI/a for various

separate paper. Here we limrit thle discussionl to spcilic values of (= 0/a,. Th~e hine shape is given in rclative

cases for which thle theoretical analysis canl be Siirfllifid units obtained by exact calculations of thre expression iii

an or which the physical resultIs ob'tained bly us can ble tlIe curled brackets.lihe maximum of -thre line shape at 11

comrparedl to those of oilier investigatrs = r2 orsodst .a\2 hr 1 is the
We investigate hieie tile resnanlce tirroresceirce slctria Rai hequency. This niaximiunm becotries narrower for

for aI very strong external hield at exact resonance so [Ia smnall ( and its hecight is tending to oo for e lendhing to zero.

instead of rising tile first Set of algebraic equrationis [of Onii cain coinclude this result anialytically also as thre see-
p.,,,, given .10), we USe (lie appfroximatc souiw (old terint of (4.9) becomres singular for c - 0 at 11 =f2

gvn b (31. svnudrti pixmlo(luionsll 'I'lese results ate not surprising as they are in agreemrent

a ly tcl I'solutions of P,, I,, ire still v eiy col ipl icat ed aid Witlli tile concilus ions miiade by other investigators and the
tedhious.Thierefore, we I limit the discussion to tife case for effect is siiilar to that obtaiiied for one two-level atonr.
which kiij << I. For this case. 1n = 1, e' x .,=( -r - i the oilier hand, our- conrclusions about thre additional

1.Asmn/ ht(i w ioe f(i w tm i side hanrds are different fronii those of other authors. Al-

equal. = 0 a iid (3. 1 5) anrd (3. I17) are iro irogerieous t hou gh our calculIat ions show an additional mraximiiumi near
linear equations whose only soluitoiis ;ti 12 = 2 v[2 corresponding to twice the Rabi frequency:

2 vnt= I wl - w'o I ), this maximiumi is quite broad aird it
Pr l 2. 1  .q P , 12 1  j. -(.(4.6) (does riot show a singular behavior for c tending to zero

1 hlneore, tire coriti ibutioris to thle resonance llinoiesceiice 1 71. Tlakinig into account thie logarithmic scale used in Fig.

spectra froll) thle denlsity mlatrix elemienrts il, ,, aid ~,~Of I, our conclusion is that (lie additional side bands are quite
(4.4) anid 0.5) vanish. [Iris result is obvious as two at- weak and are not in agreemnirrt with thre relatively stronrg

0111, MMI re ithi a islncesmaler hanI wve- Icesonar[ices predicted by other authors [71-1101, 1131.

length, are trapped ill tire state )with iii transitions We canl explaini our result by using a dressed state pie-
to othier states. (t irie. lTre add it inalI side bands resulIt fromt tranis iti ons in

We initrod uce thre deliitinus whlich thre dIipole mromienrt is doubled. [lie probability for
this kinrd oftrarisition for a stationary two, two-level atoriric

Ia! I ~'.__ ~ooI 0t3 s ystrn is quite small, as tire relative phases of different
a it 4.7 dipoles tend tin be randomniz7ed. Iii a recent paper 11 21, we

have suggested observing tlire additiorral side bands in a
We have dleveloped ant anralyt cal expression foir tire l ine tunei (depenidenrt spectrar where a strong trarrsienrt coopera-

shape for (Ire special case whre thie following apopioii- tioni will ble indluced by iinitial conditions.
roratioris are val id:

IaI ~V. CONCLUStONS
kill << I; A = 0; ( << 1 -; - I (4.8) '1lie theoretical analysis irrade in tife present paper for

13t(ie resonranice fluorescence spectra of driven two, two-level
Thre assumnrption of exact resonranrce ( A = I) arid tire atnirs earn be used for evaluating thre spectra irr numnerical
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ABSTRACT

The quantum fluctuations in intrinsic bistability of a two-level system are

calculated by ising the Einstein relations. All the second moments of the

dipole operators are calculated and the statistical properties of the reaction

field are studied. We find that a quantum noise which is above the standard

quantum limit is inherent in the reaction field.

2



1. Introduction

Intrinsic optical bistability (IOB) that does not require external optical

feedback such as mirrors has been described in various theoretical and exper-

imental works.' - 4 Most of the observations and the theoretical discussions

have been made for complicated systems, e.g. in semiconductors, for which

a full quantitative analysis is difficult. A relatively simple pure quantum me-

chanical system which produces 1OB occurs for a dense collection of two-level

atoms interacting via the electromagnetic field and driven by an external ap-

plied coherent field. For low values of the incident field the strong reaction

field reduces the net field into a low transmitivity branch. As the incident

field is increased at a certain critical intensity the cooperative interatomic

interaction is broken and the contribution of the reaction field is suddenly

negated. This phenomenon of a sudden transition from the low transmitivity

branch into the high trazismitivity branch occurs as a first order phase tran-

sition far from thermodynamic equilibrium. Although various properties of

the coexisting steady states of the transmitted radiation have been described

in our previous works, the influence of this phenomenon on photon statistics

has not yet been explored.

The purpose of the present work is to study the quantum fluctuations

in intrinsic bistability including especially the statistical properties of the

reaction field.

In a recent works we have treated quantum noise fluctuations in lOB

two-lvel system. However, the analysis has been made only for a system

with a rapid dephasing (T2 << TI) and only the affect of the quantum noise

3



on the bistable states has been discussed. In the present work we treat a pure

quantum mechanical two-level system in which the relaxation time T, of the

inversion of population is the spontaneous decay time and the relaxation time

for the dipole moment is given by T2 = 27',. By using the quantum theory of

noise developed by Lax"6 we calculate all the second moments of the dipole

operators and study the statistical properties of the quantum noise in a pure

IOB system.

It has been shown by other authors that squeezing'7-19 can be produced

by optical bistability2" but this possibility has been studied only under the

approximation of "a good cavity limit", i.e. for bistability in high Q cavity"1 .

For such cases the medium relaxation is much faster than that of the field

and then the atomic variabis can be adiabatically eliminated. We investigate

here the problem of photon statistics for the extreme case of a "bad cavity

limit"'" where we preclude any reflecting boundaries and where the relaxation

of the field in the medium is much faster than the relaxation of the material.

For this case the statistical properties of the reaction field are related to the

statistical properties of the dipole operators.

A single atom driven by an externally applied coherent field emits sponta-

neous photons that are "antibunched" i.e. the intensity correlation function

is in the quantum domain g(2)(0) < I for a null delay.2 -23 . This nonclassical

property of the light observed in resonance fluorescence of single atoms oc-

curs due to the reduction of the state of the atom into its ground state after

the emission of the first photon so that it cannot immediately emit a second

photon. The antibunching phenomena vanish for the radiation emitted in

4



resonance fluorescence of many two-level atoms due to destructive interfer-

ence effects. We will show in a similar way that the quantum noise is inherent

in the lOB system and that squeezing 17 19 cannot be obtained in this system

(the bad cavity limit).

In a recent work antibunching behaviour has been observed in the reso-

nance fluorescence light emitted by a many atom source.24 The constructive

phase matching conditions in that work were obtained by using a four wave

mixing scheme in which the intensity correlation function was measured be-

tween two detection channels of spontaneous radiation emitted in opposite

directions. Although this system is basically different from that of the present

work the methods developed here can be used also for treating that problem

and we hope to do it somewhere else.

In Sec. 2 we describe shortly some properties of Squeezed States (SS)

and explain our method for checking the existence of squeezing. In Sec.

3 we calculate all the moments of the dipole operators in 1OB by using

Einstein relations ',2 . The statistical properties of the transmitted radiation

are discussed and we find that squeezing is not obtained in the present system.

In Sec. 4 we summarize our results and conclusions.

2. Squeezing and Anomnalous Correlation Functions

The nonclassical properties of quantum light 26 are related to the normal

ordered normalized second order correlation function defined for stationary



light as

(2)(r = < E(-)(t)E(-)(t + r)E(+)(t + r)E(+)(t) >
< e(_(t)E(+(t) >2 1

where E(+) and E-) are the positive-frequency and negative-frequency parts

of the elctromagnetic field. The non-classical properties of S.S. are usually

obtained by mixing the L.O. (coherent state) and the S.S. in interference

experiments.2 7 - 8 It is generally assumed in these experiments that the L.O.

is much stronger than the S.S. so that the denominator of Eq. (1) is equal

approximately to Jca4 where lal is the absolute value of the coherent state

amplitude. The numerator of Eq. (1) can be developed up to the second

order in the S.S. operators and the result is given by 29 - 31

() - 1 <: A[E.V)(t)E.M)(t + r)] :> (2)
g~r1 1a12

where :: denotes normal ordering and E!9 ) is the quadrature amplitude of

the S.S.: 3 2

E!9)(t) = E.-)(t)eG + E(+)(t)e- ' (3)

0 is the phase angle of the coherent state which is changed in the interference

experiment to obtain an optimal quantum noise reduction. The quadrature

amplitudes are defined in the interaction picture of the L.O. so that the rapid

dependence on the frequency of the L.O. is eliminated. The function g(2)(r) is

dimensionless and since the normalization is arbitrary it is chosen so that jaf 2

is the flux of the L.O. photons (sec 1 ) and consistently <: A[E!°)(t)E.')(t +

r)] :> is given also in terms of the flux of S.S. photons.

6



Non-classical light is defined by the antibunching property g(2)(r) < 1.28

Similar expressions to Eq. (2) have been used extensively in various works

for analyzing quantum noise reduction under the Shot Noise Limit (SNL)

in homodyne and heterodyne experiments'9 ,
29- 3 1 or explaining other quan-

tum effects in correlation measurements between two photodetectors 3 . In

particular the Fourier transform of Eq. (2) is known as the squeezing spec-

trum and various theoretical methods have been developed for calculating

this spectrum.
32'3 4-3 6

The anomalous correlation function for the S.S. is defined as35

J++(r) =<: A[E,+)(t)E(+)(t + r)] :>= IJ++(r)e-"O (4)

and the ordinary correlation function as3 5

J_+(r) =<: A[E!-)(t)E!+)(t + T)J :> (5)

By using these definitions Eq. (2) can be expressed as

g( 2)(T) - 1 = cos 2 (o + k/2)[21J++(T)I + J-+(T-) + J+_(r)] (6)

+sin 2 (0 + 0/2)[-2IJ++(r) + J-+(T) + J+-(r)],

where [J++(T)]* = J_(r-). It will be shown later that d_+(T) and J+-(7) are

for IOB real positive functions of r. Since g(2)(r) - 1 expresses the amount

of quantum noise this noise is minimum for ain2 (0 + q/2) = I and maximum

for coa(O + 0/2) = I with harmonic dependence on the L.O. phase 0.

In the present work we are interested in the statistical properties of the

reaction field in IOB. It is sufficient to calculate g(2)(0) in order to see if anti-

bunching effect (g(2)(0) < 1) occurs in the system which would, in principle,

7



lead to squeezing spectra. The condition g(2)(0) < 1 gives according to Eq.

(6) the following criterion for obtaining squeezed spectra

21J++(O)l > J-+(O) + J+_(O) (7)

for null delay times. Squeezing is obtained when the relation (7) is fulfilled

since by adjusting the phase 0 of the L.O. we get the non-classical regime

g(0)(0) < I and the quantum noise is reduced below the SNL in the homodyne

or heterodyne or other correlation experiments. The meaning of inequality

(7) is that for obtaining squeezing the anomalous correlation function of

creating or annihilating two photons should be larger than that of the usual

correlation function of creating or annihilating one photon.

The role of anomalous correlation functions in relation to squeezing has

been treated in various works.31 '35'
3 7 In particular the constructive anti-

bunching effects described in Ref. 24 were obtained by designing the ex-

periments so that constructive interference is obtained for the anomalous

correlation function J++(7-) and a destructive interference is produced for

the ordinary correlation functions J+_(r) and J-+(7).

By using definitions analogeous to Eqs. (4-5) and the inequality (7) the

criterion for obtaining squeezing in IOB is

2( < 6,r+o6 r+o > I > < 8o-_or+o > + < 6o,+06o_0 >. (8)

We have chosen to treat in the present work a pure quantum system since

as is well known the insertion of additional damping mechanism spoil the

effects of squeezing. IHowever, we will show that even in the pure quantum

mm~~mmm m mm mmmm m~l -- --8



mechanical system a quantum noise exists which is above the Quantum Noise

Limit (QNL). We calculate in the second section all the second moments of

the dipole operators and examine the statistical properties of the reaction

field.

3. Statistical Properties of the Quantum Noise in IOB

We consider a thin sample of a large number of two-level atoms coupled

to each other only via the electromagnetic field and driven externally by an

applied coherent field. In our previous works on IOB in two-level systems

we have calculated for various cases the expectation values per unit volume

of the slowly varying dipole moments < o-±O > and for the inversion of

population < a, > .12-14 In the calculations for the expectation values the

contribution of the Langevin noise terms vanish. In the present work we

assume the relations

&+O =< ohiO > +6&+O; &, =< o, > +86-, (9)

and linearize the equations for small perturbations of the system from the sta-

tionary state. By following the derivations given in our previous works 12- 14

including the Langevin noise terms we get

d( '+o) - /2 + i( E < - >18+o
dr

+ [w*/2- ic < +o >] &, + f()< o, >
- -b,- wR6&+ - w*6 -o - 2f(+)(&+o)- 2f() <-o >

dT
(10)



We neglect here the multiplications of f(+), f() with 6a., 6a:0 . The present

approximations are not valid when the quantum fluctuations are large or

when the system is unstable.

We assume a fully quantum mechanical model where 3 = 4lP12 k/3k is

spontaneous decay time. P is the dipole matrix element and k = w/c. A =

w - w0 is the detuning, where w is the frequency of the applied field E, and

wo is the atomic resonance frequency. wR is the Rabi rate associated with

the applied coherent field and e is the frequency renormalization constant

derived for a dense two-level system in our previous work as

77rnfc 3

4wo211

The frequency renormalization stems from coherent dipole dipole interaction

between atoms that are within a volume of a cubic wavelength. The free field

operators of Eqs. (10) obey iii the plane wave limit the equations:

< f(+)(r)f(-)(r') >-= 3(r - 7-'),

< f+)(T)f +)(T ' ) >=< f(-)(T)f(-)(T ' ) >=< f(-)(r)f(+)(r') >= 0fi2)

where r is the retarded time. These operators constitute fluctuating noise

terms which stem from the quantum field coupling to atoms.

We follow in our theoretical treatment of the quantum noise in IOB the

quantum theory of noise developed by Laxl". We rewrite our fundamental

Langevin Eqs. (10) in tile form:

da, _G (d, t) + I" (,t) (13)

dt

I0I



where for our cases d, d and F are three dimensional vectors given by:

a, = 6&+o; a2 = 8o; a3 = 66" (14)

G, = [-3/2 + i(A- < o-, >)] 6&+o + [w,/2 - if < o-+0 >18&,,

G 2 = G+t; G3  0 - WR6&+o- W f0o, (15)

and

F, = f(-) < , >; F2 f(+) < o- >; F3  -2f(+) <  +o > -2f (-) <- ,o > .(16)

F,(t) are Markoffian operators and according to Eq. (12) obey the equations

< F,,(t) F,(u) >= 2 < D, (d, t) > 6(t - u) (17)

wvhere

< DI, >=< D 22 >=< D 12 >,< D 13 >=< D 32 >= 0;

2< D23>=-2/3<a ><o-0 >; 2< D 21 >=/3<i0 > 2,

2 < D31 >= -2/3 < oo >< o, >; 2 < D 33 >= 4 < o+0 >< ro- ()

One should notice that < DM. > is not symmetric as F, and F. do not

commute.

By using the Markoflian property of the operator FM(t) Lax has shown"6

that the equation for the mean motion of the product of two operators a,

and a,, obeying Eq. (13) is given by:

d < a5 ,a1 , > 2d 2< Dt > - <Ga,, > + <aG, > . (19)
dt



In the steady state when the second order operators do not change with

time we obtain the standard Einstein relations

-2 < D,, >steady state < G,,a >Io + < a,,G,, >,, (20)

The order in these equations follows from the quantum nature of our

system and in this respect it is different from the equations for the moments

in a Markoffian system which can be derived classically.

We introduce the following definitions:

p= -13/2+i[A-e<ua.>; q=w*/2-iE<oa+o> . (21)

Einstein equations for our system are obtained from Eqs. (20) by substi-

tuting the values of a,, G, and D.,, according to Eqs. (14), (15) and (18),

respectively, and by using the short notation of Eq. (21).

We get the following 9 Einstein equations for our system:

< bo&rbO+o > + < 6,7oobO- >= -(2p/q) < 6a+obO7+o >;

< 6aaazO > + <6 O6'_o-- >= -(2p*/q*) < 6o-oo >;

WaRp

z >= 2 < o+o >< t7_o > +-- < o,+Obr+o >

+ -- -< bo r o > ;

q < 6bo2 6uo > +q* < &r+oao-, >= < 6 0+o6"-o >;

12



(p - 3)< > +q < 6o-.,6o, >= WR < 60-+06a+o >

+W? < 6rotc0-o >;

(p* /3) < 6o t5 > +q* < 68r,6o,. >= w* < 6o,-o~oro >

+WR < 6-obo+o > +2/3 < a, >< ao >;

q < 8O'_oz > +q* < 6cr,&6o+o >= -/3 < => +3 < 6O&o6O+o >;

(p -/3) < 8 6 0o-0+o > +q < 8T> -WR <6 6+o'+o >

-w < 6o -o&To+o >= 2/3 < o'+o >< '= >;

(p - /3) < 6oz,o > +q" < 60'z > -WR < 60'+060'_o >

-w < 6cro-0 o >= 0 (22)

Eqs. (22) consist of 9 algebraic equations from which one can calculate

numerically all the moments for our system. A careful analysis of these

equations shows that they fulfill the following relations:

< 6r2&o'+o >*=< 6eo 6O-, >; < 6r06",0o >*=< &r+o6&' >

< ba'+o6O'+o >*=< 60'_o60-_o > (23)

The functions < 6W >, < 6o"+obcr-o > and < 6aa-_@o-+o > are real and

positive but < &roaO'_o > < 6r-o6a+o > due to the unsymmetric property

of DI,,.

13



By using the above relations, Eqs. (22) can be reduced to the following

form

< {60,0+o} >= --- < 6T+O 0T+0 > (24-d.)
q

0 >= 2 < 0o+o >< cr_° > +(p <&+0So o> +c.c.); 121-b)

(q* < {I6oz,So-+o} > +c. c.) - < T. > 2 'a + < {6o+o,6o-o}>; (A-c)

(q{6o-,, 6o-+O + c.c.) =-3 < 0, >2 + < [60,_o, aoJ1 (2L- d)

(p -13) < {6o.,, 6o"+} > +2q < 6o-2 >

2W <60+060+o > +w {604+o,60co} + 23 < 0+0 >< o', >; (2.-1 e)

(p - 0) < [6b ,6+o > = ad &-o,60+ol + 20 < o+o >< a >; (21-4)

where in these equations { } and ] denote anticommutation and commu-

tation relations respectively.

In the present work we are treating the fluctuations in the reaction field

and check the possibility for getting squeezed light according to Eq. (8).

For this purpose it is enough to calculate the moments < 6 0o+o6or+o >=<

6 0T 5o0-o >' and < 60T+o60to > + </f.6 o/0+o >= {6So+o, o-_o}. By substi-

tuting Eq. (24a) into Eq. (24c) we get:

2pq°  2_4 <q 0
< jf+,b-_oj > -+- < 6r 4 0 6 0 o 0 > - - - < -oba-o >=< 0.. >2 (25)

14



By substituting Eqs. (24-a) and (24-b) into Eq. (24-e) we get

< {15t+0, bT-r_ > + < btr+obt+0 > ±2wR + q- 2pwR

- o 2qp_ 4q < cT+o >< to,0 > 2P < a+o >< oa, 62)< 0- -O>q*0 W* W$ k

We find that the moments needed for calculating the properties of the

reaction field can be calculated from Eqs. (25) and (26) without the need to

evaluate all other moments. Let us introduce the following definitions

<6r+060r+o > -R = A; < {fo+o, o r-0} >= 2r; (27)

where r is real and positive and the condition for squeezing becomes r < IAI.

For the steady state solutions of IOB the following relations are fulfilled

-.- ,(w./2) < ,, >< 0"+o > =-
i( - E < 0, >) - (/2)

<_+ <0- < ,.> (< a,, > +11 (28)
2

Using these relations the real and imaginary parts of Eq. (26), and Eq. (25)

consist of three algebraic equations from which the parameters r and A can

be calculated and the condition r < JAI for squeezing can be examined by the

numerical calculations. The phase of wR/w, fixed by an arbitrary phase in

the external field, will affect the phase of < 6o+08r+0 > but will not change

the results for the values of r and JAI = I < 6o+o to+o > 1.

By substituting the value of < cT+0 > from Eqs. (28) into Eq. (21) we

get:

q (w /2). (iA - //2) (29)

i( e < >) - 0/2

15



Since general analytical solutions of Eqs. (25-26) are still quite compli-

cated we pursue further our quantitative analysis for three special cases and

obtain qualitatively general conclusions.

Let us develop the analytical solutions under the resonant condition A =

0 where we get:

q =(/2) p = -/2 - iE < > (30)
±2ic < o-, >' -' E z

Substituting Eqs. (27), (28) and (30) into Eqs. (25-26) we get

( 3 +2E< o._ >)2 _ A('- 2iE < , >)2 =< >2 (31)02 # -3 - 22E < 17, >) 63 + 2iE < orz >

2r+A[2+ 2 E < o> + (3 + 2iE < >) 2(30 + 2iE < a >)1

/3 1WR12/3

+A* 8 2ic < a, >) 13 < az >2 + < az >I. (32)NO++E<a >) + NE< U >

We study the quantum fluctuations in the reaction field both for the ordinary

Bloch equations (E = 0) and for the IOB case (,E >> /3).

For the ordinary Bloch equations on resonance we have

= 0; /32/1WI1 12 = -2 < , /[< , > +11 (33)

and Eqs. (31-32) can be written as

2r--(A+ A*)-< ,>(34)

2r + 3A[ + 2] + A* = -3 < r>2 < tr > (35)
WR I'
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After a straightforward algebra we get

Al = ImA = O; AR =- ReA =2--_ < , > 2

3

r = ReA+ < oz >2/2. (36)

In Fig. 1 we describe the values of r and IAI as a function of < az >

according to Eqs. (36) for Bloch equations on resonance. We find that r > JAl

so that the reaction field is bunched and squeezing cannot be obtained for the

transmitted radiation. We find also the conclusion that the fluctuations in

the ordinary correlation function are decreasing as a function of the intensity

of the external field so that they are negligible in the region of < a, >- 0

and maximal in the region < a, > -1.

Let us now discuss the solutions of Eqs. (32-33) for resonance (A = 0) in

intrinsic bistability (E >> 0). For this case the relation

Jw ,  J< = > +11[,32 + 4V2 < >]7)
2 < o,>

is fulfilled. We simplify further Eqs. (32-33) under the approximation

2EI < o, >I>>l . (38)

This approximation is very good for the lower branch of intrinsic bistability

where we have relatively stronger quantum fluctuations. We get under this

approximation:

2r + 6AR - 4 < > A, =<oz>2 (39)

10<1, > A!4E<o> 2  -1 322r A 10< -Z AI 4 <az 2 _ #2- [ < o-. >" +o,, >1(40)
2r+ < A , > +- A j< o, > +11 V < 0,

17



+10<, >, 4 A[4E<o, > 4e< - >2 _I

< a, > +/3 /3< a, >+1

- [3 < + < a,>1. (41)2f < a, >

In Fig. 2 the values of r and JI are calculated, as a function of I <

0o, > I> 0.5 according to Eqs. (39-41) for an IOB example on resonance

(A = 0) for which E = 10/3 and the condition (38) is valid. We find that the

quantum fluctuations for an OB system are similar to those of the ordinary

Bloch equations. Similar to the ordinary Bloch equations r > IAI so that

squeezing is not obtained. For the upper branch in JOB the terms which

are proportional to E < o- > are quite small so that the equations become

similar to the ordinary Bloch equations where squeezing is not obtained.

Let us now discuss as a third case the solutions of Eqs. (25-26) for IOB

under the resonant condition A - E < 01Z >= 0 where the relation

/32/jwjR1 2 -- 2 < o-, > /[< a, > +11 (42)

is valid (as in Eq. (33)). For this case the relations
tY+3-(wEa/2 2 > 1  (43)

p = -0/2; < >--o < > ; q /3

are fulfilled. By using Eqs. (43) and Eqs. (27) we can write Eqs. (25-26) as

2r - [A -+ i2iE < o,, > +  2.c. =< o", >2 (44)
/3 - Ni> < a, >

2r + A13 + wRI/3 2i < , > -2i < a. >

2JWW22 <a -2 >2
/3 (/3 - 2ie < o,, >) - 2 < a. >2 (45)

18



Using the relation (42) and the approximation (38) we reduce Eqs. (44-45)

into the form:

2r + 2AR + Al < a' >2, (46)
E < , >

2r + AR[2-- 332 _] + a _[< 30
r[< z > +1]2E62 < , > E[ , > +11 e < ', >=-2 < az >' 2 < 0-, > [< O-Z > +11 , (47)

A14- - 3#2 - ]- AR[ + - 3)3+I ]
A,4-[< O- > +1]2E2 < 0,Z > 15 < 0, > [< O- > +1

2 < o- >' E[< o-. > +1] (48)

'3

In Fig. 3 the values of r and JAI are calculated as a function of I <

o > I > 0.5 according to Eqs. (46-48) for an lOB example on the resonance

A - a o > 0 for which E = 100 and the condition (38) is valid. We find

that the quantum fluctuations in this case are very large relative to those in

Fig. 2. Squeezing is not obtained in this example and the reaction field is

again bunched. Although we evaluated the parameters A and r according

to Eqs. (25-26) under special conditions we can obtain general conclusions.

Under the resonance condition A - E < o, >= 0 the absolute value of the

parameter !- in Eq. (25) is minimal. On deviation from this resonancefiq

we would expect therefore a decrease in the parameter J< 6cT+obo-+o >J, i.e.

worse conditions for squeezing, We summarize our conclusions in the next

section.

4. Results and Conclusions

19



The statistical properties of the reaction field in IOB has been studied.

The quantum properties of the reaction field are related to the anomalous

correlation function and a general criterion for obtaining squeezing is given

[Eq. (8)].

General equations for calculating all the second moments of the dipole

operators have been developed by linearizing the equations for small per-

turbations of the system from the stationary state and by using the corre-

sponding Einstein relations [Eqs. (22-24)]. The fluctuations in the reaction

field can be calculated numerically from Eqs. (25-27) where the condition

2 j< Sr+o60+o >1> < 68o+o6ao > + < Sa-0o6o+o > represent the antibunch-

ing property (and vice versa).

By solving our equations for special examples and examining the general

behaviour of the equations we find that the reaction field is bunched so that

a quantum noise which is above the quantum noise limit is inhe:ent in the

IOB system. We may conclude therefore that the photon statistics in the

bad cavity limit is more chaotic than that of the good cavity limit in which

squeezing was predicted. We find however the conclusion that the quantum

fluctuations in the steady states of lOB on resonance (A = 0) are similar to

those predicted for the ordinary bloch equations (E = 0) on resonance for the

same state of inversion of population.
The calculations made in this work show that the quantum noise in lOB

of a pure quantum mechanical system is quite large. By inserting large

dephasing processes15 we can improve the conditions for lOB but not for

obtaining squeezing.
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FIGURE CAPTIONS

Fig. 1. The parameters r and JAI are described as a function of

< o-, > for the ordinary Bloch equations on resonance (A = 0). The

calcualtions have been made according to Eqs. (36).

Fig. 2. The parameters r and JAI are described as a function of o_

(for Io-l > 0.5) for IOB on resonance (A = 0) where E = 10/.

Fig. 3. The parameters r and JAI are described as a function of

< or. > (for lo-,I > 0.5) for 1OB in which A-E < o'z >= 0 and E 10/.
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