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D ..... Abstract

In this reportiw investigat e smoothing problem for two-point

boundary value models. We show thaby triangularizing the relevant

Hamiltonian system, w can derive a new smoothing algorithm which is

twice as fast as the one which has been obtained by diagonalizing the
Hamiltonian. r
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1. Introduction

When modeling physical systems with a spatial independent variable,

the a priori information is usually given in the form of boundary conditions

rather than initial conditions. Consider the following linear, two-point

boundary value model for to < t < t1:

k(t) = Ax(t) + Bu(t) (1)

r = Vox(t o ) + Vx(t) (2)

where u is a zero-mean, unit intensity white noise with m components, r is a

zero-mean random vector with n components and covariance Q, and is

uncorrelated with u, x is the n-component state vector, and A, B, Vo, V, are

appropriate matrices. We have continuous measurements on the interval

[to, t 1] given by

y(t) = Cx(t) + U(t)

where v is a zero-mean, unit intensity white noise with p components and is

uncorrelated with u and r.

As is customary, we will assume that the model is well-posed; i.e., that

u and r give rise to a unique x. This will be the case if and only if the matrix

Vo + V 1(tl, to) is nonsingular, in which case we can assume, without loss of

generality, that

Vo + V (t,to) = I

where ) is the state transition matrix of (1).

The problem of developing stable recursive algorithms for the linear

least-squares smoothed estimate of the state x given the measurements y.
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and for the associated error covariance, has been addressed by several

authors [1]-[5]. In these references, the Hamiltonian equations

characterizing the smoothed estimate are solved by the use of a

diagonalizing Riccati transformation. This transformation requires the

solution of two Riccati equations. One can also solve the Hamiltonian

equations by triangularizing them, a procedure that requires the solution of

only one Riccati equation. Although triangularization was mentioned in [11

as an option, the necessary equations and a comparison with diagonalization

were not provided. It turns out that triangularization leads to substantial

savings in computation. In fact, as we will show, the number of required

floating point operations is cut in half.

2. Triangularization and Shooting

The Hamiltonian equations for the smoothed estimate x are derived in

various equivalent forms in [11-[5]. The form we will use is given below:E k(t)] [A B' -~t1
1=A lr~t 1+ 0 t E[to, t 1  (3)A (t)J [C'C -A'J[At)J-Cy(t)J'

f +o 1 V 1 =0 (4)
r i' JI[;k(t0)J [ 0 I-v'1(t,to)JL (t)J

Now let N be the solution to the following Riccati equation:

o(t) = -N(t)A - A'N(t) + N(t)BB'N(t) - C'C, N(t) =0 (5)
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transforms eqns. (3)-(4) into

[ j [A -BB'N(t) BB" JN(t t) 0 C t

[fi(t)J 0 -(A _BB,0) ,JLp(t)J+LC,0(t)J.

[Vo +QN(to) -Q1 *(t0) V[ QV(tt 0) 1 1(t,) (7)
-V'N(to) VI Lp(to)J[o I-V'0(t,t 0 )JLp(t1 )0

Eqns. (6)-(7) constitute a triangularized two-point boundary value problem

which can be solved by a standard shooting procedure. Of course, shooting

could be applied directly to eqns. (3)-(4), but the resulting system would not

be stable. The point of using a Riccati transformation is to produce stable

differential equations. If (A, B) is stabilizable and (A, C) is detectable, then

(A-BB'N) will be stable in the direction of increasing t.

To solve eqns. (6)-(7), first solve the following equations:

X0 (t) = (A- BB'N(t))k0 (t)+ BB'p0, ko(to)=0 (8)

Po(t)=-(A-aB'N(t))'po(t)-C'y(t), p0 (t)=0 (9)

Then it can easily be checked by differentiation that

R(t) = ko(t) + (t, t) k(to) + M(t) W'(t, t)p(t) (10)

PWt) -Po (t) + VV'(t,tOp(tj) (11i)

where Ylis the state transition matrix of (A-BB'N) and

k(t) = (A - BB'N(t))M(t) + M(t)(A - BB'N(t))'+ BB', M(to) = 0 (12)

Plugging (tj) and p(to) obtained from eqns. (10)-(l 1) into eqn. (7) gives

_ Q+ V1 -N(to) V(tl,to) - 0>'(tl.tl too)]j" Qpo(to) -V1Rc(t) ()l

oW J0 fti.to)-dCtit o ) M(ti) JJp1, =  -V~joo(to) J(3

The solution of this equation is then used in eqn. (10) to yield the smoothed
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state estimate. The well-posedness of eqns. (1)-(2) and the uniqueness of

linear least-squares estimates guarantee that the coefficient matrix in eqn.

(10) is nonsingular.

3. Error Covariance
The smoothing error 7 satisfies [1], [51:

[.)=[ A BB'T [(t) 1 FBu(t)1 t[t 0 ,tl (14)

-iCt)J CC-A']--A(t C'v(t) t

[V0 -Q1Fk~t0) ijv Q'to) 1[.iit1) 1 r1

L 0 -vQ'JL-((t)JL+[ 0 -Qv~i"'(t1-to)J[-;Mt1 )J - OJ (5

After the coordinate transformation

4(t) =[N(t) I J-A(t)J

eqns. (14)-(15) become triangularized as follows:

[(t) 0 (A - BBN(t)) 'JR(t) + [N(t)Bu(t) +C'v(t) t [to,t1 ] (16)

V +QN(to) -QIr(to)l [VI Q0'(t,to) T.(t)l Fr]
L -V'N(to) V' 1#(to) + 0  I-Vj'4'(t1,to)J[ (t1)J-LO (17)

To proceed, we again use shooting. As before, we can write

.(t) = o (t) + W(t, to).k(to) + M(t) tI(t 1 ,t) (t) (18)

4(t) = o(t) + W'(tj't)g(tj)  (19)

where

xo(t)=(A-BB'N(t))iRo(t)+BB'40 (t)+Bu(t), ko(to) =0 (20)
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to(t) = -(A - BB'N(t))' o(t) + N(t)Bu(t) + C'v(t), o (t1) = 0 (2 1)

Plugging 7(t,) and (to) obtained from eqns. (18)-(19) into eqn. (17) gives

F[]o= [rl]i+ k (t)1
Ir (to)

F[(L =+r(tt')] 0 4(to)J

where F is the coefficient matrix in eqn. (13) and

w=0 -'1'
As a result, we can rewrite eqn. (18) as

k(t)= .ko(t)+ R(t)F-1 [[o+ W[.o(to11 (22)

where

R(t)=[kv(t,to) M(t)W'(t,t)]

We are now in a position to determine the error covariance from eqns. (20)-

(22).

First, using standard techniques, one can show that if

X o (t) = E[ o(t)4'(t)]

then

±4 (t) = -(A - BB'N(t))'Zg (t) - X, (t)(A - BB'N(t)) - N(t)BB'N(t) - C'C, X4 (ti) = 0

But in fact, since their difference satisfies a homogeneous linear differential

equation with zero initial condition,

Xo (t) N(t)

and thus
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E[f A '(s,t)N(s), t < s (23)[.NMt W(t, s), t > s

It is shown in [6] that the process u(t)+B'1o(t) is white. Therefore, if

IZjo (t) = E[Ro (t) io(t)]

then, referring to eqn. (12),

and

E[xo (t)o(t= (t1 , t)M(t)

One can also check, using eqns. (20)-(21), (23) that

E[ko(tO to)-0

Taking the covariance of both sides of eqn. (22), we get

P(t) = E[.k(t)R'(t)]

= M(t) + R(t)F-1[Q + QN(to)Q + V M(t)Vl' -QN(to)V l "
I -V'N(to)Q VWN(to)V IF'-R'(t)

_R(t)F-1[V W(ti IoMMt)[M(t) W'(tl, t)Vl" O]F'-1R'(t) (24)

4. Conclusions

We have derived a new smoothing algorithm for two-point boundary

value models based on triangularizing the Hamiltonian system. If one

carefully tabulates the matrix multiplications needed to determine all

intermediate quantities, one finds that for each point t at which the

smoothed estimate and its error covariance must be computed, 18n3 floating

point operations are required (terms of order n2 or less have been ignored).
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Alternatively, for the algorithm detailed in [1], 38n 3 floating point operations

are required. Our algorithm is therefore slightly more than twice as fast.
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