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Abstract

Automatic classification of both quantum-limited and classical-intensity images is

considered. A new discriminant vector for classical-intensity images is proposed which

can also be applied to general pattern recognition problems. The proposed discriminant

vector, based on convex analysis, is shown in all cases to correctly distinguish two

image classesif that is, indeed, possible with a linear discriminant. Further, it is

shown-to-be the discriminant vector that maximizes the minimum separation of the

values obtained by forming the inner products between it and the input images.

Experiments are reported in which the discriminant vector is used to suct;essfully

distinguish first two classes, then eight classes of images.

The classification problem is also considered for the case of quantum-limited

input imagcs. Quantum-limited images arise as a matter of course in applications such

as night vision, low-dose dectron microscopy, and radiological imaging. It can also be

shown, however, that for reasons of computational efficiency it may be advantageous

to use a quantum-limited imaging system as the input to the classifier. The inner

product between a quantum-limited image and a discriminant vector is shown to be a

Monte Carlo estimator of the corresponding high-light-level inner product. In

principle, therefore, any linear classifier can be implemented using the quantum-limited

system. In addition, however,'new solutions, specifically designed for quantum-

limited images are derived using statistical decision theory. These solutions are shown

experimentally to provide excellent results. The method is ihfq extended to permit

classification of quantum-limited images despite in-plane rotations, and the result is

demonstrated experimentally. Finally,,the application of the low-light-level solutions to

high-light-level situations is considered.
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Chapter 1:
Introduction

Central to activities ranging from medical diagnosis to industrial quality control is the

process of interpreting and making decisions based upon information gained through

various measurement procedures. Increasingly, imaging technologies of all kinds are

relied upon to provide this kind of information. In recent years, an effort has been

made to automate the process of extracting information from images and to construct

systems that use that information to make decisions.

In industry, for example, optical images, spectra, and surface profile maps are

used by inspection, assembly, safety, itnd control systems. In medical and military

applications, sophisticated imaging techniques provide essential data required for

decision-making. In the commercial arena, identification of printed and hand-written

text permits automatic mail sorting and document processing. Throughout the scientific

community, various kinds of spectral information have long been used for

measurement and analysis but have only rather recently been interpreted automatically.

Images, as suggested by the above examples, are one- or two-dimensional

spatial functions. An important element of many image analysis applications is the

ability to automatically classify or categorize these functions. The significance of

classifying an image (as opposed to specifically identifying it) derives from the manner

in which the image classes are defined. If, for example, images of cars are used to

form a class, then a classifier can determine that an object is a car regardless of the
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details that distinguish it from other cars. Alternatively, if various images of a single

car are used to define a class, then that particular car can be identified despite potentially

misleading variations in illumination, perspective, and other such factors.

It is also possible to use the classifier solely for computational advantage in an

image recognition task. By grouping images into classes and forming a hierarchical

decision tree, the number of decisions required to recognize an image can be greatly

reduced. The automatic recognition of printed characters can be achieved, for example,

by a series of binary decisions that eliminate subsets of the character set. In this way,

N characters (perhaps subject to font variations) can be classified in roughly log2N

binary decisions.

Image classification can be achieved in many ways, but most techniques can be

grouped into three categories: artificial intelligence (AI) approaches, structural

approaches, and correlation-based techniques.1 .2 The literature describing the former

two approaches is extensive and is beyond the scope of this thesis. For an introduction

to these approaches, the reader is directed to Refs. 3 and 4. This thesis will focus

instead on the latter, correlation-based, approach to image classification.

The common feature of correlation-based approaches is that the extraction of

information from an image is achieved by forming the cross-correlation or the inner

product between the image and some reference furLction or discriminant vector. This

approach is well suited to optical, digital, and hybrid implementations and while it lacks

some of the flexibility of the other methods, it generally holds the advantage in speed.

In addition, the generality of correlation-based approaches suggests their immediate

application to a wide range of problems from object recognition to mass spectral
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analysis. Finally, although the human visual system is highly nonlinear, it has been

shown that for certain medical diagnosis tasks, human observer performance is

correlated with that of a linear classifier. 5 The study of linear classifiers may,

therefore, provide useful insights for optimization of medical imaging systems.

An important feature of most correlation-based image classification methods is

the vector representation for images. This method of image description is the subject of

the following section.
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1.1 The vector representation of images

Suppose that an image intensity distribution, f(x,y), is sampled on a rectangular

grid of Nx x Ny (= N) picture elements (pixels). The resulting values can be ordered

into an N-dimensional vector x = (xI, x2, ... , XN), in which the ith component of x is

the ith sample of the function f. Any image can, in this way, be specified as a point in

an N-dimensional vector space. Images described in this way will henceforth be

referred to as image vectors.

It is often instructional to consider graphical representations of these vectors.

Since drawings of higher-dimensional spaces are impossible, figures based on

hypothetical examples of images containing only two pixels will be used to illustrate the

principles. Please keep in mind that actual image vectors are composed of thousands of

components.

x

hA

"4

Figure 1.1 Angular and distance measures between an
image vector and a template vector.



5

In the vector representation, one approach to recognizing an image is to

compare its vector to a template or reference vector, h, by computing a measure of

similarity. If the resulting similarity measure exceeds some threshold, then we can say

that the input and reference images are the same; hence the input image is "recognized."

The most common choices for the similarity measure are i) c, the cosine of the angle, 0,

between the input and reference vectors, and ii) d 2, the squared Euclidean distance

between their endpoints (see Fig. 1.1).

The quantity c is given by
x-h

c = (1.1)
Ixlllhhl

or
N

E (1.2)N 2 N  hi2/

This is simply a discrete form for the output of the normalized matched filter6 evaluated

at the origin.

The quantity d 2 is closely related to the normalized inner product of Eq. (1.1).

It is defined in the usual way as
N

d 2 = 2 ,(1.3)

which, when expanded, becomes

d' = -2x.h + x112 +I1h112  (1.4)

At this point, it is useful to note that any scalar multiple of an image vector x describes

a brighter or darker version the same image. For most purposes, therefore, we wish to

make no distinction between image vectors x and kx (k E R+). When that is indeed the
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case, the distance criterion is only meaningful if the input and reference vectors are first

normalized. If the vectors are pre-normalized, then c becomes simply

c=x-h , (1.5)

and d2 becomes

d2 =-2c+2 (1.6)

Concerning the simple image recognition task, the conclusions of this discussion are: i)

that the distance and angular similarity measures reduce to inner product calculations,

and ii) since they are linearly related, they convey equivalent information.

Now let us turn our attention to the subject of this thesis, the problem of sorting

or classifying images. Consider, for example, the hypothetical two-class problem

.4

• 0

• class 1
13 13 13 class 2

A class 3

0 0 0

Figure 1.2 Classification with a linear decision
boundary. Images above boundary T are taken to belong
to class 1; those below are associated with class 2.
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illustrated in Fig. 1.2, in which the i1 -axis represents the intensity of pixel i in each

image. The simplest approach to determining whether a particular image belongs to

class 1 or to class 2 is to decide to which side of the line, T, its vector, x, points. This

can be accomplished by forming the inner product, C (= nx), between x and the

normal, n, to line T (in the general problem, T is a hyperplane). If the line T is

described by the equation n-i = k, then the following decision rule applies:

Outcome Decision
C >k xEclassl
C <k x E class2
C = k Don't know

In this method, T is known as the decision boundary, n is called the discriminant

vector, and C = D(x) = n. x is the discriminantfunction.

This approach can easily be extended to multiple-class problems by introducing

.4

1 0 

1

nI• T,

class 1
13 [ 3 class 2

A class 3
A 1,3

A 0 13 C o1 3 1

AX

Figure 1.3 Multiple decision boundaries.
Class 3 elements are identified as those lying in a region
of intersection of half-spaces defined by T, and T2.



8

additional boundaries. In Fig. 1.3, we see that the input image vector, x, belongs to

class 3 since it lies in the intersection of the region below T1 and the region to the left of

T2 . If K classes can be separated in this manner, then at most (K-1) boundaries are

needed to distinguish them.

In the two-class example, the decision step in the classification was trivial; the

inner product was simply compared to a threshold value. In the multiple-class

problem, this step gains some significance. A logical AND operation must be carried

out to determine in which intersection region the image lies. This operation is merely

another inner product, simplified by the fact that the vectors to be operated on contain

only binary components. If the number of boundaries is large, the problem of

analyzing the inner product values may become significant if real-time operation is the

goal.

The general approach outlined in this section has formed the backbone for many

optical image classification methods described in the literature. The differences

between various methods of this type lie in their approaches to choosing the boundary

T, and in their schemes for calculating the inner product. In the following sections,

representative methods for choosing the boundary will be described. Since the inner

product is an effective way of extracting information about the position of a point in a

multidimensional space, and since optics provides the means for its rapid computation,

this thesis will focus on exploring the potential for inner-product based approaches,

especially for real-time applications.
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1.2 Approaches to discriminant vector synthesis

The heart of the problem of classifying images in their vector representation lies

in the choice of the decision boundaries, or equivalently, of the discriminant vectors.

The difficulty of the problem derives primarily from the large dimensionality of the

spaces. A visual assessment of the two-dimensional example in Fig. 1.3, for example,

immediately produces viable (though, perhaps, not optimal) solutions to the problem.

The following discussions introduce a sample of existing approaches to the problem of

discriminant vector synthesis and are intended to provide a background for the

subsequent portions of this thesis.

1.2.1 The average filter

X2

T2 T

0 0

h~ni1 -m class 1
0] class 2

X1

Figure 1.4 Difference of class means as discriminant vector.
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The mean of a class is often loosely called the average filter. A simple, but

often effective, choice of discriminant vector is the difference of the means of two class

distributions. Figure 1.4 illustrates the geometrical significance of this approach. It is

clear from the diagram that the idea behind the average filter is generally correct, but it

is not optimal for general class distributions.

1.2.2 The data compression approach

Like many techniques, the method of Fukunaga and Koontz, 7 begins by

assuming that the available examples of a class of signals are statistical realizations of

an underlying distribution. This approach is broadly termed statistical pattern

recognition. While the Fukunaga-Koontz transform was not originally intended for use

in classifying images, it has been so utilized.8

In applying their method, we must think of elements of an image class as

random perturbations within our multidimensional space about some mean image. We

begin by writing the input image vector (now considered as a multidimensional random

variable) in a basis vector expansion:
N

X =(,1.7)
i=1

where the basis vectors 4i are the eigenvectors of the autocorrelation matrix for the

process, i.e.,
R41 = Xjo, (1.8)

where

R= E{xx} . (1.9)
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In Eq. (1.9), E{...) denotes an average over prototype images defining the image

class. Projection of the random vector x onto this basis set produces a new vector for

which the aLtocorrelation matrix is diagonalized. This transformation is known in

various fields as the Karhunen-Loxve transform,9 principle components analysis, and

factor analysis.

The Karhunen-Love basis has the property that the mean-square error incurred

in estimating x with only N' (N' < N) terms is minimized. The mean-square error is

equal to the sum of the eigenvalues corresponding to the discarded components, i.e.,
N< E2 > = 1x . (1.10)

i=N'+l

The significance is that a few basis vectors can be chosen that are efficient in

representing the cinss. They may not, however, be effective in discriminating the

classes, especially classes characterized by similar autocorrelation matrices. The

strategy of the Fukunaga-Koontz transform is to construct a single Karhunen-Lo~ve

basis set that contains information about both classes.

We begin by forming a pooled correlation matrix for two classes defined by

R, = P(O,)IR + P(C02)R 2 I (1.11)

where P(Coj) represents the a priori probability for the jth class and Rj denotes the

sample autocorrelation matrix for classj defined by

R 1 x U) xj) , (1.12)

Mik=J

where xkQ) is the kth prototype image for class j, and Mj is the number of prototypes

for class j.
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A transformation matrix P is determined that, when applied to an input image

vector, yields a new vector for which the pooled correlation matrix is diagonalized

according to

PRPT=I , (1.13)

where I is the identity matrix. Applying the same transformation to the single-class

autocorrelation matrices (R1 and R2), we find that the transformed matrices share a

common set of eigenvectors (i.e., a single basis can be found for representing both

classes according to the Karhunen-Lo-ve formulation). In addition, the corresponding

eigenvalues are related by

X( ) + X(2, = 1 , (1.14)

where XP)/i denotes the ith eigenvalue for class j. The net transf."iiation is equivalent

to simultaneous diagonalization of the pooled correlation matrix and one of the class

autocorrelation matrices.

The componentwise relationship expressed in Eq. (1.14) indicates that the

eigenvector directions that are most important for describing one class are least

important for describing the other. Thus projectionA of the input image vector onto the

basis defined by the common set of eigenvectors produces data that are likely to be

useful for class discrimination.

1.2.3 Maximizing the average separation of projections

One approach to classification is to optimize a measure of the separation of the

projections of the two classes onto the discriminant vector. The methods that follow
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this approach differ primarily in their criteria for measuring the distance between the

clusters of discriminant function values.

The most widely used methods in this category are the Foley-Sammon

transform10 and the Hotelling trace transform. 11 For the sake of brevity, only the

former will be considered here.

In 1936, R.A. Fisher proposed a measure for the distance between clusters of

taxonomic data.' 2 This quantity, which has since become known as the Fisher ratio, is

defined as

R= M 22 (1.15)
, , (yk j, _ mj) 2

j=l k=1

where yt(J) denotes the kth element of class j, mj is the mean of the elements of class j,

and Mis the number of elements in classj. The numerator in Eq. (1.15) measures the

distance between the clusters and the denominator measures their spread. Diffuse

clusters or clusters that are close to one another are difficult to separate and are

characterized by a small Fisher ratio. Widely spaced and compact clusters have large

Fisher ratios.

If the yk(j) data in Eq. (1.15) are values of the discriminant function in a

classification problem, that is, if
(') = x~j ) . h  ,(1.16)

where xk(J) is the kth image vector from class j and h is the discriminant vector, then

the Fisher ratio becomes

[hr (mI - m 2)]2  (1.17)
2 M, T 

(1.17
j= hr(x- )
j=l k=l
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or equivalently,

R(h) = h T , (1.18)hrTWh

where B is the between-class scatter matrix of the image classes,

B = (m1 - m 2 )(m1 -m 2) , (1.19)

and W is the pooled the within-class scatter matrix,

2 Mi
W= X~~k - mj)(xk' -Mi (1.20)

j=1 k=1

The Fisher discriminant is the vector h that maximizes R, i.e., it is the

discriminant vector that produces the largest average separation of the discriminant

function values as measured by the Fisher ratio. It can be shown that a vector h that

maximizes the Fisher ratio must satisfy the generalized eigenvector equation

Bh = RWh . (1.21)

In the event that W is non-singular, Eq. (1.21) can be written in the form of an

eigenvector equation

(W-'B)h = Rh (1.22)

In practice, W is usually singular and a pseudoinverse algorithm must be employed.

1.2.4 Mapping techniques

The approach of mapping techniques is to construct a system that produces

specified values at its outputs when presented with images from the classes of interest.

The most notable examples of this approach are the synthetic disciminant function1 3

and the feed-foward neural network. 14.15
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1.2.4.1 The synthetic discriminant function

The synthetic discriminant function approach to classificatic to compute K

discriminant vectors (corresponding to K image classes) that have the property that

h x > = ,(1.23)

where hj is the discriminant vector corresponding to class j, xf) is the kth prototype

image for class j', and 8j, is the Kronecker 8-function. In other words, the goal of

each synthetic discriminant vector is to give a unit response to an image belonging to

the class to which it corresponds, and to give a zero response otherwise. Discriminant

vectors that obey Eq. (1.23) are easily obtained if they are assumed to be linear

combinations of the training images, i.e., if it is assumed that
K M1

= _, (1.24)
j'=l k=

where the a. are real numbers. In this case, the problem of determining the

discriminant vector reduces to that of computing the a, 'j') coefficients.

If the training images are arranged into the columns of a matrix W given by

W = [x):x M:..:M 2:() .(2): .. K:M ... : K)], (.5--" I Xl"2 " * ' "MI*xl "X2 * "' M 2 ' " "XI "2 " "" " Mj (1.25)

then the linear combination condition can be written as

hi =Wbj , (1.26)

where bj= [alj'I, a.; ,, ,,a , 4J,
2.2, **., , a. a2)., a.,K]T

Likewise the output condition (Eq. (1.23)) can be written as

WThi =uj , (1.27)

where uj is a vector composed of zeros in each component except the jth which

contains a one. Combining Eqs. (1.26) and (1.27), we obtain

W TWbi = u . (1.28)
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If the matrix (WTW) is non-singular, then the solutions for the coefficients in the linear

combination of Eq. (1.24) are given by

bi = (WTW)-u (1.29)

1.2.4.2 The feed-forward neural network

The neural network approach to pattern classification 14,1 5 is somewhat different

from the other methods outlined in this chapter. It is founded on the same building

block (the inner product followed by a threshold operation) but, unlike the other

methods, it uses multiple layers of decisions. In the first level of operation of the feed-

forward network, multiple discriminant vectors are applied to the input image. The

resulting inner products are passed through a soft threshold function and the results

form the input for another layer of discriminant vectors. The results of the next step are

soft-thresholded and can form the input to still another layer, and so on. For

comparison, the standard pattern recognition approaches described in previous sections

can be described as one-layer networks.

The standard approach to generating the discriminant vectors in the feed-

forward architecture is an iterative scheme known as the back-propagation algorithm.

In this approach, as in the synthetic discriminant function method, the outputs are used

to encode the classification decision. In this technique, however, a gradient descent

algorithm is used to optimize the output, i.e., to minimize the mean squared error

between some specified desired output and the actual output for each prototype image.

To "train" the network, prototype images are sequentially presented at the inputs, and

I I II I I I I I
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the components of the discriminant vectors, known as interconnect strengths, are

adjusted according to a well-defined prescription to optimize the mean-square-error

criterion.
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1.3 Overview of the thesis

In Chapter 2 a new approach to discriminant vector synthesis for image

classification is described. The method applies convex analysis to the problem of

boundary selection and, thus, deviates from the statistical approaches that have

characterized the optical pattern recognition literature in the past. Basic terms from set

theory are defined in Section 2.1 to introduce the discussion. In Section 2.2 the basic

properties of the proposed discriminant vector are derived. In particular, the

discriminant vector is shown to guarantee separation of the image classes if they are,

indeed, linearly separable. Further it is shown to maximize the minimum separation of

the discriminant function values for two classes. In Section 2.3 the problem of

computing the discriminant vector is defined. It is shown to be the solution of a

constrained optimization problem that scales in complexity with the number of

prototype images used to define the classes. This represents an advantage over many

other discriminant-vector approaches that involve computations that scale with the

number of pixels in the image. In Section 2.4, quadratic programming, the particular

type of constrained optimization involved in the proposed method is reviewed. In

Section 2.5 the effects of the dimensionality of the space defined by the pixels are

considered and approaches to discrimination of multiple classes are introduced. Section

2.6 contains a description of experiments that demonstrate the proposed method for a

two-class and an eight-class classification problem. The results obtained in both cases

are extremely promising.
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Chapter 3 contains a development of approaches to quantum-limited image

classification, a problem that has not previously been considered in any detail.

Quantum-limited images arise in night vision, low-dose electron microscopy, and

radiological imaging. The ability to identify severely degraded images would have

great significance for these applications. In addition, certain aspects of quantum-limited

images and detection systems suggest that there might be advantages gained from their

use in ordinary high-light-level situations. In Section 3.1, the photon-counting detector

used in the research is described. In Section 3.2 the statistical properties of spatially

quantized quantum-limited images are described. In Section 3.3 the inner product

between a quantum-limited image and a discriminant vector is considered and an

approach to its computation is outlined. In Section 3.4 the statistical properties of the

quantum-limited inner product are discussed. Sections 3.3 and 3.4 demonstrate that

any linear discriminant function can be implemented using a quantum-limited imaging

system, however new approaches based on statistical decision theory, are presented in

Section 3.6 with an introductory review of decision theory given in Section 3.5. In

Section 3.6.1 the solutions developed in Section 3.6 are demonstrated experimentally

using a commercial, photon-counting detector, packaged as a camera by the author and

colleagues. The results demonstrate that a very small number of photoevents detected

in the image plane can be sufficient to make reliable classification decisions. Further,

for the images tested, the statistical decision theory method developed in Section 3.6 is

shown to permit classifications with less photons than the Fukunaga-Koontz and

average filter approaches. In Section 3.7 the statistical decision theory approach is

combined with an invariant-filtering technique from the literature to permit classification
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of rotated images. This constitutes the first attempt to combine classification discrimant

vectors with filters for geometrically-invariant recognition. In Section 3.7.1 the

proposed method is demonstrated in experiments involving quantum-limited images. It

is shown that the addition of rotation-invariance demands an increase in the number of

detected photoevents for reliable classification, but the number is still very small.

Chapter 3 concludes, in Section 3.8, with a discussion of how the low-light-level

solutions derived in Section 3.7 might be applied at high light levels.

Chapter 4 contains a summary of the work and a brief discussion of future

directions in the area of optical image classification research.

Much of the work described in Chapter 3 has been published and/or reported in

conference proceedings (see Refs. 16-19). The work contained in Chapter 2 is

relatively new and has not yet been submitted for publication.
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Chapter 2:
Pattern classification
by separation of convex hulls

As outlined in Chapter 1, many traditional pattern classification methods are based on

statistical averages over the image classes. One drawback of these approaches, for

problems in which the classes are not truly statistical in nature, is that they tend to give

lite weight to outlier images.
x2

A
3

0

* A2 0
A 1

- DB 2
B1  13

Dso

xI

Figure 2.1 Hypothetical class distributions. Images A1,
A2, B1 , and B 2 may be misclassified by a method that
relies on statistical averages.

The scatter plot in Fig. 2.1 represents a hypothetical distribution of two image

classes that is exaggerated to demonstrate this point. In Figure 2.1, as in Chapter 1, xi
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represents the intensity of pixel i. A method that uses statistical averages to choose the

discriminant vector will give little emphasis to images A1 , A2, B 1, and B2, although

these are the points that are most likely to be misclassified. Images as far distant as A3

and B3 are likely to be correctly classified by any reasonable choice of discriminant

vector and do not deserve the emphasis they generally receive. In contradistinction to

the approaches described in Chapter 1, the method presented in this chapter is designed

to emphasize the elements of each class that are most difficult to classify. The effect

achieved by the proposed approach is to provide a discriminant vector that produces no

classification errors if the two classes are strictly linearly separable and to indicate that

no such solution exists if they are not.

X2

A3

A l .... B 2

x"

Figure 2.2 Construction of separating
hyperplane. The line segment connecting the points of
closest approach of the regions is normal to the boundary
T.
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To illustrate the approach in an intuitive way, let us consider again the

hypothetical class distributions plotted in Fig. 2.1. If we were asked to choose, by

inspection, a decision boundary for the two classes, we might first associate with each

cluster of points a bounded region, as shown in Fig. 2.2. A natural choice for the

boundary between classes might then be the perpendicular bisector of the line segment

that connects the points of closest approach of the two regions. The vector direction d

along which our line segment lies is a discriminant vector for the two-class problem and

the bisector T (a hyperplane in actual problems) is an effective decision boundary.

In its precise form, this intuitive method to boundary selection is a well-known

construction from the theory of convex analysis. 1,2 In Section 2.2, we will show that

it is a solution to the image classification problem that is optimum in the sense of

providing the space in which the minimum separation of the two classes is maximized.

In 1965, Rosen3 proposed a different formulation of the problem for general

pattern classification problems that produces the same discriminant vector as that

proposed. Rosen's formulation, however, leads to an intractable computation for the

number of dimensions typical of image classification problems. A brief comparison of

the proposed solution with Rosen's is given in Appendix A.

In the following section, basic definitions from convex analysis are reviewed to

introduce the discussion. In Section 2.2, the separation and optimality properties of the

proposed method are developed. In Section 2.3, the proposed discriminant vector is

shown to be the solution of a particular quadratic program; a brief overview of

quadratic programming is given in Section 2.4. Section 2.5 addresses the effects of the
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dimensionality of the pixel space. In Section 2.6, experimental results demonstrate

application of the method to actual images.
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2.1 Convex sets and linear separability

Figure 2.3 Convex (a) and nonconvex (b) regions.

We begin with a brief and informal review of relevant terminology from set

theory that will be used in subsequent sections. In a real Euclidean space R n, a set is

said to be convex if the line segment connecting any two points in the set also lies

entirely within the set. The set shown in Fig. 2.3(a) is convex; the set shown in Fig.

2.3(b) is not. The convex hull of a set S, denoted by conv S, is the smallest convex set

containing S. In R 2, conv S can be thought of as the region enclosed by a "rubber

band" stretched around S as illustrated in Fig. 2.4.

The sets considered in the proposed method consist of a finite collection of

points representing the training images. The convex hull of a set consisting of M

points, not lying in one (M-2)-dimensional plane, is a polyhedral region known as an

(M-1)-dimensional simplex. A two-dimensional simplex is a triangle; a three-

dimensional simplex is a tetrahedron. The convex hull of a finite point set is also
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known as its convex polytope. The convex polytope of a set A = (al, a2.... a) is the

set of points x such that

X = I)Liai ,(2.1)
i=1

where

Xi > 0 (i = 1, 2,..., k) (2.2)

and

k

(2.3)
i~l

The Xi are known as the barycentric coordinates of x.

95 

S

Figure 2.4. A set S and its convex hull, cony S.

Consistent with the discussions of Chapter 1, the aim of the proposed method is

to separate the two image classes with a hyperplane. If S1 and S2 are sets in Rn we will

define them as strictly linearly separable if there exists a hyperplane T such that S1 lies

in one of the open half-spaces defined by T, and S2 lies in the other. Weak separability

permits the hyperplane to contain a portion of the boundary of one or both sets.
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2.2 Properties of the convex-hull discriminant vector

In this section, the fundamental properties of the proposed method are

demonstrated. First, supposing point sets representing two image classes and given the

convex hulls of these point sets, it will be shown that the ability of a certain hyperplane

to separate the convex hulls is a necessary and sufficient condition for that hyperplane

to separate the point sets. Then it will be shown that if, in fact, the convex hulls are

separable, the construction described in the introduction of this chapter (see Fig. 2.2) is

guaranteed to find such a hyperplane (i.e., one that separates the convex hulls and,

hence, the classes). Finally, we will prove that the solution provided by the proposed

method not only separates the classes, but is optimum in the following sense. If we

form the inner product between each prototype (or training) image and the discriminant

vector, we will obtain two sets of values (one for each class). The proposed

discriminant vector is the one for which the minimum separation of these two sets of

values is maximized, i.e., it produces the largest gap between the two groups.

We begin by presenting a theorem that demonstrates that separation of the point

sets is equivalent to separation of their convex hulls, hence, that solution of the convex-

hull separation problem implies solution of the classification problem.

Theorem. Let A = (a1, a2 ... ak) and B = (b1, b2 ..... b,) be finite collections of

points in R n. The strict linear separability of the convex hulls of A and B (by a

hyperplane p. x = a) is a necessary and sufficient condition for strict linear separability

of A and B (by the same hyperplane).
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Proof. (Necessity) If A and B are strictly linearly separable, then by definition there

exists a hyperplane p x = ox such that

P ai >a ;i=1,2..., k

p.bj<a ;j=l, 2,...., (2.4)

If yO) 4- cony A, then y'") can be written as
k

y1 = " aj ,(2.5)
i=1

where
X.i >: 0 (i =- 1, 2,... k) (2.6)

and

k
(2.7)

i=l

Multiplying Eq. (2.5) by p, we obtain
k

p.Y y ,; .(p. aj) (2.8)

Using Eq. (2.4), it follows that
k

p.y l> Xa (2.9)

Factoring a from the summation and using Eq. (2.7), we obtain

p*y (1) >a , (2.10)

for all y(l) e cony A. By a similar argument it can be shown that for any point

y¢() e conv B,

p.y(2) <a (2.11)

Therefore, if A and B are strictly separable (by the hyperplane p. x = x) then conv A

and conv B are also strictly separable (by the same hyperplane).
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(Sufficiency) Suppose that the hyperplane p. x = a strictly separates conv A from

conv B. Since A C conv A and B C conv B, p- x = a also separates A from B.

The proof of the following theorem demonstrates that the proposed method for

separation of the convex hulls guarantees a discriminant vector solution provided that

one exists. The proof is essentially identical to one given in Ref. 4 for the Minkowski

separation theorem.

Theorem. Let y(1)and y(2)be any two points drawn from conv A and conv B,

respectively, and let Y¢"and yC2
)be the points that minimize the distance function

iy 1)-y(2) II. Let p = y(l) _ y(2), i.e., let p lie along the line segment connecting points

ycl1 and y(2). Then the vector p is the norm of a hyperplane that separates the convex

hulls, provided that the convex hulls are non-overlapping.

Proof. If the convex hulls do not overlap, i.e., if for all y(l) and y(2 ), y(1) # y(2), then

11P112 > 0 , (2.12)

or,

p. p> 0 (2.13)

Using the definition of p, we find

p. [y0l) _ y(2)1 > 0 ,(2.14)

or,

p. Y€( > p. y( 2) (2.15)

What remains to be shown is that p. yC" > p. y(1)and p. y(2) > p. y(2) for all y('c

conv A and y(2)c conv B.
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We can construct a parametric representation for points in each convex hull in

the following way. Define y )6 conv B as

y (1 X)y(2) + y 2) (2.16)

Then
II- y'2)lI2 = [X(Y °1, - y2)+ (1 - -)yo y(2))]

1-[(y) _ y(2)) + (1- )(y( ) - , (2.17)

or, expanding the inner product,

Ily " - y 2I (1 -L IY - Y (2 12 + 2(1 - )

X [(yll) _y(2))_ -y(l _y(2,)]l+Aly~l, _ y,2)112. (2.18)

Differentiating with resiect to X and evaluating at X = 0 gives

a 1) -y(2) 112 =(2)11y2(1) - y(2)112  y(2))(y(l - y( 2 )) (2.19)TX Iry Y;LI X=O =-1Y+(.9

= -2p-(y(2) _ y(2)) (2.20)

Since y(2)is the point that minimizes ,_y)- y,(2) 2on cony B, the derivative must be

nonnegative, i.e.,

-2p. (y(2) _ y(2)) >t 0 ,(2.21)

or,

p.* y(2) > p.y(2) (2.22)

A similar argument for cony A shows that

p.Y y() p. YO) (2.23)

Combined with inequality (2.15), inequalities (2.22) and (2.23) imply, by definition,

the linear separability of conv A and conv B by any of the planes p. x = ot where cc lies

in the interval p. y(2) < p p.Y).
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We conclude this section by showing that the proposed solution is the one that

maximizes the minimum separation of the projections of the two classes onto the

discriminant vector. In other words, the proposed discriminant vector is the value of p

that solves the following optimization problem:

Maximize 8 with respect to y(l), y(2), and p

subject to the conditions
p.Y () _ p.Y (2) > ,(2.24a)

IIPB=1 , (2.24b)

for all y(l) e convA and y( 2 ) e convB (2.24c)

Since 8 has no specific dependence on the choice variables, we need only find the

greatest lower bound on the left-hand-side of inequality (2.24a). We can rewrite the

left-hand-side of (2.24a) as follows:
p. (1) _ p. (2) = p. [y(l) _ y 2)] (2.25)

= lip"l Ily() - y(2)11 cos[p,y(1 - y(2)] (2.26)

Applying constraints (2.24b) and (2.24c), we find that 8 is constrained by

8 <1ly(l) _y2)l cos[p ~y_ y(2)] , (2.27)

where, as before, y(')and y(2) are the points that minimize the distance function

Y (lyy( 2)1. The maximum value of 8 that satisfies the constraints is obtained by

choosing p such that cos[ p,y(l) - y(2)]is maximized. This, of course, occurs for any p

that lies along the direction of y(') _ y€2) but applying (2.24b) we find that the optimum

value, P0 , is given by
y(1) y(2)po IlY'" -()j Y (2. 28)

and the maximum separation, 8, is given by

8 = IIY" - yI .(2.29)
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The optimum vector P0 is the proposed discriminant vector and is simply the unit vector

along the line segment connecting the points of closest approach of the convex hulls for

two classes.
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2.3 Computation of the discriminant vector

The discriminant vector that we wish to compute lies along the line segment

joining the points of closest approach of the convex hulls of two point sets representing

training or prototype images for two image classes. If the jth image class contains Mi

images, xi .... xMj, then the convex hull for class j is the set of points yQ) such that
Mi

yI) =- ki x , (2.30)
k=1

where the Xk(W) are constrained to be non-negative and must sum to unity for each class,

i.e.,

Mi

I' X .) = 1 (j = 1,2) (2.31)

k -I

We now consider the problem of finding the points of closest approach of the

two convex hulls. The squared Euclidean distance between points y(l) and y(2) drawn

from the convex hulls of classes 1 and 2, respectively, is defined in the usual way as

d 2 = -y Y,)_y(2)]2 , (2.32)

where i indexes the components of the vectors (here, the pixels of the images).

Substituting from Eq. (2.30) into Eq. (2.32) we obtain
d, (1 M21 ]2kX. I '( .3

d2 = Y[X - Y(2) (2) (2.33)
i =1k-l

where, as before, xki() denotes the value of the ith pixel in the kth image of class j.

Expanding the square in Eq. (2.33) and interchanging the order of summation yields

2 Mi M 1  MI M2

U) U) - (X) X 'X~ (2 (2.34)
j=1 k lk = l i k=l = l i

This quadratic form can be written in matrix notation as
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d' = XTcx (2.35)

where the vector X is defined as

X (2.36)
X(2)

and the symmetric matrix C is of the form

c = [C1 C1 (2.37)
IC21 C121

where the diagonal blocks, C,1 and C2, are of the form

X1 •X1

I, 11 (2.38)
I(D). X(J) .. X ( j) . X(j)

and the off-diagonal blocks, C21 and C12, are given by

_X(1). 2

C21
T = 2 (2.39)

(1 (2 (1) " (2)
I

In Eqs. (2.38) and (2.39), the following shorthand notation applies:

"j "_T' = L- .l (2.40)

We wish to find the points drawn from the two convex hulls that minimize the

distance function d2. We have expressed these points in terms of the X-coefficients and

have therefore reduced the problem to one of constrained optimization:
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Minimize with respect to X the distance function

d 2 =LTC;, (2.41)

subject to

=1 (j = 1,2) (2.42)
k=1

L'jj > 0 (j =1,2;k = 1,.....Mj) (2.43)

Any problem of this type, in which the optimization of a quadratic function is subject to

linear and non-negativity constraints, is known as a quadratic program. The theory of

quadratic programming is well developed and several techniques for the solution of

such problems have been devised.5 An overview of quadratic programming is

provided in the following section.
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2.4 Quadratic programming

The general convex quadratic programming problem iz one of constrained

optimization having the following form:

Maximize with respect to the vector x the function

F(x) = p x - 2xrCx (2.44)

subject to the linear equality constraints

Ax = b (2.45)

and the non-negativity constraints

xi t 0 (2.46)

In expressions (2.44)-(2.46), x is an n-dimensional column vector (x1,..., xn), p is an

n-dimensional column vector, b is an m-dimensional column vector, A is an m x n

matrix (m < n), and C is an n x n symmetric positive semi-definite matrix.

The problem stated in other words is to find the point on a hyperplane in the

non-negative orthant of Rn at which the function F attains a relative maximum. Each

constraint forces the solution to lie in a hyperplane of smaller dimension. For example,

if the problem contains two equality constraints in the form of three-dimensional

planes, the solution is constrained to lie along the portion of the line representing their

intersection that is contained in the non-negative orthant. If the planes do not intersect,

the constraints are inconsistent and there is, of course, no solution.

Minimization of a function f(x) can be placed in the above context by

considering it as a problem of maximizing -fix). Likewise inequality constraints can

be converted to equality constraints by introducing a vector of "slack variables", y. For
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example, the constraint set Ax < b is equivalent to two sets of constraints: Ax + y = b

and yi > 0. The slack variables in y can be considered as additional x-variables.

The solution method for the quadratic program begins with the definition of the

Lagrangean. The Lagrangean expression for the above problem 6 is

0(v,x) = p'x -.- x'Cx -v'(Ax- b) , (2.47)

where v is a vector of m Laerange multipliers The Pradient of the Lagrangean with

respect to x, denoted by u, is given by

u = p-Cx-A'v (2.48)

The conditions for optimality of a solution x, known as the Kuhn-Tucker

conditions, are

u=p-Cx-A'v , (2.49)

Ax=b , (2.50)

xi > 0 , (2.51)

u'x=0 , (2.52)

ui < 0 .(2.53)

Since both the objective function and the non-negativity constraint are differentiable and

convex, these conditions are both necessary and sufficient.7

The first Kuhn-Tucker condition is simply the definition of u. The next two are

merely restatements of the constraints. The last two conditions summarize three

possible situations that lead to a solution of the problem. These are best illustrated by

considering a single-variable problem having non-negativity constraints but no linear

constraints (in this case, u is simply the gradient of F).
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(a) 

B 

(b) (c) 

Figure 2.5 Conditions for a constrained maximum. 
Point A is an interior maximum; point B is a boundary 
maximum; point C is the constrained maximum by virtue 
of having the largest value in the feasible region. 
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The first type of solution, represented in Figure 2.5(a) as point A, has the 

maximum of F lying within the feasible region (xi > 0). In this case, xt * 0, so by 

condition (2.52) we require the first derivative to vanish {uY = 0). In the second type, 

known as a boundary solution, shown as point B in Fig. 2.5(b), F attains its maximum 

on the boundary. In this case both ux and x1 are equal to zero and condition (2.52) is 

satisified. In the final possiblity, the solution may take the form of point C in Fig. 

2.5(c), because to qualify as a solution the point need only have a value larger than any 

other point within the feasible region. This type of solution is characterized by a 

negative first derivative {ux < 0) and X\ = 0. Again, the product condition (2.52) is 

satisfied. 

Because the Kuhn-Tucker conditions are inequalities, they cannot be solved 

directly. One approach to finding the optimal solution is to note, according to 

conditions (2.51) - (2.53), that for each variable xt, either xt = 0 or w, = 0 (or both). A 

solution can be sought by exploring the 2" possible situations that result. For large n, 

of course, this approach is completely impractical. Several, more sophisticated, 

methods have therefore been developed.5 The method employed in the experimental 
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portion of this chapter (Sec. 2.6) is known as the simplex method for quadratic

programming. A brief description of the idea behind it follows; the complete

development of the technique can be found in Ref. 6.

The Lagrangean O(v,x) is simply the sum of the function F and a constraint

term -v'(Ax-b). If the constraint Ax = b is satisfied then the Lagrangean is simply

equal to F. We can therefore maximize F(x) by increasing the value of O(v,x) while

maintaining the condition Ax = b. If we find that, for some (v,x)-pair, one of the u-

variables is positive (i.e., the first derivative of 0 is positive in some dimension), then

an increase in the corresponding x-variable will cause an increase in 0. Upon raising

the x-variable, the linear constraint will, in general, no longer be satisfied. It is

necessary, therefore, to compensate by adjusting other x-variables to continue to satisfy

the constraint. If this is achieved by changing x-variables that have no effect on 0 (i.e.,

those for which the first derivative is zero), and if the change is made without changing

the first derivatives, then each step of this type leads to a monotonic increase in 4) while

satisfying the constraint. Equivalently, each qucceeding iteration of this kind produces

an increase in F without violating the constraints.



42

2.5 Dimensionality effects and multiple-class sorting

As we have seen, the problem of classifying images in their vector

representation reduces to one of suitably partitioning a space of very large dimension,

While, in general, it is difficult to predict whether this or that algorithm will be

successful in classifying a particular set of images, a few things can be said about the

vector space that suggest rough conditions for linear separability and guidelines for

multiple-class sorting.

X3

A

\B

so X 2

X l

Figure 2.6 Convex hulls of classes containing
two three-pixel images. In the ideal case, their
intersection is a zero-probability event.

To begin, consider the hypothetical classification problem illustrated in Fig.

2.6. The two classes, labelled as "A" and "B", consist of two images composed of

-- ,,,-,, ,, ,,n,1 I ,U l ,, lmm N~r n ,, mm Wl,,, mu 2
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three pixels each. The line segments in Fig. 2.6 represent the convex hulls of the two

classes of image vectors. As we have shown in Section 2.2, the classes are separable if

the convex hulls do not overlap. In this simple example, we see that, barring

systematic relationships among the images, there is zero probability of overlap of the

convex hulls for "A" and "B" (the line segments occupy no volume). Ideally,

therefore, classes containing two arbitrary images in i-space are always separable. We

can easily extend this result to N dimensions: two classes of N-pixel images are, in

general, separable if they contain less than N images.

Unfortunately, we cannot directly apply this finding to real-world problems for

several reasons. First, images are usually digitized at some stage in the process and are

not free to take on the continuum of values suggested by Fig. 2.6. Second, real

detection systems are subject to noise, which causes the convex hulls to have non-zero

measure. Finally, images are not arbitrary points in space, but rather have systematic

relationships among them. In particular, images within a class may be very much the

same except for minor features that distinguish them. When that is the case, they may

lie in a small subspace of the space defined by the pixels.

The net effect of these considerations is to weaken our previous assertion

concerning the effect of dimensionality on class separability. Without reference to a

particular set of images, what can safely be said is that two image classes having

significant variation in M pixels are likely to be linearly separable, provided that there

are less than M images in each class.

This suggests large classes of unrelated images can be distinguished. It may,

therefore, be possible to merge classes into superclasses to facilitate multiple-class
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sorting. With proper grouping of the classes, discriminant vectors can be designed to

bisect the set of classes with each decision. In this way, an image can be associated

with one of K classes in c(log2K) binary decisions, where c(x) denotes the smallest

integer greater than or equal to x. This approach demands, of course, that the

superclasses, as well as the individual classes, be linearly separable.

An alternative is pairwise, sequential elimination of the classes. This requires

(K-1) two-class decisions to solve a K-class problem. Classification in a three-class

problem (classes A, B, and C), for example, might go as follow,. Apply the A-versus-

B discriminant vector to the input image. If the decision is for B, apply the B-versus-C

discriminant vector. If the decision is for C, then we have classified the image as an

element of class C in two [i.e., (K-1)] steps.
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2.6 Experimental results

Two sets of experiments were performed to demonstrate the convex-hull

separation approach. First, a two-character recognition problem was constructed to test

the method in its basic form. Second, an expanded problem was considered in which

eight characters were incorporated.

Examples of the images used in the two-class problem are shown in Fig. 2.7.

In the actual experiments, seven fonts were used for training and five were reserved as

test examples. The images contain 64 x 64 (= 4K) pixels and although they are

essentially binary, 256 grey levels were possible. Each of the images was normalized

so that its vector was of unit length.

The normalized training images took the place of the x-vectors in Eq. (2.30)

and on this basis, the quadratic programming problem of Eqs. (2.4l)-(2.43) was

constructed. A FORTRAN implementation of the simplex method for quadratic

programming, included in Appendix B, was written and was used to solve for the X-

coefficients that minimize the distanice function d 2. The optimum X-coefficients were

then substituted into Eq. (2.30) to find the points of closest approach of the convex

hulls of the two classes. The normalized difference vector of these two points acts as

the discriminant vector in the classification problem (see Fig. 2.2). The discriminant

vector components were rearranged into the two-dimensional image format; the

resulting array appears in Fig. 2.8. The dark portions of the array represent negative

values of the discriminant vector, the light areas signify positive values.
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'II

Figure 2.7 Examples of character images used in the first
experiment. Seven fonts were used as prototypes; five
fonts were reserved as test examples.
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Figure 2.8. Two-dimensional representation of convex - 
hull discriminant vector for "F" and "R." 

To provide a basis for comparison for the convex-hull approach, discriminant 

vectors were computed in accordance with two other methods: the Fukunaga-Koontz 

transform and the difference of means. 

The generation of the Fukunaga-Koontz basis vectors followed the technique 

described in Ref. 8. Based on Eq. (1.14), the quantity (ki - 0.5) can be defined as a 

separation power for Fukunaga-Koontz basis vectors.8 In theory, those basis vectors 

for which the separation power is largest are most useful for discrimination of the 

classes. By this prescription, the two best basis vectors were chosen. A linear 

combination of these vectors was ordered into a two-dimensional Image format; the 

result appears in Fig. 2.9. The difference-of-means discriminant vector is similarly 

displayed in Fig. 2.10. 
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Figure   2.9   Two-dimensional   representation   of 
Fukunaga-Koontz discriminant vector for "F" and "R." 
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Figure  2.10  Two-dimensional  representation   of 
difference-of-means discriminant vector for "F' and "R." 

The results of the two-character classification experiment were computer- 

simulated by forming the inner product between the character images and the 

discriminant vectors. Two criteria were used to compare the convex-hull separation 

approach to the other two approaches. The first criterion is the minimum separation of 
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the projections of the images onto the discriminant vector (remember that the convex-

hull approach maximizes this criterion). The second criterion, known as the d'-

parameter, defined as

d'= (2.54)

is a traditional statistical pattern recognition measure of average separation of the

classes. 9 In Eq. (2.54), tj is the mean of the projections of the images from class j

onto the discriminant vector and oj is the standard deviation. The results for the

minimum separation and af-criterion appear in Tables 2.1 and 2.2.

Note that in addition to the convex-hull, difference-of-means, and Fukunaga-

Koontz approaches, two other discriminant vectors are included in the comparisons:

"F minus R" (the difference of a single F and a single R from the training set), and "F"

(a particular F from the training set). Of course, these methods are not recommended,

but it is instructive to consider their performance.

Table 2.1 Minimum Separation of Projections
for Various Discriminant Vectors

Discriminant vector Training images Test images Overall

Convex hull 0.391 0.284 0.284
Difference of means 0.131 0.308 0.131

Fukunaga-Koontz 0.062 0.071 0.062

F minus R 0.013 0.119 0.013

F - 0.216 -0.098 -0.301
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Table 2.2 Values of the d'-parameter
for Various Discriminant Vectors

Discriminant vector Training images Test images Overall

Convex hull 793.12 8.32 11.74

Difference of means 4.69 5.77 4.68

Fukunaga-Koontz 3.64 3.82 3.77

F minus R 2.91 5.00 3.16

F 1.49 1.87 0.28

Note that, except for the single-F discrininant vector, each method successfully

classifies all of the images tested, however the convex-hull method provides the best

performance by both criteria. For a point of reference, it should be noted that

normalized images lie exclusively in the non-negative orthant of the unit hypersphere,

therefore the maximum value that the minimum separation criterion can attain is2.

In the second experiment, an expanded character set was used. Here, eight

characters (A, B, C, D, U, 0, F, and R) constituted eight image classes. Examples of

these images are shown in Fig. 2.11. Ten fonts were assembled as examples of each

character so that a total of 80 images were included in the test. As discussed in the

previous section, two paths to multiple-class sorting can be taken. We can achieve the

desired result either by pursuing a strategy of pairwise elimination of the classes (K- 1

decisions for K classes) or by repeatedly bisecting the decision space [int(log2K)+l

decisions for K classes]. We have already considered the two-class decision that forms

the building block of the pairwise elimination approach. We now examine the latter,

more efficient approach.
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Figure 2.11 Examples of images in eight-class problem.
Classes consisted letters A, B, C, 0, U, 0, F, and R in
ten different fonts.

•B B B t l H
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In this experiment, 1og 28 (=3) binary decisions are used to classify eight

characters:

1. ABCD - UOFR

2. ABUO - CDFR

3. ADUR - BCOF

In this decision structure, if the two possible outcomes of each decision are labeled as 0

and 1, we see that each class is represented by a unique binary word in terms of the

three decision outcomes:

A 0 0 0
B 0 0 1

C 0 1 1
D 0 1 0

U 1 0 0

0 1 0 1
F I 1 1
R I 1 0

The discriminant vectors for these decisions, computed as in the previous

experiment, by the simplex method, are shown in Fig. 2.12. Again, the results

obtained usinz these discriminant vectors were simulated. Figure 2.13 is a scatter plot

of the inner product results. Each axis represents the inner product with one of the

three discriminant vectors. In the simulation, it was found that all 80 characters were

correctly classified.
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(a)

(b)

(c)

Figure 2.12 Two-dimensional representations of convex-
hull discriminant vectors for eight-class problem:
(a) ABCD-UOFR; (b) ABUO-CDFR; (c) ADUR-BCOF.
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Figure 2.13 Scatter plot of inner products of 80
characters with three convex-hull discriminant vectors.
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Chapter 3:
Classification of
quantum-limited images

In this chapter, we examine the classification of quantum-limited, as opposed to

classical intensity, images. The purpose of considering quantum-limited images is

twofold. First, it may provide useful insights for naturally quantum-limited

applications such as low-dose radiological imaging and electron microscopy,

astronomy, and night vision. Second, certain properties of the acquisition process for

quantum-limited images suggest that these images might be utilized to advantage,

even when there is an abundance of available light.

A quantum-limited image, acquired using a position-sensitive photon-

counting system, can be represented by a list of the digitized spatial coordinates of the

photoevents of which it is composed. In contrast, a digitized, classical intensity

image is specified by a list of (typically, on the order of a million) pixel intensity

values. The quantity of data needed to specify a classical intensity image requires

that a costly dimensionality reduction step be performed before a recognition or

classification decision can be made by digital means. The promise for quantum-

limited image classification lies in eliminating this dimensionality reduction step in

the course of acquiring the image. If a quantum-limited version of some image,

described by, say, a few thousand photoevent locations, contains sufficient

information to classify it, then a tremendous computational savings has been made by
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way of the detection process. Experiments described in subsequent sections

demonstrate that quantum-limited images do, in fact, provide this sort of data

compression advantage.

In addition to the interesting computational properties afforded by the use of

quantum-limited images, the acquisition system from which they are derived has

several appealing features. The system, when packaged as a camera, can be quite

compact and sturdy. Unlike traditional optical pattern recognition systems, photon-

limited imaging systems operate in white light, avoiding the complication of the

incoherent-to-coherent conversion step inherent in the standard optical correlator

approach. Further, though the detection process is optical, the computations are

performed digitally, thus avoiding the flexibility problems associated with storing

prototype images and/or discriminant vectors in holographic frequency plane filters.

Finally, the photon-counting imaging system operates in what one would normally

consider total darkness - an obvious advantage in many applications.

The focus of this chapter is to demonstrate the potential for utilizing photon-

counting systems to classify images. The chapter begins, in Section 3.1, with an

overview of photon-counting systems and a brief description of the particular system

used in the present research. Section 3.2 describes the statistical properties of the

images produced by these systems. In Section 3.3, photon correlation methods are

reviewed and the quantum-limited inner product is introduced. The statistical
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several image classification solutions are derived in Section 3.6. In Section 3.6.1,

these solutions and standard pattern recognition methods are implemented

experimentally and the results compared. A method for classifying images subject to

in-plane rotations is proposed in Section 3.7 and experimentally demonstrated in

Section 3.7.1. The chapter concludes with a discussion, in Section 3.8, of how the

statistical decision theory solutions described in Section 3.6 might be applied to the

classical-intensity image classification problem. Simulations of the results of such an

experiment are presented in Section 3.7.1.
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3.1 Photon-counting imaging systems

Most two-dimensional photon-counting systems described in the literature use

a photocathode, a set of microchannel plates, 1.2 and an anode assembly to determine

the locations of detected photoevents. The primary difference between various

systems lies in the design of the anode. Anode structures that have been reported

include silicon-intensified-target television cameras, 3-5 self-scanned CCD arrays, 6-1'

crossed-wire-grid anodes, 12 multi-anode arrays, 13- 15 wedge-and-strip anodes, 16-21

grey-coded masks used with a bank of photomultipliers, 22 3 and resistive anodes.24-30

Microchannel plates Resistive anode

Photocathode /

hv e

f 'f\Y Charge-sensitive
preamplifier

I

Position-computing
electronics

I Microcomputer ]
i ower

supply

Figure 3.1 Schematic diagram of photon-counting system.
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The device employed in the present research uses a resistive anode to provide

photoevent position information. 31 A schematic diagram of the system is illustrated

in Fig. 3.1. A photon, incident on the photocathode, causes the emission of a

photoelectron. The electron is accelerated by an applied field across a small gap

toward the first in a stack of microchannel plates. The plates are thin glass discs

perforated by small parallel pores or channels, coated with a semiconductor material.

The channels act as tiny photomultipliers, each producing a cascade of electrons. To

increase gain, the channels lie at an angle to the direction of the applied field. To

prevent ion feedback, the plates are assembled to form V- and Z-configurations of the

channels. The complete plate assembly produces an electron gain of approximately

107. The charge packet that emerges at the output of the stack .s deposited on the

anode, consisting of a sheet of resistive material, bounded by four circular arcs, to

which an electrode is attached at each of its four comers. The amount of charge

reaching the electrodes along one edge of the anode is directly proportional to the

distance from the point of impact of the charge pulse to the opposite edge. The

desired photoevent location can, therefore, be deduced by computing a centroid of the

charges measured at the electrodes. The spatial coordinates of each detected

photoevent are computed by dedicated analog hardware,32 then digitized and passed

to a microcomputer for processing and/or display.

To permit its convenient use as an imaging device, and to protect it from

excessive light levels, the detector used in this research was packaged in an aluminum

housing as a camera. The housing, shown in Fig. 3.2, was designed by the author and

his colleagues, Anthony Martino and Thomas Isberg. At the front of the housing is a



61 

Standard bayonet mount for the lenses used in 35mm-format photography. Between 

the lens and the photocathode is a carriage that can be moved into one of two 

positions. In one position, a mirror contained in the carriage diverts the image to a 

focusing screen where it can be examined with the attached eyepiece. In the other 

position, a stack of neutral density filters intervenes between the lens and 

photocathode, thus producing an acceptable light level for the detector. 

Figure 3.2 Housing for photon-counting detector. 

The present system reports one photoevent at a time and can operate at a rate 

of about 105 counts/sec. For high speed applications, anodes that detect many events 
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simultaneously might be preferable. Such systems are unsuitable for some

applications, however, since they fail to provide time-of-arrival information and do

not permit precise control of the number of photoevents. Instead, such a system is run

for a predetermined integration time, the number of detected photoevents becomes a

random variable, and the arrival times of particular events cannot be deduced.

In the next section, the statistical properties of the images produced by

photon-counting systems are reviewed in terms of both the fixed-integration-time and

fixed-photoevent-count photon-counting configurations.
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3.2 Statistics of the quantum-limited image

A digitized, classical-intensity image is quantized in two ways. First, it is

integral sampled, dividing the image plane into picture elements (pixels). Second, the

averaged intensities are quantized for digital processing. In contrast, a digitized,

photon-limited image is artificially quantized only in the former sense. The value

assigned to each pixel is the number of photoevents detected within that pixel.

Hereinafter, a photon-limited image is denoted by a vector n, the components of

which are the pixel photoevent counts. The image is assumed digitized to produce N

possible photoevent locations (pixels) and the count for pixel i is denoted by n,, the ith

component of n.

a) Fixed-integration-time configuration

If a photon-limited image is acquired over a fixed integration time, r, then

both the pixel photoevent counts, ni (i = 1, 2, ... , N), and the total number of detected

photoevents, N,, are random variables. Treating the pixels of the photon-limited

imaging system as detectors occupying non-overlapping areas A, and supposing an

image irradiance 1(x,y;t), the photoevent count for pixel i during a time interval

[t,t + ,] is described by an inhomogeneous Poisson process, 33-37

Py [ dt f dxdy X(x,y;t')]n

nit (3.1)

exp[-f Xit'J dxdyk(x~;t')]
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In Eq. (3.1) the rate function .(xy;t) is given by

)L(xy;t) = TlI(x,y;t) (3.2)

hv

where Tj is the quantum efficiency of the detector, h is Planck's constant, and v is the

mean frequency of the incident quasi-monochromatic light.

In general, I(xy;t) is a random process and the observable counting

distributions, p(n), are obtained by taking an average of Eq. (3.1) over an ensemble of

integration times. In the case in which the image is composed of polarized, quasi-

monochromatic thermal light, if the integration time, r, is small compared with the

coherence time of the source, then it can be shown that the ni obey the Bose-Einstein

distribution. 37 Of more practical significance for the present research is the case in

which the integration time is, instead, much larger than the coherence time. In this

case, the irradiance can be regarded as constant in time [J(x,y;t) = I(x,y)]and the

photoevent count for pixel i obeys the Poisson distribution,35

Pn £) ni >' exp(-< n, >) , (3.3)

where

<n, > = dxdy l(x,y) (3.4)
/IV ,&

is the mean photoevent count for pixel i. Incidentally, the same result is obtained

when the irradiance does not fluctuate significantly, as in the case of illumination

provided by a well-stabilized single-mode laser.37
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Neglecting dead-time effects in the detector, the pixel photoevent counts can

be taken to be independent random variables, and the joint density for the ni, denoted

by p(n), is simply the product of the individual distributions:

N np(n) = I'I < n""£ exp(- < ni > )  (3.5)
i-I ni 

!

In this case, since the total photoevent count is the sum of the pixel photoevent

counts, the density function for the total count is simply the convolution of the pixel

count distributions, p(n). The result is that the tztal photoe%,ent count, N, also obeys

the Poisson distribution,

< N >N,
= exp(- < N, >) , (3.6)

N,'

where
N

< N, > = <n > (3.7)
i=1

Using Eqs. (3.4) and (3.7), an alternative expression for the mean pixel photoevent

counts is obtained:

f, dxdy I(x,y)
<n, > = <N, > N (3.8)

i dxdy I ( x, y )

The integrated intensities in Eq. (3.8) are simply the classical pixel intensity values,

referred to in Chapter 1 as xi, that result from integral sampling of the image.

Equating the integrated intensities with the x,, we obtain the relationship between the

mean pixel photoevent counts and the classical pixel intensities, xi,
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> N (3.9)

I=i
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b) Fixed-photoevent-count configuration

An alternative to counting photons for a fixed length of time is to count up to

some fixed number, N,. This process is characterized by N, trials (the photoevent

detections) having one of N possible mutually exclusive outcomes (the N possible

photoevent locations). In the absence of dead-time effects, successive photoevent

locations are independent and the pixel photoevent counts obey the multinomial

distribution

p(n) = N, !I v Pi-- (3.10)
i(3 n.1

where p is the probability that a particular photoevent is detected by pixel i, given

by37

f .dxdy I(x,y)Pi "" __ __ __-_ - . (3.11)

iAddy I (x,y) xi

The mean photoevent count for pixel i is given by

X.
< n,>= N, - (3.12)

xxi
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3.3 Photon correlation and the quantum-limited inner product

Recently, photon correlation techniques have received considerable attention.

The triple correlation has been shown to permit photon-limited imaging in the

presence of atmospheric turbulence 38-40 and random shifts and rotations of the

ima ge. 41-4 3 Double correlation techniques (auto- and cross-correlation of photon-

limited images) provide information about object dimensions, velocity, and other

parameters.4" Until recently, the correlation between a quantum-limited image and a

fixed reference function was not considered. The value at the origin of such a

correlation function is the inner product that forms the backbone of the pattern

recognition approaches described in Chapter 1.

Rose45 first discussed the identification of quantum-limited images in terms of

human observer performance. He demonstrated that a relatively small number of

photoevents is sufficient for a human to observe intensity variations in an image.

Saxton and Frank4 6 have suggested that image correlation can be used to identify

motifs in low-dose electron microscopy. Morris developed the statistical properties

and implementation procedure for quantum-limited matched filtering4 7 and

demonstrated in computer simulations48 that a small number of photons can be

sufficient for machine-based recognition of images. Morris, Wernick, and Isberg4 9

performed laboratory experiments that verified the results of the computer

simulations.
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Fig. 3.3 Images of portraits made with photon-counting
detection system. Number of photoevents constituting
images in each row is indicated at left.
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Examples of the sort of images considered in these experiments are illustrated

in Fig. 3.3. The images are arranged, from top to bottom, in order of decreasing

number of photoevents. Each of these images can be described by a list of digitized

spatial (xy) coordinates of the detected photoevents. Equivalently, these photoevent

locations can be used to form the pixel-photoevent-count vector, n, introduced in the

previous section.

In Chapter 1, the inner product, C, between an input image vector x and a

discriminant vector h, given by
N

C =(3.13)
i--I

was introduced as the central quantity in a number of image recognition and

classification schemes. In Eq. (3.13), i is the pixel index and N is the total number of

pixels in the image. In this chapter, we consider the inner product between a photon-

limited version of the same image (described by the histogram vector n) and the

discriminant vector h. Hereinafter, this quantity will be termed the quantum-limited

inner product and denoted by C.. Because the quantum-limited image is the result of

a stochastic process, CQL, given by,
N

C., = nh, , (3.14)

is a random variable.

One of the important features of this quantity, demonstrated in the following

section is that its expected value is directly proportional to the inner product between

h and x (the classical intensity image underlying n). In effect, therefore, the inner
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product obtained through use of the quantum-limited version of an image provides a

Monte Carlo estimate of the classical-intensity inner product given in Eq. (3.13).

Hence, the quantum-limited image can be directly applied, in lieu of the classical-

intensity image, in any of the pattern recognition approaches described in Chapter 1.

The effectiveness of utilizing the quantum-limited inner product when the

classical-intensity image is available can be seen by considering the manner in which

CQL is calculated. As discussed in Section 3.1, many photon-counting imaging

systems report the location of detected photoevents, one event at a time. For this type

of system, an alternative, computationally efficient expression for Cot can be

obtained. The pixel-photoevent-count for pixel i can be represented as a sum of

Kronecker delta functions,
N,

n, = Y5,, , (3.15)
p=

1

where i, denotes the measured pixel location of the pth photoevent. Substituting from

Eq. (3.15) into the definition of Cot [Eq. (3.14)], we obtain

N N,

Coz = Y ,j h8  , (3.16)
i=1 p=1

or, using the sifting property of the delta function,
N,

CoL = Y h., (3.17)
p=l

The procedure for calculating Cot indicated by Eq. (3.17) is as follows. The

discriminant vector h is loaded into computer memory to prepare the system. An

image to be recognized or classified is then presented to the detector. During the
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operation of the detector, a stream of photoevent locations is reported to the

computer. As each photoevent location is received, the value, at that pixel, of the

discriminant vector h is retrieved from memory and added to an accumulated sum.

The procedure is repeated for each detected photon until the experiment is concluded

(signalled, depending on the experimental configuration, by the end of the preselected

integration time or by the counting of the specified number of photoevents). The

value of the accumulated sum at the conclusion of the experiment is equal to CCL.

The computation of CQL according to this method requires N, additions which

is usually much less than the N m'iltiplications and N additions required by Eq. (3.14).

Further, the additions entailed in the proposed method are performed concurrently

with the acquisition of the image, hence the image has been analyzed by the time it

has been acquired. The current generation of photon-limited image acquisition

systems operate at a rate on the order of 106 counts/sec. If a reliable inner product

estimate can be achieved by computing CQL with, say, a few thousand pho-oevents (as

is the case for the images shown in Fig. 3). then an image can be acquired and

identified in a matter of milliseconds.

To evaluate the reliability of the estimate provided by the quantum-limited

inner product, CQL, it is necessary understand its statistical properties. These

properties have important significance for system design, in particular for

construction of decision boundaries and for calculation of the number of photoevents

required to achieve the desired reliability level. In the next section, the relevant

statistics of C., are derived and the proportioinality between the average of CQ and its

classical-intensity counterpart, C, is demonstrated.



73

3.4 Statistics of the quantum-limited inner product

It can be shown4 7 that the quantum-limited inner product, C,, obeys the

Gaussian distribution

(c1-< cQ >)21
p(C)- I exp [(C 2  . 2 (3.18)

The mean value of the quantum-limited inner product, CQL, is given by

< CQL>= ,..j~ )~)(.9
M1=0 AN 0

where the <...> represents an average over an ensemble of realizations of the photon-

limited image, n. Equation (3.19) can be written alternatively as
N -< CO >= hi nip(n,) ,(3.20)

i=I n--0

or equialendly,
N

< CQ, >= jh, < n, > (3.21)

Substituting from Eq. (3.9) for < ni>, the mean value of CQL for the fixed-integration-

time experiment becomes

< N >) IV
< ca, > N XA (3.22)

SXi i=1

Identifying the inner product term as the classical-intensity inner product, C, we

obtain the proportionality relationship between C and the ensemble average of C Q,
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< CL>= ~~C (3.23)

For the fixed-photoevent-count experiment, a imilar result is obtained:

< C2L>= NJC (3.24)

Note that the mean of the photoevent count, < N >, that appears in the fixed-time

expression [Eq.(3.23)] is replaced by N, in the fixed-count result [Eq. (3.24)].

The variance of the inner product, defined in the usual way as

a2=< CoL2 > -< C > , (3.25)

can be derived in a sirular manner. The term, < CoL2 >, is given by

< CoL2 >= nihi  ,(3.26)

or,

/NN\

< Co" >= (\ ni.hh,. (3.27)

Bringing the ensemble averaging operation inside the summation, and excluding from

it the deterministic h, terms, Eq. (3.27) becomes:
N N

< CtLe >= rm < nn2. > kh. (3.28)

The < Cat. >2 term in Eq. (3.25) is given by
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<C >2= n , (3.29)

or
N N

<CQL >2= XY< n >< n,.> hh .  (3.30)
i--I i'--I

Substituting from Eqs. (3.28) and (3.30) into the expression for the variance of CQL

[Eq. (3.25)] and collecting the summations, we obtain
N N

Y2 = 1 (< nin. > -< n, >< n,. >)hh.. (3.31)
i=1 i'.1

The term in parentheses in Eq. (3.31) is simply the covariance of the photoevent

counts detected by pixels i and i'. Denoting this pixel-photoevent-count covariance as

ii, Eq. (3.31) becomes
N N

S= ja. hih,. (3.32)
i=1 i'-1

In the fixed-integration-time experiment described in previous sections, the

pixel-photoevent-counts are independent and Poisson-distributed. The pixel-

photoevent-count covariance is therefore given by

Oj2 f<ni> ;i=i' (.3

[ 0 ;i*i'

The value of oyii. for the case i = i' is a well-known property of the Poisson-

distribution. The zero value for the case i * i' is a result of the independence of the

pixels.
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Substituting from Eq (3.33) into Eq. (3.32) we obtain the result for the

variance of the quantum-limited inner product for the fixed-integration-time

experiment,
N

2 = i < , > (3.35)
ar =<N,- -(.5

Xi

In the fixed-photoevent-count experiment, the pixel-photoevent-counts obey

the multinomial distribution, and the covariance, aii', is given by (see Appendix C)

Y'f N, pj(1 - p) ;i =i'. t-N,pip ;i i' (3.36)

Substituting from Eq. (3.36) into Eq. (3.32) we obtain
N N

2 = NXpi(1 -p)4_2 -N, pp.h~h. Y (3.37)

Substituting from Eq. (3.12) for pi, Eq. (3.37) becomes

N N

C
2 = N, -N i'' -N (3.38)

Z lX i )2Xi 
)

o l g a t

or, collecting the last two terms,
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52 =N- , i
GT - N (3.39)

Equation (3.39) represents the variance of the quantum-limited inner product for the

fixed-photoevent-count experiment. Note that the first term in the expression is

identical to the variance in the fixed-time configuration if N, is replaced by < N, >.

Denoting by op2 the variance in the fixed-time case with < Nt > replaced by N,, and

using Eq. (3.24), a relationship between the variances in the two cases can be

obtained:
02 21

a 2 - < CO> 2  (3.40)

Since the second term in Eq. (3.40) is always non-negative, the fixed-count procedure

always produces a smaller variance for corresponding numbers of photoevents. We

intend to compare C t. to a decision threshold to classify images, therefore we wish

for CoL to have the smallest variance attainable. We should, therefore, choose the

fixed-photoevent-count configuration whenever possible. For the remainder of the

chapter, we will continue to consider both experimental configurations because the

fixed-time procedure can be advantageous for other reasons and because it may, in

fact, be the only option available.

So far, in this chapter, we have considered the photon-limited image as a

random signal and have developed its statistical properties. In the following sections,

the theory of hypothesis testing for random signals is reviewed and shown to provide

a useful approach to classifying quantum-limited images.
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3.5 Statistical decision theory foundations

Consider the problem of choosing between two contradictory hypotheses on

the basis of a set of noisy observations. 50 Let Hj denote the jth hypothesis and let di

denote a decision in favor of hypothesis i. Further, let us assign a cost, cij, to making

the decsion di when hypothesis Hj is true. Since the observations are not

deterministic, a useful strategy for optimizing the decision-making process is to

minimize the average cost of our decisions. The average (expected) cost per decision

is given by
2 2

E~cJ} = Y, Ycjp(d,,H j ) , (3.41)
j--I i=1l

or
2 2

E{Q} = Yq.,p(Hj)p(d IHj) (3.42)
j=l i=1

where the joint probability, p(d,,H1 ) and conditional probability, p(d I Hj), depend

on our choice of decision strategy. Since the decisions dI and d2 are complementary,

the conditional probabilities are related by

p(dn IH) = 1 - p(d2 1H) (3.43)
p(dlIH2) = I- p(d2 1H2)

and substitution of Eq. (3.43) into (3.42) leads to

E(c} = CIIp(H1) + C12p(H2)
+ (c21 - q1 )p(HI)p(d2I H,) (3.44)

+ (c2 - C2)p(H 2)p(d2IH 2)
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Consider the case in which our decision is to be based on an observation set

ordered into a vector z. Consistent with the discussions of Chapter 1, consider the

strategy of deciding in favor of hypothesis 2 when z lies in some region Z and in favor

of hypothesis 1 when z lies in the complement of Z. In this scheme,

p(d21Hj) = fdzp(zlH,) , (3.45)

and the expected cost per decision becomes

E{ciI = c1 1p(H ) + c12P(H2 )

+f dz[(c21 - c11 )p(HI)p(zI H2) + (c22 - C12)p(H2)P(zl H2)] (3.46)

To minimize the expected cost, the region Z must be chosen to include all points for

which the integrand in Eq. (3.46) is negative. The region Z that satisfies this

condition is the set of all points z for which
(CM1 - cI)pHO)p(zlH1 )+ (C22 - C12)P(H2)P(zl H2) < 0 (3.41)

or, assuming cij > c.., for which,

p(zIH 2 ) (c21 - cll)p(H) (3.48)
P(zlHI ) (Cl 2 - c2)P(H2)

The quantity on the left-hand-side of Eq. (3.48) is known as the likelihood ratio, (z).

The decision rule for minimum average cost (Bayes risk) can be written in its final

form

d2 (c21 -c,)p(H
1)

wr (C12 - Ce2)PH2.

where
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1(z) = p(zIH 2) (3.50)
p(zIH,)

The decision rule notation of Eq. (3.49) denotes that we decide d2 when the "greater

than" condition holds and dl when "less than" is the case.

In applications for which correct decisions have no cost (ci=c22=0) and

incorrect decisions are equally weighted (c12=c21), the Bayes risk decision rule [Eq.

(3.48)] reduces to a criterion that minimizes the probability of error. The so-called

probability-of-error decision rule is given by

(z) > p(H) (3.51)
d p(H2)

If, further, the prior probabilities for the two classes are equal, the well-known

maximum-likelihood criterion results:

I/(z) Z 1 (3.52)

The maximum-likelihood strategy is simply to select the hypothesis that is most likely

consistent with the observation set. Equivalently, it directs us to choose the

hypothesis for which the corresponding probability density function, evaluated at the

measured value of z, is largest.
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3.6 Likelihood-ratio solutions for image classification 

The essential element of each of the decision criteria described above is a 

comparison of the likelihood ratio to some threshold value. In this section, the 

precise form for the likelihood ratio is derived in terms of measurable quantities for 

various configurations of the quantum-limited image classification experiment. 

Let us begin by reiterating the definition of the likelihood ratio given in Eq. 

(3.50): 

m = E^A   . (3.53) 

In general, z represents a vector of noisy observations and H1 and H2 denote two 

competing hypotheses that we wish to evaluate. Applied to the problem at hand, Hj 

can be defined as the hypothesis that the image we wish to classify belongs to the/'th 

image class. In the context of quantum-limited imaging, the photoevents detected 

within the pixels of a low-light-level image fill the role of the observation set in z. 

Denoting by the vector n the list of pixel photoevent counts constituting the input 

image, the likelihood ratio for the quantum-limited image classification experiment 

becomes 

/(„)=«   . (3.54) 

The hypothesis that an image belongs to class j is a compound hypothesis suggesting 

that the image is one of the many members of class j. Hence the probabilities in Eq. 
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(3.54) can be written as a linear combination of the probabilities associated with each

of the member images,

p(nIH,) = Yp[Hj)]p[nIHkj)] (3.55)
k=i

In Eq. (3.55), Hk(j) denotes the hypothesis that the input image is the kth element of

class j, p[HkD] is the a priori probability for that image, and Mj is the number of

images in classj. Substituting from Eq. (3.55) into Eq. (3.54) gives the general form

for the likelihood ratio for quantum-limited image classification:
M2
I_ p[Hk(2) ]p[nIH12)]

k=1

1(n) = , (3.56)
S.ptH(']ptnIH ('>]
k=1

The conditional probabilities in Eq. (3.56) are determined by the intensity distribution

in the image plane of the detection system and depend on the manner in which the

image acquisition is conducted.

a) Fixed-integration-time experiment

If the quantum-limited imaging system is operated for a fixed integrat" ,-I time,

then, under the conditions discussed in Section 3.2, the photoevent counts measured

within its pixels can be approximated as independent, Poisson-distributed random

variables with density function
[s('fi) 1x[- (j)(357

p ~exp[-sptnt H,'")] =I w F, . (3.57)
i ni!
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where N is the number of pixels in the image. The quantity skl(j), representing the

conditional mean photoevent count for pixel i, i.e.,

Sk) = Efn IH j) (3.58)

can be computed according to Eq. (3.9). Substitution of Eq. (3.57) into Eq. (3.56)

yields the solution for the likelihood ratio in a fixed-integration-time image

classification experiment:
M, N

Y p[H, l)l ,' ' expi-sf'l
l(n) = kN i-- _ _ (3.59)

'  1s j exp[-sfl i
k=l i~I

For computational purposes, it is useful to rearrange Eq. (3.59) to isolate the signal-

dependent terms, thus producing the equivalent expression

Af[pH(2)] exp_(2) [(2)] ,

1(n) = k={t[ 2 ici p i=I (3.60)
k=l[ {p[Hk(') ] exp[-s:' ] l [ S:' ]

b) Fixed-photoevent-count experiment

If, instead, the total number of photoevents composing the image is fixed, i.e.,

if the experiment is stopped after some number of photoevents, N,, is counted, then

according to Section 3.2, the pixel photoevent counts obey the multinomial

distribution,
'v ISM(JN) 

I
p(nlH~j) = N,! /] (3.61)

i=l i
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where Nt is the sum of the pixel photevent counts, ni.

The resulting solution for the likelihood ratio is

M2 N

l~)=k=I i=1
I(n) = MN (3.62)

k=1 i=

Note that the fixed-integration-time and fixed-photoevent-count solutions are almost

the same in form, differing only by the exponential terms that appear in the fixed-time

solution.

In the absence of dead-time effects, the solutions presented above for cases (a)

and (b) are exact. In applications for which execution time is not critical, or in which

parallel processing capability can be brought to bear, these solutions can be used to

directly calculate the log-likelihood ratio for image classification. Unfortunately, the

,equired computation is more lengthy than application of the matched filter for every

training image. The exact solution is useful, therefore, only if the log-likelihood ratio

based on the training images can be used to estimate the log-likelihood ratio for

images not included in the training set. This can be achieved by limiting the variation

among the images within each class. This restriction limits the merging of classes for

multiple-class sorting, but is not otherwise prohibitive.

Let us consider the practical implementation of the exact solutions given in

Eqs. (3.60) and (3.62). We begin by noting that the terms preceding the products in

these equations are constants that are independent of the input image. These terms

can, therefore, be computed and stored in advance of system operation. At low light

levels, computational efficiency can be enhanced by calculating the products of
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powers of sk~i() in Eqs. (3.60) and (3.62) as a series of multiplications. In that case,

the powers of sk Q) can be computed concurrently with the arrival of the photoevent

coordinate information by maintaining an accumulated product for each training

image (each term indexed by k in the summations). When a photoevent is detected in

pixel i, each product is updated by multiplying it by its corresponding skiq . When

the predetermined integration time of the experiment elapses or the prescribed

number of photoevents has been detected, the products are combined with the signal-

independent terms to compute the log-likelihood ratio according to Eq. (3.60) or Eq.

(3.62).

The calculations required by the exact solutions are likely to be impractical for

many applications, particularly if large training sets and multiple classes are involved.

The alternative, in such cases, is to seek approximate solutions for the likelihood ratio

that are more readily computed. Since we are well-equipped to perform inner product

calculations, let us consider approximations to the above solutions that are linear in

the photoevent counts ni.

a) Least-square-error solution

One approach to developing a linear approximation to the likelihood ratio is to

compute the function that best fits the exact solution in a mean-square-error sense.

The derivation of this solution follows that of the Wiener filter.51

Any monotonic function of the likelihood ratio is an acceptable decision

metric that affects only the decision thresholds defined in Sec. 3.5. For reasons that
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will subsequently become apparent, the natural logarithm of the likelihood ra, o, or

log-likelihood ratio, often takes the place of !(n) in the decision-making process.

Considering the log-likelihood ratio as our new decision metric, the linear

approximation that we seek has the form
N

ln{/(n)) =n~h , (3.63)

where, again, N is the number of pixels in the input image and ni is the photoevent

count for pixel i. The problem of finding the optimal linear solution iies in

determining the best choice of h. To begin, we define the mean-square-error criterion

as the mean-square deviation of the linear solution from the actual solution as a

function of the discriminant vector h, i.e.,

e(h) = E[(L(n)- < h,n >}2] , (3.64)

where <h,n> is shorthand notation for the inner product of Eq. (3.63) and L(n)

denotes the log-likelihood ratio In{ 1(n)).

For h to provide the minimum value of e, it must be the case that any other

choice produces a larger value. Hence, a necessary condition for h to provide a

minimum is

e(h + th) >- e(h) , (3.65)

for all real constants . and all real vectors i. Equivalently we can write

e(h + .h) -e(h) 2t 0 (3.66)

Substituting from Eq. (3.64) into Eq. (3.66) and expanding the square in Eq. (3.64)

yields the condition
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2jttE[< h,n >< h,n >1 - E h< L(n)n >j) + 2 E< / ,n >:] a 0. (3.67)

Clearly, the quadratic g-term is non-negative. If the quantity in braces in the linear l.-

term is different from zero, then a value of g exists that causes the left-hand-side of

Eq. (3.67) to become negative, thus violating the condition. Hence, the quantity in

braces must be exactly equal to zero, i.e.,

E[< h,n >< hn >1- E[< hL(n)n >] = 0 (3.68)

Equation (3.68) can be rewritten as
N 'v N

E[, I h,.n=n.- _ h,L(n)n,=0 (3.69)
i~l i'=1i=1

or

Xh4XhE[nnj-E[L(n)nI 0 (.0

Since Eq. (3.70) must hold for all i, it must be that the term in braces is equal to zero,

i.e.,
N

YhE[n nj.] - E[L(n)n,] = 0 , (3.71)
ia=1

or,

N

Yh.E[njn. = E[L(n)n1 ] (3.72)
i.=1

If we define a matrix R, having elements

17,. = E[nin.] . (3.73)

and a column vector t, having components
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tj = E(L(n)n, , (3.74)

then we can rewrite Eq. (3.72) as a matrix equation,

Rh=t . (3.75)

Solving Eq. (3.75), we obtain a condition that a vector h must satisfy to provide a

least-square-error solution for the log-likelihood ratio,

h = R-t . (3.76)

Unfortunately, direct computation of h from Eq. (3.76) is impractical for tasks

involving large images. The matrix R has dimension N2 where N is the number of

pixels in the image. Images sampled on a 64 x 64 array, for example, produce a

matrix R containing 4096 x 4096 elements. Furthermore, calculation of the elements

of R is impractical except by estimation from realizations of n, either actual or

simulated. It appears, therefore, that the least-square-error approach is too

cumbersome to be widely appiicable. We turn, therefore, to a less accurate, but far

more practical approach.

b) Small-intraclass-variation approximation

Solutions for the log-likelihood ratio, of the linear form that we seek, can be

obtained immediately from Eqs. (3.60) and (3.62) by assuming that the images within

each class can be approximated by their corresponding class mean. If we take each of

the training images to be approximately equal to the mean image of the class to which

it belongs, i.e., if

Q) M , (3.77)
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where
Mi

m=r . = _,-1.i , (3.78)
j k-I

then the likelihood ratio for the fixed-integration-time experiment becomes
M, N

Yp[HI, ]r-[Mi2 m' exp[-,i(2)j
k=l i=1

1(n) = M, N (3.79)
,P[HIr[[mj() ]'% exp[-mi")]

k=l i=1

The product terms in Eq. (3.79) are independent of k and can, therefore, be factored

from the summation. Factoring, and using the fact that the prior probabilities sum to

unity, i.e., that
Mj

Yp[Hlj)] = 1 , (3.80)
k=l

Eq. (3.79) becomes

T1[m 2)]M. exp[-m 2)1

1(n) = -- (3.81)
"~f)IN exp[-m' )]

i=1

or

1(n) H [(2) exp[m -) _ . (3.82)

Equation (3.82) can be simplified by taking its natural logarithm. The resulting

quantity, known as the log-likelihood ratio, is given by

N m2)'1 N

ln(1(n)} =:, injI ) +  [Ml) - (3.83)
MP) i-
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for the fixed-time experiment. The first term in Eq. (3.83) is simply the inner product

between the image vector, n, and a discriminant vector h, the components of which

are given by

hi = l-l m
j
2 )  (3.84)

The discriminant vector h depends only on the training set images and can, therefore,

be calculated in advance of system operation. The second term in Eq. (3.83) is

independent of the input image and acts merely as a bias that must be included in the

decision rule. If the mean images have the same total intensity, then this tenn

vanishes.

Under the assumption of small intraclass variations, the log-likelihood ratio

for the fixed-photoevent-count experiment (case (b)) can be derived in a similar

fashion and differs only in that the bias term does not appear. The approximate fixed-

photoevent-count solution for the log-likelihood ratio is

N [ (2)

In (1(n)) XnilinmI (3.85)

3.6.1 Experimental results

The experiments described in this section were designed to: 1) evaluate the

relative utility of the decision-theoretical approach when applied to actual image

classification problems, 2) to demonstrate the approach in a working system, and 3) to

test the validity of the small-intraclass-variation approximation introduced in Section

3.1.
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To consider the first question, two pairs of image classes were assembled:

printed characters (F and R) and tools (hammers and pliers). The character images

[Fig. 3.4(a)], as in the experiments described in Chapter 2, were separated into two

groups: the training set comprised seven fonts; five fonts were reserved as test

examples. Likewise, each class of tool images [Fig. 3.4(b)] was divided into a

training set containing ten images and a test set composed of four images. Each of

the images in the experiment was a 64 x 64 pixel array and each was acquired by

forming a histogram of 106 photoevent counts reported by the imaging photon-

counting detection system described in Chapter 1.31,32 To begin, the training images

were used to construct discriminant vectors for implementation of the Fukunaga-

Koontz transform, the average filter method, and the approximate log-likelihood

solution described above.

The Fukunaga-Koontz basis vectors, generated in the manner described in

Section 2.6, were ordered into a two-dimensional image format, and used in place of

the discriminant vector h in Eq. (3.14).



92

(a)

(b)

Fig. 3.4 Examples of images used in low-light-level
experiments. (a) Characters: seven fonts were used as
prototypes; five were reserved as test examples. (b)
Tools: ten images from each class were used for
training; four were used as test examples.
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(a) 

(b) 

(c) 
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Fig.   3.5   Two-dimensional   representations   of 
discriminant vectors for character experiment, (a) Log- 
likelihood; (b) Difference of means; (c) Fukunaga- 
Koontz. 
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The log-likelihood discriminant vector was computed according to Eq. (3.85)

from the training images for each two-class experiment. Care must be taken in

calculating this vector since a singularity arises when all of the training set elements

representing one of the classes have a zero in intensity at the same pixel. In theory,

this singularity is part of the method; in practice, it creates undesirable sensitivity to

noise. Consider, for example, the problem of distinguishing the letters F and R. The

pixels constituting the tail of the letter R are exposed to zero in-rnsity when an image

of an F is presented to the system. If the set of R's is denoted as class 1 and the set of

F's is labelled as class 2, then the log-likelihood discriminant vector [Eq. (3.84)] will

take on the value -co in those pixels containing the R's tail. The singularity indicates

that the detection of a photon at that point is a zero-probability event if the input

image is an F. If a photon is, in fact, detected there, the log-likelihood ratio takes on

the value -c. and the decision for R is made immediately. In practice, of course, this

is a dangerous procedure, since dark current, stray light, and outlier images can cause

wild fluctuations in the value of the likelihood ratio. To suppress this effect, a bias

can be added to each image in proportion to the level of additive noise expected in the

experiment. In the experiments reported in this section, a uniform bias corresponding

to a signal-to-noise ratio of 250 was added. Experience has shown that the results are

not particularly sensitive to the amount of bias.

The Fukunaga-Koontz, difference-of-means, and decision theory approaches

were compared using a figure of merit constructed for the low-light-level experiment

(the discriminant vector for each appears in Fig. 3.5). The practical advantage of the

low-light-level inner product technique is determined by the number of photoevents



95

required to make the discrimination decision. It is reasonable, therefore, to use the

number of photoevents necessary to produce a particular error rate as a measure of

performance. In these experiments, an error rate of one part in 104 was chosen as a

point of reference. The number of photoevents required to produce this error rate was

determined using the statistical considerations described in Section 3.4. The results

of this experiment a: . tabulated in Table 3.1. Note that the performance of the

algorithms has the same ranking for both sets of image classes.

Table 3.1. Number of Detected Photoevents Required
to Achieve Probability of Error of 10 4

Discriminant vector Characters Tools

Log-likelihood 146 43

Difference of means 246 91
Fukunaga-Koontz 965 136

The detector described in Section 3.1 operates at a rate on the order of 105

counts/sec. It can, therefore, produce classification decisions in 1.46 msec for the

characters; in 0.43 msec for the tools. The current generation of detectors operate at

count rates on the order of 106 counts/sec. The speed of a system based on such a

detector would be limited by the electronics. If this could be overcome, the system

could, in principle, produce classification decisions in 146 .sec for the characters; in

43 tsec for the tools.

The second objective pursued in the experiments was to demonstrate the

feasibility of applying these techniques in a working system. Toward this end,

laboratory experiments were performed in which the character images were classified

using the photon-counting imaging system described in Section 3.1. The resolution
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of the device has been estimated at 400 x 400,2 however to simplify the experiments,

the coordinates were digitized to 6-bit accuracy to produce a 64 x 64 pixel array of

possible photoevent locations. The digital coordinates were passed to an HP1000

computer that calculated the inner product estimates according to the procedure

described in Section 3.3. The computing power of the HP1000 was useful for

algorid-m development and research purposes. In operation, however, a much smaller

machine would be adequate. For practical applications, a hardware implementation in

which the photoevent coordinates are distributed to parallel, inner product computing

units would be ideal.

In the experiments, the character images, recorded as transparencies, were

imaged using inciherent illumination provided by an incandescent source.

Appropriate neutral density was inserted in the camera to produce a count rate of

4 x 104 counts/sec. In the experiments, the count rate due to dark current

(approximately 60 counts/sec) was ne-libigle compared to that due to signal and

hence was not considered in the analysis of the results.

Estimates of the inner products between an input image and the two best

Fukunaga-Koontz basis vectors were calculated using 2000 detected photoevents.

This experiment was performed 1000 times for each of the 24 character images. The

theoretical mean values of these inner products are plotted in Fig. 3.6(a). The means

correspond to the results that would be obtained in a deterministic evaluation of the

inner product (e.g., in an optical correlator). In Fig. 3.6(b) the experimental

realizations of the inner product are plotted. Each point represents the result of one

classification. Each surrounding ellipse, representing the theoretical equal-probability
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contour enclosing 99.9% of the integrated probability, was computed on the basis of

the results of Section 3.4. Note that the theoretical contours and experimental

realizations are in excellent agreement.
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(a)
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(b)

00.os C1  0.15

Fig. 3.6 Quantum-limited inner products using
Fukunaga-Koontz disciminant vectors. (a)
Experimental mean values; (b) experimental
realizations and theoretical probability contours
enclosing 99.9% of total prot ibility.
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In the Fukunaga-Koontz algorithm, classification of an input image is achieved

by calculating the pair of inner products (C1 and C2) and comparing it with the linear

decision boundary T. The boundary shown in Fig. 3.6 was chosen to minimize the

probability of error. Theory predicts that the probability of error for the data appearing

in Fig. 3.6(b) was approximately 2.4 x 10-7 . Of the 2.4 x 104 classifications

represented in Fig. 3.6(b), there were no errors.

The conclusions of this experiment are that the use of the photon-limited

imaging system for image classification operates in practice as predicted by theory. The

advantages discussed in Section 3.3 are, in fact, realized in the working system.

The final objective pursued in the experiments was to determine whether the

small-intraclass-variation assumption introduced in Section 3.6 was reasonable in

practice. To accomplish this, the exact and approximate forms for the log-likelihood

ratio were calculated using simulated photon-limited images produced by a random-

number generator. The images were generated to simulate a fixed-integration-time

scheme in which the average number of photoevents composing each image was 146

(see Table 3.1). Both the exact and approximate forms for the log-likelihood ratio were

calculated for 1000 realizations of each of the 24 character images. Histograms of the

results [Figs. 3.7(a) and 3.7(b)] illustrate that the approximate solution exhibits the

correct behavior, but is consistently smaller in magnitude than the exact solution. The

average ratio of the approximate to the exact solution is about 0.78. The performance

obtained using the decision theory approach appears to be unharmed by the

disagreement between the approximate and exact solutions due to its monotonic nature.

By both the approximate and exact calculations, only two errors were made in 24,000
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classifications, corresponding to an overall error rate of 8.3 x 10-5, slightly below that

predicted by theory.

Although the approximate solution for the log-likelihood ratio appears to be

somewhat imprecise, it provides an excellent practical solution to the problem,

comparing very well with other techniques.

400[

R(approximate) F (approximate)
C 300

R (exact)
* 200-S0F (exact)

E 100-
z

0-

-200 -100 0 100 200
Log-likelihood ratio

Fig. 3.7 Histograms of log-likelihood ratio values for
character experiment produced by computer simulation.
"Approximate" and "exact" indicate solution employed.
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3.7 Rotation-invariant image classification

The statistical decision theory method described in the previous sections takes

no account of geometrical variations of the image. The focus of this section is to

demonstrate that techniques from the pattern recognition literature can be combined

with the statistical decision theory formulation to introduce invariance to geometrical

distortions. The use of the circular-harmonic components of images for rotation-

invariant matched filtering has been described by Hsu and Arsenault5 2 and by Isberg

and Morris. 53 Here, we consider the circular-harmonic expansion as a means to

eliminate sensitivity of the quantum-limited classification system to in-plane rotation

of the input image.

Consider an experiment in which we wish to analyze an input image,

represented as a two-dimensional spatial function g, by forming the inner product

between g and some reference function, f. If the reference function is represented in

polar coordinates, then it can be described in terms of an orthogonal expansion in the

following way:

f(r,O) = :F,,(r)exp(imO) , (3.86)

where
1 29

F.(r) = Jf(r,O)exp(-imO)dO (3.87)

The mth term of the expansion in Eq. (3.86) is known as the mth circular-harmonic

component of f and is denoted by Fm(r,O). Consider the result of forming the inner

product between a rotated input image and the complex conjugate of the mth
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harmonic. If the image, represented in polar coordinates as g(r,O), is rotaed by an

angle cc, then the inner product between g and the conjugate of the mth harmonic is

given by

C(a) = J01 o drr F,, * (r,0)g(r,0 + x) (3.88)

Expanding the functionsf and g and using the orthogonality of the circular harmonics,

Eq. (3.88) becomes

C(a)=2xeL'fJdrrF *(r)G(r) (3.89)

Taking the norm of the inner product, we obtain

ICI = 27t I Jodrr F,, * (r)G,(r) (3.90)

The result is simply the norm of the inner product between the mth components of the

image, g, and the reference function, f. The quantity ICI contains information

concerning the full inner product between f and g, however the dependence on the

rotation angle a has been completely eliminated.

This property can be exploited for image classification by placing a

discriminant vector h in the role of the function f. The specifics of the proposed

experiment are as follows. A discriminant vector, computed for the image classes of

interest, is arranged into a discrete two-dimensional image format and decomposed in

its circular-harmonics. The real and imaginary parts of a subset of these harmonics

are then installed in computer memory to ready the system for operation. When an

image to be classified is presented to the system, the quantum-limited inner product

between that image and each harmonic is computed in the manner described in Sec.
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3.3. A linear combination of the moduli of the resulting inn- products is compared

to some predetermined decision threshold to complete the classification. Since the

inner product moduli are rotation-invariant, the procedure is unaffected by changes in

orientation of the input image.

To understand the behavior of the system when appled to photon-limited

images, it is necessary to determine the effect of the stochastic nature of the input

image on the inner product moduli and their linear combinations. This is particularly

important for system design, in particular for selection of harmonics and decision

boundaries and for evaluation of the number of photoevents needed to achieve the

desired reliability level. The following is a summary of the essential statistical

properties of the central quantities (a complete development of complex correlation

statistics can be found in Ref. 54).

The real and imaginary parts (C' and C") of the complex inner product

between a discrete, photon-limited input image and one circular harmonic each obey a

Gaussian distribution (see Section 3.4). The distribution for the real part is given by

i2-, exp[ (C'-<C'>) , (3.91)

where, for the fixed-photoevent-count experiment,

CN, v
< C'>= N xih i' , (3.92)

i=)

and
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N N -,2

Xx,h, xhi'0,2 N ______ ______

SN I(3.93)

In Eqs. (3.92) and (3.93), hi' represents the real part of one circular-harmonic

component of the discriminant vector, sampled on the pixel grid, and ordered into the

image vector format. As before, x denotes the classical-intensity image underlying

the photon-limited input image n. The distribution for the imaginary part of the inner

product has exactly the same form as that describing the real part and is obtained by

replacing the primes in Eqs. (3.91)-(3.93) with double primes.

The joint density for the real and imaginary parts of the inner product is

simply a general bivariate normal distribution,

1 __ 1 (C-_ < C'>)
2

p(C',C") = -' 2xp 2(1 _p2) L _ 2

2p(C'- < C'>)(C"- < C">) (C"- < C">)2  (3.94)

where the correlation coefficient, p, is defined as

p((C'- < '>)(C" <C">) (3.95)

Because of its rotation-invariant properties, the modulus of the inner product,

ICI, is the quantity of interest in this experiment. The density function for ICI is

derived by transformation of variables in Eq. (3.94) according to

C'= IClcosY, (3.96)

and
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C"-- IC sin . (3.97)

Using

JCJ VF-C' + C ''2 ,(3.98)

we obtain:

1 I2 d2exp{ 1 [(ICIcosy- < C'>)2
p(I CI) =f' yxP2 no ' " V] l -P 2  , 2 ( 1 _1 2 ) 0 '  2  ( . 9

(3.99)
2p(ICcosy- < C'>)(ICIsiny-< C">) + (ICIsiny- <C">)2

+ a" 0'2  Jf

The procedure for the proposed experiment is to use two circular-harmonic

components of the discriminant vector and to make the classification decision on the

basis of a linear combination of the moduli of the resulting inner products. To

describe this experiment, we must compute the density function for a linear

combination of the two inner product moduli, aIC1I+btC2I, which in turn must be

derived from the joint density, p(IC I1,1C 21).

In the most efficient computational procedure, both inner product moduli, IC1 I

and IC21, are calculated from a single realization of the photon-limited input image, n.

Alternatively, however, we might imagine computing IC11 and iC2 1 from distinct

realizations of n. In the former arrangement, the joint density function for the two

inner product moduli is a complicated expression, the computation of which is

unwieldy. In the latter scheme, on the other hand, the statistical analysis is quite

simple. The inner product moduli are independent, their joint density, p(ICII,IC 21),

becomes the product of the individual densities, p(IC1 I) and p(C 21), and the density

function for the linear combination, p(aC1 +bIC 21), is simply a convolution of the
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these densities. As will be shown in Section 3.7.1, the results obtained by the two

procedures are almost identical. The proposed method, therefore, is to use the "same-

realization" procedure in the operation of the system, but to utilize the "distinct-

realization" construction to predict the results and to aid in system design.

3.7.1 Experimental results

The experiments described in this sectiont demonstrate the combined use of

the statistical decision theory approach of Section 3.6 and the circular-harmonic

expansion technique described above to achieve rotation-invariant classification of

quantum-limited images. The results are compared with similarly obtained results

based on the average filter.

In these experiments, the character and tool image sets illustrated in Sec. 3.6.1

were used to form the average filter (Section 1.2.1) and log-likelihood discriminant

vector (Eq. (3.84)). It has been demonstrated that at least two circular-harmonic

components are required to achieve reliable results in a matched filtering

experiment, 52 although no systematic method has been developed for their selection.

In these experiments, it was determined by trial and error that the 2nd and 4th

circular-harmonic components of the discriminant vectors were effective for

classifying the tool images; the 1st and 2nd harmonics were found useful for the

characters. The real and imaginary parts of the harmonics used in the character

experiments are shown in Fig. 3.8.

t The work described in this section was done in collaboration with T. Isberg.
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On the basis of the "distinct-realization" statistics and the proposed "same-

realization" operational procedure, the number of photoevents required to reduce the

probability of error to levels of 10-3 and 10-4 was computed for each image set and

discriminant vector. The results of this analysis are tabulated in Table 3.2.

Table 3.2. Number of Detected Photoevents Required
to Achieve Probabilities of Error (p,) of 10-3 and 10 4

Characters Tools
Discriminant vector

p. = 10-3  p, = 10-4 p. = l0 -3  p. = l0 -4

Log-likelihood 256 450 590 930

Difference of means 338 542 1000 1620

To demonstrate feasibility in practice, experiments were performed using the

imaging photon-counting setup described in Section 3.1. The real and imaginary

parts of two circular harmonics of the log-likelihood discriminant vector were placed

in computer memory. The inner product between an input character image and each

part of each harmonic was formed using the photon-counting system illustrated in

Section 3.1 by the method described in Section 3.3. The resulting real and imaginary

inner products for each harmonic were combined to form the modulus of the complex

inner product, which is invariant to rotation of the input image.

The experimental mean values of the inner product moduli for the 1 st and 2nd

circular-harmonic components of the log-likelihood discriminant vector are plotted

against one another in Fig. 3.9. The linear decision boundary in Fig. 3.9 separates the

class of F's from the class of R's. If the line is described by the equation,
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aIClf+blC 2 = kO, then an input image, described by the point (iCII,IC 21), can be

classified by comparing aIC 1I+bC 21 to k0. If the result is greater than k0 , the image is

taken to be an "F'; if the result is less than ko the image is perceived as an "R".

Figures 3.10(a) and (b) each illustrate the results of 24,000 experimental realizations

of the linear combination derived from the inner products between a rotated (900)

photon-limited character image (300 photoevents), and the 1st and 2nd circular-

harmonic components of the log-likelihood discriminant vector. The results

illustrated in Fig. 3.10(a) were obtained using the "same-realization" procedure; those

shown in Fig. 310(b) by the "distinct-realization" scheme. Aside from statistical

fluctuations, Figs. 3.10(a) and (b) are essentially identical.

0.20

x

x
X

o=F
(1C 2 1>X=R

-0.05
-0.05 (IC1> 0.20

Figure 3.9 Mean values of inner products between
character images and 1st and 2nd harmonics of log-
likelihood discriminant vector.
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Because only two circular-harmonic components are used in these

experiments, some information contained in the full discriminant vector is lost.

Hence, the number of photoevents required for reliable recognition is increased by the

introduction of rotation-invariance. Fortunately, that number is still quite low.

According to the results tabulated in Table 3.2, based on a count rate of 106

counts/sec and a prescribed error rate of 10-4, the characters can be classified despike

in-plane rotations in 0.93 msec; the tools in 0.45 msec.
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3.8 Likelihood-ratio solutions applied to classinal-intensity

images

IP the derivation of the approximate forms for the log-likelihood ratio [Eqs.

(3.83) and (3.85)], no restriction was -nade on the total number of photons, N, These

solutions can therefore be applied in the high-light-level limit of large N, In this

section, computation of the log-likelihood ratio in a coherent optical image correlator

is considered.

In attempting to adapt the solutions for the log-likelihood ratio to an optical

correlator implementation, two issues must be addressed. First, the log-likelihood

ratio can take on both positive and negative values, however wu can only measure the

modulus of the output of the optical system. Second, the optical correlator ,roduces

the full correlation function between the input image and the discriminant vector

(arranged into a two-dimensional image format) but we are only interested in the

inner product (the origin of the correlation function).

One solution to these problems can be obtained, in the fixed-photoevent-count

case, by rewriting the log-likelihood discriminant vector as a difference of two

vectors as follows:

In[-!"')  ln[m 2)] -ln[mi"] (3.100)

The log-likelihood ratio can then be approximated by a difference of inner products,

N Nln(1(n)}-_ Z1 nln[mn2)J]- Zn, ln[m:')] .(3.101)

i=I i=1
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Provided that the mi Mare greater than one, each of the inner products in Eq.

(3.101) will be positive and the modulus will not present a problem. This can always

be achieved by first scaling all of the images by a constant multiplicative factor which

cancels out in the difference operation.

Since the individual discriminant vectors in Eq. (3.101) resemble the images,

the origin of the correlation function can, in some cases, be determined by locating

the peak. While this procedure offers no guarantee, it can be useful in some

instances.

3.8.1 Experimental results

The two-class character recognition problem considered in Section 3.6.1 was

used to test the performance of the log-likelihood discriminant vector formulations at

high light levels. Using the log-likelihood discriminant vector directly, the minimum

separation and d' criteria introduced in Chapter 2 were computed. The results are

shown in Tables 3.3 and 3.4, in which the results previously described in Chapter 2

are reiterated for comparison.
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Table 3.3 Minimum Separation of Projections for
Various Discriminant Vectors

Discriminant vector Training images Test images Overall

Convex hull 0.391 0.284 0.284

Difference of means 0.131 0.308 0.131

Log-likelihood 0.124 0.204 0.124

Fukunaga-Koontz 0.062 0.071 0.062

F minus R 0.013 0.119 0.013

F -0.216 -0.098 -0.301

Table 3.4 Values of the d'-parameter
for Various Discriminant Vectors

Discriminant vector Training images Test images Overall

Convex hull 793.12 8.32 11.74

Log-likelihood 7.82 16.66 9.73

Difference of means 4.69 5.77 4.68

Fukunaga-Koontz 3.64 3.82 3.77

F minus R 2.91 5.00 3.16

F 1.49 1.87 0.28

To test the effectiveness of the two-discriminant-vector formulation, the

output of an optical correlator was simulated using the Fast Fourier Transform (FFT)

algorithm. Each input image was correlated with each discriminant vector (ln[mi1)]).

The peak of the resulting correlation function was taken to be the inner product

(defining the origin). These inner products are plotted against one another in Fig.

3.11. The boundary line indicates the maximum-likelihood decision threshold,

ln{1(n)) = 0. All but one of the characters are correctly classified by this decision
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boundary; one falls on the line, resulting in no decision. All of the characters could

have been correctly classified by adjusting the threshold in Fig. 3.11 upward, however

this would no longer precisely constitute a maximum-likelihood strategy. In practice,

this line can be determined from the prototype images and would be preferable

despite the deviation from theory.
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Figure 3.11 High-light-level inner products between
separated log-likelihood discriminant vectors and
character images.
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Chapter 4:
Concluding remarks

In this thesis, we have considered inner-product-based techniques for image

classification. A new discriminant vector for classical-intensity image classification is

described in Chapter 2. In this method, images are represented as vectors, the

components of which are the pixel intensities. In the space defined by the pixel

intensities, a set of points constitutes each image class. The discriminant vector

introduced in Chapter 2 is the unit vector along the line segment connecting the points

of closest approach of the convex hulls associated with these point sets. If the classes

are linearly separable, then the proposed method produces no misclassifications. In

addition, it is the linear disciminant for which the minimum separation of the inner

product results is maximized.

In the experiments described in Chapter 2, the convex-hull discriminant vector

approach was applied to two classification problems. In the first task, images of the

letters F and R were identified despite significant font variations. Excellent results were

obtained, including correct classification of images not incorporated in the training set.

In the second task, eight letters in ten fonts were correctly classified using the

theoretical minimum of three discriminant vectors.

In Chapter 3, a new approach to image classification is described. The images

considered are composed of a very small number of photoevents measured by a

position-sensitive photon-counting detection system. The inner product between the
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photon-limited input image and a discriminant vector is shown to be an extremely

simple operation, owing to the binary nature of the photoevents. Also demonstrated is

that the ensemble average of the inner product between a photon-limited input image

and a discriminant vector is directly proportional to the inner product that would be

obtained using the underlying intensity image. Hence, any linear classifier can be

implemented in the photon-counting system.

In addition, however, a method particularly suited to photon-limited images is

developed in Chapter 3. An approximation is used to produce a linear discriminant that

is used to implement statistical decision theory strategies. This method was shown,

experimentally, to require fewer photoevents to achieve the same rate of

misclassifications as the average filter and the Fukunaga-Koontz transform.

In Section 3.7, the circular-harmonic expansion is considered as a means to

classifying images despite in-plane rotations. The norm of the complex inner product

between a photon-limited input image and a circular-harmonic component of a

discriminant vector is invariant to rotation of the image. Experiments described in

Section 3.7.1 verify that the circular harmonics successfully classify both training and

test images regardless of image orientation. Although rotation-invariant classification

by this method requires a larger number of photoevents to attain the same reliability

level, that number is still quite low.

Because of the small number of events needed to classify images, the quantum-

limited image classification approach appears promising. It has obvious implications

for applications such as night vision and low-dose electron microscopy, but may be
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useful in high-light-level situations as well because of the speed and ease of operation

of the system.
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4.1 Future directions

Because of the complexity of the problem, research efforts in the area of image

classification remain at an early stage of development. In their present state, algorithms

like those described in this thesis can be quite successful when applied to constrained

problems such as micrograph analysis, spectral pattern recognition, and printed-

character recognition. However, complex problems, such as object recognition in

cluttered, unpredictable environments remain unsolved. The primary issues that need

to be investigated are intensity normalization, shift-invariance, and the advantages

afforded by utilizing information from multiple sensors, perhaps using multiple

algorithms.

The linear classifiers described throughout this thesis involve the comparison of

an inner product to some threshold. As discussed in Chapter 1, it is usually the case

that we wish to make no distinction between images x and kx (k rR+). Unfortunately,

the inner product between kx and a discriminant vector h is k times the inner product

between x and h, therefore, unless the threshold is zero, the possibility of

misclassifications presents a problem. The solution, of course, is to normalize the

inner product (to factor out the effect of intensity variation).

An interesting and fortuitous feature of the photon-limited inner product system

is that a kind of normalization is inherent in the process. It was shown in Chapter 3

that the ensemble average of the quantum-limited inner product is proportional to the

high-light-level inner product, i.e.,
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< <N, > N

N ., (4.1)

Note that the denominator of the term in parentheses is the sum of the classical pixel

intensities and acts to divide out the total intensity of the input image. The

normalization factor that would be preferred, especially for the matched filter, is 1/lIxIl.

Experiments have shown,1 however, that the normalization provided by the photon-

counting method is more than adequate.

Normalization in the coherent optical correlator is not so easily obtained and has

not been widely considered in the literature, although it is clearly an important problem.

A possible solution that warrants investigation in the future is revealed by considering

the ideal system output.

Given a real input image f(x,y) and an impulse response function h(x,y), the

desired correlation output is given by

Jf dx'dy'f(x'+x,y'+y)h(x',y')
Aa= [f dx'dy' f 2 (x' +x, y'+y) /[dx'y'h 2 (x',y') (4.2)

LA I LA

where, for a matched filtering system, A denotes the support of the impulse response

function. The numerator in Eq. (4.2) can be deduced from the standard optical

correlator output. The term including the square-integral of h can be calculated in

advance of system operation and is the same for any input image. The term that

presents a difficulty is the one including the square-integral off, and corresponds to IUxil

referred to in previous discussions.
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A means to computing this normalization integral can be seen by rewriting the

integral as

JJ dx'dy'f 2 (x' +x,y'+y) = J J dx'dy'f 2 (x'+x,y'+y)w(x',y') , (4.3)
A

where w is a window function given by

IIv~x' ( = ;(xy') A(4.4)

w(x',y') =o ;otherwise

In this form we see that the integral can be computed as a correlation betweenf 2 and w.

This corresponds to the output of an incoherent (intensity-based) optical correlator with

w applied as the impulse response.

In this scheme, computation of the normalized correlation function of Eq. (4.2)

requires two side-by-side correlators. A coherent correlator computes the image

correlation; an incoherent correlator computes the normalization factor. The two

correlation planes are then measured and the quotient is computed electronically,

yielding a single, normalized correlation plane.

A further area for future research lies in utilizing the shift-invariance of the

optical correlator to implement the convex-hull approach described in Section 2. Like

the methods described in Chapter 1, the convex-hull method is based upon an inner

product operation. The inner product is simply the origin of a correlation function and

can be computed in an optical correlator if the position of the object is known. The next

step in investigation of the convex-hull approach is to give attention to the correlation

functions produced by the discriminant vector and to adapt the method to create

signatures in the correlation plane that identify object locations. Once found, these
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points can then be examined using the direct convex-hull method described in this

thesis.

Alternatively, or perhaps in addition, objects might be located using information

gained from other sensors, e.g., infrared images, range images, or stereo images.

Signatures within these images that may, themselves, be difficult to identify, might be

used solely for indicating object positions which could then be scrutinized using a high-

resolution optical image and the methods described in this thesis.

In closing, the solution of the most complex image classification problems may

ultimately lie in the use of multiple sensors and the integration of more than one

algorithm, perhaps combining the speed of optical detection methods with the flexibility

of digital computation methods.
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Appendix A:
Rosen discriminant vector formulation

In a paper by Rosen (Ref. 3, Chapter 2), he shows that the linear separability of two

classes is equivalent to the existence of a solution to the following quadratic

programming problem:

Minimize with respect to y the function
N

ilyi (A.l1)
i=1

subject to
Q1rY 2t e, (A.2)

-Q2Ty 2t e

In expressions (A.1) and (A.2), y is an N-dimensional vector (in our context, N is the

number of pixels), e, is an M, -dimensional vector of ones (M, denotes the number of

images in class J), and Qj is an (N+l) x M, matrix. Each column of Q contains an

image vector belonging to classj followed by one element equal to -1. The solution for

the discriminant vector is contained within the solution for y (it is the first N

components).

The difficulty in solving the above optimization problem, when applied to image

classification problems, lies primarily in the large number of dimensions in the choice

variable y. A classification problem involving images composed of 64 x 64 pixels

leads to a 4096-dimensional optimization problem. In the new formulation, proposed

in Chapter 2, the number of dimensions in the optimization is equal to the total number

of prototype images, which is usually a great deal smaller than the number of pixels.

Further, the proposed method involves fewer constraints than Rosen's method. The
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new method requires two equality constraints and (M,+M2) non-negativity constraints,

whereas the previous method involves (M1 +M2) inequality constraints, which is

equivalent to (M1+M2) equality constraints and an equal number of non-negativity

constraints.



129

Appendix B:
Quadratic programming software
C-----------------------------------------------------------

SUBROUTINE QP(CONSTR, C, IDC, P, IDP, A, IRDA, ICDA, B, IDB, M, N,
BASICX, IDBASICX, INLIST, IDINLIST, T, IRDT, ICDT, TSHOW, IER)

C--------------------------------------------------------------------------------
C
C Solves quadratic programming problem:
C max F(x) = p'x - x'C x/2
C subject to Ax=b (m constraints) (or Ax<=b)
C x>=O (n dimensions)
C (Can minimize by maximizing -F(x))
C
C Variables:
C
C CONSTR = 1 for equality constraints
C = 0 for inequality constraints
C
C C,p,A,b are as defined. Dimension them at least as big as:
C A=(mxn); x=(nxl); b=(mxl)
C p=(nxl); C=(nxn)
C
C
C
C ID[var] = dimension of 1-d array or square array [var] as
C specified in calling program
C IRD[var] = row dimension of [var] as specified in calling program
C ICD[var] = column dimension of same
C m,n are defined above
C
C BASICX(I) = list of m subscripts of basic x's in initial
C feasible solution (equality constraint problems only)
C Note: must have EXACTLY m!
C IDBASICX must be at least m
C
C INLIST(I) = list of variables in the basis
C INLIST(I) = +j means ith variable is uj
C = -j means ith variable is xj
C = 0 means ith variable is vj
C IDINLIST must be at least (m+n)
C
C T(ROW,COL) = tableau
C IRDT must be at least m+n
C ICDT must be at least 2*(m+n)+l
C TSHOW = 1 ;display tableaux for diagnostic purposes
C = 0 ;inhibit display
C IER = 1 ;error condition (# of iterations exceeded 2*(m+n))
C = 0 ;no error
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C Declarations -

implicit none
integer constr,idc,idp,irda,icda,basicx(idbasicx),

>idb,m,n,ij,ntot,row,col,row 1 ,coll1,idbasicx,Tshow,
>inlist(idinlist),bpaiirx,bpairu,nextin,nextout,sub,nbsub,
> minrow,us,rdT,cdT,iteration,irdT,icdT,idinlist,ier

real T(irdT,icdT),C(idC,idC),p(idp),A(irdA,icdA),b(idb),di,wi,diwi,min
character*3 std
character*45 outfile

iteration = 0
ntot = m + n
ier=-O

do i = 1 , irdt
doj =I , icdt

t(i,j) = 0.0
end do

end do

C Construct set-up tableau --

do i = 1 , n
inlist(i) = i !count u's from I

end do
do i = n+l , ntot

inlist(i) = -i !count x's from n+1-
end do

C Fill in values column --

do row = 1 , n
T(row,1I) = -p(row)

end do
do row = n+41 , ntot

T(row,l) = b(row-n)
end do

C Fill in -A' block --

do row = 1 , n
do Col. = n+i2 , ntot+l

collI = col - (n+1) !Coll. 1 ,m
T(row,col) = -A(coll,row)

end do
end do
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C Fill in A block--

do row = n+1 , ntot
do col = ntot+2, ntot+n+l

rowl = row - n !rowl = I, m
coll = col - (ntot+l) ! coll = 1, n
T(row,col) = A(rowl,coll)

end do
end do

C Fi lin -C block --

do row = 1 , n
do col = ntot+2, ntot+l+n ! 1 is for values column

coil = col - (ntot+l) !coll = 1 , m
T(row,col) = -C(row,col I)

end do
end do

C Fill in I blocks --

do row = 1 , n
do col = 2, n+l

coll = col - 1 !coll 1 , n
if (row.eq.coll) T(row,col) = I

end do
end do
do row = n+l , ntot

do col = (ntot+l)+(n+l), 2*ntot+l
row1 = row - n
coil = col - (ntot+n+1)
if(row 1.eq.col 1) T(row,col) = 1

end do
end do

if (Tshow.eq.1) call disp(T,irdt,icdt,ntot,2*ntot+l,inlist)
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C Are the constraints equality constraints?

if (constr.eq.1) then

C If so, form initial tableau by eliminating v,y from basis -

do i = 1 , m !Replace ul's with V's
nextout = basicx(i)
nextin = i+n
call update

>(T,irdTjicdT,ntot,2*ntot+l1,nextout,nextin,inlist)
inlist(nextout) = 0 !Don't let V's leave basis
if (Tshow.eq. 1) call disp(T,irdt,icdt,ntot,2*ntot+l1,inlist)

end do

do i = 1 , m !Replace y's with xl's
nextout =n+i
nextin = -basicx(i)
call update (TirdT,icdTntot,2*ntot+l1,nextoutnextin,inlist)
if (Tshow.eq. 1) call disp(T,irdt,icdt,ntot,2*ntot+1 ,inlist)

end do

do row = 1 , ntot !Set v-rows = 0
if (inlist(row).eq.0) then

do col = 1 , 2*ntot+1
T(row,col) = 0

end do
end if

end do

do col. = n+2 , ntot+1 !Set v-cols =0
do row = I , ntot

T(row,col) = 0
end do

end do

do col = ntot+2+n , 2*ntot+1 !Set y-cols =0
do row = 1 , ntot

T(row,col) = 0
end do

end do

end if
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C Is tableau in standard form?

10 do i = 1, ntot
doj = i+1, ntot

if ((inlist(i).eq.-inlist(j)).and.(inlist(i).ne.0)) then
std = 'no'
if (inlist(i).It.0) then

bpairx = i !bpairx,u=basic pair indices
bpairu = j

else
bpairx = j
bpairu = i

end if
goto 20

end if
end do

end do
std = 'yes'

20 continue

iteration = iteration + 1
C write(1,'(i4,"_")') iteration

if (iteration.gt.(2*(m+n))) then !If too many iterations,
ier=- 1 !quit and report error.
return

end if

if (Tshow.eq. 1) call disp(T,irdt,icdt,ntot,2*ntot+ 1,inlist)

C Non-standard case --

if (std.eq.'no') then

c determine nonbasic pair by scanning inlist for missing subscript

do sub = 1 , ntot
doj = 1 , ntot

if (abs(inlist(j)).eq.sub) goto 30
end do
nbsub = sub !nbsub--missing subscript
goto 40

30 end do

40 nextin = nbsub !This is a u
us = bpairu !Consider when choosing

!outvariable.
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C Standard case-

else

c find smallest basic u

min=le 10
do row = 1 , ntot

if ((T(row, 1).lt.niin).and.(inlist(row).gt.0)) then
in = T(row, I)

niinrow = row
end if

end do
if (min.ge.O) goto 999 !Done.

nextin = -inlist(minrow) !Tis is an x
us = minrow !Consider when choosing outvariable

end if

C Choose out-variable (variable to leave basis) --

miin=le 10
if(nextin.gt.0) then

col = nextin + 1
else

col =ntot, + 1 + abs(nextin)
end if
do row = 1 , ntot

if((inlist(row).eq.us).or.(inlist(row).t.O)) then
di =T(row, 1)
wi =T(row,col)

diwi = di/wi
if ((diwi.lt.min).and. (diwi.ge.O). and. (wi.ne.O)) then

min = diwi
minrow = row

end if
end if

end do

nextout = nminrow
call update (T~irdTicdT,ntot,2*ntot+ 1,nextout,nextin,inlist)
goto 10

C Done --

999 return
end
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subroutine disp(T,irdT,icdT,nrows,ncols,inlist)
implicit none
integer irdTicdTrow,col,nrows,ncols,inlist(22)
real T(irdT,icdT)

c displays tableau

do row = 1 , nrows
write(l1,'(i3, "9')') inlist(row)
do col. = 1 , ncols- 1

write(1, '(f5 .0,"-")') T(row,col)
end do
write(l,'(f5.0)') T(row,col)

end do
write(l,*) (inlist(row),row=1 ,nrows)
write(l,*) (t(row,1),row=l ,nrows)
write(l,*)

return
end
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C
SUBROUTINE UPDATE(T, IRDT, ICDT, NROWS, NCOLS, PIVROW,

PIVCOL, INLIST)
C ------------------------------------------------------------------
C
C Updates a tableau

implicit none
integer irdT,icdT,nrows,ncols,pivrow,pivcol,inlist(irdT),row,col
real T(irdT,icdT),pivot

inlist(pivrow) = pivcol

c PIVCOL is actually code for variable name for pivot column
c It must be converted to column #!

if (pivcol.lt.0) then
pivcol = nrows + 1 + abs(pivcol)

else
pivcol = pivcol + 1

end if

pivot = T(pivrow,pivcol)
if (pivot.ne.0) then

pivot = 1.0/T(pivrow,pivcol)
else

pivot = 1.0
end if

do row = 1 , nrows
if (row.ne.pivrow) then

T(row,pivcol) = T(row,pivcol)*pivot
do col = 1 , ncols

if (col.ne.pivcol) then
T(row,col)=T(row,col)-T(pivrow,col)*T(row,pivcol)
end if

end do
end if

end do
do col = I , ncols

if (col.ne.pivcol) T(pivrow,col) = T(pivrow,col)*pivot
end do
do row = 1 , nrows

T(row,pivcol) = 0
end do
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if (pivot.ne.O) then
T(pivrow,pivcol) = 1

else
T(pivrow,pivcol) = 0

end if

return
end
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Appendix C:
Multinomial distribution

The multinomial distribution, for an N-dimensional random vector n, characterized by

N, trials is given by

p(n) = N A (C.1)

i=1 ni

where pi is the probability of obtaining the ith outcome in one trial.

The covariance of the variables in n can be determined in the following way.

Define a variable z,.,, such that

{i1 ;outcome i is the result of pth trial
0 ;otherwise (C.2)

and rewrite the variables in n as
NI

n, = , zip  (C 3)
p-l

The covariance of the n-variables is then given by

(N, N, '

cov(n,nj) = yj = cov Iz.p, 1Zj.q
(p-i q J

N, N, (C4)
=1 cov(z.,, Zj.q)
p-l q-.

Terms having p q are equal to zero since the trials are independent, therefore
Nt

04 X.cov(z.P, Zj,) (C.5)
p-I

Nt

- (<zz. > - < z,.>< z,.,>) (C.6)
p-1

The correlation term in Eq. (C.6) is equal to zero when i *j since there can only be one

outcome per trial, therefore Y,, becomes
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