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ABSTRACT 0 center of curvature

™ An analytica) method is nresented to predict (ne pp base pitch of equivalent spur gear, m
shifts of the contact ellipses on spiral bevel gear
teeth under load. The contact ellipse shift is the r mid-plane pitch radius, m
motion of the tooth contact position from the ideal
pitch point to its location under locad. The shifts R mid-cone pitch radius, m
are due to the elastic motions of the gear and pinion
supporting shafts and bearings. The calculations Re effective pitch radius, m
include the elastic deflections of the gear shafts and
the deflections of the four shaft bearings. The method R'e loaded effective pitch radius, m
assumes that the surface curvature of each tooth is
constant near the unloaded pitch point. Results from T torgue, N-fi
these calculations will help designers reduce transmis-
sion weight without seriously reducing transmission U pitch point tangentiai motion, m
performance. -~ L

o - . 4 o W force component, N

NOMENCLATURE : b T X  bearing radial deflection, m
a tooth mid-cone plane addendum, m Y pitch point deflection, m
A distance from gear to first bearing, m z gear center deflection, m
Ag outer-cone distance, m ) orthogonal ccordinate frame
B distance from gear to second bearing, m r cone angle, rad
D tooth contact shift, m e pitch point slope, rad
Do mid-cone distance, m e radius of curvature, m
£l elastic support stiffness, N-m2 r shaft angle, rad
Elo elastic support stiffness of base design, N-m2 ¢n normal pressure angle, rad
f tooth face width, m ¢'n loaded normal pressure angle, rad
N number of teeth v spiral angle, rad

*Presently with the Cincinnati Gear Company,
Cincinnati, Ohio.
+Work funded under NASA Grant NAG3-S55.




Subscripts
a axial

first bearing
b second bearing

bi, 1=1,2,3 motion from bearing in fir:t coordinate
frarme direction

¢i, 1=1,2,3 motion from shaft in first coordinate
frame direction

di, i=1,2,3 first coordinate frame direction
et, i=1,2.3 second ccordinate frame directic:
fi, i=1,2,3  thirg coordi-ate frame direction
gi, 1=1,2.3 fourth ccordinate frame direction
g gear (3s Tesr subscript)

p pinicn (as iast subscript)
r rajiai

t tangential

INTROOUCTICN

Spiral bev=! gears are important elements for
transmitting pceer. In designing spiral bevel gear
transmissions, the de:igner meets a tradeoff between a
crarsmission’'s weight and its life and reliability.
8y removing weight from transmission components, one
increases the overall flexibility of the transmission.
This flexibility affects the deflections of the loaded
comg-yients in the transmission.

The design of an efficient spiral bevel gear box
incisges the design of: gear and support geometry,
bearing and shaft sizes, and material propertiec. The
gear tcoth interaction is more complex than that of
spur or helical gears. The loaded region of the gear
mesh shifts due to the deflections of the gear and the
pinion. A primary cause of these motions is the flexi-
bility of the gear support shaft and bearings.
Although the teeth also deflect, tooth beam deflections
are small in comparison to tcoth gear support deflec-
tions. If the shift of the loaded region is large,
tne life cf the gear mesh may reduce significantly.

The classic work of Wildhaber (Refs. 1 and 2)
describes the kinematic operation and the generation
of spiral bevel gears. More recently, Baxter (Ref. 3)
and Coleman (Ref. 4) expanded on this fundamental
theory. They described a Tooth Contact Analysis aro-
gram which analyzes the kinematic action of two spiral
bevel gears in mesh. The program considers effects of
tooth manufacturing parameters on the gear mesh
kinematics.

Litvin and Coy (Ref. 5), and Litvin, Rahann and
Goldrich (Ref. 6) also presented the theory of spiral
bevel gear generation and design. These worke gescriue
kinematic errors induced in the transmission by errors
in gear manufacturing and assembly. The papers also
suggest tooth profile modifications to improve kin-
ematic transmission. They give direct relationships
for the generated curvatures and directions on the
terms of the principal curvatures and directions on
the bevel gear teeth surfaces. These relationships

are in terms of the pruncipal curvatures and
directions of the tool generating surface:

Coleman (Ref. 7) described the experimental meas-
urement of existing bevel and hypoid gear defle-tions
under load. The paper cites the importance of thece
deflections for the capacity and noise level of tne
gear set. The test resultis alsc suggest gear mounting
and tcoth manufacturing changes whicn can improve the
capacity and 1ife of the gear set.

Taha, Ettles and MacPherscn (Ref. 3) presented
the interaction of structural rigidity and performance
for a helicopter tail rotor gear box. They used a
finite element model for tre housing. The paper
presents effects of deflections on: bearing roiler
lcad distribution, bearing fatigus 1ife and the gear
Tcticns at the unloaged pitch point.  Their werk
demcnstiates the imgortance of rigidity to minimize
deflections and maximize tearing 1ife in a transmi
sicn.

Winter and Paul (Ref. 9) presented work on the
influerce of soirai bevel gear defiecticn on tooth
roct stresses.

This pape~ presents an aralytical methed to pre-
dict tae shift of the loaded regicn on th2 tcoth. The
method treats the snift as a result of the elastic
deflections of the jear support shafting and bearings.
The analysis is sequential.

The first -ctage defines the gear geometry and
icading. The second stage determines tne elastic
deflections of the bearings and snafts and the
slopes of the shafts at the gears. The tnird stage
finds the motions of the gear teeth caused by each
elastic deflection. The total deflect.ons of the
gear teeth are the algebraic sum of these motions.

The fourth stage determines the gecmetry and curvatures
of the gear and pinion teeth. These directions and
curvatures combine with the separate motions of the
gear teeth to produce the contact shift. The contact
shift is the motion of the contact ellipses cn the twc
tooth surfaces under load from the unloaded pitch
point. The analysis as<umes that the curvatures are
constant over the affected surfaces of the teeth.

A gear box model similar to the main rctor bevel
gear reduction of the U.S Army OH-58 light duty heli-
cepter serves as an example for the method. The gear
box includes a singlie spiral bevel gear drive with a
pinion input and the suppcrting shafts and pearings.
The analysis includes a parametric study. The paper
presants radial and tangential snifts of tne contact
ellipses on the pinion and gear teeth as functicns of
shaft stiffness.
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GECMETRY AND LOADING

Figure 1 shows the geometry of a spiral bevel
gear mesh. The mid-cone distance, Dy, is the distance
from the apex of the bevel cones to the mid-plane
pitch point. This distance is alcng the pitch line ¢f
the two pitch cones. It is egual to the outer-ccne
distance, Ay, minus one half the tooth face width, f.
The mid-cone distance ano the tooth face width describe
the basic gear blank sizes. The cone pitch angles,

Iq and Tp, for the gear and pinion also contribute
td the gear sizes. 1lhe shaft angle, X, is the sum of
the cone pitch angles. The shaft angle defines the
relative orientation of the gear and pinion shafts.
The pitch radius of the gear in its mid-plane, g is:

r =D *sinT (@D)]
g% "%




The cone pitch angle, Tg in terms of the numbers

of teeth on the gear and pinion, Ng and Np, and the
shaft angle, ¥, is:
tan T = sin X
9 (N7 N+ cos L ()

Similar equations define the pitch radius, "o and
cone pitch angle, Iy, of the pinion with the sub-
scripts p and g interchanged.

Figure 2 shows the spiral angle, y, and normal
pressure angle, ¢5. The spiral angle, ¢, is the angle
of inclination of the teeth to the pitch ray. It is
in the plane tangent to the two pitch cones. The gear
of figure 2 has a right hand spiral. The normal pres-
sure angle, $n, 1s the angle between a normal to the
tooth and the tangent to the pitch cone surface in the
tooth normal plane.

Figure 2 inciudes four orthogonal right handed
coordinate frames. All four coordinate frames are at
the mid-plane pitch point of the spiral bevel tooth.
The first of these, Bgj, has coordinates in the tangen-
tial, axial and radial directions of the gear body.

The second coordinate frame, Bg;, is the first coordi-
nate frame rotated through the cone angle, T4, in a
negative direction about the fRq4y vector. ?he unit
vectors of this frame are in the tangential, pitch
ray, and mid-cone radial directions respectively. The
third coordinate frame, RBfj, is the second coordinate
frame rotated through the spiral angle, ¢y, in a posi-
tive direction about the Bg3 vector for a right
handed spiral angle. The unit vectors of this frame
are tangent to the pitch cone in the tooth normal
plane, tangent to the tocoth in the cone tangent plane,
and in the mid-cone radial direction respectively.

The fourth ccordinate frame, B4, is the third coordi-
nate frame rotated through the normal pressure angle,
$n, 10 a negative direction about the B¢y vector.
The unit vectors of this frame are in the tooth normal
direction, tangent to the tooth in the cone tangent
plane, and tangent to the tooth in the tooth normatl
plane respectively.

Figure 2 shows the mid-plane pitch radius of the
gear, rq, in the axial section plane. The mid-cone
radius of the gear, Ry, is in the same view.

This equivalent Spur pitch radius is:

r
g &)
cos rg

The gear assembly includes the support bearings
and their locations. The position of the bearings
relative to the gear or pinion describes the support
system geometry. The two most common bearing configu-
rations are straddle and overhung mountings. Ffigure 1
shows both. The pinion has a straddle mounting while
the gear has an overhung mounting. In both cases, A
is the distance from the ge r mid-plane to the bearing
ciosest to the pitch cone apex. B is the distance
from the gear mid-pliane to the bearing furthest from
the apex. Distance A is positive for an overhung
mounting and negative for a straddie mounting. B s
always positive.

The narma] force acts on the tooth at the
mid-plane pitch point. The method assumes that the
force is a concentrated force. The force ha; threas
orthogonal components tn the directions of the Rgj
coordinate frame relative to the tooth. The tangen-
tial component, W¢, produces the torgue on the gear.

It acts In the B4y direction. The axial component,
Wy, acts in the fyy direction. And the radial compo-
nent, We, acts in the B4y directi~

Figure 3 shows these forces for both the gear and the
pinfon with their respective coordinate frames. For
the gear, the components are:

T

9
Do * sin rg

Na = | Nt l [tan ¢, *sin T+ siny * cos rg] (%)

Cos v g
e oo ! Nt l [tan $, " cos [ - cinyg * sinT 1 (e
oS v E 9
where T is the torque =n the gear. Replacing the

subscript g with tne sucszript p in Eq. (4)

through (6) gives the equaticns for the pinion force
components. In Eg. (5) and (6), the sign of tne last
term depends on: the direction of rotation, the hang
of the spiral, and whether the gear is driving cr

being driven. These esguations are valid fur a
right-handed spiral driving gear rotating ccunterc ocu-
wise about the Ry direction. Each change in the
spiral hand, power direction or rotaticn directicn
reverses the signs.

The sign of the tangential load, W, also cepenis
on the directions of the rotation and powe- fiow. Tn
tangential component is positive for a driving gear ¢
pinion which is rotating countercicckwise. It is also
positive for a driven gear or pinion which is rctating
clockwise. The tangential lcad is negative atherwiss.
However, Eq. (5) and (6) use the absoiute value of wy.

v
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COMPONENT DEFLECTIONS

Under load, the motion of {he ideal pitch pcint
of a spiral hevel gear is mainly the superposi‘icn of
three elastic deflections. These deflections resul®
from: shaft deflections at the gear centers, shaf*
slopes at the gear centers, and the deflections of -z
support bearings.

Table I lists the results of a strength of materi-
als shaft analysis for the deflections, Y. ;. and
slopes (rotations), 6.5, of the gear at the pitch
point in and about the Ry; directions. In the analy-
sis, both the axial and radial forces contribute to
both the radial deflection and the tangential rota-
tion. The axial deflection is due to the tangentia)l

rotati- a4 . the radial location of the pitch point.
In this "~5 ~ce, the straddle and overhung cases
require « rent formulas due to the different elas-

tic configurations of the two cases. As before, inter-
changing gear and pinion subscripts yields valig
equations for the pinion.

The bearings which support the shaft also
deflect. Each bearing has a nonlinear stiffness and
its own contact angle. Harris (Ref. 10) and Houghton
(Ref. 11) present methods for determining the rolling
element load sharing and resulting deflection. The
method of this paper combines the radial and axial
loads on each bearing to find the bearing deflections.
The program then resolves each bearing deflection into
fts radfal and axial components in ine @#qy coordi-
nate directions.

The deflections at the bearings are X;; and
Xpj. Here, the subscri,t a firdontifies the bearing
located the distance A from the gear. And the sub-
script b identifies the bearing located the dis-
tance B away. The last subscript, i, denotes the
deflection direction !, the Bgi (oorainate 7rame. s

s 1st 1

a!

s>peclal




For i = 2, both bearings have the same axial defiec-
tion, Xp. Table II lists the deflections, Ypj, and
the rotations, 8yj, of the gear pitch point caused by
these bearing deflections. The motions are due to the
rigid body motion of the gear and support shaft in the
bearings.

The total motions of the gear pitch point in and
about the By4i coordinate directions, neglecting any
elastic motion of the transmission housing, are:

Yoo =Y . + Y

di bi oy fori=1,2.3 N

9 8. +8

di = %pi ci for i =1, 2, 3 (8)

Similar equations describe the motion of the pin-
ion pitch point. The motions of the gear and pinion
pitch points combine in the analysis for the shift of
the contact ellipse under leoad.

CONTACT ANALYSIS

The principal curvatures of the teeth are needed
in addition to the teeth deflections in the contact
ellipse shift model. Unfortunately, no direct equa-
tions exist for the spiral pevel tooth <urface due to
tne complexity of the surface geometry (Ref. S
and 6). However, an indirect approach can determine
the principal curvatures and directions of curvature.
Litvin (Ref. 5 and 6) has developed equations to
determine these principal curvatures and their
directions at the pitch point.

The analysis assumes that direct conjugate rela-
tionships evist between the gear cutting tool surface
curvatures and motion and the sought gquantities.

These are the principal curvatures »nd their direc-
tions on the gear tooth surface. The anmalysis uses

the gear and pinion geometry along with the cutter
machine settings for both the gear and pinion. The
cutter machine's manufacturer provides the gear cutter
settings. MWith thic method, one can determine the cur-
vatures of the gear tooth surface without equations

for the surface.

The separate pitch point motions of the two gear
teeth effect the shift of the contact ellipse under
load. In addition, the motions of the centers of
transverse curvature of the teeth surfaces effect the
tangential contact ellipse shift. The motions of the
mid-plane base circles of the teeth also effect the
radial contact ellipse shift. In addition, the stand-
ard Hertzian contact stress formulas (Ref. 12) yield
the size and orientation of the contact ellipse on the
gears. All these calculations assume that the princi-
pal curvatures remain constant over the contacted
portions of the spiral bevel gear teeth.

RELATIVE MOTIONS

The contact shift motion occurs in the plane
tangent to the two teeth. Relative motions in the
direction of the common normal to the teeth produce
kinematic errors in the motion transmission. Kinematic
error (Ref. 5) is a forward or backward rotation of
the output gear from its ideal position relative to
the input gear. This motion does not produce a shift
of the contact ellipse. Only the radial shift of the
teeth in the tooth ~~~mal piane and the tangential rel-
ative motion in the cone tangent plane are of interest.
The ra4ial shift of the teeth produres 5 vadial siniit
o the oontact ellipse tocations on both teeth. The

tangential motion produces a tangential shift in the
contact ellipse locations as shown in Fig. 4.

In the motion analysis, the small pitch point
deflections and rotations are vectors. One can obtain
the vector components in any of the four coordinate
frames by direct matrix rotations.

Radial Shift

The radial shift of the two teeth appears in the
mid-cone plane and in the tooth normal plane. Fig. 5
shows the two equivalent spur gears in the tocth normal
plane before and after application of the separating
load. Equivalent spur gears have the tooth gecmetry
of the spiral bevel tooth in its mid-cone plane. The
involute action of these spur gears is the same as
that of the spiral bevels in the mid-ccne plane
(Refs. 1 to 3). The radial shift of the two gears is
due to an increase of the center distance in this
otated mid-cone plane. The separating motion of each
gear center js the pitch point motion i~ the
Direction minus a small relative moticn. The relative
radial motion of the gear center is toward the pitch
point. It is due to the gear rotation about the crigi-
nal tangential direction 8g.

The displacement of the pitch point in the Be3
direction is:

* H *
Ye3,g = Yd2,g sin l-g * Yd3,g cos rg (9
The effective radius of the equivaient spur gear
in the tooth normal plane, Reg» is a function of tne
mid-cone radius, Rg. and the Spiral angle, y:

R
gg=_ 3 am

The motion of the center of the eguivalent gear is
thus:

Ze3,q = Ye3,q = Reg(1-0 - cos 8y an

Due to the involute action on separation, the
radial motion produccs a new lcaded pitch point. The
normal pressure angle increases slightly. The gears
rotate slightliy. And a new loaded effective pitch
radius results. The new pressure angle, ¢'pn, is:

- -
¢‘n < cos 1 (Reg + Reo) cos ¢n (2
Reg * Ze3.qg * Rep * Le3p
The loaded effective gear pitch radius, R'eg is:
, R. * cos ¢
R = _éeg n
eg cos o, a»
The radial shift of the pitch point from the
unloaded tc the loaded positicn on the gear tooth,
Drg. is now:
0. - Reg = Re
rg = 24 &9 (14)
cos ¢,

Figuez € ¢' -we thic chift Ai-tancp and *ar tus
pitch 1adii. Figure 6 is a normal view of the spiral




bevel gear tooth. The analysis for the radial shift
of the contact point on the pinion tooth is similar.

Tangential Shift

The relative tangential motion of the two teeth
appears clearly in a plane normal to the tooth. This
plane contains the tooth tangent vector Bg2- The
plane is perpendicular to vector B 93 It contains
the tangential motion of the pitch po1nts And, it
contains the centars of transversé curvature of the
gear and pinion teeth, © and O respectively. The
radii of transverse curvature of the teeth, Pg and
vp. are primary curvatures which the tooth contact
analysis determines.

Figure 7 shows the line of centers in this plane
for teth the unlcaded and tne lcaded condition. Thne
centers of curvature, Q7 ang Cn, have a prime in
their loaced positions.” For clar1tv the two centers
cf curvature are on opposite sides of the tcoth sur-
face tangent in Fig. 7. In reality, both centers are
cn the same sice of the tooth surface tangent. How-
ever, the tangent shift relation is the same for both
casas. The deflections of these center:s ¢f curvature
in this plane are related to their respective pitch
coint deflections in the Bgz direction. The relation
adds the motion of the curvature center relative to
the original pitch point. The relative motion is due
to tre gear body rotation perpendicular to this plane
anout the g3 direction. For the gear, this
deflection 15

92.q " Ygzig * o Y sin 993‘9 (15)
where
Ygz‘g = - Yd],g *sin g o+ de,g‘ cos rg cos a6
- Yd3,g * sin rg cos ¢
and:
eg},g = edl,g * Cos ¢ sin o,
+ edz,g * (cos rg sin g sin 4, - sin rg ces ¢n)

. . .
- 6d3,q (5in rg sin ¢ sin ¢n + COS rg cos °n)

an

The motion on the tooth surface from the unloaded
pitch point to the loaded pitch point in this plane is
ng. This is the deflection necessary to keep the
cénters of curvature on a common tcoth normal.

_ p
Ugz = Zga.g * —3 a0 - Zgz,g) 18)
P, + P
9 p
This locates the new loaded pitch point relative
to the unloaded pitch point. The relative shift of
the gear pitch point in the tangential direction on
the tooth surface is Dyq. This is the difference
between the original pi%ch pcint's motion and the
pitch point shift, ng:

Oty = Yg2 = "gq2.g a9
4 similar analysis determines the tangential

pitch point shift on the pinion, "

TOOTH CONTACT SHIFT

The radial and tangential components of tooth ccn-
tact shift are valuable measures of the rigidity cf a
bevel gear mesh. Knowledge of the shift components
can help a designer evaluate important orcperties of
the gear mesh and support bearings. An interactive-
input Fortran 77 computer program (Ref. 13) calculazes
these tcoth contact shifts for botn the gear and gin-
ion. The program, SLIDE.FOR, can run on a gersonal
computer.

Tigure 4 shows the shift ¢f tnme nominal pitch
point ccntact ellipse on a gear *20tn. The orincice
radii of curvature of the teeth and tha norma’ tseotn
load determine the size and orienta'i*" cf tre corzace
ellipse. One can compare the tangent : =
difference between the half tooth wid
tial radiys of the ellipse. Tni
strates whether edge loading can 3
By subtracting tre radial snhifis ¢
addenda, cne alsc can evalyate <nz
ideal centact ratio.

This mcdel can evalya
where transmissicn weight
competing cbjectives. Fig
less plots of contact shif
shaft stiffness for a sing
plots vary both the gear a
by the same percentage. T
the stifrnesses from the d
effect of shaft s*iffness

Figurn 3 ts a plet o.
both the gear and the pini
the tangential contact sh.
plots show the contact shift
base pitch of the teeth. This giv
comparison of tne shift magnitudes.
axis on the radial plot shows the shift &
of the tooth addendum. This compa~es tne
contact point to the actual tcotna size
tial shift plot, the second vertical a«<is shows t-e
tangential shift as a percent of tne ha'f tsoth
width. The norizontal axis of t2tn plous 's tre ratoc
of the suppert shaft stiffaess, EI, t2 t full
support shaft stiffness, Ely

The figures demonstxa'e a definite hyperboiicz
relationship between the stiffressas anc *“a resditing
pitch point contact shift. A valuadle conclius‘on is
that one may reduce the stiffnesses in tne examo?e t
about 20 percent of the nominal design values. At
this point, there is a significant increase in tne ¢on-
tact position shift. With this i.lormaticn avaiiabie
at the design stage of a transmission’s develcpment
important weight savings may be possible. The weight
savings will not sacrifice the transmission's 1¢fe or
power overload performance seriously.
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SUMMARY AND CUNCLUSION

This paper presents a method to predict the shift
of the loaded region on the gear teeth in a spiral
bevel reduction. This shift is a result of the elas-
tic deflections of the gear support shafting and bear-
ings under load. The reduction is a single spiral
bevel gear drive with a pinion input and supporting
shafts and bearings. The assumed deflections were
caused by: the shaft deflections, the shaft siopes,
and the bearing deflections. The analysis assumed
that the curvatures of the teeth near the pitch point
were constant. [t determined the curvatures using the

envelope of cutting tool! positions.




The analysis was sequential. The first stage
defined the gear geometry and loading. The second
stage determined the elastic deflections of the
bearings and shafts and the slopes of the shafts at
the gears. The third stage determined the motions of
the gear teeth caused by each elastic deflection.
Superposition of these motions produced the tota)
deflections of the gear teeth. The fourth stage ana-
lyzed the interaction between the tooth geometry and
motion to predict the tooth contact ellipse motionas
under load. A Fortran 77 computer program determined
the radial and tangential tooth contast shifts of the
gear and pinion.

An example representative of the main rotor bevel
gear reduction found in the U.S. Army OH-58 helicopter
was modelied. A parametric study illustrated the
getermination of the radial and tangentiai tooth con-
tact ellinse shifts. Graphs showed the variation in
contact shift with reduction in support shaft stiff-
ness. An important conclusion was that, for the
example, one could reduce the shaft stiffnesses to
about 20 percent of the present stiffnesses. At this
level, significant changes in the shifts of the tooth
contact positions occurred. Significant weight reduc-
tions may be possible without seriously affecting the
gear action or the gear life.
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TABLE T. - ELASTIC SUPPORT INDUCED PITCH POINT MOTION
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