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PREFACE

‘ Under the sponsorship of The Office of Naval Research (Code 12) AHR
Program, The Applied Research Laboratory of Penn State University
performs basic research ir hydrodynamics and hydrodynamic noise. The
hydrodynamics research conducted under this program falls into two basic
thrust areas:

e Turbomachinery

To develop an improved understanding of the fluid mechanics and
acoustics associated with low-speed turbomachines and marine
propulsors. To employ this knowledge to the development of
improved propulsor and turbomachine design methods. .t

s g T ——

]

e " Drag Reduction --

To develop fundamental understanding of the mechanisms that
cause drag on bodies and surfaces and to explore novel methods
to reduce drag. [l £ (—

Under each thrust area, one or more projects are conducted under
the direction of the principal investigator who initiated the given
task. All tasks are designed to provide results that will improve the
scientific understanding of various hydrodynamic phenomena associated
with the operation of submerged bodies and surfaces.

This report documents the technical progress realized during the
first quarter of FY 90 for the projects currently approved under this
program.




TURBOMACHINERY

SUBTASK T1

Title: Turbomachine Internal Flow Definition
(S. A. Abdallah, Cincinnati, and M. L. Billet. Penn State)

BACKGROUND

The internal flow field of a wake adapted turbomachine is dominated
by three dimensional and unsteady effects. The three dimensionality of
the flow field is demonstrated by the strong secondary flows which have
been experimentally measured. The unsteadiness of the flow is due to
the interaction of the downstream blade rows with the wakes shed from
the upstream blade rows. The development of computational tools to
predict accurately these types of flow fields is essential if successful
development of high performance turbomachinery is to be achieved.

PROGRESS

In order to participate in the SSPA-CHT-11HR workshop on Ship
Viscous Flow, Sweden, 12-14 September 1990, we changed our research
goals from unsteady internal flow to steady turbulent flow over a whole
ship. The change was approved by Mr. J. Fein.

Preliminary results have been obtained for three-dimensional
turbulent flow over a wiggly hull. The Baldwin Lomax turbulence model
is used in the calculations. Comparisons with experimental data are in
good agreement.

Enclosed is a paper entitled "The Discrete Continuity i: imitive
Variable Solutions of Incompressible Flow." Submitted to the Journal of
Computational Physics and published in the proceedings of the "Third
International Congress of Fluid Mechanics," Cairo, Egypt (Jan. 2-4,
1990) .




DRAG _REDUCTION

SUBTASK DR1

Title: Turbulent Spot Generation by Freely Suspended Particles
(H. L. Petrie and P. J. Morris)

BACKGROUND

Laminar flow control (LFC) has been an attractive technology for
many years but premature transition, induced by particles in the fluid,
has prevented its successful hydrodynamic implementation. Although an
extensive amount of experimental work and analysis has examined the
transition induced by various types of roughness elements and
intermittent disturbances such as sparks, basic questions regarding the
mechanisms for transition induction by freely suspended particles still
remain unanswered. The subject experimental and analytic study of
particle induced transition is concerned with these issues and is
entering the ninth month of activity.

Heated body LFC experiments have demonstrated clearly the
degradation of LFC performance due to freestream particles. However, a
detailed explanation of this phenomenon has not been developed.
Experiments by Lauchle, et al. [1], observed that nearly neutrally
buoyant particles of sufficient size caused turbulent spots on an LFC
heated body when seeded into the freestream. However, these particles
failed to generated spots when injected through a dye port at the nose
of the body. 1If these particles did not migrate away from the wall
significantly while accelerating around the nose, then freestream seeded
particles must act on the bhoundary layer with a different mechanism than
the wall injected particles. This suggests that the dynamics of
crossing streamlines and possibly wall impact may be crucial to spot
formation. In support of this, Hall [2], observed that transition could
be induced when a spherical particle supported by wire was pulled into
the wall even though, once fixed to the wall, the particle was too small
to induce a turbulent spot.

PROGRESS

As reported earlier, the analytical approach is addressing two main
issues that support the experimental measurements. The first is the
determination of particle trajectories. The second is the calculation
of the development of wave packets generated by the moving particles.
During this reporting period we have concentrated on two aspects of the
analysis related Lo the trajectory calculations.

The basic flow field has been defined using boundary layer
analysis. The Blasius, flat plate boundary layer solution has been
matched to second order with the external uniform flow. This solution




includes the external flow due to the displacement thickness of the
boundary layer. 1t also provides a smooth transition for the velocity
normal to the wall from its non-zero value at the edge of the boundary
laver to its zero value in the freestream. Calculations have been
performed for the test conditions to be used in the water chammel. The
results will be compared with the experimental observations during the
calibration phase of the flat plate model.

With the basis defined it is possible to determine particle
trajectories. The trajectories depend on the forces acting on the
particle. Outside the boundary layer these forces are well understood
since the flow is uniform. Particle trajectory calculations are being
performed in this region. These will be used to determine the
appropriate release location for particles in this experiments. Once
the particle enters the boundary layer the situation is more complicated
as the basic flow is sheared. 1In addition to the forces present in the
freestream there is a lift force due to the shear and to particle
rotation. The proximity of the wall to the particle can also influence
the lift. An asymptotic analysis for low particle Reynolds numbers has
been performed by Saffman. In fact the lift force has become known as
the "Saffman lift force." However, we envision particle Reynolds
numbers of the order of 300. Several experiments have been performed to
determine the lift force as a function of local shear and distance from
the wall. Some experiments involve the direct measurement of 1lift,
which is extremely small. Others involve a balancing of the lift force
with buoyancy force in an inclined channel. The uncertainty in the
experimental data is quite large. At present we are correlating the
data to develop an empirical extension of the Saffman formula to higher
Reynolds number. This is in the same spirit as the extension of the
Stokes drag coefficient. The separate effects of wall proximity will
also be included. This empirical model will be incorporated into the
trajectory prediction scheme and predictions will be made for the
particle motion within the boundary layer. These predictions will be
compared with the particle trajectory measurements when they are
available, and modifications, if necessary, will be made to the
empirical 1lift force correlations.

Experiments are to be conducted in the low turbulence open channel
flow loop facility of the Aerospace Engineering Department at Penn
State. Nearly all of the various pieces for the channel and test plate
have been completed. The list of components that have been fabricated
or modified includes the test plate with various subassemblies, the
channel floor and sidewall support frame, the test section support
frame, the diffuser, the settling section inlet, and the flow
conditioning section in the settling chamber. This represents a
substantial design and fabrication effort that has occupied the time of
numerous personnel and is a significant milestone now that we are
beginning our ninth month of project activities. Channel assembly and
test plate installation will commence early in the next quarter.

Initial familiarization with the computer based video imaging
system for particle pathline measurement has begun. To date, this has
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been limited to ensuring that all components function as they should and
evaluation of the systems software.

PLANS

A major activity of the next quarter will be the installation of
the plate, the assembly of the channel and then flowfield evaluation.
Initial experimental work will begin late in the quarter with the
emphasis being on channel flow quality evaluation. At first, flow
visualization will be used to examine the flow from the inlet of the
settling chamber to its exit at the test section. The goal of this work
is to determine a configuration of the flow conditioning section that is
sufficient to quell the large disturbances upstream of it. Following
this, the test plate sidewall suction slots and tail must be adjusted.
This requires both flow visualization and boundary layer surveys.
Coincident with these efforts, imaging techniques, particle release
trials, and development of general methodology for the particle
experiments will begin. Work on the particle trajectory analysis will
continue with the calculations being used as a guide for selection of
particle release positions,

REFERENCES

1. Lauchle, G. C., Petrie, H. L., and Stinebring, D. R., "Effects of
Particles on the Delayed Transition of a Heated Body," ARL
Technical Memorandum 86-213.

2. Hall, W. R., "Interaction of the Wake from Bluff Bodies with an
Initially Laminar Boundary Layer," AIAA Journal, V5, N8, pp. 1386-
1392. "Boundary Layer on a Flat Plate," Proc. Roy..




SUBTASK DR2

Title: Microbubble Injection in Axisymmetric Flows (S. Deutsch)

BACKGROUND

It has been demonstrated that the injection of gas to form
microbubbles in a liquid turbulent boundary layer on a flat plate at
nominally zero pressure gradient can reduce skin friction drag by as
much as 90% locally. The extension of these results to submerged
axisymmetric bodies is the subject of the task.

PROGRESS

A publication based on an extensive set of local skin friction
measurements has been accepted (with revision) by the Physics_ of Fluids.
Major results covered in the paper include the fact that the persistence
of the phenomenon on an axisymmetric body is the same as that on a flat
plate and that the poor performance of microbubble drag reduction at low
speeds is a result of a buoyancy driven instability that removes bubbles
from the boundary layer.

We are continuing our study of the effect of pressure gradient. Ve
have repeated our integrated skin friction measurements and LDV studies
and have measured the pressure gradient on the body with and without
bubble injection. Although data analysis is continuing, it appears that
the earlier drag reduction data is repeatable and that injection of gas
does not change the pressure gradient on the body. Relative levels of
drag reduction would appear then to be correct, independent of the
effect of pressure gradient on the balance results. Our earlier
conclusions that an unfavorable pressure gradient led to higher levels
of drag reduction and the prospect of early separation, while a
favorable gradient led to much lower levels of drag reduction would
appear to be confirmed.

PLANS

Analysis of the LDV data will continue. This should help determine
the influence of the pressure gradients on the drag balance results. In
addition, we have begun simple computations of the flow field over the
axisymmetric body for the zero, adverse and favorable pressure gradient
cases. These computations, which employ the measured pressure
gradients, will give us yet another test of the reliability of the
(absolute) values of the balance results in a pressure gradient.

The results and plans sketched above will provide the basis for a
M. S. Thesis in Aerospace Engineering for Mr. H. Clark as well as for an
additional publication.
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THE DISCRETE CONTINUITY IN PRIMITIVE VARIABLE SOLUTIONS
OF INCCMPRESSIBLE FLOW

F. Sotiropoules and 5. Abdsllah
Dcpartment of Aercspace Engincering and Engineering Mechanlcs
University of Cincinmeti, Cincinnati, Chio U.5.A.

The uze of a non-stagrered corputatiennol gric¢ for the numcrical solutions
2f =he ipsemprcscitle flow equations has many acvamtages over the use of a
starrered grid. A pemalty, however, is inherent in the {initc-dillerence
serroximations of the goeverning eguazions on ncr-staggercd grids. In the
primitive-variabie solutions, the penalty is that vhe discretc continuily
fjuation dees not converge to a machire acturacy. It rather converges to a
scurce tertn which is proportional te the fourth order derivative of the
Fressure, the time increment and the squere of the grid spacing. “An approach

-which mininizes the error in the discrete contiruity eguation is developed. :
Pumcrical results obtained for the driven cavity problem con{irm the anzlytical -

developpents .- -~ -~ -

Y TP . :

. R T SR .
D © 3T dilation i . T S o - i
ERX; ERY “° higher crder terms {n equations (18a) and (1Eb) respecctively
£, ! - wariables defined in equations (16a) and (16b) respectively
P -7 pressure divided by density '
Re ' Reymolds number 7 . : -
t - s time ’ '
UL velcelity components in x- and y-divections respectively
v epece coordinates
c B source term in equation (27)
£,n variables cdefined in equations (43) and {4b) respectively
sL.Ln, by time and space increments :
6&'5y second order accurate finfte-difference aprroximations for the
partial derivatives &,/2x and 3/&y respectively -
5xv,6vy second erder accurate fini{te-difference approximstions for the
" 7
el ot 2,..2 2,,.2 -
partial derivatives 8°/8x“ and 8°/2y° respectively.
Subsgerines -
i3 refrr to grid indices in x- and y-directions rcspectively.
¥,y refer to pa:tial derivativer with respict to X anca y respectively

Supecrae ts
n refers to time level t
n+l refers to time level t+4t
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INTPODUCTION

There are tvwe forruleticns for the numerical solution of the incocpressible
Navier-Stekes eguatione in priwitive voriablez; the art LL;cLal CO"”!L"lblllty
ang the pressure Polizson metands. In beith zethods, the velocity fieid as
calculated from the time deprndent gomentum equation using Time marching
technigues, while each rethod employs 8 differcnt cquation to corpute the
pressure.

In the artificisl compressibtility method, & time derivaiive of the pressure
5 gdded Co the coptinuity egustien (1] end the incompressible fieid is treated
¢ cerpressikle durlng the transient ¢alculations. On the cther hand. the
SsuTe Poisscn methed {2] replaces the continu;ty ejvation with a secound order
iptic Poisson equstion fer the pressure. The continuity eguation it then
orced {n the numerics,

rﬁr-lfﬂ

the numerical sclutions of the primitive variasble
cactiorn of the discrezc continuitly egustion when
computational grids are used., It has been showmn for
re bility end the pressure Puisson that the
ied to a machine zcro on ztuegered grids
e on non-stagreved grids.  The artificial
licit addition of a fourth order
m to the discrcee continuity eguation elaminate

artificial dis to

odd-even deco pressure £{el2., The odd-even decoupling is caused by
‘ 153t order
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central second r {irite-cifference approvimations of the fi
continuity equation. Therefcre the discrete divergence of the velocity £ield is
not driven T& 2 machine zero but rither to a term proportionsl to the fourth
order derivative of the pressure {4). Similarly, the pressure Feisson
{crmulation does not satisfy the discrete continuity equation exactly on non-
staggered grids. This phcnomenon ¢sn be explaincd by 1rx,.~1ga,i g the discrece
pressure equation which can be obtained hy:

1. Discretization of the continuum pressure Poisson equation using central
second erdey zccurste formulas 5, 6).

2. Dircer devivetion from the discrete divergence of the discrete momentws
equation [2].
Aithough the gbove appreaches lcad to the same discrete pressure equation on a
staggered grid, they doc not give the same equstion on non-stagpered grics.

Caref:l exarinetion of the two forms of the discrete pressure equazio
shovs that the direct derivation of the discrete pressure ecuation satisfies the
iiscrete continuity exsctly but fails to give smooth pressure field., The
sciliatory behavier of the pressure is caused by the odd-even decoupling
n

o4
inherented In the resulting discrete pressure egusticen. Or th: ether hend, the
first appreath gives smocth pressure field, but has twe major prehiems:

1. Tre compatibilizy cendition of the Poiszcn Neuzsnn prebien e not
auvtomatically satisfied.

2. The discrete continuity equation is not ensctly saticfied.

The firess rroblcex kew bdeen resolved in reference [9]. The utse 28 tt. goncistent
fintte-differencr methed of Ab~alian [5) satisfies the compatitility com?ition
exactiy on non-sizppered rride. The secord prodlem is the soliect of 2hie
Paper. HMore SP?’Lfifally we discuss the ressons which oo Ttn dicrrets
divergence ol the wilority frgr ogei-oz e mero and wr orcic o e oves e the
Qizave~e gz = . %" o~ . . - -
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PATHEMATICAL FORMULATION
Saverning Enuations

The eguations vhich grvern the laminer. incorivessible flow of a Newtcnian
£1u33 cre gilien in Carcesiarn coorcdinates as follows:

Ty LY '
£, Y
ex * ay 0 (1)
¥ -Memenlun
Ag 2u au &, L 532 2% ;
PR I N R Sl G- S S B (2
é ax ay 2x  Re z .2
dx cy
y-riomentum
. . - . 2 2
“* vy S 2Re] M sl 3% .
Seoofevizo2 L, o )
é as ay ¢y Re 2 4
3% 2y
“here u and v gre the veloacity compenensy in the %- and y-cirections
vespectively. Fols the 5ilatie pressure divided by the density and e s the
Fevrolds -~umbher
The majrn difficylty assecisted with the soluticn of the svstenm (}‘- 2y i
the continuity equatien (1), Equation (1) is a comstraint which the velocaty
ficld kas to satvizfy at any instant in cime and not an evoiution equatxo~ of the
ty;e {2) or {3) Also, eguation (1) does not involve the pressure, which
sppeArs only in the momentum equations (2) and (3).

ical sviution for eguaticns {1)-(3) must incorporaie a preccdure for
Taking intd accrunt the irportant interaction between the pressure ard velccaity
fields. 1In order to asckieve this coupling betwenn the pressure and tne welozity
fields, the conzinuizy equation (1) must be replaced by an eguation which
imolves Loth pressure and velocity snd at the samc tide guarantees the
ctisfgction of the fncompressibility comstraine,

The Pressure Peisson Fermulaty

In the pressure Foisson fermulstion, a cecond-ovder eiliptic eguztion. of
Peisson :fpk for the rressure s derived by appiving the Civergence cperatsr o
the momentum e5uAlicn o

&e, e £, 8o, L@

2 Gt aw) ta (&)
ax 3y ° ’ -
where
o, av 1 &y,
e u®™ e v ™ . (5 + ) (&3a)
éx édy ke ‘. 2 2
ax dy
gy, ey L 2, b
n -~y 4+ v = + ) (453
¥ iy ke 2 2
e 8y
~I

D.a_‘l42‘4 (Le

ax. ay '
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Up to this palint the continuity custiap (1) tar 77t Lo weeo - the derivitioern
of cguat.on (&) Iv ¢they vords the ealytiecr ¢f zcuciiss Ly $or the vyezziye,
alen: with egqueticn: (2 ard (25 feor the volozicr fleld, Soec it guav.vtal v
ary wvay that the ¢orputed velozity £leld will Lo divergence-ivoed

Te zzticfy the <o~ ipuity equation (1), the time dependell levr in The
right Ni=sd side ¢f  oatien (4 i= discretized ir time oz [:llnws

ED . R{t 4 pry - D7) 5y
dt At

vhere 4t is the tipe .vcrement. As suprested by Fariow e Velch {2}, the
dilatien at the {t+4t) ~ime level i35 get teo r-orc, in ordcr to enforce the
cortiruity eguatinn. while the dilation at the () time iovel s retaincd.
Thus, esuation (S) redeces ro:

Al n/en

.‘4’2 - . A.w' (6)

at Lt
It is izportant to sfrecs here thst the same ten, »v.l discretization rust be
used f£or the unmetesdv torms in the mementun Q) end {3). By
imcevporating equaticn Y6€) into cguation (L] :

(2 L4y, (7)

5x2 + 8"2 T otex gy st
Equatien (7) is the pressure Poisso *quation vhich hss been used Ly rescarchers
to resolre Incompressible flows on staggere fZ} an¢ non-stagpered grids [€,5].
Tc see how the selution of equation (7) guarantess the saulsfactionm of the
centinuity eguation at convevgence we :hould cemrsTe equation (4) with cqua tion
(?) Ihis coxparisen revezls that the pressure Peisson equation (7) can be
i

¢
vieved as an evaluticn cquation for the dilation D, namc
Moreever, the tclution of equation (€) is an eaponential
follows:

T
q

\
v eguation (€)
dec3y in time, as

“here D is the inivtizl diiation. Thus, the soliution of equation (7 for the
ressure. alemg with cquetions () and (3) for u and v, guarsntcces that the
fnitial diliztion D will decay to zero as t=» [i.e. a& 3 s:icady statc is

spproached). We will not pursue further the analvsis of the reclation between
the pressure and the centinul t} eguations in continuue form . & subject which
has been investigsted by Gresho and Senai [7].

tiscretizanicen_of *he Coverning FTauatiens:

Using the Euler-explicit tesporal diszeratizssion schome for the time
Zerivatives arnd centval second order accurate fimite difference formulaz for o€
spatial ceviwvatives. the syster of the governing egusticns (7)., (2) ana (2) cas
e discrenized as follows (5(: Fig. 1):
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Up = this point he coentiruity equation (L) hae
of cruatiin (&4, < othur werds the sciuticn of
aterg with equztior. (T end (2) for the veloclty
any wey that tme computed velooity fizif wili e
Te saticfv <ho continuity eguation (L), the
right Rand zice of equ2tien (4) is discreticed §r
Q-L{t._-_‘ =i RIS (&%)
% [
Wrerz £t In the time increment. A« sugrested by Farlew and Veleh {Z]. the
dilaricn ot the (T+2%) time level is set te zerc, in ordsr to eilrice he
sertinuity equation, while the dilation et the (t) tire lewel is retained.
Thoe, cauatioy % roduces to!

% f e .
“ e ’_6/
[ih [

ts nore that the same fe-poral ol
erms in the momenturm ecucticrs
(%) 1rto equatien (6), we cbhain.

A
2 2

z<op 3¢ ~ e - -

U A TS R .'-"..Q> 4 Rty (73
2 2 G v ot

Zeouation f7) 33 she pressuie Poisscn equation winith has been used by vesesrchers
to resolve incompres: ;blc flows on staggered [Z) and non-staggered grids [6.5].
Tec ree how the solution ¢f eguatisn (7) guarantees the satisfaction ¢f the
continuity equation at convergence we should cozparc cquaticn {%4) with eguation
77y, This ccempavicon reveals that the pressure Foissen equation (7) cern be
vigwed as an evslutior equa ion for the dilatiocn D, namely equaticn (6
vcrecver, the solution of equation (6) is an exponential decsy in time, as

follows:

D(z) - D_ e T/t (8)

“here Do fs the initial dilation. Thus. the sclution of equation (7) for the
zressuve, aleong with eguaticons (2) and (2) fcr u snd v, gusrartees that the
iritiel dilation I +il1 decay to zero as t-= (i €. at a steady silate is

21y { the relation between
the pressure and the continuity equatio in continuuz ferr - a2 subject which

has been investipated Lv Gresno and Sani [7].

Discretization of the Coverning Tcuaiions:

Using the Buler-explicit Temperal discretization szheme for the time
derivatives and centTrl secord crder accurate finite difference formules for the
spatial “erivatives. the syrtem ¢f bhc governing €suations (7). (2) and (2] <an

dis levs (sce :
T -
AP .
” .
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The first and seconc order operaters (6x.6 ) end (&_ & ) are the cecatrsl

.2 2
2 .8 2
ﬁ'} ang =)

2" 7
/ ex* evt

second order finite-difference approximations for the ¢

srivatives, respectively. The pressure equaticn was discretized asccorcing to
the eensizvert finite diffcrense pethed proposed oy fbcalliah [6]

n

Zruatior (9) ig solved {cor P ., glven o ang +T .. and them the velocity
. ] . 1
£ield is updated using equations (I10) and (11). 4AI this point of cur
discuseion, it seems important to poze vhe follewinp qucsticn: Does the
soluticn ef eguations (9), (i0) arg (11} guarantcc thal the compuicd velocjitw
field vwill be <divergence {ree in the discrete computaticnsl spstc? In oicer to
ansver thie guestion, wve sheueld first understand how the discrete zontinuicy
ecuaticn {s modelied ir the pressure equaticn ($). Th.s peint can be made very
cleer {f we laok at the derivation of equaticn (9) frem 2 different point of
view., Lot us concider the folliowing discrete gppronimeticn cf the continuity
eguaticn (1Y which we se2l to gatisfy 2t the tize level 4ol (n+l):
n*} . i un*l ol . Gtl
v s . . . .
MR LAV/G S L3 VLS S S LIV i4:172 _ 4 (12)

& by




1160

14
ICFM

1990

The pressure Feisson cquaticn (%) «an be derivrd from eguaticn (12) I we erploy
the ¥ and y-rodertun equatinme at the nocer [i%1/7.§) and {(i.:21/7,.
- T n+l L -
T«xpressions for u., 0 ., . and . . - are echteincd a7 follows:
; FDW I 1,12l/4
P.,. -P, . n
- nel . u" . - LT 1t i3t + £ 4 {lua,
i21/2.; 2172, - &% i*1/2.3°
- F. n
nel T S R F. s R .
VooiLa e VL et AL 2 T e i L4k
1,‘]--*/‘- &~3-‘-A/1t Ay 1.)ﬁ¢,’2
Substituting esuatiens laa) ang 714bY into equation (12) we obiain
. T, P, .-P, n
. [ ¢ 0l NS S B y . (.4..._1__" Arall o, ¢ .
] LR L& “41/2.3 ax <1725
P, P, .- i
D UREPAS U LD SLS TS S ) (?1 Pla1, N
Ay Ly ‘134172 ax i.j-1/27
- i -4, . v Ay 141
+172 3 T 2 i a1/ A
- _1.. {—‘.-:‘-_.-A-.oﬂ—t--_a_ —~— 1,.+ 2 1 i ) (15}
ot Ly 8y )
It takes some sirple algebra to show that eguation {15} is i{dentical teo equation
(%), Notice, that the uight hand side of cguation (15) is the ﬁivngCﬂte =f the
- velocity field while im: [eft hand side concists of the x- and y- compenents cf
: the cteady state {cim of Ire poméntum eguation. cowputed at the rodes (i%1/2.3)
o and (1.3%1/2) respectively. Thus, if the momentum equations are driven to
: steady state at these nedes. the left hand side of cquatiorn (12} eventuall
‘ zrproaches zere &nd 5o does the divergence of the velocity ‘1e’”.
Usforvtunately. on a non-:tagger €3 zrid. the morentum equaticns are not driven to
zero at (i*172. j) end (i.j21/2) ncdes but they are at the (1 j) rncdes (scc
equazicas (10) and ( pOD This inconsistency between the discrete mementum and
sentinuity eguations provents the discre:e divergence of the velocity (right
rand side of equaticn {15)) £rom approacking zzro. This observation, raises ihe
fellewing question: what {s the sizc of the mass source (errer in D) which
equation (15) introduces into the flow field? Ve answer this question in the
folﬁo-‘ng section.
froimasicn ¢f *he Srrov in the Disrvete Continuity
. To sirplily the elg:zbre. we perform the fcllowing analvels using the Euler
, rather than the Navier-Stekes ecuations So, we drop the viscous tercs froxm
equztions (9Y, (10) and (11%. This siv pli‘icavlon does not alter significantly
ths genera i:v of our results.
. Fer the scke of convenience, let us {ntroduce the foilowing notations:
- u av
£ - 4y @— 4y = (163)
ox ér 3y
and
" N, g
I B R s (16%)
[ ) gy
Using the above nctetions. the rticzzure eguatio~ (9 fer /1I)) can bhe written as

foliows:




crrinsy 3
N .rres : id h - ) and I
To express fi:I'Z.J and RV in terms of fi,j SR
serice oxpansion sreund the points ({21/2.3) and (1.321/¢)
. Vith reference to Fig., 1, we obtain:
L3) . 1 (£ . coed
foyn o =5 . 4+ £. ) + ER
etz T2 Y gt hY)
. 1 1
uhd N, 4.~ 2 (h, . 4 h, ) +EP
TS W S, (hx.jtz FI !
vhere EFX anc ERY contain the higher order terms of the series
be eapreszed i- terms cf the primitive varfables u, v enC § usil
‘iEay and {a6b) for £ Ang h. But firsr let us rewrite egust.ons
EF - ¢ L (f £,
2T - A .t . + f.
2170030 2 iYL i.}
4 ] - }
£ayT = b o 5 {h, . + h, )
’ L3l 2 gt iy’
-5 fy subetizuting the finite-differcnce aprroxiraticrs of f and h
1)y, ove shtging
. otion
f the iﬂxt -4 U, ,a s (UL, Zu. .o+ u, L) AL
s of ize.3 i%2.5 itl,j 1,j
2.3)
: v . (u, 2u, * u, .} /6ay
2.3 ¢ 141.] i) 1-1.3)/
L\
+ v, . (u, u, u, u y/8Ly
_en D i.j TTisl 341 i*l,j-1 i,j+1 i.5-1
i + ¥ ( , +u , oy, . cu, L, L0/
2 and ixl.j itl, je i21,j-1 i,j+l i.j-1
A
b3 :':]Q -
: 4+ (P, - 3P, “ 3P P. TS
2 { C I S o U5 TR SN 111,3'/ =
the

As the
the steady stavte col

-
.

[A¢]

i poirts

(1.5,

cf the svstem of equations (10), (1)) and

ction, thne valucs of fi 5 and h1 . aprreac
’ v

Then equartions (18) reduce to
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h - ~ ERY
“ga) 1.321/2
'Tan subeljtution <
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zer. 2% D, . ~at (£
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respectively.

(18a)

(18b) -

These rerss can

Wg eguations

(i€) as

(1%3)
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in order to express Di 3 terms of the cdepercont v,

s et
ATV

we

CI0) and the similerly ERY

17to
(22;.
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L QN ]
r
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{crrer in the

when egustion (9)
Lvid the discrete
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weion of the viscous teru

-
Y

in ouy an

Equation (22) teveals the foliowing very inte te

urc Peisson formuiation on a non- "taggernc BT

T
i

estirp sspects of
d:

essure Polisson method sarisfies the ci
to the same accuracy as the arctificia
that 2 feurth order artificial cissips
pscudo-gpmw.c:sxule continuity eguatic
i 2 {6], te stabilize the u
Peciscon formulsricn, the avtificial dis
o the continuity eguatinn because of the
ret{zed or. 3 non-staggered grid

CTE

,_.
i
(o]
o

e

LAY |

O

ot
[

or

-~
at

4

In the
a.mp] al tly“
ssure cquation

[ Y L 3 1)

’

-
bl

[T TS B

ﬂt?

Cur experience the pressure °ci::or pethod
researchers’ e nee wi;h the arcificisl zomp
that the dilation can te quite larze in regions
gradients occur. HMigh pressure
fourth order pressure derivazis
E‘,ﬂ;~lkﬂrg mogs sourcce
the dilaticn in th
the sguatre of the
tu connrol the erre
uvee ef finc grid ir

<

with
¥perie

show

o |

e

I

-’DCQ

the continuity
muiation is

angd the time

rcte invity,
ngh pressarc

C Q=

L2 BN 1)
g

RS 4

RIS B TR
4 M

AR

i

fe]
o o -
3

ey

e gy )
.

)

o
s
13} v-‘ n

O v

(s 2K B S V)

sent
Zor

¢

S

(3]
(4]

§ I o

cr
B
2
Al

e

3

se
oi

-t

~

X
o ¢t
(¥R

o o e

sme b~
QT ot




{22)

she

“on (@)
Algcrete
tial
..cn here

arality.
wide

w

[ 4
7
N ]

Y
-

‘te
L Aving

17

ICFM 3, 1990 1163

b L% -
LI n=1 it n+l
U, .o, .V - v,
343 D G SRS UL idd _ ars
La 2Ly (24)
Using equaticns (10, and /1)) into equation (24) we obtsin the folloving
discrele prezsire ¢quation
P - P, 4 .
1, Fyap Py SIS TN 0
. et s 8 DR Py + 7. ) )
2a% 265, isl,j 20x i-1.4
P, .. .-, . <P,
.« - ((_1.2*3 i3 " ) (pi.J“ZA*i;Z + 9 )]n
e o o
28y Zay i,j+1 28y T
1 0
"—-—D. . (at’
st i (25a’
or
n n n n n n
P, -2P, 4P P, . -2 -
jad 3 T e 7., Dilje? 2P, . =P, v
2 2
Lay L5y
en g . o Coeone n%
e A DU S P L SIS I K3 St 9% | (25b)
N chy 2Ly at ¢
By inspeciing cqustion {2%2). we can easily conciude that., at convergense, its
left hand sice will be driven To zers since it involves the steady state form of
thne x- and v.-romentud equaticrs at nodes where they are driven Lo tern.
Therefore, equaticn (25) will satisfy the discrete continuity cquation to a

machine zere,

Unfortunately, the discreve pressure equation (2%) produces cscillatory
solutions for the prescurc btocause of odd-cven decoupling. This can be cicarly
seen by inspecting the <iscrete laplace operator in the left hand side of
eguation (79 which contains either odd or even grid points in the x- or
y-direction. Therefore, in two-dimensions egustion (25) gives decoupled
scluticns fer the prescsure con the odd-odd, even-even. odd-even and even-old grid
points. Each solutien iz a unique solution for the pressurc withir an arbitrary
comstant. Intevesiizgly, the oc¢d-odd solution, for example. is actually s
srlutien for the oressire equaticn on 2 stagggered erid vhich is a sucset of the
srigiral mon-stangered grid (ser Fig. 2). Similar conclusjons can be crawn
zbout the cther three solutien

L3]

] ! -
®
; i v
VN
h;é/j /) .
A Tt —— ¢ 1o
| LA }
! Vom0 !
S PR S NV NS V. i l
— J____ : .
1 i
Fig 2 Eouialer -e Betwnen 045.0¢¢ Polrnvs end Stegpreres o0

e e 4 4 ——— =
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In conclusfor, the use of eguation (9) to cumputi the pressure will produce
a2 smooth pressure ficid. but it will not satisfy the Ciserecte cortinuity
equstion exattly. Whilc she vse of eguation (25) wiil produce exnactly the
nrpesive resvlt. in cther words. on a mon-stagzered g-ic it is net pessible to
eatisiv the Siscrets continuity %o a machine zire und. at the zame Zire, ebtain
ronth ressure treid. T gensral. sne was to sacrifice partisllv the
iefrction ¢f the discrcte continuity zince & smocth z2nd physicully meaningfy;
rare £ield is desived.

s
)
2]

In order to mecifyv cquatlor (2% ©m that it produces swooth pressure fleld,
we must et aside the idea of satisfying the discrete continuity Lo machire
accuracy. More specifically, we 5eck to satisfy the Ciscrote continuity up te g
£ tion o the mass source of equation (22), as foliows:

n+1l n+l r+] LN+l

41,9 3.3 i+ 1,3-1
I * .

26X Ly
4.~ b]
P Rz} L2 n
et s FT Ly e ay” b (P 0 (26)
s AxwE 4L yyyy Tid
where ¢ is 3 positive constant (0 < ¢ ¢ 17, Uzivy the rrment.: eguations (i)
nd (110 inte (25), we ohuain the following discrelc pressure equation.
P, -2P, 4P, p S97 . e
AN R POURE B0 S LY ARt D RS A SRR PPURA :p?
3 - T e / d s
2 4 X% vyvio i,
Lox éf_,yz et
n
%y
- . g, + (27)
1.3 &t
where
. -
Ssar g " Sev s Miger T M5
o, . = - +
1.] elhx ZAV

It iz interesting to note that for ¢ - O eguaticn (27) reduces to egqustion (24)
while for «~1 the left hand side of equatior (27) reduces to thc left hend s
of equaticn {9) Furtherzore, both eguatiens (27) and (§) procuce a smooth
vensure field bus they fail to satisfy the discrete cont{nuity to & machine

2 Fewvevir, thn error in the diserete econtinuity which Is producced hv
guatier 727, is wocl less than that produccd by equetion (%)}, becguse:

o™

¢§; <There i5 no error connribution to the rars scurce (compare cquations
{22Y and (Z%)) from the source term of the p ssure equation (27).
(1i) Numerica] experiments show that the oZd-even decoupling can be removed
by uring nunerical values for ¢ << 1 (see results anc discussion
cection).
Another adventage that equation (27) has over equation (%) {s assccisted with
the enmputationsi work (SPU time) required to sfvance the pressure and velocity
ficlde . the Tow time revel. When eguation (9 ir solved fer | alenp with
esvatioms (10) s=d (110 fer u and v, the § and n terms necd to be discrctized
swice every Uite Step &t (i41/2,541/2) for the pressure eguoticn and at
(141.231° feor the morentur eguaetions. This is not the es5e when equation (270
i€ uzeZ, sincc bsth the pressurc and momentw equaticr: rcquire the crlcu‘atioﬂ
y€ whe £ n? o terms 2t the seme nodes. Tﬁe’eicr ve rezemmcnd the use of
e - 2%y in the prestuve Poisson formulavxena on nor-stagpered grids. since

i
the error in the discrete continuity (¢ << 1} ame reduces the
t in the nuaericsl sclutions,
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fovndary ferdizdons for tre pressure Equation:

-grcduce ) )
Neuranm boundsvy conditions fer the pressure Poirson equarion are obtained
LEitg the noreal corponent of tie mozentur equetion alomg the boundary contour.
lcTee ¥or eranmple. at 3 boundary x-constant:
vrsan
- 2
4 gy 2y 1. a7y
g ful gf ~-u vl Re 2t ) (28
2 X ax <Y e 3x< Ay
field. The hourdary sendition (23) is applied at ene half gric spacing away Irom the
¢ noundary £or equation (2) [5). In the case of eguation (25} the boundary
c s . : ; I .ex
5 tooa cendition /22) is applied at tne boundary using one sided Iinite dilfcrence
arrroximations for the x-.derisatives.
The _forpatibility Condition
The bourdary walue probiem. consistirg of the prescure Folsson egusticn and
he Newrsrn houndarv conditions, has o unigue solution if and only 1f the
. f=lloving invezral ceastvsint is satisfied:
kY3 4
TR LTS A PR T (29)
02 <Y o ¢ex @y Lt or.
A S

~tere T is the cutward unit vector normsl to the boundary comtour § enclosing
“hie solution gomain A. Equation (9) satisfies identically the compatibility
. condition om 2 ron-stsgpered prid (5j. We will chow that equation (25)
7

}
satisfies the integral constraint (22) as well.

For the sake of conmvenience we use the rosstion introduced in eguaticns
and 716b). Incerperating equations (16) inte (27) we obrsin:

~
P
(200
b

e

P41, i1, 1,3+ 0 SR S P yl - A4
28 * 28y 4 (6x 6xxxx ey 6yyy] Pi.] ot

The diserete form of the integral corstraint (29) whea applied to equation {20,

fes) \
e reads as foliows:
sice
im-1 4im-1 . - £, . : -h
€ im-1 Jm-1 fi:ldlﬁfz;lal EAJl:l*~lAl;l
Lo P2 { Py + A
- : LD L
L. J"?
2 % )
n p .
ons - % orax*e + by%s__ 1P, . - ) =0 (21)
4 AR YYYY' O &,] 4t
-oved where im and im sre the numbers of the maxigur grid poinis in :heﬂf- and
vedirecticns respectively. Equatien (31) can be simplifiec as follows:
. io 1 af, . f. -f, . imel h, . _sh. LB ookl
’ i1 Mimed 4T i Lt noi 4 1,4
h T et AR e T mares !
. ) WIS R, ]
=ity iw? =t

! A -
. XX 22 RSP At
jmp =2 7y
7) . o, . 0 .
tion Arplving the Naumanr Doundary conditions at i-l andar Lfi.j - tim,J- ) ang &t
i b - y ! noting that £, .-f, &h, .=h. ._ .~0 at stesoy
since i=3end fm (h, mhy 477 3n¢ moming 2.5 7m0 R
y s* quation (323
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{genticslly. Finslly, the third tern im eguatlon (32) L5 als¢ zero since the

, : 9

Teoulinully” equation is lsocally eatisfied at every node. Theiofore, equatien
) Q

{32) and consequently ejuatien {21) are {denticsliv satisfied cn a non-staggered

grid.
RESITS AND DISCUSSION

the medel probvier %o ¢onfirm

Tne driven cavity prehlem iz selestad here az
owr analytical developmerts. Numerical solutions for the momentum equatlions
{10) and (11) sre obtained using the Euler expli:zit scheme and the pregsure
Tolosen equUAation using “he suctessive over-velavation methed. Esth forms of the
sisuiote pressure equsti-ns (G, and (I7) are uszd to !=vestizzite theyr abllity
ts saticly the discretc cerziruiry.

£13 caleulstions éve performed om uniforw non-staggered gride sterting fror
the initiel conditions v, . = x. ., v, =y, . and P, . = 0. The reascr for

1.3 1.) i, i,] 1.
£ the rressure Pecisson

thiz cholice is that we vant to explore the capability o

rethed to decay an initially high dilarion.

The firct nurericsl experiment is esrducted om a 3Ix31) zrid using
ejuaticn {I7) as the Jisitete pressure equation., The artificiel dissipation
Farareler ¢ s set toozero.  The time evoiution of rtre logerithm of the average
dilation st a rode is shown in Fig. 3. Clearly the i-itielly kizh dilsticn
3ac tevo {sirgle precision) at srcacy state.  As we expected,
< Tieid {e smooth, while the presszure ficld s orclllatery
b n decoupling.
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Teoelscinate o deceunling of the prexsure nedes. we conductes 8 sccond
erlrent ¢ the sams grid uzing eguation (Z7) with non-zerc values ¢f (. ST
i1l inficavte that valie: of ¢« as iow as G.1 are sufficient to produsc smooth

~ure ficlcs. Tne kegarithr of the gveraje dilaticn at & point is showT in

G fey o= 0.1 In the saue figure it ie 2130 shewn the dilaticr vhen
atier (%' 1s used to ccarute the pressure on the sgme grid, As ce= beé scen
Tig e emuatien 27y with ¢ = 0.1 gecays the legariths of the initial
2tien to @ steady state value 0.005, while the corresponding value for
ziiom (%) ‘s O 02, The results confirg our analytizzl developmenis since it
arlv show that egustisn /9) preduces s higher dilation than eguation (27)
hogz o« i We should nentien here thnt the driven covity piovblem is
ticulariy difficult case as far as the satisfaction of the discrele
tincity is concerned. The reason for that is the existence of high pressure
3

(&}
2ot et
U |
S TN S B R S WS Y

.
~

34
LS Sibadtd

rr the moving well and the two singuiar eermers. The rspid <patisl

o

ztion »f the pressurc i1 trat regicn results in high values cf the dilation

ieast an order of magnitude higher shan the averape valiue). fecas) that the
v stete vaiue of thke dilatien deprnds upon the fours: order devivatives of

Lrescur

[ ﬁ h\/\ Egrn. (9)
-1.5 4 | q F_ ’\/\vh”ﬁ\
v%ﬁbe\Aﬂvv\’AEEZ:_£EZZ' gw 0.1

! T (B 1 T 1
0 250 500 750 1000 1250 1500

LOG1Q ( AVERAGE O ATION )

HUMBER OF TIME SIEPS

A thiré =umcries] exreriment is ¢onducted en & (5lxS1) grid in erder to
nstrate the rele of toe grid refincrent on the discrete cenmtinuity. Figure
the convergance of the giletion £y eguation '27) with ¢ = 0.1 and

tion (9). A expezted, cguation (27) pyeduces & sicody stete Cilatiocn of
Za while tne correzporsing value for eguation (3. I¢ 7. Cl4  Copperiznns ol
e wvzjues with She ~orierrording ores on the (31xZ1) prid conilws tic
fiemze of the 3T ities o0 Lnr prid spacing. see egLst.on (23
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Fig. 5. Corvergenece £or D on Zlnil Crid.
The backward focirg ster {sce Fig., 6) is usecd as a secend test case in order to
verify the azecurecy of the preoosed pressure Poisson solver when anzlivrirg en
inflev-ourflov prrbles.  We perforp laminar caleulatiors over 2 wide range of
Rewnolds numbers o= g 20ix51 uniferm grid. The Reyrelds nwwber ja batced on
twice the stcp reizht snd the cdownstream boundary is located at a - ICh, where !
is the etep bSelfht TFO cemputed rea:;avnwcwg lergthr as wel) as the lengtn of
the secemdary separetion bubble or the upper wall ere shown in Fige. 7 and &,
vespectivelv.  Tre comparisen with the expert! Plﬂ.ei dcta of Fof. 1971 1is very
gocd up to Fe - 506 For nsgher Reynclds nuwtbers, the fliew {1elid becomeg thrce
gigerneionzl (G0 ard thus two-dimenscional calcuiztions asre nct sufficient The
sarc trend has been observed in other two dimensional calculstions [107, [il
which ate slso shown in the same fipures.

rete solutions cf incompressible flows, vsing tihe

Ve showved thiat the dise

claseizal precsure roisson formuletion o non-stagpered grids. de net satisfy
the ciscrete eontinuity te a3 rmachine &ecuyvacy. Wwe alsce showed thst the errer it
the ciscrete ¢emtinii~y I preportionsi to the feurth order derivatives c¢f the
pressure, the time increrent and the squere of the grid gpacing. it is
interesting (o point cut rhot the erior s gpr cpcx‘.cnax tc the explicitly adced
artificic dizsineavinr ter™ in the pseude-compressitility method  Sincc the
crrov (s depentent upon the tine and spece increcen»s. it is recommended that &
fire grxd ir regirns ©f Righ pre.sure gracients, to be used In crcder t3
riririre the eriors (n the errors in the distrete continmuity

S -or - S
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We derived e nodilled Siscrete pressvure Folis:zon equaticn whizh satisfies
the discrete corilirufly cr nen-stagpered grids ur to a fractden ¢f the
dissiyetfor lerm 4= the classiczal prerseure Folsisen formulation In acdizion to
ririzining the error [n the discrete cortinruity, the mathod aiso reduces the
cemputational werk Teguired for the discretization of the presrure eguaticn.
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