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PREFACE

Under the sponsorship of The Office of Naval Research (Code 12) AHR
Program, The Applied Research Laboratory of Penn State University
performs basic research ir. hydrodynamics and hydrodynamic noise. The
hydrodynamics research conducted under this program falls into two basic
thrust areas:

* Turbomachinery

To develop an improved understanding of the fluid mechanics and
acoustics associated with low-speed turbomachines and marine
propulsors. To employ this knowledge to the development of
improved propulsor and turbomachine design methods. i

a -Drag Reduction

To develop fundamental understanding of the mechanisms that
cause drag on bodies and surfaces and to explore novel methods
to reduce drag.

Under each thrust area, one or more projects are conducted under
the direction of the principal investigator who initiated the given
task. All tasks are designed to provide results that will improve the
scientific understanding of various hydrodynamic phenomena associated
with the operation of submerged bodies and surfaces.

This report documents the technical progress realized during the
first quarter of FY 90 for the projects currently approved under this
program.
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TURBOMACHINERY

SUBTASK Ti

Title: Turbomachine Internal Flow Definition
(S. A. Abdallah, Cincinnati, and M. L. Billet. Penn State)

BACKGROUND

The internal flow field of a wake adapted turbomachine is dominated
by three dimensional and unsteady effects. The three dimensionality of
the flow field is demonstrated by the strong secondary flows which have
been experimentally measured. The unsteadiness of the flow is due to
the interaction of the downstream blade rows with the wakes shed from
the upstream blade rows. The development of computational tools to
predict accurately these types of flow fields is essential if successful
development of high performance turbomachinery is to be achieved.

PROGRESS

In order to participate in the SSPA-CHT-11HR workshop on Ship
Viscous Flow, Sweden, 12-14 September 1990, we changed our research
goals from unsteady internal flow to steady turbulent flow over a whole
ship. The change was approved by Mr. J. Fein.

Preliminary results have been obtained for three-dimensional
turbulent flow over a wiggly hull. The Baldwin Lomax turbulence model
is used in the calculations. Comparisons with experimental data are in
good agreement.

Enclosed is a paper entitled "The Discrete Continuity i: imitive
Variable Solutions of Incompressible Flow." Submitted to the Journal of
Computational Physics and published in the proceedings of the "Third
International Congress of Fluid Mechanics," Cairo, Egypt (Jan. 2-4,
1990).
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DRAG REDUCTION

SUBTASK DR1

Title: Turbulent Spot Generation by Freely Suspended Particles
(H. L. Petrie and P. J. Morris)

BACKGROUND

Laminar flow control (LFC) has been an attractive technology for
many years but premature transition, induced by particles in the fluid,
has prevented its successful hydrodynamic implementation. Although an
extensive amount of experimental work and analysis has examined the
transition induced by various types of roughness elements and
intermittent disturbances such as sparks, basic questions regarding the
mechanisms for transition induction by freely suspended particles still
remain unanswered. The subject experimental and analytic study of
particle induced transition is concerned with these issues and is
entering the ninth month of activity.

Heated body LFC experiments have demonstrated clearly the
degradation of LFC performance due to freestream particles. However, a
detailed explanation of this phenomenon has not been developed.
Experiments by Lauchle, et al. [1], observed that nearly neutrally
buoyant particles of sufficient size caused turbulent spots on an LFC
heated body when seeded into the freestream. However, these particles
failed to generated spots when injected through a dye port at the nose
of the body. If these particles did not migrate away from the wall
significantly while accelerating around the nose, then freestream seeded
particles must act on the boundary layer with a different mechanism than
the wall injected particles. This suggests that the dynamics of
crossing streamlines and possibly wall impact may be crucial to spot
formation. In support of this, Hall [2], observed that transition could
be induced when a spherical particle supported by wire was pulled into
the wall even though, once fixed to the wall, the particle was too small
to induce a turbulent spot.

PROGRESS

As reported earlier, the analytical approach is addressing two main
issues that support the experimental measurements. The first is the
determination of particle trajectories. The second is the calculation
of t'- de%,elopment of wave packets generated by the moving particles.
During this reporting period we have concentrated on two aspects of the
,nalysis relatcd Lo the trajectory calculations.

The basic flow field has been defined using boundary layer
analysis. The Blasius, flat plate boundary layer solution has been
matched to second order with the external uniform flow. This solution
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includes the external flow due to the displacement thickness of the
boundary layer. It also provides a smooth transition for the velocity
normal to the wall from its non-zero value at the edge of the boundary
layer to its zero value in the freestream. Calculations have been
performed for the test conditions to be used in the water channel. The
results will be compared with the experimental observations during the
calibration phase of the flat plate model.

With the basis defined it is possible to determine particle
trajectories. The trajectories depend on the forces acting on the
particle. Outside the boundary layer these forces are well understood
since the flow is uniform. Particle trajectory calculations are being
performed in this region. These will be used to determine the
appropriate release location for particles in this experiments. Once
the particle enters the boundary layer the situation is more complicated
as the basic flow is sheared. In addition to the forces present in the
freestream there is a lift force due to the shear and to particle
rotation. The proximity of the wall to the particle can also influence
the lift. An asymptotic analysis for low particle Reynolds numbers has
been performed by Saffman. In fact the lift force has become known as
the "Saffman lift force." However, we envision particle Reynolds
numbers of the order of 300. Several experiments have been performed to
determine the lift force as a function of local shear and distance from
the wall. Some experiments involve the direct measurement of lift,
which is extremely small. Others involve a balancing of the lift force
with buoyancy force in an inclined channel. The uncertainty in the
experimental data is quite large. At present we are correlating the
data to develop an empirical extension of the Saffman formula to higher
Reynolds number. This is in the same spirit as the extension of the
Stokes drag coefficient. The separate effects of wall proximity will
also be included. This empirical model will be incorporated into the
trajectory prediction scheme and predictions will be made for the
particle motion within the boundary layer. These predictions will be
compared with the particle trajectory measurements when they are
available, and modifications, if necessary, will be made to the
empirical lift force correlations.

Experiments are to be conducted in the low turbulence open channel
flow loop facility of the Aerospace Engineering Department at Penn
State. Nearly all of the various pieces for the channel and test plate
have been completed. The list of components that have been fabricated
or modified includes the test plate with various subassemblies, the
channel floor and sidewall support frame, the test section support
frame, the diffuser, the settling section inlet, and the flow
conditioning section in the settling chamber. This represents a
substantial design and fabrication effort that has occupied the time of
numerous personnel and is a significant milestone now that we are
beginning our ninth month of project activities. Channel assembly and
test plate installation will commence early in the next quarter.

Initial familiarization with the computer based video imaging
system for particle pathline measurement has begun. To date, this has
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been limited to ensuring that all components function as they should and
evaluation of the systems software.

PLANS

A major activity of the next quarter will be the installation of
the plate, the assembly of the channel and then flowfield evaluation.
Initial experimental work will begin late in the quartet with the
emphasis being on channel flow quality evaluation. At first, flow
visualization will be used to examine the flow from the inlet of the
settling chamber to its exit at the test section. The goal of this work
is to determine a configuration of the flow conditioning section that is
sufficient to quell the large disturbances upstream of it. Following
this, the test plate sidewall suction slots and tail must be adjusted.
This requires both flow visualization and boundary layer surveys.
Coincident with these efforts, imaging techniques, particle release
trials, and development of general methodology for the particle
experiments will begin. Work on the particle trajectory analysis will
continue with the calculations being used as a guide for selection of
particle release positions.

REFERENCES

I. Lauchle, G. C., Petrie, H. L., and Stinebring, D. R., "Effects of
Particles on the Delayed Transition of a Heated Body," ARL
Technical Memorandum 86-213.

2. Hall, W. R., "Interaction of the Wake from Bluff Bodies with an
Initially Laminar Boundary Layer," AIAA Journal, V5, N8, pp. 1386-
1392. "Boundary Layer on a Flat Plate," Proc, Roy..
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SUBTASK DR2

Title: Microbubble Injection in Axisymmetric Flows (S. Deutsch)

BACKGROUND

It has been demonstrated that the injection of gas to form
microbubbles in a liquid turbulent boundary layer on a flat plate at
nominally zero pressure gradient can reduce skin friction drag by as
much as 90% locally. The extension of these results to submerged
axisymmetric bodies is the subject of the task.

PROGRESS

A publication based on an extensive set of local skin friction
measurements has been accepted (with revision) by the Physics of Fluids.
Major results covered in the paper include the fact that the persistence
of the phenomenon on an axisymnetric body is the same as that on a flat
plate and that the poor performance of microbubble drag reduction at low
speeds is a result of a buoyancy driven instability that removes bubbles
from the boundary layer.

We are continuing our study of the effect of pressure gradient. We
have repeated our integrated skin friction measurements and LDV studies
and have measured the pressure gradient on the body with and without
bubble injection. Although data analysis is continuing, it appears that
the earlier drag reduction data is repeatable and that injection of gas
does not change the pressure gradient on the body. Relative levels of
drag reduction would appear then to be correct, independent of the
effect of pressure gradient on the balance results. Our earlier
conclusions that an unfavorable pressure gradient led to higher levels
of drag reduction and the prospect of early separation, while a
favorable gradient led to much lower levels of drag reduction would
appear to be confirmed.

PLANS

Analysis of the LDV data will continue. This should help determine
the influence of the pressure gradients on the drag balance results. In
addition, we have begun simple computations of the flow field over the
axisvmmetric body for the zero, adverse and favorable pressure gradient
cases. These computations, which employ the measured pressure
gradients, will give us yet another test of the reliability of the
(absolute) values of the balance results in a pressure gradient.

The results and plans sketched above will provide the basis for a
M. S. Thesis in Aerospace Engineering for Mr. H. Clark as well as for an
additional publication.
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THE DISCRETE CONTINUITY IN PRIKITIVE VARIABLE SOLUTIONS

OF INCOMPRESSIBLE FLOW

F. Sotiropoules and S. Abdallah
Dcpartment of Aerospace E:gineering and En.lnee ring Mechanics

UnSersity of Cincinnati, Cincinnati, Ohio U.S.A.

AP. T RA CT

The ure of a no-.tagered e,,atinno] grid for ,he nun.crieal solutions

:f .hr ineevprcsrb~e f2Du eq')tio5s has mrny a.',',','&Ps over t!Le use of a

5r-r;:red grid. A penalty, how ',,r, is irhereni in the finitc-differencc
;. :.-=tion .o the 8oernin equations on ncrn.s tg&er grids. In the

priritive-variable. solutions, the penalty is that -he discretc continuity

.qu.tin does not converge to a machine accuracy. It rather aorvcrcs to a

. so'urce term which is proportional to the fourth ordecr derivati 'c of thr

s:' re, the tim. increment and the square of thc 6r-d -pacing. \,An approach
- - which minimizes tbe' error in the discrete continuity equation i.j developed.

.um7rical res ults obtained for thc driven cavity problem confirm the an,-lytical
- -develop ents,- .

NO C,~ATuiRE

............... .

D dilation
EX E, Y hi&her crder terms'-in equations (18a) and r'Sb) respectivcly.
f, h variables defined in equations (16a) and (16b) respectively

ppress';rc divided by density
Reynolds number

t .. . time
veloci"y components in x- and v-directions respcctively

Xv pace coordi;-i.tes

. source te' : In equation (27)
variaboes defired in ecuations (1 ) and (ab) respectively

.t.Lx,by time and sFace increments
6 second order accurate flnite-dlfferenc approxinitions for the i

partial derivatives 8/x and 31/ay respectively
6xb second order acc.rate finite-difference approxirmations for the

partial derivati-jes B2 /x 2 and a2 respectively.

i.J refcr to grid i-,.iices in x- and v-directions rtspectively.
Xy refer to pa:tial deritve t, re;p.c* to x and y respect':cy

Su~cr r. pt s

n refers to time level t
n-l rcfers to time level t+Zt
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]INTPQ DUCEItPN

'rhere are twz: for.ulatioois fvr the nnerical solution of the incomprecsible
Navier-Stpko s eqwitionF ip priwiti-.-e vcriabies; the arrifIcial cor;rsibility
o,,.d 1 'j pr,-Ssur-7 F0:1SSCr zc:hods. In bcth mtthodls, t'e vtlocit-, licd is

tczhni;aurs, uhi.le eac h vethod elzp1~ys a different ccuatio. to corT" ite the
pressure.

In the arti.ficial compressibility mcthnd, A ti-ne derivazivc of~ the. pressure
15 added to t % iot~uiry ecuaticrn i Frd the incorpressq,4he fiecid istreated
eE CPfsiblr driT) the transient caaculaions. On the other Nine. the
press%;re Foissc-n n'eth'.d TZ replaces the cortinuity emwa-ion with 3 sectnd ordcr

4.ipti Poso eq~ 'n-1' the pressure. 'Me continuity eqzuaticr).;- "~hen
en forced in the -cwjericzs.

Arl iror.art Isu in the numprical golutiorns of the p~ievr.t~
a ~ n s,' z slf - r o f !I!,e is c re :e c c nz:I r,,: v e 4;),u- ;-1- we r,

st~grrdc or n- i-rdcormpUtational grids are u!;id, I a b~ shown for
1 c -h rc tcdf: th -- 'i f ici a: cocrrec Sbi S t j.e ',' ils~: P'. hF tPr the

C?4c ontinu~ty eq,.ation is satisfied to a mnin;Jc zc,.o on s,:zzfte :red grids
2,31, Unfortun.3tely, thi's ic nc t'r-e cn 2.SAL4~ r.~ h rt-ficiai

comprsibility methci zeluires the ex~plicit aeiditiron of a o~~ order
2rtificial ai term to the dis;crcte oni;r P-iu-t',n to elim-4natc
odd-even deccuplrnt, ;.n the pressvzre field, The odd-even'dtcovphing is caused by
central second crdpr Zfinite-difference aproximations of the fiist order
cpntl'nuity equation. TIhcrefore -))e discrete di-.:ergence of th. -velocity field is
)ot drivjer. tz'. a u.;chlne zero but rs ther to a ,cr= proportionai t te fourth

order "derivative of the Pressure ir- SImia r ' y, thie pressure Tci s:,n
lzrrnu2atior. doe3 not satisfy the discrt-te conzjnuity eqjation eyxActly on non-
staggered grids. This phcnri on-n can bt explained by in-vestigatinS "he discrete.
pressure equation which can be obtained by:

1. Discretization of the continuum~ pressure Foisson equatior. using~ central.
sccond ordpr - ccur.,te formulas f5. 6).

L. D~recct -~tC from the discrete divergcnce o' the 6iscrcte mom.ent--l
equation 12).

A 1th 3u C.) the above ekpprt'aches lcad to the same discre-ze Pressure equa3tion on a
staggered grid, they dc not give the same equation or, non-stargered grids.

Ca ref l exarin-ation of the two forms of the discrete preo!svre eq uatior
,;hows r-t the direc% dc-ivatjon ofthe discrete pressure ecuation satisfies the
discrete continuity exactly but fails to give smooth prts:,ure fifld. T.he
oscilltory behavir'r of the pzessure is caused by the odd-cven dcocup lirng
inherei.ted in the resu*tjn& discrete prevsure equaticn. Or -0i;-~ herd, the
first aSrca i g'es srocth pressure field, but has t- rji c i:

1. Tecpab ;ccondi.tjon of the Foisson Nctuzoian piclr. -noct
auto-atical ly S't&isfied.

2. The disrete tiut e ;uation is no- ,:cl ti er

Thf f rs r.robc- 1); '- sol:d in referenze L S T' ue I I si t
fin 1,ted i ffer c ncr cY- t f A 1 ,fa 1 oh s a irf i e -t h" F~~ cc. 7' i'.i

ex ctI or, P fl-S G, ' z.z j T' setd ;,ro r,- i s ti l -*, 5. -'c C tl;;
Pape r Morg sper ~ ~drfs h ee ral~~ .. c

eJv'&c*ze o -1- .I' !rrc, ~ ~ ' .--
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b ii

Teq-e;z:ons which I~c-,err~ te laminar. inco r,s:.ible ').Ow of a
--- n ~cr in- Carresaar. coordinates as follow.s:

nressure 1 (1)17

..e order

-.n Ic Vr 4  .yvz 2 ~
at Ole V 6 e x24y
gr Ids -

-,reu and tho? vein'clt corrvc(icr--t in the I.ncl Y-dre-zons
-k2y. 5' is t!- z*z-c 'ru~ d~vc yt dersity and PE s thc'

~~scretea~octe -p'>Jth they inuto th4 s~ crt, sutct 2)ad(

~ ~ ac~r a cotin-rtant ine c~ b1)Jer t-he VVIuO nde.ctv

f (id.2n or (3) Alo. ~jhev-, D (1) oesi~ not inov t~e es~ure, and tc '!1t

ie f£lpld5 the cont:inuity equzation (1) L--st be replaced b,, an equation "n
in~o*1'.-e both~ pressure an~d vel.ocity ind at the s~r.c tizie Suarantees -"e
stirfactlor of the Icarpressibilit-; conrtraint.

on a ~ Pis nn Fv.rn~ua t n

Sthe prcs'are Po5ss'r~ "c~uticnr, a rcond-tde c~li.tic to. f
Pcicn t*)pe, fcr rh re~s,,rp ID derivecd bv appiv.1ng tric divertne opcratir t,',

ax av a

where

6 Y Re6X2 ey2

by Re

* iter~

.Ides a ay
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'a!e W '1- cqu t: 7, i 2).e 3 fr !r vc Icz o: .L E-ur' ;-
ary v.'a tla the ~?-2~dv~z.y~e~W~ ". ~ f~

t !i -d s ide c f 'icr. I-: d: 5-rt z-d i~-

SD(tJAt' D- ) 5
8at

t:h :.e Lt ~S t:e tin>Z ; cei.s As ugf-cstcd by iarlow An', W-ch [7.), the,
~jir' on the 't.5) ire level is set to in ord,: to enforce ZThe.

(C r. i.:i t/ '~ the dilation. at tlho (-,) tirc Lec'.e ) reand

I - is i::,Ortan. to re Ing: 'r G tr-.3t the- sa'~c -e-:. d : 3re i:: ti on r, U-t be
JIIEd f-~ :thP UnSte,i(IV tcu'nl In ZhnC TC*.usre ,')&:,i3) By

.2 ?
d r -+(7)

2 'ax &y L

Eqat i on (7) is th(, pressure Poisson equation ch115 been us-td 'vy rer-carchers
tr> resol-e incom~prcssible flow's on sta~ggered ;'j and nor-sta Eeeed rcrid(s 16,61,

5ce !% -the &ou~nc ~ao 7 uarantcis thc c--fc~o ofhe
cnirujity cto t ccmve! 7erncce uo Toule. ccmr~re eq-jation (4) with, cquation
(7 Fhis com-vars-n revealz that the pressure Fc;sso-n equatlon (7) carn be
,irved as an svolution cquation for the dilation D, nazrciy-,, eq1.ation ()
lrpeov-jr. tbe sclu;tion nf eqvation (6) 1.- an exponlential decay in zinme, as

follows:

D(t) -D (0)'

-"-ere isc the irlit2 dilation. 77hus, the so!lu.tion of equation (T) for thc

"r~-~e. al~tw.th cqu tions (i) and (3) for u and v, t-,arntc'cs 0-ot the
L'.itial dilation D 0w"1i decay to zero as t- 14i.e. ,s a st cady state is

zpproacIh),d)/. 'We '411 not pursue further the analvsis of the rclation between
the Press'irp and tle Ccctinuity e'luations in contin.U!" form~ - subJect Which
hLas been investi&pted by Gtesho and Sani [7].

U5Jin-; the Eu"*~~ccte-7poral ds zinschc-,e for the time
:~~v~sar-d e acccnd Ordpr accura:-E fir;tC difercncc crrrjIs for the~

3patial dtrI\'jlives teSv!ster of the ocnn C n 7) ()aiz (,I) can

r

Z 'i
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~p o tis oin : . ~. -. t cqution (1) h,.'c~ -

r,~ e z n Q.t cvtr,

right *-znd S tf. v! c%.rcri 4 is discrcized I:'r~ca

~i t

t 1 At-crv t thfz t't-.t t; me sive't .s -to zr c, in ocrl tc el %7-.cc t)l:e
~C.t~ni t A~'~A~. ~ Z~ te dil3t,of a-, the (t) ti;-p 1,?-(" iF retine.

2-... CC~.~ti- ~ r~pes to;

t m p ar az :jo ! ::c~s hcrc thtthc saint te-ccral .Urmza~ us: bt,
-the z c x-r ,n th-c romen~tvr ev,:cr , r';'. z

2
22 CZ-

E~tin 7)~zle ore ;bic Poi.-:scr. vquaticr ;r.*-ih ha~i bc-cn u!.Pr. by -c:'ircr:;r
to rpsolve flowsc~'h on staggered 12 ^7:d ncn-sta-r.-~cd E~jrz 16S
ic -ee how~ tha ::olutjon of ecuacio-n ()~~a~~ h f o 4:.

c ontin i ty equation a~t cn'.erg~rnce we sho ;id corzo*rc cquticr. ()with Ll-;.-tion
7~ u T'.. ttcfl rev!:.- 1 that thor prr.-rvre Foissen b 7 ~ e
"cc as an e%-1utior. equa~r-i for the dilation D. namc..y eq.iaticn (6I).

o'rthe t.ollutboz of cqu.aticn (6) is an -ponnt.'al decz-; in tirni:. as
fo l ows:

Phe. D0Is the initial dili-ticr. Th-us. tl~e scl-tion of I-, 7)fr the

77.Tss-h ,: at2C5 '2) and (3) fcr u rrnd v, J~-e ~.tt-
t~~dajnde Zv tozerrn a t -. a a stpadY sz'e is

ncproae1hed). ' will not Trursue further the analvsis or th,: Yel3t~.of b ct-.c L n
the pressure ard the conitinujity equations in continuuz= fcrr -a sz.bjcct 4htich
ha ber inwstped L, Gresho and Sani [7j.

[Wj.-cretizaticrof thc oyerni- Eu os .

1-1ing tlr eulro;i~ rpr~dsr~t.-n h, for the t-.-

rivcivsand ccr:'Al -ecord crder accuri~te fjiitc d-ffern frr§ for the
~ ~ Qtivc . c gvften cz thc governing c~i~'S() (2) o-. n a

P. -?F T

Lx

'- n

ERR"-
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n4- nn1 r

- tit 2Ax

iLj 'i. 2 z4y7

C.. - fu. .~+ V. .6 L 6 +6'- ~'j x 1. j Re xx '.y U

u~ V.~ L xx+(2)

J+2

b e

i~r e rs I-
iu-I tiof

Dc Fig. 1. Finite Difference %^rid.

75ThC f-rz.t and~ second order ocLr.3torz (6 .6 ) and (f .6 are che centzal
xy XX' yy

a 2
iecond order fi-differenice aproximn~tions for the f_. 5-* -:

dzer:vativp!t., respecti-ey. Thc pre -ss're equacion; di~c.ct'zed £tCcQYc'ITIC.Z
the the enin,7n! firnitp differtn:e me:Y'cd pr,:posee by!.-vh 6

-he

~~()is c '' f rr P ? nif u..............d tne vl~ ,

-ween F'd is p~izcd-ie equariorns (10) and (11) . At tinis poinht of our
s.hjon it 3eems im.portant to po- the f .igq-';Cst4Cn: D,'e: thc

feld vi.l be ' er~encc fPe in the discrfte CQ pacc' ITI .er to0
.rTi:'#r thisE Ont . Ve shc-jd firrst -und.erstvrid ho..; tl#t dis~crete :;nt).uiry

i -ier c5s )dc~cd in. the rressure Privaticn (S).n"j. ;cinz czr. be mai-c

for the v c. : us cie the fo) lowing discreze * c f th e cO~'_,U,-;.t.

3can f'J~c ()wic h we toi so!*f ls t t2e ti~ e4clvel 1~ (n4>

r'In*1 n ~ 1
U -u * V /
.i1.. h4 7_i?. -LJJz... 1j2 -0(
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7hr. rressure Pivton eq-.nticn, -9) e~f-, be dpri,*dtj fromp~tc.(3 r erplov
cy - n r.1a. novatior. all tzle roc"r . , . an.d :1s/i

L' i s 5. 0P r nTU

u 44

i- 1 J

St'i~titurtjnr c'fuat. cn,: -,43 and f',b ',nto eq ta-ion (13, we obtaiih

L x

P P .-

y L

Itakesq somc si:-' c a !g Va zo sfhow thA-. -q, .2tion 5)is 'cdentic~j -,c 'u;--ion
V) or-4ce, tha-t tLe ha-6 side r-f cqouaL-'nm (1.5) is thc :!i -:er7ECi' f l

thC Steqdy StAte~f~r Cf te c ~tin orrpvted at the rodpes (±/
and ( i .1;+/2) rpctvy. Ts if the flromntun' eq-,3azion5 are driP:c:n Lo
steady scte ac these nt~e- the left har~d side of equation~ (In) evcntujilly
ov-*roaches zerc And nc doe che divergece., of zh vlci: field.
Unfvrtunately. on A~ non- ta~g~Erej' gr. the trorentunr. equ3t~cns are nvt 'r-ivc. to

*eoat (1-±1/2.j) arid ±12 nodes but thty ac at the (iWj n~odes (-,cc
cqur t cns ( 10) and ( I I This inconsistency betw--een the dk~crcte w.c:!"Cntxz. a3nd
t-tniity Pau~tiors prc:vrnts tlie discrete di-:er~ence of the vciocity (right
~.and ride of equaticr. f15)) rom 2pproac)-ing zero. Thi,1s obser-toi raises tlle
follovirng question: vhaz is the sizo o" the cass source (error in D) which
ecuation (15) introduces into the flow fi-eld? 'Ve answer this question In the

sectionez Cntnut

To sirplify the ~1~r.we pe.tf r- the fclowing an'ab- sis usingf the Euler
nit-er than theai-Sce ecua-.ior~s. So, w e drop the ViSLOUS tcrr's from~

ccI-tos (9), (10) -ard (1'.This si-xplificatior. does i'.ot alter sir-*ijcontlv
th; sererality c-1 vtir rEults.

For the slke of con-enience. let us intr~djce t lo: ntains

f - (16a)

and

'-'rng the cb V :c: tico-' th".c.a~o (9' ci car, be 3tt S

f hl
tv t-
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4o ~PXrefs f An~d h in terms of f an~d 1,, we use Tavcr

S~~C'n VY.;4 ,t paints i±/.)and (i.±irespectively.

'"ith rrfercnc to F4g. 1, wec obtain:

1.3 A (lea)

- (h lh Epl1b

e e d t: te rns c f p~ prI t j -7 var iah .e~ u. v z F n eouatft'ns
'.'j nJ 6) fr 'o ~ fi..r~ let us t~on~ as

EP_ E1 (f 4£1±,',,j 2 (98

'V~U~t:~t"e~i -cf~rcc ; p~rcY_,r,.;zior~ of f a-.d h ine-:tc

'i±, j i2 j - i1j * j)/L

+v ( u u. A. -u.46Y
:L i~.-ki ±lj I,j' .j

+ -u- u 4U.

( - 3 Fi., 3?~-p.±./

A sri1.rr C-xPrC,-cn fCr EJ car he obtained ui,& ',he

As the ro1uti'rn ef the s tep- oC to. 1~ '1)a 1)~r
t'h teady sta!e cout~c'n, the V'.1;C$ or f. an6 aprrcact zcrc all 1

po~c'rt:7i.) Th',i cquat.ons (18) reduce to

f E-(l

on ub tu'io n v I .~ut ic 7.s 2 1 i-c, e q s t n r (, w e t;t ar th n.

D.L! *au 0, tl diat I~ orFF (

1.3. V D+ _

4%)b
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;rt o'rder to pyrrcsn D ir Tin 17!,Of 5 '1t.vaK~U \*."~ We

r + 6, 1),

-.he rC.

-~ (p 44 'P 4F .)Z (23a,)

a nd

7h.~ han-,~ die I" c q-a t ic or~ ~t. 7a-zcu-.ce (i r-. r it) the

i.Used toC' et the prtssurQ, Cearv-, or. A o;~~Ce ti ::!)e discreto
coS17, . isp :Q a tcr, ptptc;i to L )#e inthOrojL~- pi

devitiver. cf te prssrurc airt tlin velocr.tv copnn;- '; shc.--d menti-on here
-1:1- the n:I~i. of t -. vjscyu- termr in ov-, aral .sis wnuld h-cnniv

:~i~ce lic!'r cr~cr ter7.s in eq-.tion '2 to. a i;its .n'riiy
.n cc, t'e oot.bt~ f the ascu e~~ cr~' l the &f-rCld3

Eq,,ation Q22) eea;the followir&g very irnter,!: 'rC .srtects of -he
r~ucPoisson formuistion on a non-:t.3Srered grid:

i) Trhe pressi:c T etbod sarisfies the di ~cr~te continvity euatior,
a1~cst to the sanme accuracy as the artificial cprsi tyMc~hod does.
Rzcz;M t!hat a foujrt*h, ord- artificial dsitortcrmn i ; cxPlicitl1Y adee
tt, th, pseudo-co rrible corzinu-j~ equation, of the artificial

~esi~i~; ~tn'~~4 ,to ,tU.c Irle :rc1Solu.ti.on In :he
pre Z:5"Jre PC i S !:n f 0-ulat ion , the av fic -Lal di. patI .n s " 'Imp].- itly "
a ded to tU e ccor:l-uity eqi;atio:,n becauze of the way the prcnsure equation

4Sdiscretized or, a rvzo-sta&gc:ed grid.

i!) Cur experience --ith the pressure Poifsonrrctchod IE, 8] and e'ther
researchers' ey-lorience with the ar:t.ficiai nompressIbility method [41 ho
that t.-e di1ati&on can be quite, larFge inregions, of the flow~ fiel.d U~here-
h4,gh presrsure gradients occur. High prcsure rdierlts result in highr
.ues the fourth order prescur~ eriai. ".arz~.ficial dissipat--'n-

tlrr.) ar~d thus, a~ gfliin ,last. sourtc I-- reered !n the continuity
u~~.r. or:e.tile dclatjio in ... )e roZ for u~,'ion is

c- p i '- Iv 6epvrdtn:- Or- th;- q;tE ef t-le gr:c! StrzinlZ and the tir-C
c~?'.I.Thierofore. tr, conrtrol th-, e-rc-,z znni~rt~:tinuity. :

7 .% C, - -Z: -. 1''c 1
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f'I n240

f.U inl C (%24 ic~ C I An(')ioeutif (2)w obtesn the followin~g
d 1'-: Into~ ec.%eo (24)ou:

2i.rxt Ii.1,,;.a

2zy %ij1 + ?7.
&6x

I n 2a

(22.~i ~or

P -2P n P -2P "I F.

+

S2 2X')

. ) (25b)

t-scre t B% -9%!Zt'T 12 z we canir easily concludc -zhat, at co~~p .its
a ~ icft hand si~de w:1 b drivcn to zero sin.ce it involves the steady state form of

,_cn here tric Y.- and y-7orcn-j equatlic5 at n~odes wherethc!%,y are driver,~ to zero.
Thc'rFfnr, c£q.#zticri (25) w2.i! satisfy the dliscrete contilnuity cqua',on to a

Unfrt'~n.:e.vthe discrete pressure equation (25) produres cscillatorv
Sol ut A-ns for the -pres-uc bcoune cf odd-even decoupling. T-'is c~r' be~ clx.alY
seen by ir.pc~cting the di ;crttc Laplace operator int the left hand s~de of
couation ( 5) ~ht~contains eithe.- odd or even grid poi~nts in the %'- or
Y-d'ircdon. Tberefore, irn --- dimensions equation (25) &iveos decoupled
sclutirnr for thne pre nor c~n the odd-odd, even-even. odd-tven arid -vnod gId

S QoIS points. Each toluti_-n iz a tinique solvtion fo~r the pressure %-ithin an arbitrary
.7; Adi~eQ oitn. P6~ thc- od-odi so!.ution, for ex:ample, is actu;ally a

sVlution for the 77eSSure eOUatiC- n a ~.Stagter~e Zrid U-hI.h iS a S'InSet Of tl'he
71Z:.:,gi&ral -rn-Sz tge ri re F 2). Simi',ar corzhIsicns can bedr

he~u re -be ~r !ts
E n

-- 34

/**

F - , I--,.--- i 0

-.ddk c :w'nOd.~6 c.s~-AS;r: ~
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in conclu Or. the use of cy-et.o (9) to ,~ut the press-Urf will ptodujr
a snrtoth pressure ficied. but it will not s-atizfy the eigcr.te cortinuity
eq,,t- r exz"1y Vi: : o-hr 'se of (25) w-ill prodict, c-l:t~ -.he

r~p.~ie t~s.1t >cthL.- wordis. oin a non-stazwc~ d Egd i, iS n-t prssible to
t-h~ crt conrtnflity to a Mainl-,r. 7zro ond. a't the Same tire, c'btrjr

n m7r-2 pesure td. : ,~ ~ 2 7-.l ver-r to sacl: .fice p-Irti1:6Uv the
cf the dizcrctt continity ..jrce at zoct"; ---..d physically meaningE4,

~r~s~r~field 15 driie.

in. or('der to nceif-v cquat.or. c,!,) that 4 7r-,rsme s~:o prev:ure fie Id,
'tu.st re abide .he idea3 -f satisf-,fnL -Ihe discrete cnrtirmi-ty Lo machine.

a - 7-xcre Specificz:1y, we Sece to sat .sfg time ""A.croze cctut pte a
f-I-clon ofi the ujiass -ourcc of e'~t~n(Zas

r )+ n+1 r+l l4 I
+

2 L .,;y 1 4

~s p~itvDcontant. 0 < Z- e; ('-* ti ,£l;utjof (IZ~
,T,'d(j into; (25), t.;c Qbt.;in thc rnolc%; -' dit.- *, T rcS'~l'rc: i-,uat on.

----------- n

ty2  X-K X yyJ,

i.j tt
- . where

i~j 2 2b

It is interesting to ntle rhat for t - 0 esq2atic (27) reduceE to equation(2)
wh i c for t-1 the left hand side of equation~ (27) recuces to the left hA~~ JSide
of curio n (q) Fvrthetrore, booth equations (2L7> ( prccuz- a smooth

p~:eur~ iee bti*t they faJil to satisfy thc di~crptp r rti' to 4 m-achine
z 0 -- ~vr thn -- ro'r in the rdiseretc c i v hjz -: s~ vrod ,:ed -y

-Tq-.atj i 7-',. :Er than thI-At producc I;'.-~trn(9

:her . is no e~ror tconr-,butlon to the :-;* scurce (cc:;r quations
2^. Tnd (Z2b)) from the source term !F' -,-c p:7(surQequation (Z27).

ii ~r]e; prinmcnts Shew tha the cld-evcn dicouplinc Car, be rerroved
' y UZA~r nwrLlerical value.s for I (5ec reF ;!:s and djscussion

Anwoher advat~p? t!;A1 equation (27) has over r-cuaticn (9J) il; ;asr'ciated .".tl)
zhc -'atcmi rk ('-VU ti-,gQ req-.ited to zd,:artcc the ~.'r ind vKcr

4 7.r -1 Cj !T u en v, the t' and Y? tcrA red to ~ di~ce-ctized
~c~ i :tcat 11~.2,. ±i/12) for the pr'.'s;%?e rLz,3.zicn and z

'~**p~r~v- bh hcpre-surt Ane, mrli-~t eqoatior~. r(cUIro tll ' CACUlatior-

f 'F t ': tMr. Zt thile Safl' nndCS. TThereftre. w-:c tilt Use of
qu1:ri ' ir, the pres~u-c Poivson forrnl.3tL'n or o~ ~r' grid.. sirTec

it-.. . the error in "t, discretc: con-tinu;:: - i a--,e -4,dvccs , c
-on.- ia tir- in thie nu.iericiil solutions.
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Lo nJ 't r ?!cssure Egua r"on:

~ run~vce ditjon5 for the przs!;vxc Poisson equation are otain~ed

P~r a~1~.at a b,~n~r

f 1 a )z U x v y +Re ( P2 +?.2

field, 7hc- )our'ary t~ to 2,3) is -ipplied .3t ne alg rid sp-.ling a'~'fr-)r-- the
u~dar'~ ~-~ equatio (~) J5J.in tbe~ cage of cquation (25) tcbudr

-t:. c:cndition 12 ) is a7pplled at trne boundary using onf- sided finite difference

aro.r-matlcrs for tbe x-dcri- atives

Th-t bol;dary %,aiue probtm,.tisr of tbI errue:O5O~ uaticn and

~ ~ 'y~t~~COndItiOr. has ~ c~r.nif and only ifthc
l~~:~rir.~r~cc ~3iit:is satisfied:

A or

L r E 1 theCuz.r unic 'vectoz rnorzal to tli hounidary co-ntrur S cnclos~rig
the ol~un 6nv~i A.Equationm (9) 5atisfies idertically the com~patibility

o~tn o a r. .stag~rercd zri4 [5j. Wec will rho' that equAtIon f.25)
:3atsf~es the'v intc-va. cons -raint (29) as -iei1.

For the sake olf ccrvenienc. we .- the rotation introduced ir. eviaticris
j an) d (36b). Incorporating oquations (16) intc, (27) we obtziin:

fX - Lf' Ph - -

The discrete f.--. o-f the integral constraint (29) when applied co equation(0)

d ereads as follov.s:

2Ay

On 2 +*2 -D(k

-- oved whe-re n s in, 6c the mribers of the maim &ricl points in trt' x- and
'-irctirs r ttvly . ir.() ca.,n be sjplifie as follows:

.Yj

- - -2

27)
..on v ig A). -I1r boneary conditions at i-I art,' i~ m f f £ 0) ard' at

,1-1 and rr (h1 -h. -') nd notir that '-2-. -0atft'd

S!';te -c can PCs"]). scc. tha1 t the first tw~o tern'zn in eruItQor, (32), var.:Sh
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~ Fn.~~vt-~th term in, eqvua--on ir. als( ziero sitzae the
%ooiniy equain is r~al atisfied at every node. nV. zefore, bquatie'n
I32) and corveq;entl tj% ric (21) are Identicaliv satisfied on a nQn-.st8r,90red
grid.

*g-e drlv'n ca,*-, ;rc ,r iS select,, berc the =04,cl Troltle to confirm

-,) rd (11) are rtt.,;:ned using the Eulrr ex2~~schemre and the precsure
-1v:." -' a :u ton ; , CV- - Iu:$5v Cv *Jcatoi'J Mec. -',C3 jth fOrM,- Of h

.t' '~~C( ~' : 9; and 7/; AZ'C US -'~i; heir o2i-
,c, satisfy t; discretc ccrtinuity.

ALcalcul-;tons :,( perfor':.e onr vtfcot"2 ggrdis:zri fror
i.o iitie.1 condjti-n v j. - x v. - y.~ . ar~j Pj Q. The rea~or, for

thi7 cholce in that -e ntto explore the cap-ability of the Tre rsure Pcis5on
-f th, ,d 3 d cy avan ~pT)al high di2ar-on.

t nbTi r~L f4'C. c v r'rrf?!-.t i s c -indu-.t c. d' a X33 id xU.n .
iU~a{ ~ as 1.)~ r ~ Pre!;!u!e eqai'.Th-- art~f:-1i' 1dipt

~s st tr zc-r. ~ tjrc. voh~on f ~ ~o~t~oc th! avIera;e
dation jt ~a rcdc is In Ft. 2. 3. CJlezzrl.' -:hq i~ diat'C-.n

becaur-e of odd-c-ucn dcopi-g

210

Cr

-4

b1 1 O11 f(

NUMB~ER Or" TIME S-TEPS

F 4 .3 Con-;ergence of D 0, C)
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:0 the
iuatiVEl dc.'' IJ.~' -ir.;r3( ncdzs - w corndu e6 a sccnrmr

'taggetedn* c: tl s g.-&.:e u 4jrg ejaton '2'7) with ncnt-zerc ' aluef- c (. j
etha. ''.-:of as 1,w .s .2ar#- sufficient to produce zrmo

I 1... 1c i:, czar 4 I of tlehc -aE. dilation. az poinlt is sho-.T, inl

.4to - 0.1 ri-- s a-e fgurc I, iE .z1:o Jo th'i a.e -.hcn

0' u~e t9 ccmar-te the prcss-tre on the somp grid. A,- cpan b4 sccr

"_n 1C., F~ted .staite '.alti 0.005. vh.'I@ the :rrondilne value for

f t or,': , () 02. Pic :es ,Jts confirz our analvti!.sl developm~ents since it
* ' v-~w ~tc~~tio~ ~9~prtd,;ces &, higher di-1ation than equavjon (27)

S0 I We should rertT'an *hpre thrt the dri.-er y prbItm is
Tart-'cu7,r1) 6ifficult case as far as the Sa~farction o' the dicrete

conin.ityis cocnerned. Th., rzasorn for that it. the eyxisten~e. of hlgh, pressure
ing;~r nr~r :be '.ng wjil and tie rto singular ccrnerr,. A-he repid patil

for ~ ~ ~ io~-, f z pcr IT, :t-at regien results in hi.hxalues cr h dilat'o
a'- ?.~s n O~df'r o~f riagrni'%A highcr thar rhe ae e .u,' Recall2. th"at the

s, t valie of :_ e d-lation depen.-ds urr~n the fCuzt order d~atives Qf

.vc. r a

,pected,

-2.5
a 5 0 5 00 110 10

-qu~ti- (9). A,7 ;a-zor (2) n- nc. (9)'-c

-J~ ~ ~ ~ r i25gn 2010

27), (20.)
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6 -1

In YVVrV\ ,.

00

N'j.1C OF 7UwE S7(TFll

Fig. 5. Corvrcrne for 0 or, '2-.S Crid.

The bznck -.;rd foci, s--cr ( Lt Fig G) is useq5aecrnd ca :s in Ordier ',Q
v':ythe a-c..rcyl eir the prc~osed pr~ssure cirnsolvP.: wha -:Z'.;

inf.~ou~i i~rb-.~>perform la-inar cacuiators ovcr A ,.idc rargc of

tw~ce the stc-, ,i4ht 'nd thdolwrnstrca3 bone is !ocattbc. at a -~) WT.'here
t-hc Step. l-~gz !~c~td;a~~r' enrth t.- cl; as efg~V

t 1 sccoljav sc arpt~co1. bub").e or~ .h,7 pr~ -. 11 arc- shown z Ks. 7 ad~
1:ct~p~cv 7e C er7Lla r j Sr T- V j ;ltI- .CY.- of F.Jf .91 ij

- gcd t o F For nJh-r Ryc.sn-XT.bLS, he !'!c - thtb~o'e Cc'
e~~on1 9-, ard 1v-!%us nr~~oa cacuation. are no~t 7 he

Sau trcn6 has '--P obscr'cd In other -to eixensioral calculzitions 11', 111
Anich a:e ;Isc, sho-r in the sane figres.

CONCSIONS

0,0*- tha;.t! t discetc. solutons of incorpressibhe P'ows, .isn 'C

-r-sso fcr7,~to or non-staggLrrei rzids. dc no saify
the &rt stt: tz a~ *i -nc~n *j c-jracy ~e a I h~c rC S h>UC4 t OYE frrcr
toe d Gcre 'I ec.t~r: y t propo:.o t ionfl; to the fet corder -Ic -: A* at iv ef C
prcsstre, the :tn, irr: o t!7! quzre of tbne grid spac-rng. :t

1.~r~sin P~~tCz.t I.; &h ne po~tca to -.he eC,.Pllcizl2y Adc,-d

rri-,z the eiC-7 .T-; :i tr-crs 4.-. thc discrete contl.ruitv
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Wt; derived a nivdLfied disci-ete presvre rclson equaticn 5i.z atisfles
t~ ~cet c~r. ~ycr a'r ~gee r r a ;tc, -i thn

lilsitor, ter i- thc -- asz' Trer-rurez~r In aedition to
Sthc eirnr n -thc disretrc cvlr.uity, the. rr-thod aso rfduces; the

c(-nrational wcrl 7r~i;nd for the discreti.:ation of the pro :I-re eq:--tlcn.

.rds v'cr': wa spcnscred by tht Cfficc of Naval Resenrch. T hc authors thai,
'on Motor eftle prr~,: mr Feir,, !or thc s--.,nrt c.. ti.is 1-ioject.

~.A J Chorin :T Cc m p ut Phy-t 2, 12 (1QE7)

SA ;jrc Sc B A vrrr, In J Nuc F"uj , VtK 7 ~7

S..Rope rs 5 C ). i'5:.,:-d I. I;c 'nr' 14 o.-c f te

*1 5 t .11 r'~ c. t'Y c2 ~i

8. F. an~r~ rd S. Abd 21Ab.i J, Comrjit, Z'.,.*

~.AF. Armal~ F.- Dur! t. and J.C.F. Fereirai. J. Flu;.d : ,n 127 (IOEI), ,3-

I!, C. Cu.j andn F. Stella, Int. J. Nxk~r. Metb od5 F!~~ .~.45
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