-

U nclassified

security classification of this page

REPORT DOCUMENTATION PAGE

la Report Security Classification Unclassified Ib Restricuve Markings
2a Security Classification Authority 3 Distnibution Availabiiny of Report
2b Declassification Downgrading Schedule Approved for public release; distribution is unlimited.
4 Performing Orgamzauon Report Number(s) 5 Monitoring Organization Report Number(s)
va Name of Performing Organization 6b Office Symbol 7a Name of Monitoring Organizauon
Naval Postgraduate School (if applicabler 55)C Naval Postgraduate School
tc Address (cin. state. and ZIP coade) b Address (ciry, state. and ZIP code)
Monterey, CA 93943-5000 Monterey, CA 93943-5000
8a Name of Funding Sponsoring Organization 8b Office Symbol 9 Procurement Instrument Identification Number

(if arplicatic)
S¢ Address (ciry, state, and ZIP code) 10 Source of Funding Numbers

Program Element No l Project No l'lask No I\\‘ork L nit Accession No

11 Tutle ¢include se-uriny classification: MODELS FOR TARGET DETECTION TIMES

12 Perseral Authens) Bae, Deok Hwan

13a Type of Report 13b Time Covered 12 Date of Report { yeur. monif, day ) 15 Paze Count

Master s Thesis From To September 1989 102

1¢ Supplementary Newnon The views expressed in this thesis are those of the author and do not reflect the oflicial policy or po-
sition of the Depurtiment of Defense or the US. Government.

17 Cozal Codes 18 Subject rerms (continue cn reverse if necessary and identify by block number:

Fod Groep Surerems W eibull Re'gression,‘ hie,rarchjgalrmo“dels.' maxunum likelihood estimates’ generalized linear

models., T g g,

\ g

19 Wisiract ¢ coniinne on reverse of neressary and idondin. by Biock nuniher)

Some battlefield models have a component in them which models the time it takes for an observer to detect a target.
Different observers may have diflerent mean detection times due to various factors such as the type of sensor used, environ-
mental conditions. fatigue of the observer. ete. Two parametric models for the distribution of time to target detection are
considered which cun incorporate these factors. Maximum likelthood estimation procedures for the parameters are described.
Results of simulation experiments to study the small sample behavior of the estimators are presented.

,
i N
0 Distribution Avatdabilits of Abstract 21 Absiract Security Classitication
X unclasafied unlimuted T same as report O DTIC users Uneclassified
2Za Name of Responsible Individuai 22b Telephone (include Area code) 22¢ Office Symbol
Patricia A. Jacobs (d408) 646-2258 62Pw
DD TORM 1347383 MAR &3 APR cdition may be used untel exhausicd secunty classificunion of this page

Al other editions are obsclote

Unclassified




Approved for public release; distribution is unlimited.
Models for Target Detection Times
by
Bae, Deok Hwan
Major, Korean Air Force

B.S., Korean Air Force Academy, 1979

Submitted in partial fulfillment of the
requirements for the degree of

MASTER OF SCIENCT IN OPERATIONS RESEARCH
from the

NAVAL POSTGRADUATE SCHOOL
September 1989

N
! ]
\A‘V} f,//7 '7/1/

Author: . -1 y;

Bae, Deok Hwan

Approved by: /W/ \_20(/6&_/

ricia A. J%bs. Thesis Advisor

D.P. Gaver, Second Reader

Peter Purdue, Chairman,
Department of Operations research




ABSTRACT

Some battlefield models have a component in them which models the time it takes
for an observer to detect a target. Different observers may have different mean detection
times due to various factors such as the tvpe of sensor used, environmental conditions,
fatigue of the observer, etc. Two parametric models for the distribution of time to target
detection are considered which can incorporate these factors. Maximum likelihood esti-
mation procedures for the parameters are described. Results of simulation expeniments

to study the small sample behavior of the estimators are presented.
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1. INTRODUCTION

Some battlefield models have a component in them which models the time it takes
for an observer to detect a target. A common model is that the time to detect a target
is a random variable having a distribvtion P_(1 — e~*), [Ref. 1]. However different ob-
servers may have different mean detection times due to various factors such as the tyvpe
of sensor used, environmental condition, fatigue of the observer, etc. In this thesis we
will consider two perametric models for the distribution of the time to detection which
can incorporate these factors.

Suppose there are M observers, such as tank crews. Observer i is presented with A,
targets. In Chapter 2, observer 7 has a parameter 4, which reflects the abilitv of the
observer to detect a target. The parameters of the M observers. A, A, Ay, ... . 1, . are
assumed independent having a common gamma distribution. Given A, the detection
times of observer / are conditionally independent. having Weibull distributions. In
chapter 2 the parameters of the conditional Weibull distributions are assumed known
and mterest is in estimating the parameters of the gamma distribution.

In chapter 3 observer / has explanatory vanables x,, x.,. x5, ... , x,, relating to his
J* target representing factors which influence his time to detection. The detection times
for the observers are independent random variables having Weibull distributions. The
location paramecter of the Weibull distribution for the detection time of the j* target by

the /~ observer is of the form u, = exZwhere x f = Y x [, : the shape paramcter is of
=1

x

the form ¢*. Interest is in estimation of {f;} and {Z}.

In both chapters the data for the observers can be censored. The i observer has an
opportunity time O, to detect his j* target. If the j* target is not detected in ime O, the
time to detection is censored. Data for the i* observer consist of ( possibly censored )
times to detect the .\, targets.

Chapter 2 and 3 present iterative procedures based on inaximum likelthood to esti-
mate the parameters. Results from simulation studies of small sample size behavior of
the estimators are given.

These models and estimation procedures should be of eventual use in the Armv
MAXNPRINT program, an objective of which is to better understand the human con-

tribution to battlefield performance {Ref. 2].




1. A HIERARCHICAL MODEL FOR TIMES TO DETECTION

A. MODEL

Suppose there are M observers who attempt to detect targets on a bottlefield. Ob-
server { has a parameter A, , i=1,2,3,....M, which reflects the ability of the observer to
detect a target. Observer / is presented with .\, targets. The targets are presented one at
a time. Let U, be the time it takes for observer / to detect target /. Assume, given
4,=6  the U, = 1273,..N, are conditionally independent random variables with
Weibull distributions

Pily<tlA4=00=1-exp{—~6ul) ] 120 (2.1)

independent of other observers.

Further. assume the parameters A, i = 1.2.3,....M. are independent identically dis-

tribvted having a Gamma distribution with density function as follows:

s(28)7 @

AL 2.2
g(6) T ¢ (2.2)

where 8 > 0. The 4 variations are introduced to represent individual observer differ-

ences. \ow let

Z:; = 1n L"i; .

v

It follows that

PiZy<zid=0=Pl;<e ! 4,=0;
-¢ (2.3)
=1- exp{ — O exp(z —In u,-j,-)]f } )
Hence. the conditional density function of Z,, given 4, =6 ., is
J7 alzi0)=96 c.\p{(: —Inp)e” :'}e_ d exp{ —6( exp{l: —Inpyle” ”‘)] (24

When the i obscrver is presented with his j# target. he gets a length of time called
opportunity time O to detect it. An observer either successfully detects the target within

this time or 1s unsuccessful. Data for the # observer consist of umes of detections for

[ ]




the successes and the lengths of opportunity times for the failures. For each / =
1.2,3,..0M, = 123, N, let

V= min(In L}, In Oy) (2.

(%]
n
e

and

Ai'=

i

{1 if Uy<0; 2.6

0 otherwise .

The Y, are the censored In-detection times and A, is an indicator of whether or not the

In-time to detect the j* target by the i* observer is censored. Let

v
G=) 4y (2.7)
=

be the number of targets detected by observer /.

In this Chapter we will assume {x,} and {,} are known constants. We are interested
in estimating the parameters n and f, with o = ¢” and % = ¢"o using maximum likelihood.
These parameter estimates can be used to predict future times to detection for an ob-
server given his past performance. In the next section we describe a Newton - Raphson
procedure for solving the likelihood equations, | Ref. 3}, | Ref. 4]. In the final section of
this chapter we describe a simulation experiment to study the small sample properties

of the esumators. Results of the simulation are also presented.

B. ESTIMATION
I. The Likelihood Equation and Maximum Likelihood Estimates
Given A4, =0 , 1t follows from equation (2.3) and (2.4) that the conditional like-

lihood function for observer / using the censored In-times y,, is

L~
=
Fwe

D

)= l—l[geoz,— In g )e” % = :,]Au exp[ — gl —Inue "] . (2.8)

J=1

Let




Rewriting equation (2.8)

N,
Lip. £:6)= 6% °XP{ZAU[0’U~ = In e~ és]} exp( - 6S) (2.10)
J=1 <
=6%K exp( - 6S)

where

K, = exp- [TAU[Q —In e ¥ - cl]} 2.11)
j——

The unconditional likelihood for observer ¢ is

Liu.é.o J Liu, &:6) g(6)de
¢ -5, ! 0'9) o
—I\J. 6 ) dé (2.12)
¢ -1
_ .y l C,+}‘ . .
- Ko <——Si+a ) [Te+»n.
k=0
C, -1
If C,=0. then []( k)=1. Recall the parametrization o = ¢ and -~ = " . The un-

conditional In- hl\chhood function for observer { can be rewritten as

In L &1, Bp) = In K, + ™ Poy — (Ci+ ™ P9 In(S; + ")

¢ -1
’ (2.13)
nt B .
+ Z In(e™ "0+ k)
k=0
¢, -t
where if C, = 0, then Y In(en % + k) =0. Since the observers are independent, the un-

conditional ln-likelihooic-igfor all M observers 1s

-

A

1 C -1
nl= {m Ki+e™Pop = (Ci+ ™) In(S, + ") + Z In(e™ o + k)} .

k=0

[\

i




(2.14)
The derivative of the In-likelihood with respect to 7 is
M s
5 C,+e™ho
_Lﬁ'_l_an_l;. _ {e’ﬁ'ﬂo” + e'H'ﬁo —_e™ Bo ln(S[ + e’7) - _.L__.']_ e
cn 1 S;+ e
=1
‘\/ C ~1 (2.15)
n+ Bo
+ — .
i=1 k=0

The derivative with respect to f, is

/‘

n+ﬁ
2( ¥ Fay o™ Bep(s, +e")+Z -y OA} (2.16)
¢
+

We are assuming {,} and {{,} are known. The problem is to find the maximum lkeli-

hood estimates of y and f3, ; that is, find » and f, such that e h:lL 0 and L(%L— = 0.
[\
Note that
M
einl _ 2l N[ s (Gt .
N = J e -\ — Je . (2.17)
T ETA S +e
Thus, if ——(CP[]} L =0, then to solve the equation L L g;l =0 , we need to solve the
0
equation




M

E C, + e o
- - +Bo _ [ LT
0= fln, Bo) = |:e’7 ’ ( S + e >en}

i=

M

n+ B n n 2+ B
~ z e P, + eS) — G- e (2.18)
i+€

i=1

‘ B
Foena
Si + er’

i=l

The denvatives of fln, f,) with respect to # and f, are as follows :

M
é (eﬁcs:' — C)e”
&y (S;+e" (2.19)
i=]
=¢"fln. Bo) :

\f

¢ oFo
Af = = = . (2.20)
¢y S;+e

=1

Solving the equation C;ﬂ =~ = 0 1s equivalent to solving the equation
0
M C -1
= = — g ___1.___ 39
O—g(n,ﬁo)—Z[ﬂ In(S; + ¢ )+Zew+k ] (2.21)
J=1 k=0

The derivatives of g(n, f,) with respect to n and S, are

M ¢ -l
—6‘2 = ] — e’ - __—_e'“/?o . (‘» 2
& S+ e (e ok | -
i=1 k=0




- Z Z e fe (2.23)
n+ B, + k)

where if C, = 0, then the sum involving C, - 1 is zero. A Newton procedure to soive the

equations ‘Z—” 0 and <L _ 0 would use the following equations
0
&fin’. B) Cﬂv £)
0=1tn". f) + == (n = 1) + ———— (B = ) (2:24)
cn Bo
- 0 H0 - 0 50
. ogln’, Bs) g(n". By)
0= g0r’, flo) + ———— (1 = 1) + ———— (B — ) (2.25)
on ¢Bo

where »" and fi} are current values for n and §,. However note that if f{y1, §,) = 0, then
of

?;-=O' Hence. a Newton procedure that is more stable numerically would use the

equations
0 L0
cfln B 0 .
0= fun’. f0) + =35 (ho = F) (2.26)
A 0 0
‘ cgln™. py) -
0=g(n’. ﬁ8)+i6—£°—(»;—,z°) (2.27)
which results in
n.p 5
ﬂo—BS=——————ﬂ . (2.28)
P )
:B 0.
_ o(;]o. ﬂ
==y (2.29)
—-— (o, Bg)
cn

2. Initial Condition

In this subsection, we describe a rough wav to provide initial estimates of  and




B, to start the iterative Newton procedure of the previous section.
The uncensored random variable U, has the same distribution as

Wy

U,-j=#,-,-(7i)

where W is unit exponential random variable. Let

= In ,UU + e:' In [tly _‘e:i In A[ ’
then
ElIn 1¥,] = — 0.5772

2
VAR[In 1V,] = 16- :

(2.30)

(2.31)

(2.32)

(2.33)

[ Ref. 5: p.943 ]. An approximation to the moments of In A4, is given by the first two

terms of a Tavlor expansion of In(.4,) about the mean E[A4,] = 7

In(4) = In( %) + —— (4, — = );
(5)
thus
Efln4])J=Iny—Ina ;
VARL In 4] = (5 ' VAR[A]]
= (%)=
o
-1
Let
Vl’j = (ZU —1In I‘lij)e_gl
=In 11 ~1In 4, .
Hence,

(2.34)

(2.36)




EV,;]1=-0.5772~ (lny — In o) (2.38)

In 4))

VAR[V]= IAR[ In W]+ VAR[ In 4;] — 2cov( In W, (2.39)
1 .

=Tt

Rough estimates of the first and second moments of ¥, are given by

ZZAU( —Inppe”*

A i=1 j=1
M = 9 (2.40)
Z 2 Ay
i=1 j=1
and
AN
y y —Inyyle” ']2
MV, =— = PR (2.41)
22
i=1 j=
Recall the parametrization
a=e"; (2.42)
— = fo (2.43)
Thus
y = eefo (2.49)
and
E[173]1=-05772~Iny +In«
=—=03772~[n+ Byl +n (2.45)
=-05772~ A,




2
VARV =2+ &
) (2.46)

-

= — = (n+ By
6 +e .

Equating the rough estimates of the moments of ¥, with the mean and variance of ¥,
we obtain initial estimates

Bo=— M, —05772 ; (2.47)
. . s, g2 .
f=—t0, = (M) = E=1- 5, . (2.48)
If .1’12— (.\AI.P—T—;<O. we set n = —i?n . The latter condition usually occurs in the

simulations indicating that a better initial condition might be found.

10




3. Implementation in Simulation

The following flow diagram describes one replication of a simulation exper-
iment.

SET CONSTANTS
By s :q y 0,,

Y

GENERATE RANDOM VARIABLES i

1

1,2.3,....M
EXPONENTIAL ( }7), GAMNMA ( 4,)

y

COMPUTE UNCENSORED DETECTION TIME

J= 123N,

4
Uy = sl 4)

I

N,
C=34 ¥y =min( In U tn O
= :
COMPUTE INITIAL VALUE
i as in EQ (2.40) apd (2.41)

Ve Aty — A1} = 2'/6
flo=— A, ~0.5772

I ——

T L N
n=-f . . M= V- Ml
|
L le
A A

COMPUTE # and fi, as in EQ (2.28) and (2.29)

¥

SETq“zi} ﬂn=,‘o

NO
YES

11




C. SIMULATION PROCEDURES AND RESULTS
1. Simulation

All simulations were carried out on an IBM 3179 G computer at the Naval
Postgraduate School using the APL GRAFSTAT random number package [Ref. 6].
Histograms of simulated estimates were produced by an experimental APL package
GRAFSTAT which the Naval Postgraduate School is using under a test agreement with
IBM Watson Research center, Yorktown. Height, NY. The simulation is replicated for
R = 100 replications. Each simulation experiment of 100 replications starts with the
same random number secd. The mean bias (M.B) and its standard error ( S.E(M.B) ).
mean square error (M.S.E) and its standard error ( S E(M.S.E) ) from R = 100 repli-

cations are computed as follows :

MB=— ([ f) (2.49a)

S.E(M.B) = /—RM%_;)- Z((/}} — 1= M.BY (2.495)
\ >

R
MS.E= -1'7 Z(,é, ~ B’ 2.50a)

R
S.E(M.S.E) = /Wl——’)_ Z(u}‘i — B} = M.S.L) (2.50h)
‘\ -
i=1

where ﬂ is the point estimate of the true value f for the ith replication and R is the
number of replications.
The simulation experiment to studv the sampling properties of the estimators
of n and j, is as follows.
1. Give arbitrary constants for g, and & (pu, = 4.2, ¢, = 0)

2. Sct the same opportunity time . O, for M observers. i = 1,23.... M./ = 1,2.5...,
The constant oppomlmt\ tum 1s changed to give different censoring levels. The
dlfher values for G, are 10, 23, do.
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rameter y = 1.5, scale parameter a = 6.5 ).

4. Generate independent exponential random variables with mean 1 ( W, i =

1.25....M.7 = 1,23\ ).
5. Compute the detection time U, for observer i to detect target j

U L e
y=Hy A
6. Compare In U’ with In O,, then choose the smaller one for the data
Y, =min(ln U} In Oy)

and compute the censoring indicator A, as in equation (2.6)
7. Compute the moments .‘»A{: and .\.l: for the observations that are not censored as in

equation (2.40) and equation (2.31).
8. Compute the mitial value for 4 and f; as in equation (2.47) and equation (2.48)

9. Use equation (2.28) and (2.29) to find new values for # and fi,
10. Tterate the procedure until the differences between successive values of 7 and fi,
are small, ( less than 1o ).
2. Results
In this section results from the simulation experiments will be reported. Simu-
lation experiments were done for various numbers of observers and targets and values

of the opportunity time. The numbers of observers considered are M = 5, 15, and 30.

The numbers of targets considered are .V = 5,15, 30, and 50 for cach observer. For all
simulation experiments, the u = 4.2, = 0, = L.3and » = 6.5 Trom cquations

(2421 and (2,43 the true values of # and f. are found to be 1.8718 and -1.4663.
Histograms of the difference between the estimates and the true values. #, - 7 and /. -
B, are shown in Figures 1 through 18 of Appendix A. For Figures | through 6, O =
10; for bigures 7 through 12, O. = 25 for Figures 13 through 18, O, = 40. The fraction
of detected level or uncensoring level ( UC ) for R replications of each simulation is de-

termined by following equation

R M

=
™
i
.
|
[
I
‘o

13




where C(r) 1s numbers of targets detected by observer / in the r# replication, N(r) is the
number of targets presented to observer / in the r” replication. The UC’s for the simu-
lations using the same opportunity time are then averaged to obtain the mean UC for
that opportunity time. For each Figure of Appendix A and B, the mean uncensoring
level for the opportunity time is given in parenthesis. Mean bias and mean square error
are recorded in tables 1 through 9 for each of the estimators; their standard errors appear
in parenthesis below. Tables 1. 4 and 7 present all of the means and standard errors for
different opportunity times. The other tables present the same results in a more con-
venient fashion; the mean biases are displaved with the mean square error in parenthesis.
For each Table, the opportunity time(O) and average uncensoring level{LC) for that
opportunity time are given at the top of table.

e Results for »

The histograms of » - » are centered about 0 with a slight amount of
skewness to the night. Increasing the opportunity time, which results in less cen-
soring. has very httle effect on mean bias and mean square error. Increasing the
number of targets for a fixed number of observers has some tendency to decrease
the mean square error and bias.  Increasing the number of observers tor a fined
number of targets has the greatest effect on decreasing the mean bias and mean
square error.

e Results for 1.3(‘

The histograms of fi, - f. are centered around 0 with some skewness to the
left. Once again changing the opportunity tume has little eflect on mean bias and
mean square error. Changing the number of targets for a fixed number of obsery-
ers also has little effect. Increasing the number of observers for a fived number of
turgets has the greatest effect on decreasing the meun bias and mean sguare crror.




Table 1.

O=10 AND UC=137%

MEAN BIAS, MEAN SQUARE ERROR AND STANDARD ERROR AT

Number of | Number of d B
Observers Targets MB MSE M.B MS.E
{S.E) (S.E) (S.E) (S.E)
g 0.79 2.04 -0.07 0.36
- (0.12) (0.17) (0.06) (0.09)
15 0.58 1.33 -0.08 0.25
5 . (0.11) (0.15) (0.03) (0.05)
30 0.42 0.97 -0.12 0.19
(0.09) (0.12) (0.04) (0.03)
50 0.43 0.68 -0.035 0.14
N (0.07) (0.08) (1.0 (0.03)
< 0.19 0.81 -0.02 0.12
v (0.09) (0. 10) (0.03) (0.02)
13 0.19 0.72 -0.01 0.07
15 : (0.08) (0.0 (0.03) {(0.01)
” 10 0.09 0.20 -0.07 0.07
(0.04) (0.03) (0.03) (0.01)
50 0.14 0.23 -0.02 0.06
- {0.05) (N.0d)y (0.03) (0.01)
P 0.29 0.54 -0.03 (.05
- (0.07) {(0.10) (0,02 (0.01)
15 0.13 0.21 -0.01] (.03
0 ) {0.03) {0.0d) (0.02) {0.01)
- 20 (.08 (.10 -0.04 0.03
. {0.03) NIEDR) (0.012) (0.01])
30 0.01 0.0 + 0.004 Q.02
: (0,03 (O 1y (0.02) {0.003)




Table 2.

MEAN BIAS AND MEAN SQUARE ERROR AT

O0=10 AND
UC=37%
M.B(M.S.E) for n
STGT I5TGT 30 TGT 50 TGT
5 OBS 0.79(2.04 0.58(1.3) 0.42(0.97) 0.43(1.68)
15 OBS 0.19(0.81) 0.19(0.72) 0.09(0.20) 0.14(0.23)
30 OBS 0.29(0.53) 0.13(0.21) 0.08(0.09) 0.01(0.09)
Table 3. MEAN BIAS AND MEAN SQUARE ERROR AT O=10 AND
UC=37%
M.BIM.S.E) for
STGT 15TGT 30 TGT S0 TGT
S OBS -0.07(0.36) -0.08(0,25) -0.12¢0.19) -0.05(0.14)
15 OBS 0021012 -0.009(0.07) -0.07(0.07) -0.02(0.00)
30 OBS -0.03(0.05)

-0.01{0.03)

-0.03{0.03)

-0.003{0.,02)




Table 4.

O =25 AND UC=62%

MEAN BIAS, MEAN SQUARE ERROR AND STANDARD ERROR AT

Number of | Number of 1 by ‘
Observers Targets M.B MS.E M.B M.S.E
(S.E) (S.E) (S.E) (S.E)
5 0.83 2.23 -0.06 0.25
(0.13) (0.23) (0.05) (0.07)
15 0.52 0.97 -0.08 0.20
5 (0.08) (0.19) (0.05) (0.04)
30 0.47 1.00 -0.12 0.18
(0.01) (0.19) (0.04) (0.03)
50 0.47 0.76 -0.05 013
(0.07) (0.10) (0.04) (0.02)
5 0.20 0.35 -0.01 0.09
y (0.07) (0.08) {0.03) (0.01)
15 0.13 0.29 -0.01 0.07
s - (0.05) (0.03) (0.03) {0.01)
. 20 0.10 0.20 -0.06 0.06
> (0.04) (0.03) (0.03) {0.01)
50 o.1o 0.23 -0.12 0.006
(0.03) (0.03) (0.03) (0.01)
5 0.17 0.37 -0.03 0.04
- {0.06) (0.12) (0.02) {(0.01)
15 0.13 0.18 -0.003 0.03
. ) (10.0d) (0.03) {0.02) (0.0
30 - - N
10 (.09 0.09 -0.03 0.03
o (0.03) (L0 {0.02) (0.0])
30 0.0} 0.10 0.02 0.02
B {0.03) {0.01) (0.02) (0.01)

17
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Table 5. MEAN BIAS AND MEAN SQUARE ERROR AT 0=25 AND
UC=62%
M.B(MS.E) for
5STGT 15 TGT 30 TGT 50 TGT
5 OBS 0.83(2.20) 0.52(0.97) 0.47(1.00) 0.47(0.76)
15 OBS 0.20(0.55) 0.15(0.29) 0.10(0.20) 0.16(0.22)
30 OBS 0.17(0.37) 0.13(0.18) 0.09(0.08) 0.008(0.10)
Table 6. ltq(f;AlzwmAs AND MEAN SQUARE ERROR AT 0=25 AND
IC=62%
M.BOMS.E) for P
STGT 15 TGT 30 TGT SO TGT
S OBS 20.06(0.25) -0.08¢0.20) -0.12(0.18) L0.05(0.13)
13 OBS -0.01(0.09) -0.007(0.07) -0.06(0.06) -0.02(0.01)
30 OBS -0.03(0.04) -0.005(0.03)

-0.03(0.03)

0.02(0.02)

18




Table 7. MEAN BIAS, MEAN SQUARE ERROR AND STANDARD ERROR AT
O =40 AND UC=175%

. Number of | Number of 7 b

Observers Targets M.B M.S.E M.B MS.E
(S.E) (S.E) (S.E) (S.E)

. 5 0.89 2.22 -0.06 0.20
(0.12) (0.28) (0.05) (0.09)

15 0.55 1.08 -0.06 0.18

5 (0.09) (0.16) (0.04) (0.03)

30 0.49 1.03 -0.12 0.18

(0.09) (0.16) (0.04) (0.03)

50 0.61 1.71 -0.05 0.13

N (0.12) (0.17) {0.04) (0.02)

< 0.24 0.70 -0.01 0.09

- (0.08) (0.18) (0.03) (0.01)

15 0.17 0.29 -0.01 0.07

15 (0.03) {0.03) (0.03) (0.01)

. 30 0.12 0.20 -0.06 0.06

: (0.04) (0.03) (0.03) (0.01)

50 0.35 0.19 -0.03 0.06

- (0.03) (0.03) (0.03) (0.01)

5 0.13 0.24 -0.02 0.03

(0.03) (0.03) (0.02) (0.01)

15 0.20 0.55 -0.01 0.04

30 (0.07) (0,03) (0.02) (0.01)

i 1) 0.16 0.68 -0.04 0.03

- (0.08) (0.03) (0.02) (0.01)

30 0.02 0.09 +0.01 0.02

(0.03) (0.01) (0.02) (0.0

19




Table 8. MEAN BIAS AND MEAN SQUARE ERROR AT 0=40 AND
UC=175%
M.B(M.S.E) for n
5TGT 15 TGT 30 TGT 50 TGT
5 OBS 0.89(2.20) 0.55(1.1) 0.49(1.00) 0.61(1.70)

15 OBS 0.24(0.70) 0.17(0.29) 0.12(0.20) 0.35(2.00)
30 OBS 0.13(0.24) 0.20(0.55) 0.16(0.68) 0.02(0.09)
Table 9. MEAN BIAS AND MEAN SQUARE ERROR AT O=40 AND

UC=175%
MBOMS.E) fir S,
ST1GT 15 TGT 30 TGT 50 TGT
3 OBS -0.06(0.20) -0.06(0.18) 0.12(0.18) -0.03(0.13)
15 OBS -0.007(0.09) -0.009(0.07) -0.06((1.06) -0.03(0.06)
30 OBS -0.02(0.0) -0.01(0.04) -0.03(0.03) -0.01(0.02)




I1I. A WEIBULL REGRESSION MODEL

A. MODEL

Suppose there are M observers. Each observer is presented with X, targets. Let U,
be the time it takes for observer i to detect target j . Let x,, , x,; , X5 ,..., X,, be the values
of explanatory variables which may effect U, ( e.g., terrain, atmospheric conditions, fa-
tigue etc.)

Assume that U are independent random variables with Weibull distributions

- ¢
P{Uij <1}=1- exp[ — ([e— &j/_?)e ]
- (3.1)
4
=1 —exp[ - (tfup)’ ]
where = ex£ with

p

5= b (3.2
k=1

It follows from equation (3.1) that the distribution of the In-detection time is
P{lnly<n)=Pl;<e
_ X —_ ﬁ ‘::
=1- exp{ ~ (e'e™ HE) } (3.

= 1—exp{~esp[t— x0T} -

)

9
—

The derivative of equation ( 3.3 ) with respect to 7 is following

P{Inl,ed;= e,\'p{ ~ e.\'p[(_t —xyf)e” ’]} CXP{U —xyple” :'}e_ ‘ (3.9)
= exp{ — exp[(t — x;B)e” x]} CXP{(I —xf)e” - 51} : h

When the i observer is presented with his j* target, he gets a length of time called an
opportunity time O, to detect it. The observer either successfully detects the target
within the opportunity time or is unsuccessful. Data for the  observer consist of times
of detections for the successes and the lengths of opportunity times for the failures. For
each/ = 1.23.. M, j = 1,23,...\,, let

)"; = m]n( ln L'[;;. ln 011) (\ A

Y

'»d
n




and

A=

1 if U,;<0,;
y { Y (3.6)

0 otherwise .

The Y, are the censored In-detection times and A, is an indicator of whether or not the

In-time to detect the j* target by the i* observer is censored. Let

G=D 4 (3.7)

be the number of targets detected by observer /. The next section of this chapter will
discuss estimation of the parameters {f,} [Ref. 4]. These parameter estimates might be
used to predict future times to detection for an observer given his past performance. In
the last section of the chapter results of a simulation study of the estimation precedure

will be given.

B. ESTIMATION
1. The likelihood Equation and Maximum Likelihood Estimators.

The likelihood for the i* observer is

N
L(p. 5= He.\'p{Ag[(vy —xflle” T :J} exp{ - exp[(v,j —xfle ;]} . (3.8)
J=1
The In likelthood for the i observer is

\

1

InL{B.&)= Z{AU[U-U —xyB)e” % — £]~ exp[lyy — x,Be "]} (3.9)

J=

Since the observers are assumed to be independent, the In likelihood for all observers is

i

-




A%/
In L(g. &)= ) In LB, &)
i=1

YA
) Z Z{AU[% — xyBle” ¥ — &] - exp[y — xyBle” M ]}
=1 Jj=I
(3.10)

a. Newton’s Procedure to solve for B,
The partial derivative of equation (3.10) with respect to f; is

Moy
—inLif.2)= Z E{Aij{( —xple” 7] = explly = xBle” ) = xpe™ )
(3.11)

5ﬂ[\'
i=1 j=1

MoN

- S‘ Z{ — Ay + exp[ly = x, B Jhxye
4
=1 =

A Newton procedure to solve equation (3.11}) for ff assuming {£,} known uses the second

e

derivatives
o MoN
T ; ;— exp[y = e Jee ™ e (3.12)
Let
wy =\ exp[ly — gfle” "] (3.13)
(3.14)

—s
u(jh = x,-jhe 'W‘ij .

The Newton procedure to solve equations (3.11) for § can be written as




MN

2
[ A+ w
Wy Uik

=1 j=1

aﬁk

zngme'ffkae' (B — B3 (3.15)

lj—lhl

[ b g

=] j=1

which are of the form of the normal equations for Least Squares regression with de-

pendent variables

[ - AU'H”U] 3‘

2= B0 (3.16)

and independent variables

-5,
U = WyXge ' (3.17)

b. Newton Procedure to solve for &,

The partial derivative of equation (3.10) with respect to £, is

?—_ In LB 20 = 2 [{85[ty — xre™ (= 1) - 1]

= =1

— {exp[Gy — xBe™ 0y — xyBle™ (= 1}] (3.18)

hY

i

= — C + Z(‘V ‘/ﬂ ::{ — Al/ + e\p[(‘hj _ .-ijﬁ)e.— :'J}

Jj=1

A Newton procedure to solve equation (3.15) for £, asuming  known uses the second

derivative

24




N,

'

¥

J=

N,
+ 2y = 5y exply = e oy — e (- 1)

j=1

N,
=-G- ZU/ = xyB)e ™ exp[(y ~ xyf)e ]
Jj=1

(3.19)
if -L.—‘—- In L(f, {)=0. Therefore the Newton equation for ¢, is
A
O==rInL(fH=~C+ ZA,,@-U — xfe” ¥ = A+ exp[Gy — xyf)e ]
< =
N
+ < -G - Z{[UU - i‘ijﬁ)c— :']2 CXP{(J’U - £ijﬁ)€- :'J}>[f, - f?]
j=1
(3.20
where &7 is the current value of ¢. Solving results in the equation
(e S ]
- , -,
L + C - Z;(y,-j —x;P)e [ - A+ exp{(y,;; —xyPe }}j
L-&= — (3.21)
S Z{[w —xf)e” T exply — e ]
J=1

2. Initial Condition
In this subsection, we describe a rough way to provide initial estimates of x.f

to start the iterative Newton procedure of the previous section. It follows from equation
(3.1) that




= 1 —exp[ - (e 5L) ] (3.22)

Hence,
e - -y -
E[(L{/)e ] = (e e ) l (3.23)
_ e&.ﬁe%'
and
n E[ ity ] = xype (3.24)

As a result, for all the observed L. censored or uncensored, we will put

x

e’ ln l"l:," = ,St"/:ﬁo (325)

We will take £¢ = O for convenience. Thus the initial value of x, f° for each observation

u. 1s
0 5

3. Recursive Procedure to find {§,; and Z,
I. Putl =0 fori= 1,2.3...M

2. Compute the initial value

f = (3.27)
3. Iteration
a. Compute dependent and independent variables for regression
Wy =\ esply —xf)e ™" (3.28)
U= Nyxe d (dependent variable)
—A;+ 17

e TE + ll'ggc,ﬁo (independent variable)

Let




4.

-

a.l.\'l
Ep3

L]
Lo
-~

0

Zan

b. Compute regression estimates

SMAN,

U
U

U g
U

WA,

Uy

¢. Recompute the imtial value

d. Update  asin equation (3.21)

|
o_ L

N

J=i

Ui
U

U N
U2

Unp

Urn2

Uyivygr Uspn2

—Fr -,
< 4 C[ — S(}U - i’l//_{)(’ HL - Alj + Cxp{(_‘.‘ij- - ._X_“-i/:ﬁ)(’ - "']

Up

u]2p

Ry
Uy, P

U Nyp
Uary 4

st e

e. Put

f. Retumn to step 3

5o =By

Iterate until the following conditions are satisfied

LJ‘:[(-"'U _ 'X‘Yﬁ)e_ ?JZ exp[(\l'ij — &jﬁ)e— ::]‘:,

0
‘ﬁk Oﬁk[ )S 1E — 4, /<=I,2.3.....p
lﬂ‘.i /
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and

1&— &1
1€}

Implementation in Simulation

<iE-4, i=123,.. M

The following flow diagram describes one replication of a simulation experiment.

SET CONSTAN1S
Oyand g

Y

GENERATE RANDOM VARIABLES = 123N
_ N UEREENY
NORMAL ( X,, ) and EXPONENTIAL ( 11,) [ ;' _ 120
COMPUTE DETECTION TIME
14 H
My = .Z|ﬁ,-.\."-. Uli= ;."-I”;
W Thncmo >
A
1 A, =0

)
hA
C= f_.lA,, V= min( In U; In Oy)
-

[ COMPUTE INLITAL VALUE as in £Q (2.28) |

4

-

COMPUTE REGRESSION VARIABLES
#y oz, from EQ (2.16) and (2.17)

¥

COMPUTE REGRESSION EQUATION
p=w'vyu’z

v

RECOMPUTE INITIAL VALUE from EQ (3.24)

COMPUIE £,
using EQ (3.21)
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C. SIMULATION PROCEDURE AND RESULTS
1. Simulation
The number of replications for each simulation experiment is 100. Each simulation ex-
periment of 100 replications starts with the same random number seed. The mean bias.its standard
error and mean square error, standard error of mean square error from R = 100 replications are
computed as in equations (2.49a) through (2.50b). In each of the experiments the number of
covariates for each observer is 2.

The simulation experiment to study the sampling properties of the estimators of {f,} and
&, 1s as follows.

1. Give arbitrarv constant values for the true values of 8, and £,. In all the simulations g, =
0.2.8, = 0.3and ¢ = 0.

2. The same opportunity time, O,. i = 1.23...M.andj = 1,2,3,...N,. is used for M observers.
The values of the constant opportunity time are 1.3, 2.5, 4.0.

3. Generate random numbers

a. Generate independent normal random numbers with mean | and varance 0.5. x .. i =
123,00 = 123000\, ’

b. Generate independent normal random numbers with mean 2 and vanance 1 . x,. /i =
1.23...., M.j= 123\,

c. Generate exponential random numbers with mean 1, IV, i = 1.2.3...M, j = 1.23..

4. Compute u, as follows :
i = exp(fyxy + Fax) (3.30

5. Compute the detection tume U, that it takes for observer i to detect target j as

Uy= (M~ (3.32)
6. Compare In {,, with In O_ . then choose smaller one for the data
Yy =min(In Ly In Oy)
and compute A. as equation (3.7)
7. Compute the initial value as in equation (3.27)
8. Compute the values of the regression variables . 2. and u,, as in equation (3.16) and (3.17)
9. Compute rezression estimates as in equation (3.29)
10. Recompute the initial value with new f value as in equation (3.30)
I1. Compute ¢ as in equation (3.21)
12. Iterate the procedure until the differences between successive values of 8, §, and £, are small,
( less than 10-%).
2. Results
In this section results from the simulation experiments will be reported. For R repl-

cations. the uncensoring level ( UC ) for an experiment is computed as follows :




r=1 i=1

where C(r) is the number of the targets detected by observer / in replication r and N(r) is the
number of targets presented to observer i in replication r. The UC'’s for the simulations using the
same vpportunity time are then averaged to obtain the mean UC for that opportunity time. Figures
19 through 45 show histograms of ( l}h -B.) k= 1.2and ( 5 - ¢ ). Tables 10 through 21 show
mean square errors and mean biases for each of the estimates, their standard errors appear in pa-
renthesis below. Tables 10. 14 and 18 present all the simulation results for different values of op-
portunity times. The other tabies present the same results in a more convenient fashion. The mean
biases are displayed with the mean square error in parenthesis; for each table. the opportunuty

time(O) and average uncensoring(U'C) for that are given at the top of table.

® Results for f?l and ﬁ7

The histograms for f, - 8, and f; - §, tend to be somewhat cer.ered around 0. For
small numbers of targets and observers the histograms tend to be slightly skewed to the left.
Increasing the observation time Las little effect on the mean bias and mean square error. In-
creasing the number of observers for a fixed number of targets tends to decrease the mean
square error but has less effect on the mean bias. Increasing the number of targets for a fixed
number of observers decreases the mean bias and mean square error. The standard errors of
the mean biases mean square errors are large.

e Results for

The histograms of ¢ - & tend to be centered about 0. There is a tendency for slight
skewness to the right for small numbers of observers and targets. Changing the opportunity
time has Little effect on the meun bias and mean square error. The more targets there are for
observer i. the smaller the mean bias and mean square error for I, The standard errors of the
mean biases and mean square errors are large.




Table 10. MEAN BIAS, MEAN SQUARE ERROR AND STANDARD ERF.OR AT
O0=1.3 AND UC=43%

b,

B,

v

Number of Number of s
Observers Targets M.B MSE MB MSE M.B MSE
(S.E) (S.E) (S.B) (S.E) (S.E) (S.E)
5 -0.06 0.07 -0.02 0.03 -0.05 0.02
(0.03) (0.0 (0.02) (0.01) (0.0 (0.0
15 -0.02 0.02 -0.02 0.01 -0.02 0.01
5 (0.02) (0.01) 0.0D) (0.00D) (0.01) (0.001)
30 -0.003 0.02 -0.02 0.01 -0.03 0.01
(0.01) (0.0 (0.0) (0.002) (0.01) (0.001)
50 -0.01 0.01 -0.01 0.003 -0.01 0.004
(0.001) (0.001) (0.0 (0.001) (0.0 (0.001)
S -0.05 0.02 -0.04 0.01 -0.02 0.01]
- (0.01) (.00 (0.0 (0.001) (0.0 (0.001)
15 -0.03 0.01 -0.02 0.003 -0.01 0.002
s (0.0 (0.001) (0.0 (0.001) (0.0 {0.0003)
10 -0.01 0.01 -0.01 0.002 -0.01 0.002
- (0.0 (0.001 (0.004) (0.001 (0.004) | (0.0002)
50 -0.01 0.003 -0.01 0.001 -0.01 0.001
) (0.001) { (0.0004y | (0.003) | (0.0004) | (0.004) | (0.0002)
S -0.05 0.0] -0.04 0.005 -0.02 0.003
- (0.0 (0.002) (0.0hH (0.001) (0.005) (0,001
(s -0.02 0.003 -0.02 0.001 -0.01 0.001
10 - (0.01) (0.0004y | (0.003) | (0.0002y | (0.003) | (0.0002)
30 -0.01 0.002 -0.01 0.001 -0.004 0.001
- (0.01) (0.0004y | (0.003y 1 (0.0001) { (0.003) | (0.0001
50 -0.01 0.002 -0.01 0.001 -0.01 0.001
- (0.004)y 1 (0.0002y | (0,003 | (0.0001) | (0.002y | (0.0001)




Table 11. MEAN BIAS AND MEAN SQUARE ERROR AT O=13 AND

UC = 45%
M.BM.S.E) for B,
STGT 15 TGT 30 TGT 50 TGT
SOBS -0.04(0.06) -0.02(0.02) -0.004(0.02) -0.003(0.01)
1SOBS -0.05(0.02) -0.02(0.007) -0.01(0.005) -0.01(0.003)
300BS -0.008(0.01) -0.05(0.003) -0.006(0.003) -0.01(0.002)
Table 12. MEAN BIAS AND MEAN SQUARE ERROR AT O=13 AND
UC=45%
MBOMS.E for B,
STGT 151GT 30 TGT S0 TGT
5 OBS -0.03(0.02) 20.02(0.007) -0.02(0.005) -0.01(0.002)
15 OBS -0.03(0.007) 20.009(0.003 20.01(0.002) -0.01(0.001)
20 OBS -0.03(0.004) -0.01(0.001) 20.01(0.001) -0.009(0.0006)

Table 13. MEAN BIAS AND MEAN SQUARE ERROR AT O=13 AND
UC=45%
MBMSE for
STGT 15 TGT 30 TGT 50 TGT
5 OBS -0.03(0.14) -0.02(0.007) -0.02(0.005) -0.006(D.004)
15 0BS -0.01(0.005) -0.009(0.002) -0.005(0.002) -0.008(0.001)
30 OBS -0.02(0.002) -0.01(0.001)

-0.004(0.0007)

0.008(0.0006)




Table 14. MEAN BIAS, MEAN SQUARE ERROR AND STANDARD ERROR AT
0=25AND UC=75%

a

Number of Number of by 7 J
Observers Targets MB MSE MB MSE M.B MSE
(S.E) (S.E) S.E) (S.L) (S.E) (S.E)
5 -0.04 0.06 -0.03 0.02 -0.05 0.14
(0.02) (0.01) (0.0hH (0.003) (0.0 (0.01)
15 -0.02 0.02 -0.02 0.01 -0.02 0.01
5 i (0.02) (0.003) (0.01) (0.001) (0.01) (0.001)
30 -0.004 0.02 -0.02 0.005 -0.02 0.01
(0.01) (0.003) (0.0 (0.00H (0.01) (0.001)
50 -0.003 0.01 -0.01 0.002 -0.01 0.004
- (0.0D) (0.001) (0.01) (0.0003) (6.0 (0.001)
N -0.05 0.02 -0.04 0.01 -0.01 0.005
- (0.0 (0.003) (0.0 (0.001) (0.0 (0.001)
05 -0.02 0.01 -0.02 0.003 -0.01 0.002
15 - (0.0 (0.001) (0.01y (0.0004) (0.0 (0.0003)
30 -0.01 0.01 -0.01 0.002 -0.01 0.002
(0.0 (0.001) (0.004) | (0.0002y [ (0.004) | (0.0002)
50 -0.01 0.003 -0.01 0.001 -0.01 0.001
- (0.0 (0.0004 | (0.003) (0.0002) | (0.003) (0.0002)
5 -0.01 0.01 -0.04 0.004 -0.02 0.003
(0.0 (0.001 0.0y (0.00hH (0.0 (0.0004)
15 -0.05 0.003 -0.02 0.001 -0.01 0.001
0 (0.0 (0.0004) | (0.003) (0.0002y | (6.003) (0.0002)
) 10 -0.01 0.003 -0.01 0.001 -0.004 0.001
- (0,01 (0.0003y | (0.003) | (0.0001) | (0.003) | (0.000])
50 -0.01 0.0012 -0.01 0.001 -0.01 0.001
- (0.004) (0.00012) 1 (0.002) (0.0001) | (0.002) (0.0001
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Table 15. MEAN BIAS AND MEAN SQUARE ERROR AT 0O=25 AND
UC=175%
M.BOM.S.E) for B,
STGT 15 TGT 30 TGT 50 TGT
5 OBS -0.06(0.07) -0.02(0.20) -0.003(0.02) -0.005(0.01)
15 OBS -0.05(0.02) -0.03(0.007) -0.01(0.006) -0.008(0.003)
30 OBS -0.05(0.01) -0.02(0.003) -0.006(0.003) -0.01(0.002)
Table 16. MEAN BIAS AND MEAN SQUARE ERROR AT 0=25 AND
UC = 75%
MBIM.S.E) for B,
STGT 15 TGT 30 TGT 50 TGT
5 OBS -0.0200.03 -0.02(0.007) -0.02(0.00% -0.009(0.003)
15 OBS -0.04(0.007) -0.02(0.003) -0.01(0.0u2) -0.01¢0.001)
30 OBS -0.04(0.004) -0.02(0.001) -(101(0.001) -0.009(0.001)
Table 17. MEAN BIAS AND MEAN SQUARE ERROR AT O0=25 AND
UC=75%
MBOMSE) for &
STGT 15 TGT 30 TGT 50 TGT
5 OBS -0.046(0.02) -0.03(0.008) -0.03(0.004) -0.006(0.004)
15 OBS -0.02(0.01) -0.01(0.002) -0.006(0.002) -0.009(0.001)
30 OBS -0.02(0.003) -0.01(0.001) -0.004(0.0008) -0.009(01.0006)
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Table 18. MEAN BIAS, MEAN SQUARE ERROR AND STANDARD ERROR AT
0=4.0 AND UC=89%

Number of Number of By 7 ¢,
Observers Targets M.B MSE MB MSE M.B MSE
(S.E) (S$.E) (S.B) (S.E) (S.EB) (S.E)
5 -0.03 0.02 -0.03 0.03 -0.07 0.02
(0.01) (0.003) (0.02) (0.01) (0.0 (0.003)
15 -0.01 0.01 -0.02 0.01 -0.02 0.01
5 N (0.0D) (0.001) (0.01) (0.001) (0.01) (0.001)
30 -0.01 0.01 -0.02 0.01] -0.03 0.004
(0.01) (0.001) (0.01) (0.001) (0.01) (0.001)
50 -0.002 0.01 -0.01 0.004 -0.01 0.003
(0.01) (0.001) (0.0 (0.001) (0.01) (0.0003)
5 -0.03 0.01 -0.04 0.01 -0.04 0.01
0.0 (0.001) (0.01) (0.0601) (0.0 (0.001)
15 -0.02 0.003 -0.02 0.004 -0.02 0.002
s - (0.01) (0.0004) | (0.001) | (0.0001) | (0.0003) | (0.0003)
] 30 -0.01 0.002 -0.01 0.002 -0.01 0.001
(0.001) | (0.0003) 1 (0.001) | (0.0003) | (0.004 (0.0002)
50 -0.01 0.002 -0.01 0.002 -0.01 0.001
(0.004y | (0.0002) (0.04) {0.0002) | (0.003) (0.0002)
5 -0.03 0.004 -0.04 0.006 -0.04 0.004
(0.0 (0.001Y (0.0 (0.001 (0.01) (0.001H
15 -0.01 0.002 -0.02 0.002 -0.02 0.001
30 - (0.004) | (0.0002) | (0.004) | (0.0003) | (0.003) | (0.0002)
i 10 -0.03 0.001 -0.01 0.001 -0.01 0.001
(00003 | (0.0 (0.0004) | (0.00) (0.0003) | (0.00)
30 -0.01 0.001 -0.01 0.001 -0.01 0.001
) (0.0003) (0.00) (0.003) (0.0001y | (0.002) (0.0001)
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Table 19. MEAN BIAS AND MEAN SQUARE ERROR AT 0O=4.0 AND
UC=89%
M.BM.S.E) for B,
STGT ISTGT 30 TGT 50 TGT
5 OBS -0.03(0.02) -0.009(0.008) -0.01(0.008) -0.002(0.005)
15 OBS -0.03(0.01) -0.02(0.003) -0.008(0.002) -0.006(0.002)
30 OBS -0.03(0.004) -0.01(0.002) -0.003(0.001) -0.008(0.0008)
Table 20. MEAN BIAS AND MEAN SQUARE ERROR AT 0=4.0 AND
l’C=89°/n
M.BMSEY for B
S5TGT 15TGT ITGT S0TGT
5 0OBS -0.03(0.03) -0.0200.01) -0.02(0.008) -0.00S(0.004)
15 OBS -0.03(0.009) -0.0200.004) -0.01(0.002) -0.0074(0.002)
3 OBS -0.0400.004 -0.02(0.002) -0.0097(0.001) -0.008(0.0007

Table 21. MEAN BIAS AND MEAN SQUARE ERROR AT O=4.0 AND
UC=89%
MBOLSE) for &
STGT 15TGT 0 TGT 50 TGT
S OBS -0.07(0.02) -0.02(0.008) -0.02¢0.004) -0.000501).003)
150BS -0.04(0.004) -0.02(0.002) -0.01(0.001) -0.011h.o0
I OBS -0.640.004) -0.02(0.001) -0.008(0.0006) -0.011Q.0n0e)
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1V. CONCLUSION

This thesis considers two models for the times until detection of targets. Each model has M
observers. The i observer is presented with .V, targets. In the model of Chapter 2, observer i has a
random variable A, which reflects his ability to detect a target. The random variables {4,} are inde-
pendent identically distnibuted having a gamma distribution. Given A4,, the times to target detections
for observer i are conditionally independent Weibull random variables with known parameters.
Simulation experiments indicate that increasing the number of observers for a fixed number of tar-
gets provides the greatest decrease in the mean bias and mean square error of the estumates of the
parameters of the gamma distribution that describes the vanation between individuals. This is not
surprising. since observing more individuals sampled from a fixed population should better estimate
properties of that population. The model of Chapter 3 is a Weibull regression model. In this case
the simulation experiments indicate that increasing the number of targets for a fixed number of
observers provides the greatest decrease in the mean bias and mean square error of the estimators.

A topic for future investigation is to combine the two models and estimation procedures to
provide estimates for a hierarchical gamma Weibull regression model. Another topic is to investi-

gate using the fitted hierarchical model to predict future performance of the observers.
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Figure 17. COMPARISON BETWEEN DIFFERENT ESTIMATES (O =25,
UC=62%): 5,15,30,50 targets for 30 observers (8, — f,)
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Figure 19. COMPARISON BETWEEN DIFFERENT ESTIMATES (O=1.3,
UC=45%): 5, 15, 30, 50 targets for 5 observers (i?, - B
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Figure 20.
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UC=175%): 35, 15, 30, 50 targets for 5 observers ([}l = b))

20 30

FREQUENCY

10

75 PERCENT )

30

FREQUENCY
20

15 TARGETS
3 L 1 i 1 -
-0.4 0 04 os
BETAY — BETAY TRUE
S0TARGETS

TT~

4 I—(—I’— I 1 N § )

-0.4 0 0.4 [+X )
BETA1 - BETAI TRUE




FREQUENCY
20

10

5 OBSERVERS ( UC : 89 PERCENT )

FREQUENCY
20 30 40

10

5 TARGETS 15 TARGETS

9 -
st [

g -

S8r

(Y]

g

- 9 = ,

l_'—j—‘l_ ! 1 I 2 b 1 o 1 LJ—] 1 l-l——L—v—v‘ 1 4
-0.4 -0.2 o] 0.2 0.4 -0.4 -0.2 [o] 0.2 0.4
BETA1 — BETA1 TRUE BETA1 — BETAY TRUE
30 TARGETS 50 TARGETS

9
— R (]
.T g |
—
58
ul
£ L
e
ol 1 l : I 1 -_n]_]hl—‘—n e} . 1 1 i 1 !
-0.4 -0.2 0 0.2 0.4 -0.4 -0.2 0 02 0.4

BETA1 — BETAt TRUE BETA1 — BETA1 TRUE

COMPARISON BETWEEN DIFFERENT ESTIMATES (O=4.0,

Figure 21. ]
UC=89%): 5, 15, 30, 50 targets for 5 observers (B, — B

59




FREQUENCY
20 30

to

15 OBSERVERS ( UC

5 TARGETS

FREQUENCY
20 30

10

-0.4 0 0.4
BETA1 — BETAY TRUE
30 TARGETS
m
! 1 1 | L 1
-0.4 0 0.4

BETAY — BETA1 TRUE

FREQUENCY
20

10

FREQUENCY
20 30 40

10

45 PERCENT )

15 TARGETS

1 1 1.1 t:

-0.4 0 0.4
BETAY — BETAY TRUE
50 TARGETS
FD
oo,
-0.4 0 04

BETA1 — BETA1 TRUE

Figure 22. COMPARISON BETWEEN DIFFERENT ESTIMATES (O= 1.3,
UC=45%): 5, 15, 30, 50 targets for 15 observers (f, — f,)
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Figure 23. COMPARISON BETWEEN DIFFERENT ESTIMATES (0=2.5,
UC=75%): 3§, 15, 30, 50 targets for 15 observers (ff, — f,)
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Figure 24. COMPARISON BETWEEN DIFFERENT ESTIMATES (O=4.0,
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62




FREQUENCY
20 30

10
T

30 OBSERVERS ( UC : 45 PERCENT )

5 TARGETS 15 TARGETS

r
]
8.
—
o] ]
£ el i
(]
&
3 1 3 N ] o —t lJ:‘( _l—LJ L

30 40
1

FREQUENCY
20

-0.4 ] 0 0.4 -0.4 0 0.4
BETA1 — BETA! TRUE BETA! — BETAY TRUE
30 TARGETS 50 TARGETS
r
[=]
"
5t
&
{0 e
i
£
| ,
1. |J 1 1 1 a 1 . l" | L l i

-0.4 0 0.4 -0.4 0 0.4
BETAY — BETAY TRUE BETA1 — BETAY TRUE

Figure 25. COMPARISON BETWEEN DIFFERENT ESTIMATES (O= 1.3,
UC=45%): 5, 15, 30, 50 targets for 30 observers (8, ~ f,)
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Figure 28. COMPARISON BETWEEN DIFFERENT ESTIMATES (O=1.3,
UC=45%): 5, 15, 30, 50 targets for 5 observers (f, — f3,)
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Figure 29. COMPARISON BETWEEN DIFFERENT ESTIMATES (0=2.5,

UC=175%): 35,15, 30, 50 targets for 5 observers (i], -~ B)

67




FREQUENCY
20

10

FREQUENCY
20 30 40

10

5 OBSERVERS ( UC : 89 PERCENT )

5 TARGETS 15 TARGETS
9 —
|
S
B
:
. |
58
&
ol
R P J 11, 5= JL . N e R
-0.4 ~0.2 [+] 02 0.4 0.8 -0.4 -0.2 0 0.2 0.4 0s
BETA2 —~ BETA2 TRUE BETA2 — BETA2 TRUE
30 TARGETS 50 TARGETS
r
] b ] I 1.
2«
o
£
E .
). L 1 L _}1—1 1 1 Le ) o )l 1 1 1 AHvﬂl 1 1 4
~04 -0.2 0 0.2 0.4 0.8 ~-0.4 ~0.2 0 0.2 0.4 06
BETA2 — BETA2 TRUE BETA2 - BETAZ TRUE
Figure 30. COMPARISON BETWEEN DIFFERENT ESTIMATES (O=4.0,

UC=89%): 5, 15, 30, 50 targets for 5 observers (/}, -0)
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Figure 32. COMPARISON BETWEEN DIFFERENT ESTIMATES (O=2.5,

UC=175%): 5, 15, 30, 50 targets for 15 observers (/}2 - B,

70




FREQUENCY

FREQUENCY

30

20

10

40

30

20

15 OBSERVERS (

1 .l 1

5 TARGETS

-IL’I]# Il

—04 -0.2 0 02 0.4 0.8
BETA2 — BETA2 TRUE
30 TARGETS
i — 1 HI ] 1 ] )
-04 -0.2 0 02 0.4 08

Figure 33,

BETAZ — BETAZ TRUE

ucC

FREQUENCY
20

10

89 PERCENT )

15 TARGEITS

1o 1 1[{1 VIIIIA I

i

FREQUENCY
20

10

-0.2 o 02 04
BETA2 — BETA2 TRUE

50 TARGEIS

|

JL 1 1 1 1

-02 0 02 04
BETA2 — BETAZ TRUE

COMPARISON BETWEEN DIFFERENT ESTIMATES (0= 4.0,
UC=89%): 5,15, 30, 50 rargets for 15 observers i’f?z - f,)




FREQUENCY
20 30

10

FREQUENCY
20 30

10

30 OBSERVERS (

5 TARGETS

! BT 1
~0.4 0 0.4
BETA2 — BETA2 TRUE
30 TARGETS
i - J[ ]] ! 1
-0.4 0 0.4

BETA2 — BETA2 JRUE

ucC

45 PERCENT )

15 TARGETS
?r
2l
o]
&
et
ro]
£ L
°
o 1 l J ]l 1 —_—l
—0.4 o] 0.4
BETA2 —~ BETAZ TRUE
50 TARGETS
r
st
&
m o
8 I
u
f
e
o 1 1 l L 1 1

-0.4 0 04
BETA2 ~ BETA2 TRUE

Figure 34. COMPARISON BETWEEN DIFFERENT ESTIMATES (O=1.3,
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5,15, 30, 50 targets for 30 observers (5, — f,)
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Figure 40. COMPARISON BETWEEN DIFFERENT ESTIMATES (O= 1.3,
UC=45%): 5, 15, 30, 50 targets for 15 observers (£, — &)
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Figure 42. COMPARISON BETWEEN DIFFERENT ESTIMATES (0=4.0,
UC=89%): 5, 15, 30, 50 targets for 15 observers (&, — ¢,)
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UC=75%): 3, 15, 30, 50 targets for 30 observers (é, ~¢)
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FREQUENCY
20

10

FREQUENCY
20 30

10

30 OBSERVERS ( UC

5 TARGETS

1 1 i ) . 1

~0.4 -0.2 o 0.2 0.4
THA — THAI TRUE

30 TARGETS

L i ! xn[ 1 2 L 2

0.4 -0.2 o 0.2 0.4
THAI ~ THAI TRUE

Figure 45. COMPARISON BETWEEN DIFFERENT ESTIMATES (O=4.0,

FREQUENCY
20 30

10

89 PERCENT )

15 TARGETS

FREQUENCY
20 30

10

. L

-0.4 -0.2 ° 2 0.4
THAI ~ THAI TRUE
50 TARGETS
PR 1 L H ] L 1 i i
-0.4 -0.2 o 02 04

THAl — THA! TRUE

UC=89%): 5, 15, 30, 50 targets for 30 observers (é, —¢)
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APPENDIX C. SIMULATION PROGRAM FOR THE ESTIMATION
OF GAMMA PARAMETERS

VBAE[OIV
V ReM BAE NsMU;TA;H3E3;L30BS;W3G13G3Y3C3DEL: S
M13sM2;NIN;L3;V3F3;4:;B3IN;JN;C1
[1] NU<u .2
[2] TA<0
(3] IN«NIN<«JN<2p0
4] 0OBS<u0
s3] W<(M,N)p (MxN) EXPRAND 1
[6] G1<Q8(N,M)pG<«M GAMRAND 1.5 0.15u
(73] Ye@®MNUXx (W+G1)*x (*xT4)
£81l Cl«+/C<+/DEL<«Y<®0BS
(sl Y<Y|L®0BS
[10] S<+/SlexHe(Y-®MU)xx"1xTA
[11] Mi1<(+/+/DELxH)+(L<+/C)
[12] M2« (+/+4/DELx(H%x2))+L
[13] Ve(M2-(M1%2))-((01)*2)46
[1u] IN{2]<«(T1xM1)-0.5772
(151 =»42x1(V>0)

(16] Vel
[17] A2:IN[1]1<«(T1x@V)~-IN[2]
7181 L7

(19] LG:IN<NIN
(20] L7:NIN[21€IN[2]1+(T1x+/(A-C)#B)+(+/ (A« (*xIN[2])xS)+
(B<S+%xIN[11))
(21] JN<IN[1],NIN[2)]
[22]) F<C SUM JN
(23] NIN[1]<«IN[1]+4(T1x+/(IN[1]1-(®B))+F[;1])%
(+/(1-%xIN[1)%B)-F[:21)
(2u]  >L6x1( (| (IN[1]-NINC1])+IN[11)>0.0001)A
(CI (INL2]-NIN[2]1)+IN[2]1)>0.0001)
(25] DO<NIN
[26] R<(NIN+(T1.872 1.4665)).(C1+MxN)

v

VsSUMLOlv

V Re«C SUM IN;DD;BB;AA;D1:D2;:1
(1] DD«10
{21 T<1

(3] L3:+>Lux1(CL[I]=0)

(u] D1<+/+ (AA«*xIN[1]1+IN[2]))+BB<«(1C[I])-1
(513 D2«<+/AA+ (AA+BB)*2

(6] +L5

(7] Lu:D1«D2<0

(8] LS5:DD<DD,D1,D2

[e] >L3x1(pC)l2I<«I+1

(101 R<DD«((pC),2)pDD

%4




v
VPHESIS[O]

V R<K THESIS J3;I;RES:M;N

DRL<«u668017u7
Nelard

Ne"14J

Il

RES<«(X,3)p0
LO:RES[I;]1<«M BAE N
>L0x1K2I<I+1
R<RES

v
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APPENDIX D. SIMULATION PROGRAM FOR THE ESTIMATION
OF REGRESSION PARAMETERS

VBAE2[O]V
V R<M BAE2 N;OBS;BO;BN:W;Ul;Ml;M2;MU;ZZ;RR;TO;Tl;S;
Y;CsIV3W13X13X23DEL3T;4;T72:C1
(1] 0BS<«4.0
[2] J<1
[3] T1<«T2«Q(N,MN)pT<«T0«Mp0
[u] BO<«BN<2p0
[5] X1«(M,N)p(MxN) NORRAND 1 0.5
(6] X2« (M,N)p (MxN) NORRAND 2 1
[7] We(M,N)o(MxN) EXPRIND 1
8] Ulex ((0,2xX1)40.3xX2)
[9] Ye@U1lxWx (*xT2)
[10] DEL<«Y<®0BS
[11] Cle+/C<+/DEL
[12] Y<YL®0BS
(13] IVe(x7T2)xY
[14] LL:BO<«BN
[15] T0<T
(16] T2<T1
(17] W1« (x((Y-IV)xx(T1xT2)))%0.5
(18] MleW1xX1xx("1x7T2)
[19] M2eW1xX2xx("1xT2)
[20] MU<8(2,(MxN))p(,M1),(,M2)
[21] Z+Q,Z+(W1XIV)+((_1XDEL)+W1*2)*W1
(22] BN<«(E(QMU)+.xMU)+.x((QMU)+.xZ)
(23] IV«(X1xBN[11)+(X2xBN[2])
(2u4] RR<(Y-IV)xx(~1xT2)
(25] T1<8(N,M)pT1<T<,T<«T+(C-+/RRx(("1xDEL)+*RR))+
((T1xC)-+/(RR%*2 )x*RR)
[26] A<«(l/|(BN-BO)+BN)>0.0001
(27] S<|(T0-T)+T
[28] >LEX13008J«J+1
(28] >LLx1(Av([/S8)>0.0001)
{30] LE:R<(BN<BN- 0.2 0.3),(C1#(MxN)), ((+/T)+M)
v
VTHESIS[O]
V R<K THESIS J;I;RES;M:N
(11 ORL<u4668017u47

[2] Melrd
3] N<"14J
4] T«1

(5] RES<«(K,4)p0

(6] LO:RES[I;]<«M BAE2 N
(7] >LOx1K2T«T+1

(8] R<RES
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v

VSrAT(0]

V R<STAT K;DF3;ANS:II;JJ;KK;TR;MS
[11] IT«JJ<KK<1

[3] DFe¢ 5 10 20 30 u40 50
(4] TR« 10 20 50
(5] ANS<«(((pDF)x(pTR)),K,u4)p0
{6] MSE<«(((pDF)x(pTR)),7 )p0
(7] LO:ANS[II;;]~MS<«K THESIS(DFLJJ],TR(KK])
(8] MSELII;]«((+#MS)+K),((+#MS[; 1 2 ul*x2)+K)
(el IT<Il+1
{101 »LOx1(pTR)2KK<KK+1
(111 ~LOx1{(pDF)2JJ<«JJ+KK+1
[12] R<ANS
v
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