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ABSTRAC?

Loran-C time difference (TD) readings were taken

consecutively at several survey stations near Monterey, CA,

over a period of three days. One station, Range-7, was

designated the "known" point of a differential Loran-C

system. Readings from the known point were used to correct

readings from a second survey station, Luces Point. A method

of improving the precision of Loran-C TD readings based on

the redundancy and relative accuracy of three LOP's was

developed and applied to the data. Since only one receiver

was available, a linear regression of TD vs time was

calculated and used in the differential correction.

Based on 496 sets of data taken at 5-second intervals at

Range-7 in two groups, before and after about 250 readings at

Luces Point, the absolute accuracy of Luces Point data was

improved from about 385 m to about 48 m - 2ared to the known

position of the point. Precision was proved from about

14.9 m to about 12.6 m circular error (CEP) using the three-

station correction. Further improvement would probably have

resulted if two receivers were available for real time

cnrrections.
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I. IWI OXTC

A. Purpose

The purpose of this study was to investigate the potential

accuracy of the Loran-C navigation system using a differential

correction technique and a correction for the use of three secondary

stations rather than the usual two.

Sources of error were first examined and their magnitudes

estinated. Methods of expressing the accuracy of a determination of

geographic position were also considered.

It was determined that position accuracy is composed of two

factors: the absolute accuracy of the position (which can be

considered the bias, or systematic error, in the system) and the

precision of the individual readings.

Over longer periods of data collection it was considered possible

to subtract out the system bias by means of a quasi-differential

correction based on intermittent time difference readings at a fixed

point, designated the "known" point of the differential system, and

to improve the precision of TD readings by taking advantage of the

redundancy of the reception of three master-secondary pairs.

For this purpose, a theory of corrections was developed and an

experiment was designed to determine the effectiveness of the

corrections. The experimental data was processed by computer, and the

relative accuracies were calculated. Computer programs for processing

ard displaying data were written for this purpose.
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B. mthod

To collect data for processing, several known survey points with

published positions were chosen as locations for collecting Loran-C

data. Using known points provided a means of comparing results. One

point in a relatively central location was chosen as the "known" point,

where a larger amount of data was collected. Data from the other points

was corrected based on the data from the "known" point.

During periods of about eight hours, the receiver was moved from

one survey point to another. The antenna was set up over the points

and time difference data was collected for periods of about 20 to 30

minutes at each point. The time required to move the receiver from one

point to another varied from about 30 to 60 minutes.

Data was collected by a Racal Megapulse monitor receiver with

internal clock accuracy of about 0.02 Asec. A Silent 700 data terminal

was used to collect the data on cassette tapes. Data was recorded at

intervals of 5 seconds. Later, the data was transferred to 5 " disks

for use on a computer.

Since there was no way to collect time difference data at two

points simultaneously, a method of estimating the time differences at

the known point was developed. This involved using the available data

to establish linear regression lines of time difference versus time at

the known point.

Using the known time of data collection at the other points, an

estimate of the time differences at the known point could be used to

calculate a correction for data at the other points at the times of

data collection.

2
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A nunber of caiputer programs were written to calculate the

required information for differential corrections. A Correction For

Three Secondary Stations was developed mathematically and used to

process the data in an effort to reduce the random error of the time

difference readings.

Based on reduction of standard deviations of the data and

reduced circular error, the three station correction was

effective to some degree, although absolute error turned

out to be the limiting factor in the experiment. Reduction

of absolute error by means of the differential correction

was significant.
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31. TIE ILRAN-C NAVIGATIC*I SYSITX

A. Basic L'smptian

Loran-C is an electronic positioning system based on the reception

of pulsed IF (90-110 kHz) signals from a master transmitting station

and one or more secondary stations which ocmprise a Loran-C "chain". A

brief description of the system will be provided here as a basis for

later discussions of the accuracy considerations and differential

methods used in the experiment.

In the hyperbolic mode, geographic position (GP) is determined from

time difference (TD) readings provided by a Loran-C receiver. The

difference in reception time of pulses received from the mater station

and pulses received fromi each secondary station give the receiver's

position in tenrs of a hyperbolic lattice system. Geographic position

can be calculated from the TD readings using Loran-C lattice tables

published by the Defense Mapping Agency or c=mputed directly using

various computer techniques. Nautical charts overprinted with Loran-C

TD lattices are also available for plotting geographic position

directly without converting first to latitude and longitude.

The hyperbolic lattice system is a series of hyperbolas. A pulse

(actually a group of pulses) is first transmitted by the master

station. The wave travels to each secondary station of the Loran-C

chain, and each secondary transmits its own pulse after a time delay

(called the coding delay) which is unique to each secondary.

4



The master pulse is received first by the receiver. A short time

later the pulses frn the secondaries are received. The time dif-

ference between reception of the master and each secondary is measured

in the receiver. Each TD identifies one line of position (LOP) in the

set of LOP's for a master-secondary pair. Figure II-i shows a typical

Loran-C master-seoondary pair with a set of hyperbolic LOP's. Each LOP

in this set represents a line of equal time difference between

reception of the master pulse and reception of the pulse from the

secondary. Figure 11-2 shows an example of a hyperbolic lattice system

formed by two master-secondary pairs

As with latitude and longitude, two IOP's are required to define a

geographic position. Unlike latitude and longitude, two TD readings

from different secondaries do not uniquely define a GP, since the TD's

may intersect at two points within the coverage area. This is normally

not a problem, si:nce even an approximate knowledge of the geographic

position of the receiver will allow determination of the correct

intersection point.

When more than two LOP's are available to define a GP (when signals

from more than two secondary stations can be received), the

intersection of the three LOP's define three geographic points (s-

Figure IV-2). Tlhe accuracy of the two best pairs of LOP's is

sufficient for most navigation purposes, but it is possible to combine

three or more LOP's to estimate the position of one point. A method

using corrections from three LOP's is used in the experiment and will

be discussed in Section IV.B.

5



FIGURFE II-1. Typical set of hyperbolic LOP's associated with a master-
seconidary pair.

FIGURE 11-2. Typical hyperbolic lattice formed by sets of LOP's
associated with two master-secondary pairs with a
common master station.
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B. Time Difference Eqluaticns

The difference between arrival time of the signal from the master

and arrival tine of the signal fram a secondary can be described by

the following equations (Ref. 1):

The basic time ifference equation for Loran-C is:

TD = ts - tm [II-1]

where:

TD = tine difference at a given point P.

ts = time of reception of secondary pulse.

tm = time of reception of master pulse.

A more useful form of this equation takes into account the

components which make up the travel time of the signals over each

section of the paths fran the stations to point P:

TD = (Ts + DTs + ED) - (Tm + Drm) + ASF [11-2]

where:

TD = Time Difference at a given point P.

Ts  = Distance in time units between the secondary station
and point P.

Tm = Distance in time units between the master station
and point P.

DTs = Secondary Phase Correction for all seawater path
between secondary station and point P.

DTm = Secondary Phase Correction for all seawater path
between master station and point P.

ED = Emission Delay fcr the secondary station.

ASF = Additional Secondary Phase Correction for point P.

7



Equation 11-2 oo-tdins two corrections which are applied to Loran-C

TD readings. The velocity of electraagnetic waves in air under

standard conditions is changed when the wave propagates over a surface.

The Secor y Phase Correction Factor (Dr. and DIm in equation 11-2) is

a tine correction for the change in velocity caused by propagation of

electranagnetic waves over seawater. This change in travel time can be

calculated by the following enpirically derived equations (Ref. 2):

For distances greater than 100 statute miles (T > 537 gsec):

DT = Ao/T + A1 + A2*T [11-3)

where:

Dr = Secondary Phase Correction for all seawater path.

A0 = 129.04398 Psec2

A1 = -0.40758 4sec

A2 = 0.00064576438

T = Travel time (Ts or Tm in equation II-1) in Jsec.

For distances less than 100 statute miles (T < 537 Asec):

DT = B0 /T + B1 + B2 *T [11-4]

where:

B0 = 2.7412979 gsec2

B1 = -0.011402 Asec

B2 = 0.00032774624

T = Travel time in gsec.

8



In equation 11-2 the Additional Secondary Phase Factor (ASF)

cor-rcts for propagation over land (actually any other non-seawater)

surfaces, which have a wide variety of conductivities (see Section

III-C-2 or Ref. 3 for further explanation of ASF Corrections). The ASF

correction is in addition to the Secondary Phase Correction for all

seawater path.

Secondary Phase Corrections for all seawater path are always added

in before calculation of the geographic position from TDI's. ASF

corrections are much smaller, and are often determined from tables

which require a dead reckoning position within 10' of latitude and

longitude of the final position. If no ER position is available, the

position calculated from TD's corrected only for all seawater path is

used as a ER position to determine ASF corrections. When used in

hyperbolic mode, the ASF correction in Equation 11-2 is a net

correction which applies to the particular master-secondary pair (the

difference between the range-range corrections for each station).

Emission Delay (ED) in Equation 11-2 includes a coding delay, which

is the time between reception of the master pulse at the secondary

station and trarsmission of the secondary's pulse, plus one way travel

time from the master to the secondary, including the Secondary Phase

Correction for all seawater path for the master-secondary baseline path

(Ref. 4).

The result of application of these corrections to the basic time

difference between reception of master and secondary signals is a

reduction of the time difference to a path through air with an Index of

Refraction of 1.000338 (Ref.4:p.4).

9



C. Differential O=ketiwns

Differential techniques can be used to improve the absolute

accuracy of Loran-C TD readings. Differential Loran-C uses monitor

receivers located at fixed points in or near the area where improvement

is needed. The most oaumon method is to use TD readings of the

monitor receivers to determine the magnitude of the variations in the

TDI's fran the long term average of the TDI's at the fixed points. These

variations are then applied to receiver readings in the area of

interest before geographic positions are calculated from them.

Corrections are updated periodically as explained later in this

section. (Ref.l:p.434)

The differential correction (including geographic correction) to

Loran-C readings at an unknown point P2 with a monitor receiver at a

known point P1 can be described by the following equation:

TD at P2 = Received TD at P2 + Differential Cor. + Geographic Cor.

or

TC = T + (TD, - TDc) + TIg [11-5]

where

TD2c = Corrected TD reading at Point P2 (the unknown point).

TDc = Long term average TD at P1 (location of the monitor).

TD, = TD reading of receiver at the known point (Pl).

TD = TD reading of the receiver at the unknown point (P2).

Tg = TD variation which is a function of location.

10



For practical purposes it is possible to use any correction from

real time to a correction averaged over a period of up to several days.

The method used in this experiment (described in Section IV-C) was to

determine a regression line of monitor receiver TD readings at the

known point. A ccmputed correction was applied to the TD reading at

the unknjown point based on the time of the TD reading at the unknown

point and the equation of the regression line. This method was used

because only one monitor receiver was available and it was used as both

a monitor at the known point and at the unknown points. In this

experiment a correction based on reception of three secondary stations

(rather than two) was applied to the TD readings fran each secondary

station before the regression line parameters were calculated, as

explained later in Section IV-B.

The geographic correction - that part of the difference in TD

readings at points P1 and P2 which is a due to the differences in ASF

corrections at the two points - is a particular problem. For

geographic points at sea, tables of ASF corrections within 10' of

latitude and longitude are available, and may be accurate enough to

provide corrections within the necessary accuracy. Tables of

corrections for geographic points on land are not published, but were

obtained for this experiment fra the Defense Mapping Agency

Hydrographic/Topographic Center.

Test results of differential Loran-C on the East Coast U.S. chain

have shown accuracies of about 4.6 m CEP at distances up to 140 km fra

the monitor site (Ref.l:p.434).
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III. GENERAL ANALYSIS OF E

To quantify the amount of error and compare the accuracy of

different types of corrections made to Loran-C geographic position

fixes, it is necessary to provide same basic definitions. The

following sections give the definitions used in this study for the

types of accuracy and measures of accuracy. One and two dimensional

sources of error in Loran-C positioning are listed and approximate

values for the error are given where possible. Error reduction based

on differential correction is described.

A. Types of Axxracy

There are several ways to specify the accuracy of electronic

navigation systems. The following definitions of three types o

accuracy have been found useful in this study (from Ref. 5):

Absolute Accuracy: For purposes of this study, absolute accuracy

is a measure of the ability to determine geographic position (in terms

of latitude and longitude or other fixed coordinate system) frat a

given set of Loran-C coordinates (Ref.5:p.172). The error includes all

types of systematic and random error associated with the system.

Absolute accuracy in this experiment refers to the accuracy of the

calculation of the positions of the "unknown" points based on receiver

TD readings, three station corrections, and differential corrections,

compared to the known published positions of those points.

12



Repeatable Accuracy: The ccmwn navigation definition of

repeatable accuracy is the ability to return to the same point using a

given set of electronic coordinates (Ref.5:p.172). Error is measured

in linear units. Tis differs fra, absolute accuracy in that the

position itself need not be known in terms of same other coordinate

system. Repeatable accuracy is normally better than absolute accuracy

because the part of systematic error which is a function of position

has been removed (the position remains the same), leaving only random

error and time dependant systematic error. Repeatable accuracy in the

context of this experiment is a measure of the precision of measurement

of the TD's, which is most affected by the electronic circuitry of the

transmitters and receivers involved (over short periods of time in

which terrain and atmospheric factors do not change significantly).

Repeatable accuracy is similar to the accuracy expected fran

differential corrections. The difference between the two is that

since repeatable accuracy refers to the ability to return to the same

point using the same set of received TD readings, there is no

difference in the ASF (terrain) correction but there may be same

difference due to variability of TD's with time.

Differential corrections have different ASF corrections

at different points. These must be calculated and applied

to the TD readings. At a single point the ASF corrections

will probably not change over the time period of interest,

but over longer periods some error will be Introduced. The

uncertainty in ASF corrections could be a significant

source of error.

13



Relational Acxracy: The accuracy with which it is possible to

determine the position of one observer in relation to another observer

using the same system (Ref.5:p.172). A form of relational accuracy

enters into differential corrections when two different receivers are

used. Even at the same point at the same time there will usually be a

slight difference in the loran-C readings of different receivers. This

is caused by errors associated with the receiver circuitry and randu

errors over the slight differences in the tine at which the readings

are made by each receiver, since all other factors are the same. The

same type of error exists with two different receivers separated by

some distance (as with differential corrections), although this type of

error is usually small ccupared to other sources of error.

B. Measures of Acmuacy

In addition to the types of accuracy listed above, it is necessary

to specify how accuracy is to be measured. This can be viewed as an

estimate of the amount of error. The following are definitions of the

basic methods used here of specifying the measures of accracy of

position. Their usefulness and limitations in this application are

also described.

Root Mean Square (OMS) Error: This is the linear (one dimensional)

error in the location of an LOP (Ref.5:p.172). It can be specified in

linear units or time units (meters and microseconds are used here).

The normal specification of I S error is the number of meters or

microseconds representing some whole number of standard deviations fromn

the mean. In the application used here, the variation in TD readings

14



frm each master-secondary pair can be expressed as a standaad

deviation in microseconds, which corresponds to a displacemnt of the

LOP by a corresponding number of meters measured normal to that line of

position.

Circular Error Probable (CEP: This is the two dimensional error

which specifies the radius of a circle within which there is a 50%

probability of being located, based on positions calculated fran the TD

readings of the receiver. The estimated position of the point (based

on latitude and longitude or other coordinate systems) and the radius

of the circle are used to specify this measure of accuracy. Circles

other than the standard 50% circle can be used (67% and 90% are

common). (Ref.5:p.173) The main advantage of using CEP (rather than

the error ellipse described below) is that direct comparison between

accuracies of different systems, techniques, or at different points can

be made. CEP in this experiment is used as a measure of the precision

of the TD's indicated by the receiver at a fixed point and the

precision of corrected TDI's based on these uncorrected TD's.

Corrections for the absolute position (the bias of the TD's fran true

readings) is of secondary importance in this application.

Circular error estimates in this experiment are based

on the radius which 50% of the data are greater and 50% are

less, as calculated by a sorting program.

15



Error Ellipses: Error ellipses are the preferred way of

describing the accuracy of electronic navigation systems for many

purposes. As with circular error, accuracy is specified in terms of

the probability of an estimate of geograpic position falling within a

geometric figure centered on the actual geographic position (an ellipse

rather than a circle is used) (Ref.6). Unlike the circle used in CEP,

an ellipse provides additional information about the directional

characteristics of the accuracy, which can be very important in some

applications. The specifications for elliptical accuracy are usually

the lengths of the major and minor axes and the orientation of the

ellipse (such as the azimuth of the direction of the major axis). A

disadvantage of using error ellipses in this experiment is the

difficulty of directly coaparing the accuracy of different ellipses

with different orientations. For that reason most of the accuracy

ccuparisons in this study have been specified in term of circular

error. Error ellipses have been used where appropriate.

Error ellipses are related to the orientation of two intersecting

IDP's by the following equations (Ref.6:p.72-74):

012 sin 20tan 2e = [II1-l]C12 (Cos 20) + 022

a 2 + 22 + ((a12 + 022)2 - 4(sin2O)a 1
2 a2

2 )[x2 = [III-2]
2 sin2o
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2 12 + 022 - ((a12 + a2
2 )2 - 4(sin2 .)a 1

2 a 2
2 )1.

Cy 2 [111-3]

where:

8 = the ingle of the major axis of the ellipse
from the direction of the LOP with smaller
variance, toward the LOP with greater variance,
in the direction of the smaller angle.

a12 = variance of the LOP with smaller variance.

c22 = variance of the LOP with the greater variance.

= the smaller angle between LOP's.

These equations were used to calculate the dimensions and

orientation of the error ellipse for Range-7, the "known" point used

for differential corrections (see Figure V-3).

C. Sources of Linear Error in Iran-C Time Differences

The position fixing accuracy of the LORAN-C system depends on a

number of factors. These can be divided into two categories

(Ref.7:p.18): temporal errors affecting the repeatability of the

system (errors which vary with time), and systematic (time invariant)

errors. Both of these types of error may also be functions of

- geographic position.

The effect of these errors is to produce TD readings at the

receiver which differ from those which would be expected on a perfect

17



hyperbolic lattice on the surface of a perfect ellipsoid, resulting in

error in the calculation of the geographic position. A linear error of

1.0 Asec in time difference is approximately equivalent to 150 m on the

baseline, with one dimensional error at other points being up to about

ten tines greater, depending on the location within the geometry of the

System.

The main sources of error in the determination of TD's used to

calculate geographic position can be classified as follows (Ref.8):

* Transmitter synchronization timing errors.
" Errors associated with propagation effects.
" Atmospheric noise.
" Receiver errors.

1. Transmitter Syrxiumnization Timing Errors

Since time differences between reception of a master pulse and

secondary pulses are used to calculate geographic position in

hyperbolic Loran-C, it is essential that the synchronization of timing

between transmissions from the master and secondaries be highly

precise.

In order to acccuplish this, each station is individually timed

using cesium clocks which drive pulse and group repetition interval

timing circuits. Independent monitor receivers are used to provide

data to corxpters which adjust the relative timing between master and

secondaries of the chain in small steps (usually 10 to 20 ns).

Absolute timing of the master stations is adjusted to operate in

coordination with Universal Tine, Coordinated. (Ref.8:p.1129)

18



Estimates of timing error due to transmitter synchronization

are on the order of 0.05 Asec (Ref.9:p.537). Actual data fran an

operational Loran-C chain showed time differences controlled within

0.024 psec of the standard value, with a standard deviation (in

absolute time) of 0.032 gsec (Ref.lO-p. 227). A transmitter

synchronization error of 0.01 Asec is believed to be attainable if

ground monitor data is used to rmove the mean synchronization error

(Ref.ll:p.401).

2. Errors Associated with Propagation Effects

This includes most types of error external to the electronics

of the system, and is the main source of error in the determination of

geographic position.

Factors which influence groundwave propagation include the

following (Ref.12:pp.39-53 and Ref.13:pp.173-187):

* Electrical Coructivity of the surface material
* Dielectric Constant of the surface
* Index of Refraction of the air

Lapse Rate of the Index of Refraction with altitude

These factors are conplex f uictions of several variables, the

main ones being:

* type and ozmposition of the surface over which the wave travels
* topography of the surface
* meteorological conditions
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At any particular geographic position the effect of these

variables may or ay not be considered a function of time, depending on

the time periods of interest.

Also of inportance is the effect of these factors on TD as a

function of geograpic position. For each different geographic

position, the electromagnetic waves from each transmitter 1mist traverse

a different route, with different types of surface, topography, and

atmospheric conditions, to reach the receiver.

The effects of irregular terrain are practically tine

invariant, while ground conductivity and dielectric constant may vary

seasonally (due to changes in moisture content of the soil, changes in

vegetation, or other factors). Observed cyclic annual variations on

the order of 0.5 gsec are probably due to seasonal variations in ground

conductivity and dielectric constant and to seasonally vaiying

atmospheric conditions.

Meteorological conditions sufficient to cause noticeable

variations in TD readings may change in very short time periods (days

or hours). Short term variations due to meteorological effects (cold

front and warm front passage through the line of propagation) on the

order of 0.025 Asec have been observed. These correlate with changes

in the dry adiabatic lapse rate of the index of refraction.

(Ref. 14:p. 1119).

For most differential Laran-C purposes it is necessary to

consider only those temporal propagation effects which occur in short

time periods (hours or days at most, for most applications). The

variation of propagation effects with geographic position must also be
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considered for precise positioning. Many of these variations can be

corrected by a ccumptation of the Additional Secondary Phase Factor

(ASF).

The Additional Secondary Phase Factor (ASF) is a measure of the

systematic error resulting fron differenes in velocity of electranag-

netic waves over ground with different conductivities and dielectric

constants. The Defense Mapping agency uses a ccumputerized system of

maps with estimates of ground conductivity (effectively including

dielectric constant) over large areas, and calculates ASF corrections

in the ioran-C coverage areas. These corrections are published as

tables of ASF corrections to be used in correcting Loran-C TD readings

fran receivers.

ASF corrections can be as large as 4 microseconds (Ref.3).

The corrections provided in the Defense Mapping Agency tables require

estimates of the geographic location of the receiver to the nearest 10'

of latitude and longitude. ASF corrections based on the known

positions of the survey points used in this experiment were provided by

U#4A using a cmputer program which calculates the corrections using the

Millington Method (Ref.3:p.V).

3. Atmospheric Noise

The effects of atmospheric electrical noise are reduction of

the range at which Loran-C signals can be effectively received and an

increase the error in TD's ccmputed by receivers in marginal reception

areas. This is primarily dependent on the circuitry of the receiver.
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In marginal areas the effect of atmospheric noise will be an

increase in the standard deviation of the TD's and increased difficulty

in locking on and maintaining reception of the weaker signals.

Atmospheric noise varies with time and geographic location, with a

significant diurnal variation (noise levels are higher at night). In

this experiment, significant effects due to local sources of electrical

noise were noticed in the Monterey harbor area.

4. Receiver Errors

Receiver errors are of two main types:

* timing error caused by limitations of the internal clock
circuitry of the receiver

I errors caused by processing time of the receiver

For a receiver at a fixed geographic location, processing time

is not a source of error. The receiver will be at the same location

regardless of the time required to output the TD's or geographic

coordinates. The main source of receiver error at a fixed location

(other than the noise considerations discussed above) is the timing

error in the internal clock circuitry. Loran-C receivers vary greatly

in their timing errors. The Racal Megapulse Monitor receiver used in

this experiment has a specified timing error of 0.02 Asec or better.

For mobile receivers the processing time of the receiver

circuitry can be important. After the signal is received it must be

processed and either stored in the form of electronic information or

visually displayed. Error is introduced if the receiver moves during

this time interval.
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Cbviously, the amount of error in the determination of

geographic position from this source depends on the processing time and

the speed of the receiver. Receivers which output data in the form of

geographic coordinates must calculate latitude and longitude fran the

TD readings of the receiver, requiring more processing time and

resulting in greater error fran this source.

At the speeds normally used in hydrographic surveying

(typically less than 20 kt) the processing time is insignificant for

practically all receivers. For data which is stored in the form of

receiver output TD's for later correction and conversion, as with the

Racal Megapulse receiver used here, error shculd be insignificant even

at much higher speeds.

D. Gemetric Dilution of Precisin

This sarce of error in geographic position results fran the

crossing angle of the Iran-C OP's (lines of position). Figure IV-l

shows two hyperbolic IWP's with standard deviations a, and a2 (in time

difference) and crossing angle a. The cptimum crossing angle of any

two LOP's is 900, resulting in minimum error in geographic position for

a given set of standard deviations.

23



E. Summation of Errors

1. Absolute Accuracy vs. Precisicn

The absolute accuracy of an electronic positioning system can

be viewed as a measure of its ability to give the geograpic position

of the receiver. Precision is a measure of the variation of individual

time difference readings. If the receiver is set up at a point for a

sufficient amount of time, many of the random errors can be averaged

out; the average of a large number of readings can provide a basis for

determining absolute accuracy.

In practice this is more difficult than it would seem, since

some factors which do not vary significantly over short periods of time

(hours or days) may vary significantly over longer periods (weeks or

months). It is necessary to consider the time periods involved in

order to determine which factors to consider randan and which to

consider "bias" in the system.

For this experiment, the scurces of randam error are considered

to be transmitter timing errors, some meteorological conditions,

atmospheric noise, and most receiver errors. Errors caused by long

term "bias" of the system are due primarily to ground conductivity and

type of surface, some meteorological effects, and any non-random bias

in the timing of the transmitters.

Taking these factors into consideration, data taken at the

"known" point (Range-7) of the differential system was processed to

remove random error by averaging over a period of time, while long term

error was removed by comparison of the TD' s to their expected values
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derived fran calculations provided by computer compitations of the TD

at that point.

Errors which may change within the time frame of the experiment

were reduced by a linear regression of the trend of data taken at the

known point and projected to the correction at the unknown point

mathemat.cally.
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IV. THREE STATION AND DIFF N L CDRREIOIS

A. Basic Gecoetry of Loran-C Hyperbolas

This section provides a summary of the information necessary for

the analysis of Loran-C corrections for three secondary stations and

for differential Loran-C corrections presented in parts IV.B and IV.C,

adapted from Laurilla (Ref.1) and others as noted.

I. Lanewidth

'The baseline of a Loran-C master-secondary pair is the shortest

path over which the transmitted signals may travel between the master

station and the secondary station. On a spherical earth model it is

the arc of the great circle through the positions of the master and

secondary stations. On an ellipsoid it is the geodesic frcvm the

master to the secondary station. In the set of hyperbolas of time

difference for the master-secondary pair, the separation between

hyperbolas is a minimum constant value along the baseline.

A lane is the distance between two adjacent hyperbolas of unit

time difference. The unit normally used is the Msec (10-6 sec). In a

series of hyperbolas, as shown in Figure II-1, it is obvious that the

lanewidth varies with location. At any point, lanewidth can be

viewed as the inverse of the gradient of the ratio of the change in

time difference to the change in distance (Ref.15), or:

L = {I(dTD/dl) 1 -  [IV-l]
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LOP,

1 ~ a 2, LOP2

MCr PRBALE POWN

Figure IV-1. Typical intersection of two lines of
position. Most probable point is at the Intersection of
the two LOP's.

LOP,

LOP 2

Figure IV-2. Typical intersection of three lines of
position. When three or more secondary stations can be
received at a geographic position, calculated position
depends on the LOP's which are used to make the
cal culati on.
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The lanewidth at any point in the set of hyperbolas can be

expressed in terms of the lane width on the baseline. Baseline lane

width can be expressed by the following equation:

c
Ib[IV-2)

2

where:

Ib = Lanewidth on the baseline (meters/Asec)

c = Speed of electromagnetic waves on the baseline (m/sec)
(note that time units are in the unit lanewidth)

lanewidth at any other point (not on the baseline) can be

expressed by equation IV-3a, where P is the angle subtended by the

baseline from the point. Note that this angle is the absolute

difference between the azimuths from the point to the master and from

the point to the secondary station.

L = Ib(sin(P/2))-I [IV-3a]

or

L = IbG

where:

L = Lanewidth at a point (per unit of time)

Lb = Lanewidth on the baseline (per unit of time)

/8 = Angle subtended by the baseline from the point

G = The Lane Expansion Factor, G = (sin(3/2))-i

Note that the lane expansion factor depends only on the angular

separation of the master and the seoondary stations. This obviously
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depends on the distance of the point froi the baseline center and the

angular separation of the baseline and the vector from the baseline

center to the point.

Equation IV-3a provides a means of calculating the normal

distance between any two hyperbolas, provided they are near enough that

their lanewidths are not significantly different:

d = Lt [IV-3b]

where:

d = distance in meters between the two hyperbolas.

L = lanewidth at the point of interest (in m/sec).

t = time difference between the two hyperbolas in gsec.

2. Direction of Hyperbola

The direction of a hyperbola at any point on the hyperbola is

along the tangent at that point, directed away from the baseline of the

master and secondary stations used to define the hyperbola. For

applications in this experiment, laurilla (Ref 1) provides the follow-

ing useful definition of the direction of a hyperbola: "... the

direction of a hyperbola at any point coincides with the bisector of

the angle formed by the lines joining the point to the pair of

stations." (Ref.l:p.92)

For purposes of this experiment, it is convenient to express

the direction of the hyperbola by its azimuth. This azimuth can be

expressed in terms of the azimuths (from north) of the master and

secondary stations by:
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ah = (am + as)/2 (where lam-sI>180") [IV-4a)

ah = 180 + (am + am)/2 (where Iam-sl<180") [IV-4b]

where:

ah = azimuth of the direction of the hyperbola.

am and as = azinuths of the master and secondary from the point.

3. Applications of Gecmetry of Hyperbolas to Error Analysis

The geometric description of loran-C hyperbolas in parts IV.A.1

and IV.A.2 is particularly important in the analysis of error and the

derivation of corrections used in this experiment. Some of the direct

applications are outlined in the following paragraihs.

The error expressed as an error ellipse requires the directions

of hyperbolas in order to determine the orientation of the ellipse.

The dimensions of the ellipse require the conversion of variances of

time differences of each hyperbola to variances of distance in the

major and minor axis of the ellipse. Standard deviations of time

differexes can be converted to distances by the following equations:

ad = atL [IV-5a]

ad 2 = ut2L2  [IV-5b]
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The correction for three secondary stations uses variances in

time differences converted to distances as an input, using equation

IV-5b. Converting time difference to distance in this way correctly

weights the precision of the IDP's when determining the correction

factor based on geometric considerations.

B. CQrrectipi for Three Secondary Stations

In situations where three secondary stations can be received, the

result is three tOP's which do not, in general, intersect at one point

(see Figure IV-2) when they are used to calculate the geograpic

position, although they must in fact intersect at the cumon point at

which the readings were taken concurrently. Under usual navigation

conditions the two best LOP's are used to determine a geographic fix.

A drawback of this method is that it fails to consider all of the

available information (i.e. one of the available lines of position is

not used in the calculation of the geographic position). By utilizing

all three LOP's it should be possible to improve the accuracy of the

geographic fix.

Sections B.1 and B.2 will develop a mathematical adjustment which

can be used to calculate the most probable corrected TD readings of a

Loran-C receiver used as the fixed receiver in a differential Loran-C

system utilizing three LOP's (i.e. receiving the master and three

secondary stations). When the correction is applied, the three

corrected TDI's will intersect at the rost probable point, based on long

term average values of the TDI's. The derivation of this adjustment

could take any of several possible forms, but a primary consideration
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here is the need for a form which is easily applicable to computer

processing. Section B. 3 describes a method of applying the corrections

for non-differential use, using only one receiver and with no known

fixed point.

Section B.4 will develop regression equations for calculating the

corrected TDI's directly from time for use as a differential correction

for a remote receiver. Note that the methods developed in these

sections are primarily for use in the differential Loran-C computations

necessary for this experiment.

I. Geometric Cosideraticns Used to Develcp a Correction Factor

The following assumptions are made for this derivation:

" Each LOP has a unique direction (described in Section IV.A.2)

* long term average TDI's (designated TDlav, TD2 av, and TD3 av) for
for the known point are available

" Variances of the TD values (designated 012, 022, and C32) are
known or can be calculated

" Variations of TDI's from their average values is in the form of a
Gaussian distribution

" Over the relatively small area being considered, the surface can
be considered a plane and lDP's for the same master-secondary
pair can be considered parallel straight lines

Several things should be noted about these assumptions. Long

term averaging times for this experiment will be on the order of a few

hours during acquisition of data; for purposes of the derivation,

standard deviations are converted between time units (gsec) and

distance units (m) using Equation IV-5a; and, the assumptions of a
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TD2

p12

e3

FIGURE TV-3. Geometry used in the derivation of a correction factor
for three LOP' s not intersect ing at the same point.
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Gaussian distribution, plane surface, and parallel LDP's are reasonable

for this type of data (Ref.6:p.8). When two IOP's with different

standard deviations intersect (see Figure IV-i), the point of

intersection is the most prcable geographic position (Ref.6:p.8-12).

The probability of the location of the true position is best described

using an error ellipse as described in Section III-B.

A typical situation is shown in Figure 3, a set of three

concurrent LOP's intersecting at three different points. Point P is

the location of the monitor receiver used to determine differential

corrections, with TDlav, TD2 av, and TD3 av being the long term average

TD values at that known point (note that in figure IV-3, the LOP's of

TDlav, TD2 av, and TI 3 av are not shown, but are parallel to TDI1 , TD,

and TD3 , respectively, and pass through point P, as shown in Figure

IV-4). Although the long term average IOP values intersect at point

P, triangle P1 2P1 3P2 3 represents a triangle of fixes formed by the set

of TD values which may occur frcm any concurrent set of TD's, which are

unlikely to equal the long term average. Each set of TD readings

(which occurs in the data every few seconds) will result in a new

triangle of fixes.

The vectors rl, r2 , and r3 represent the difference between the

individual TD values in a concurrent set of data and their respective

long term TD values. The r vectors are at right angles to both the

long term and current IOP's. For exanple, if the long term average of

TD1 (TDlav) is 29939.200 and the value of TD1 in a set of TD readings

currently being considered is 29939.300, the value of r I for the

current set of TD readings is 0.100 (all in Asec). When oonverted to
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meters using equation IV-3b, this is the distance between the average

TD values (TOPiav) and current TD values (TDi). These IDP's can be

considered as parallel straight lines over the relatively small

distances considered for this correction. Note that there are three

IOP's in each set of concurrent data representing TD values for three

master-secondary pairs. The master station is ccumn to each of these

pairs.

Within the triangle of fixes P1 2 P1 3 P2 3 formed by the three

IDP's of a set of data, point P' represents the most probable point of

the true geographic position indicated by that particular concurrent

set of data ccmpared to the long term average data. The distances of

P' frai each LOP (the lengths ri') are related to the relative

precision of each LOP, P' being closer to LOP's with higher precision

(to be discussed in more detail in the next section).

The problem must be solved in general terms so that any set of

TD's in the data can be corrected to a new set of TD's which intersect

at the most probable point. Since the triangles formed by all sets of

data are similar triangles, the lengths of r1', r2 ', and r3 ', will have

the same proportion for each set. The corresponding r i ' values between

sets of data will be related by a common factor, which will be

designated as the Correction Factor, k.

Other information which should be noted about Figure IV-3

include the following:

The following sets of lines can be considered parallel over the
area represented by the figure: TDI1v I TDI ; T 2 v I T 2 ;

TD3av il TD3 ; r, 11 r,' ; r 2 I1r 2 ; and r3 Ir 3'•

(continued on next page)
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0 The following sets of lines are perpendicular: r, and r I' ±
TDlav and TD1 ; r2 and r2' I TD2av and TI)2 ; r3 and r3 ' I
TD3av and Tm3 .

* The azimuths (from north) of the directions of the LOP's
represented by TDlav , TD

2av, and TD
3av are al, a2, and a3 ,

respectively. These are the same as the azimuths of TD1I, ID2,
and TID 3 , respectively.

. The following angles of triangle P1 2 P1 3 P2 3 are defined by:
112 = a2 - 01 ; a1 3 = V/2 - (a3 - al) ; and a 2 3 = a 3 - al-
These angles will be the same in the similar triangles formed
by any lengths of rl, r 2 , and r 3 .

SIP's 1 and 3 have the largest absolute angle (+ or -) between
them, and LOP 2 is the intermediate angle.

The next section will provide a mathematical derivation of the

expression for a correction factor to determine the lengths of r 1l,

r 2 ', and r 3 ' and the corresponding time adjustments to TDI1 , TD2, and

TD3, based on the geometry presented in this section.

2. Mathematical Derivation of the Cbrrecticn Factor

An important question in this analysis is how to weight the

relative precision of each LOP in such a way that it can be used in

the calculation of a correction factor. Reference 16 shows that for

this type of data the "weights are inversely proportional to variance"

(Ref. 16:p.60), meaning that the lengths of the r i ' corrections should

be proportional to the variances (in units of length) of the

corresponding TD values for each LOP. Using units of length, in the

general solution for all sets of data, the following equation applies:

ri'Li = kat 2 Li 2  [IV-6]

where:

r i ' = corrections for TD's 1, 2, and 3 (in Asec).
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i2 = variances of TD's 1, 2, and 3 (in gsec2 ).

k = the Correction Factor (units are meters)

Li = lanewidths of TD's 1, 2, and 3 (in m/gsec).

Note that ai2L 2 is a unitless weighting factor.

For any triangle there will be some unique value of k which

relates the distances from point P' to each LOP to the variances of the

LOP's according to equations IV-6. To obtain a general expression for

k which can be easily calculated by compiter, it will be helpful to use

only the known values of the TD's, variances, azimuths, and lanewidths

for each IOP. The r values are readily cbtained fran each set of TD

data by subtracting the long term average values fram current TD

values. Values of ai 2 and Li are constants for this small area.

If each LOP is considered a straight line and a cartesian

coordinate system is assumed with north as the +y and east as the +x

direction of the coordinate axes, then each LOP can be specified by the

general equation for a straight line:

y = mix + bi  (i = 1, 2, or 3) [IV-7]

Three such equations can be written (one for each LOP), giving

three linear equations in two unknowns, x and y. These equations will

not have a comion solution when the three OP's do not intersect at a

camon point.

For each master-secondary pair, all IDP's of the set will have

the same slope (mi) within the small area being considered (TDi is

parallel to TDiav for any TDi). The y-intercepts (the bi's) will be

zero for the average IOP's intersecting at point P. Y-intercepts for
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other LOP's with non-zero r values can be calculated from the

relationships between azimuths (denoted crj) and the r value of each

LOP by the following equation:

bi = i1, 2, or 3) [IV-8]
Cos (ai-1r/2) sin ai

N (y)

- - bi

P E (x)

TIIiav

FIGURE IV-4. Typical average LOP through the origin of a cartesian
coordinate systemn and corresponding parallel LOP of an individual
TD reading. Slopes are the same for both. Y intercept is the b
value in equation for the LOP (zero for the aver-age LOP).
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Slopes of the TD's can be expressed in term of 0 as:

mi = -tan Oi [IV-Sb)

Figure IV-4 shows the assumed coordinate system along with the

IDP' s for which the slopes and intercepts are described. Wen

corrections are applied, the corrected r values are as follows:

ricLi = rit_ - kOi 2 Li 2  [IV-9]

Note that in the equation for corrections (IV-9) the units of
ricLi are meters. If ai2Li 2 is considered a unitless weighting factor,

then the units of k must be meters. This agrees with the units of

Equation 13.

The value of r i is calculated by:

r i = TDi - TDiav [IV-10]

where:

r i = deviation of an LOP fran the long term average (gsec).

TDi = time difference reading of a master-secondary pair at
point P.

TDiav = long term average of the TD for the same pair at
point P.

Figure IV-3 shows that the r i ' corrections must be subtracted

fran r I and r 3 , and added to r 2 , for the configuration shown. It can

be demonstrated that the r i ' corrections are always of the same sign

(both + or both -) for the two most widely spaced LOP's and of the

opposite sign for the intermediate LOP, where the direction vectors at

point P are in the positive directions of increase of TD and the angle
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is in absolute terms (maximum being 180'). This is true for all

positive and negative r values. Positive and negative k values will

reverse the signs of all corrections in equations IV-9 so that they

will be correct for all configurations.

The corrected r values of equations IV-9 can be substituted

into equations IV-8, providing a set of y-intercepts (the bi values in

the set of general equations IV-7) for the corrected LOP's which

intersect at point P'. These intercepts contain the unknown Oorrection

Factor k. Note that the slopes of the corrected IDP's are equal to

those of the corresponding uncorrected IDP's, meaning that the mi

values in equations IV-7 are unchanged.

Substituting the corrected y-intervept (bi) values into

equations IV-7 results in three linear equations in three unknowns: x,

y, and k:

r1L - kcj 2L1
2

y = (-tan 1 )X + [IV-lla]
Cos 0i

r 2 L2 + ka22L22
y = (-tan 02)x+ [IV-lb]

r 3L3 - k132L2

y = (-tan 0)x + [IV-llc]
cos 03
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Equations IV-11 can be rewritten as the following set of linear

equation in the unknowns x, y, and k:

crl2Ll 2  riL1
(tan0 1 )x + y + (O )k = [IV-12a]cos 1  ci os p1

a22122 r2L2

(tan 0 2 )x + y - (- )k = [IV-12b]
cos 02  cos 02

32 2
0T3 2L32 r 3L3

(tan 0 3 )x + y + ( )k = [IV-12c]
COs 03 COS 03

Solving equations IV-12 by Gaussian elimination gives the following

general expression for the Correction Factor k:

tan 03 - tan 02  tan 03 - tan a, tan 02 - tan 01
Llr I  - 2r 2  + L3r 3

Cos 0i cos 02 cDos 03
k=

L21tan 03 -tan 02 2c22 tan 03 - tan 01+L3 3 tan 02 -tan 01

OS 0i COS 02 COS 03

[IV-131

where:

r i = differences fram average TD's (Asec).

k = Correction Factor for three master secondary pairs (m).

Oi = directions of increasing TD (azimuth from north).

ai2 = variances of IOP's (part of unitless weighting factor).

Li = lanewidths (in meters/Asec)

Note that Li 2 ai 2 terms in denominator are unitless weighting factors.
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Equation IV-13 may be sinplified by the following substitutions:

A1 = Ll(tan 03 - tan 02)/(cos 01) [IV-14a]

A2 = L2(tan 03 - tan 01)/(cos 02) [IV-14b)

A3 = L3(tan 02 - tan 01)/(cos 03) [IV-14c]

A4 = LIaI 2AI + L2a 2
2A2 + L3a 3

2A3 [IV-14d]

Resulting in the following equation for k:

k = (AlrI - A2 r2 + A3r'3 )/A4 [IV-15]

The x and y coordinates of point P' can be calculated by:

r 1 °s 02 - r 2 cos 0i - kol2cos 01 - ka22 °s 02
x = [IV-16]

(cos 01) (oos 02) (tan 02 - tan 01)

y = - (tan a,)x + (r I - al2k)/(cos 0i) [IV-17]

Two other useful parameters can be calculated fran the values

of x and y. These are the azimuth and range of the of point P' fran

point P. These are given by the following:

Azimuth (fron north):

app, = 7/2 - ta 1-1(y/x) (x > 0) [IV-18a]

apP, = 3r/2 - tan-l(y/x) (x < 0) [IV-18b]

Note: when x-=O the azimuth is zero for positive y and ir for negative y

Range(P to P'): Rpp, (x2 + y2 ) [IV-19]

42



Using the compited value of k for a set of concurrent TD data,

a correction can be made to the TD values using equations IV-9. Since

IV-9 is in meters it must be converted to Asec using equation IV-3b.

The resulting corrected 1' s will intersect at the point P'.

Equations IV-15, IV-16, and IV-17 do meet the requirements

stated at the beginning of this section. The irpits are limited to

azimuths, variances, long term average TD values, and concurrent TD

data, and the values of k, x, y, and the corrected TD values can be

compted directly fran these by equations which can be calculated

easily by a ccuputer.

3. Non-Differential urrecon for Thee Seamdary Staticns

When using the method of Section IV.B.2 with a single Loran-C

receiver (i.e. not using differential methods) a correction can be

calculated based on existing computer programs. While not used in this

experiment, the method of correction will be outlined in this section.

Since variation from a known point cannot be used, the two best

LOP's can be used as the basis for this calculation. While not as good

as using a known fixed survey point, this will provide a correction

based on three IOP's. The method is outlined below:

1. Using the two IOP's with the best fix accuracy (available fron
existing ccupiter programs), calculate the geographic
position of the point of intersection. This corresponds to
point P.

2. From the geographic position of P, calculate the TD of the
third master-secordary pair (the one not used in the previous
step).

(continued on next page)
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3. Using point P calculate the azimuths (fra north) of the LOP's.
Number the TD's as described in the previous sections, with
the intermediate TD as TD)2 and the TD's with the greatest
angular separation as TD1 and TD3 .

4. Use TD variances calculated over short time periods in the
general area, or use the values of meters/microsecond cal-
culated using equation IV-3 as the approximate weights of
each IOP. Substitute these for the a values in equation
IV-13.

5. Assume r values of zero for the LOP's with the best fix
accuracy used in step one.

6. Calculate the difference between the observed third TD and the
calculated value obtained in step 2. Use this for the third
r value.

7. Calculate corrected r values as in the previous sections.

8. Using any two corrected TD's, calculate geographic position.
This is the position corrected for three secondary stations.

Note that all of the above calculations are based on computer

methods and programs already in use (Ref. 2) allowing corrected posit-

ions to be calculated readily using the method outlined.

C. Differential orrections

One of the main objectives of this experiment is to apply

differential corrections obtained at a known point to time difference

data taken at unknown points. One problem encountered was the

availability of only one Loran-C monitor receiver, making simultaneous

data collection at two points impossible. Differential Loran-C does

not require continuous updating of the differential correction for

general navigation purposes (hourly or daily corrections are possible),

but the need for the most accurate corrections possible for the

experiment required a continuous update of the correction.
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1. Mtkmtical Description of the Differential Crrection

Data fram the experiment consisted of a series of readings at

each point. Data was recorded at intervals of 5.0 seconds for much of

the experiment, although other time intervals were also used. Data

consisted of time versus TD for up to four possible master-secondary

pairs and the signal to noise ratios for each, in the following format:

Time ((Tr) GRI TD1  T2 TD 3  TD4  S/N1  S/N2  S/N3  S/N 4

Only three master-secondary pairs were receivable in the area

of the experiment. One survey point (Range 7) was designated the

"known" point, from which differential corrections were calculated for

data taken at the other points. Over a period of several days, data

was collected at the known point for periods of 20 to 30 minutes at

irregular intervals spaced at about one to three hours (data was

collected at the other points in the intervening periods as described

in Section A.2).

To provide estimates of the continuous TD readings at the fixed

point during all time periods (including the periods between data

collection at that point), a least squares curve fitting process is

used. The result is three equations: TD as a function of time, for

each master-secondary pair.

These three equations can be used to provide an estimate of the

TD values at the fixed point at any time. The difference between the

calculated TD at a certain time and the long term average TD is the

Differential Correction at that time. The ASF corrections at the fixed

point and an estimate of the ASF correction at the unknown point (as
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described in Section II-B) also enter into the Differential Correction

at the unknown point. An equation is written for each IDP:

Cd = Tc - TDav + (ASFu - ASFf) [IV-20]

where:

Cd = Differential Correction at the unknown point.

TDc = TD (at known point) calculated frum regression equation.

TDav = Lon term average TD at the known point.

ASF = ASF correction at the known and unkncwn points.

2. T ast Squares PIgressicn Equations for Tim Difference

Linear regression equations for each TD can be written in the

following form (Ref.17):

TD = b0 + b 1t [IV-21]

The bi coefficients of the reression equation can be found by

solving the following set of linear equations:

nb0  + blzti = ET i
[IV-22a]

b0yti + blrti2 = ZtiTDi

An alternate method of calculating the bi values directly is:

ntiTDi - (Eti) (MTDi)

n~ti2 - (Fti 2

[IV-22b]

b0  b, -

n n
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In equations IV-22, mti, ti Vp etc., refers to the s ! of

the tine values, the sumn of the products of time and time difference

values, etc., for the whole set of data available at the fixed point.

The total nmber of sets of TD vs t data is n.
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V. REI= AND IICS

Part A of this chapter presents the results of calculations based on

the theoretical principles previously discussed and data obtained from the

experiment. Part B provides a summary of the results obtained, how these

results differ from what would be expected based on the theory, possible

reasons for any variations from expected outcome, and a general conclusion.

A. Ca lcuolations

1. Azimaths, Directions of Hyperbolas, and Directions of TD's

Azimuths of the Loran-C stations fron the survey points are one

of the basic requirements of several calculations used in this

experiment. Station positions of Range-7 and Luces Point (the primary

stations used in this experiment) and other points were obtained from

Horizontal Control Data published by the U.S. Dept. of Commerce, Coast

and Geodetic Survey (see Appendix A). Station positions of the Loran-C

transmitters were obtained frcs Loran-C Data Sheets provided by the

Defense Mapping Agency, Hydrographic/Topographic Center (see Appendix

B). For convenience in avoiding datum conversion, the North American

Datum 1927 (NAD 27) was used because published positions based on this

datum were available for all of the station positions used in the

experiment. Station positions ar summarized in Table V-l.
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Azimuths: Azimuths from Range-7 and Tuces Point to Loran-C

stations 9940-M, W, X, and Y were calculated using a Fortran 77

subroutine provided by DMA.TC (Appendix C). operation of the.

program was checked using known data points and azimuths. Results of

these ccciputations are presented in tabular form in Table V-2. For

convenience in visualizing the angular relation- ships, results are

also presented in graihic form in Figures V-la and V-2a.

Directions of Hyperbolas: The directions of hyperbolas for

9940-W, X, and Y were calculated using equations IV-4 and the azimuths

obtained as described in the previous paragraph. A sample calculation

follows:

Hyperbola Direction for 9940-X at Range-7:

(Azimuth of 9940-X) + (Azimuth of 9940-M)
HDR7 =

2

343.071686 + 38.358551
= 190.715118"

2
(from North)

Decimal degrees are used in the calculations for convenience.

Results of the calculations are again presented in Figures V-lb and 2b.

Direction of Increase of TD: Directions of increasing TD are

at right angles to the hyperbola directions and increase in the

direction of hyperbolas which approach the master station. This

involves either adding or subtracting 90" from the direction of the

hyperbolas. For checking purposes, a Loran-C chart of the area was

used. Results are again presented in Figures V-1 and 2.
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TABLE V-I. Station Positions (NAD 27).

Station latitude tongitide

Range 7 36° 39' 02.47787" N 121" 49' 08.58202" W

Luces Point 36 ° 38' 10.524" N 1210 55' 38.399" W

9940-M 39* 33' 07.046" N 118 ° 49' 52.241" W

9940-W 47° 03' 48.594" N 119 ° 49' 52.241" W

9940-X 38* 46' 57.472" N 122* 29' 40.050" W

9940-Y 35° 19' 18.342" N 114 ° 48' 13.946" W

TABLE V-2. Azimuths Fran Range-7 and Luces Point.

Range-7 to Derees ,min, sec. Decinal Degrees

9940-M 38° 21' 30.784" 38.358551 °

9940-W 7° 32' 22.823" 7.539673 °

9940-X 343 ° 04' 18.070" 343.071686 °

9940-Y 101 ° 47' 36.229" 101.793397 °

Luces Point to

9940-M 38° 51' 08.262" 38.852295 °

9940-W 7 ° 45' 43.837" 7.762177 °

9940-X 344' 23' 49.981" 344.397217 °

9940-Y 101 ° 36' 16.319" 101.604533 °
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9940-W 7.539673 °

9940-X 343.071686"

99404M 38.358551*

9940-Y 101.793397"

FI URE V-la. Azimuths Fron Range-7 to 9940-M,W.X,and Y.

9940-Y 250.075974"

/ /
9940-W 202.949112 I

)'9940-X 190.7.1511.8.

FIGUJRE V-Jb. Directions of Hyperbolas at Range-7.

9940-Y 340.075974*

9940-X 100.715118

9940-W 112.949112 °

FIGURE V-ic. Directicns of Maxinum Increase (Gr'adient) of IM's at R-7.
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9940-W 7.762177*

9940-X 344. 397217* 90M3.525

9940-Y 1O1.604533*

YIGUIRE V-2a. Azimths FTun T3~ Pirmt to 9940-M,W.X,arxl Y.

9940-Y 250.228424-

9940-W 203.1307236 /
9940-X 191.624756-

Fi4uRE V-2b. Directions of Hyperbolas at Ti,~ Fbint.

9940-Y 
340.228424 

\\ \ %zzZZ:::: 
: 9 4 X 10 . 2 7 6

9940-W 113.307236*

FIXUIM V-2c. Directions of Naxinum Ir~rease (Gradient) of I'D's at IP.
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2. lanewidths

Lanewidths were calculated fromt Equation IV-3a using the

azimuths cmputed in Section V-A-i. Note that the units of lanewidth

are m/gsec. With a standard lane of 1 g.sec the width of a lane is the

same number in meters. Velocity of transmission was calculated using c

and the index of refraction specified in the table of Ioran-C constants

supplied by the Defense Mapping Agency (Ref. 4). Sample calculations of

lanewidth follow:

C

Velocity of Transmission - (V-l1
n

2.99792453 x 108 m/sec

1.000338

- 2.996911624 x 108 /sec

Lanewidth of 9940-Y at Range-7 for standard 1 psec lane:

(10- 6 sec) (2.996911624 x 10 8 m/sec)
LR7 =

101.793397' - 38.358551"
2 sin

2

= 285.024 m

Results of the calculation of lanewidths are given as the L

values in Table V-3. In the table, 1I, .2, and L3 correspond to the

lanewidths for 9940-W, X, and Y, respectively.
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3. Average TD's, Standard Deviaticrs, Variances

Because of the large amount of data involved, it was necessary

to compute statistical information using a computer program. Since

data was in the form of three TDI's (one for each master-seondary pair)

every five seconds, and readings were taken for periods of 20 to 40

minutes at each station, a Fortran 77 program with subroutines for

statistical information was written (see Appendix C).

Station Range-7 was the "known" station of the differential

system, at which more readings were taken than any other. For this

reason, and because regression equations of TD vs Time were needed only

at that station, statistical information was calculated only for

station Range-7.

Mean of the TD's was computed by the following (Ref. 18):

zTDi

Mean TD = [V-2]
n

Variances of the TD's were calculated using the following (Ref. 18):

S2  _ roi 2 - (=,) 2/N [V-3]
N-I

Standard deviations were calculated from variances by (Ref. 18):

formula (Ref.18):

s = (s20 [v-4]
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Equations V-2, V-3, and V-4 were incorporated into a Fortran 77

cXulputer program which was used to calculate statistics of TD's for

9940-W, X, ad Y.

It should be noted that these statistics were in terms of time

differences, while in some cases it was necessary to know standard

deviations and variances in terms of distances. Equations IV-5 were

used for this conversion where necessary.

Corrected vs Uncorrected Data: One use of the statistics of

the data was to compare the standard deviation of raw data to the

standard deviation of data which was corrected for three secondary

stations. It was considered unlikely that the three station correction

could remove bias fra the TD readings (error in terms of absolute

position) because most of this is due to systematic error rather than

randon variations. It was believed that the three station correction

would be rost effective in reducing the effect of random variations in

time differences. The statistics on uncorrected and corrected data show

results consistent with this expectation (Table V-7).

4. Error Ellipse and Circular Error at Range-7

Range-7 was used as the known point of the differential system,

and a larger amount of data was collected at that point. Using the

crossing angles, standard deviations and variances of 9940-X and Y (the

best pair at that point), dimensions and orientation of the standard

error ellipse and CEP 50% and 90% circle radii were calculated for the

point using the information outlined in section III-B.
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The standard error ellipse and error circles for 50% and 90%

were plotted over a scatter plot of data fran Range-7. The result is

shown in Figure V-3.

Calculations of the standard error ellipse dimnrsions were as

follows:

Using 9940-X,Y:

01 = 09940-Y = (0.072546) (285.024) = 20.677 m

02 = 09940-X = (0.068638) (322.024) = 22.103 m

= 250.075974 ° - 190.715118° = 59.360856°

Calculating the semi-major and semi-minor axes of the ellipse:

20.6772+22.1032+( (20.6772+22.1032) 2-4 (20.677222.103
2sin2.))

. =2sin 2p

ax = 30.595 m

20.6772+22.1032- ((20.6772+22.1032) 2-4 (20.677222.103
2sin2 ))

ay2 =

2sin2

Oy = 17.362 in

Orientation of the major axis of the ellipse:

20.6772sin 2(59.360856°)
tan 2E =

20.6772 cos 2(59.360856') + 22.1032

E = 26.474268 °

Azimith of major axis = 250.075974' - 26.474268 = 223.601716 °

= 223.601716 ° - 180 ° = 43.601716* (from North)
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N

sal1e in meters

Figure V-3. Scatter Diagram, Stardard Error Ellipse, andi CEP5Q andz
CEP90 Error Circles, for Ramoe-7 Data (see text for details).
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Using tables in Reference 6, pp. 18-20, radii of the 50% and

90% error circles were calculated as:

CEP50 = 27.936 m CEP90 = 63.226 M

Because the data included in the plot of Figure V-3 includes

two intervals of data collection, the points are not as evenly

distributed as they would otherwise be. For this reason there are

fewer points near the center of the plot than would normally be the

case. The error circles and ellipse seem to be reasonably correct for

the given data.

5. orrecion Factor for nhree Secxrdary Staticns

The correction for three secondary stations was designed as a

technique to reduce the randm error associated with tine difference

data. It was expected to increase the precision of the position rather

than the absolute position.

For a variety of reasons there will be scue covariance between

conurrent time difference readings from different miaster-seco y

pairs. The correction for three secondary stations is not expected to

reduce the error associated with this type of random error. The non-

correlated rardc n error in TD readings should be reduced by this

correction to some extent.

In order to reduce the number of crTp itations and the time

required to process data, most constant factors associated with the

correction factor can be computed in advance and used as constants in

the cmputer program. This reduces the correction to only a few lines
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of relatively simple caputation. Because of the large amount of data,

this reduces significantly the time required to caqmite corrections.

In the calculations of adjustments to positions of Range-7 and

Luces Point, the only factors which differ significantly are the long

term time differences at the two points. In this case the same Ai

factors can be used for correcting both positions for three secondary

stations. In cases where same of the parameters may differ

significantly, it would be necessary to calculate different Ai factors

for each position. Table V-3 gives parameters for input to the Fortran

77 correction program for calculation of the Ai parameters and

calculation of the corrections to data.

TABLE V-3. Parameters used in calculation of correction
factor k.

Parameter Value

0i 112.949112 °

02 100.715118 °

03 340.075974 °

0I  0.150606 gsec

02 0.068638 gsec

03 0.072546 Asec

L1  563.934 n/Asec

1322.966 n/gsec

L3 285.024 n/4sec
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6. Regression Equaticns for Time Differec vs Time

Since only one Loran-C monitor receiver was available, it was

necessary to develop a method of estimating TDI's at the known point

during times when differential corrections were required at the unknown

points. Linear regression equations of TD vs time were used for this

purpose.

Using equations IV-21 and IV-22, the data frca Range-7 was

processed to obtain the required summations of time and time difference

necessary to calculate the b0 and b, coefficients of the linear

regression equation. Only Range-7 data frau the nearest time periods

before and after the differential correction period for Luces Point

data were used.

The procedure for processing the data was first to apply the

correction for three secondary stations to the Range-7 and Luces Point

data during the time periods of interest. Range-7 data was then

processed to obtain the necessary summations for the calculation of the

b parameters of the regression equations. Using the regression

equations for Range-7 data and long term TD averages at the two points,

differential corrections for the Inces Point data were calculated as

described (Section V-7). Fortran subroutines (Appendix C) were added

added to the statistics program to obtain the summations and a separate

program was used for the differential correction of Luces Point data.

Results of the corrections were conpared to calculated values of TD's

provided by the Defense Mapping Agency, Hydrographic/Topographic

Center. TD vs time is plotted in Figures V-4 along with the regression

line for the data. Regression equations are in Table V-4.
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TIME vs TD

9940-W 9/28/87

I63~6.P

ti. 1201.01.

TIE (PT

0iueV4. T stm n hergeso iefr94-

for ang-7 ata orrcte forthre scondry tatons
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275=.4 -- TIME vs TD
9940-X 9/28/87

27 -22. 3-

10. 1101. 301.

TIME(PST

igueJ4 . T s t m n he r g e s o i e f r 9 4
fo ag - a a c r e td fo h e e od r t t o s
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TIME vs TD
9940-Y 9/28/87

42n743.53

42749.5

9.0 10.0 Hi.0 12.0 13.0 14.0

TIME (PST)

Figure V-4c. TD vs time and the regression line for 9940-Y
for Range-7 data corrected for three secondary stations.
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TABLE V-4. Regression Equations of T) vs Time at Range-7.

9940-W: TDw = 16316.51564 - 0.00807243t

9940-X: TDx = 27522.33725 - 0.01385199t

9940-Y: TTy = 42749.29371 + 0.01056707t

timie units: hours with minutes and seconds in decimal hours.

7. Differential orrections

Equation IV-20 describes the differential correction which is

applied to TD readings at an unknown point based on TD's at a known

point. In this experiment the positions of all points are known, based

on their published positions from survey data (see appendices). One

point, Range-7, was chosen as the known point for purposes of

differential corrections. Data from one other point was chosen as the

unknown point for purposes of comparison to its known position.

Three things must be known to calculate a differential

correction based on equation IV-20. Rather than use long term averages

in this equation, the expected TD's at both points were computed by a

standard Loran-C program. Current TD's at Range-7 were calculated from

the regression equations described in the last section. The ASF

corrections in equation IV-20 were calculated for each point by the

Defense Mapping Agency using a computer program which is used in the

preparation of ASF correction tables, but which can be used for

determining the correction at individual points. The difference in ASF
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corrections is used in equation IV-20. Table V-5 gives expected TD

values (used as long term averages) at the two points of interest:

TABLE V-5. Calculated TD's used as long term averages (in Asec).

Range-7 Wioes Point

9940-W 16314.68 16300.09

9940-X 27523.13 27496.79

9940-Y 42749.49 42755.87

ASF corrections were approximately the same at both points due

to the nearness of the points. Differences in ASF corrections used in

equation IV-20 were very small: 0.005, 0.002, and 0.003 Asec for 9940-

W, X, and Y, respectively. Corrections of this magnitude are probably

less than the accracy of the data used to calculate them, but at

longer ranges these may be large enough to be significant.

The final equation for the differential corrections based on

TD's at Range-7 are in Table V-6. Note that t is Pacific Standard Time

in hours, with minutes and seconds expressed as a decimal.

TABLE V-6. Differential Corrections (Cd in Asec, t in hours PST)

Cdw = -1.83064 + 0.00807243t

Cdx = 0.79575 + 0.01385199t

Cdy = 0.19829 - 0.01056707t
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8. Acciracy of Position Fix

Figure V-5a shows a plot of uncorrected Range-7 data based on

expected TD's calculated fran the known geographic position. The grid

is in meters, oriented north-south and east-west, and with the center

at the published geographic position of Range-7. When the Correction

For Three Secondary Stations is applied and the average of the Range-7

data is placed at the origin, the result is as shown in Figure V-5b.

Note that the plot is now centered on the origin due to the

fact that all absolute error (bias) has been removed from the data.

The three station correction has also decreased the standard deviation

and variance of the Range-7 data as shown in Table V-7.

Figure V-6a shows luces Point data before application of any

corrections. These. points are plotted based on the expected TDI's at

the known coordinates of the point. The center of the uncorrected

Dices Point data is at x = 375.820 m, y = 85.501 m, and at a range of

385.423 m and at an azimuth of 77.183 ° (from North) from the origin.

Radii of the CEP 5 0 and CEP9 0 error circles are 14.9 m and 28.4 m,

respectively.

Figure V-6b shows Luces Point data after the application of

both three station and differential corrections. Again, the origin is

at the known position of the point. For visual comparison purposes,

the same scale is used for both Figures V-6a and b. For the corrected

data, the center of the data is at x = 47.213 m and y = -7.015 m, with

a range of 47.731 m and at an azimuth of 98.451 ° (from North) from the

origin. CEP50 and CEP90 radii were 12.6 m and 26.0 m, respectively.
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UNCORRECTED 9940-X, Y

300- SCATTER DIAGRAM

STATION RANGE-7

200-

Fiur V-a Scggate iagramii For RaeUnorea Data Scaei

in meters oriented N-S and E-W, centered on the time
differences calculated frcx the published coordinates
of the point.
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CORRECTED 9940-X, Y

So SCATTER DIAGRAM

STATION RANGE-7

20-

100

j ':~f100 200 300

SCALE IN 16TZ

Figure V-5b. Scatter Diagram for Range-7 Data Corrected for Three
Semnray Stations and Differential. Scale is in
meters oriented N-S andi E-W. Center of data is
corrected to correspond with calcul~ated tim~e
differences for the publ ished coordinates of the point.
See texct for details.
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UNCORRECTED 9940-X. Y

300- SCATTER DIAGRAM
STATION LUCES POINT

IS::: : l Ijlii * i: Ii i::1

100 200 300

SCALE IN ETERS

Figure V-6a. Scatter Diagram For Ices Point Uncrrected Data. Scale
is meters oriented N-S and E-W, centered on the tine
differences calculated from the published ooordinates
of the point.
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CORRECTED 9940-X. Y

300 SCATTER DIAGRAM

STATION LUCES POINT

200-

100-

100 200 300

SCALE IN METERS

Figure V-6b. Scatter Diagram for Luc Point Data With Differential
Correctios Based on Irmle-7 Data and With 0orrection
For Mee Seocxiary Staticns. Origin of plot is at the
time differeces calculated from the published
coordinates of the position.
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TABEE V-7. Starard Deviatiun and Variance of Ranqe-7 Data With and
Without the Correction Fbr Miree Secodary Stati.

Pair Withut Correuion With Correction

o 0.068638 0.053161
9940-X

a2 0.004711 0.002617

o 0.072546 0.052081
9940-Y

2 0.005263 0.002712

B. Conclusions

Based on the results given in part A, the absolute accuracy of

the Luoes Point Data was improved fram an average error of 385.423

meters to an average error of 47.731 meters. Practically all of this

improvement was a result of application of the differential correction.

Precision of the laces Point data was improved fran 14.9 m and

28.4 m for the 50% and 90% CEP radii, uncrrected, to 12.6 m and 26.0 m

for the corresponding radii, corrected. Most of this improvement is a

result of the correction for three secondary stations.

These figures are based on the processing of 486 sets of TD

data fra Range-7, the "known" point of the differential system, and

252 sets of TD data at Luces Point. Each set of data included time and

three TD's, one for each master-secondary pair (9940-W, X, and Y).

Under ideal conditions a better absolute correction would be

expected for these points. From an examination of the characteristics

of the data, the weakest point is probably the lack of a continuous set
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of TD readings at Range-7. Error in the estimate of TDI's based on the

linear regression lines may be as mudh, or more than, the 48-meter

average error in the corrected positions calculated for Luoes Point.

Other sources of error may include the fact that sae of the

Loran-C signals traversed sane seawater path near Luoes Point, with

unknown results on TD readings at that point. This type of error is

known to result under similar coitions, but no means of estimating

its magnitude is available at this time.

In summary, the absolute positions calculated fran differential

orrections of Loran-C data seei to be a significant improvement over

the positions calculated from raw data. While the correction for three

secondary stations does not add much to the estimate of positions in

this experiment, the improvement of 50% CEP radii by about 15% does

seem significant enough to warrant further consideration.

72



1. laurilla, S.H., Electronic Surveying and Naviaation, pp.85-108,
John Wiley & Sons, Wiley-Interscience Publications, 1976.

2. U.S. Department of Defense
Defense ap1rq Agency, Hydrographic/Topogra ic Center
Loran Hyperbolic LOP Formulas, pp.1-3.
EMAXC, Washington, DC 20315-0030

3. U.S. Department of Defense
Defense Mapping Agency, Hydrographic/Topographic Center
Loran-C Rho-Rho Secondary Phase Correction Table
Pub. NO. 221, West Coast U.S.A., pp.III-VI.
EMAHTC, Washington, DC 20315-0030

4. U.S. Department of Defense
Defense Mapping Agency, Hydrographic/Tcogra phic Center
Specifications for Loran-C, p.2-3.
EMAHTC, Washington, DC 20315-0030

5. Roeber, J.F., "Accuracy: What is It? Why Do I Need It? How Muich
Do I Need?" Navigation, v.30, pp.171-173, Summer, 1983.

6. Stanford Research Institute, Menlo Park, CA, Research Memorandum
NWRC-R4 34, SRI Project 2167-311, Mathematical Considerations
Pertaininm to the Accuracy of Position Location and Navigation
Systems - Part 1, by W.A. Burt, D.J. Kaplan, R.R. Keenly, J.F.
Reeves, and F.B. Shaffer, pp.l-3, April, 1966.

7. Sdmhebele, K.J., Aplication of Loran-C Positioning to Hcdrograric
Surveyin , Master's Thesis, Naval Postgraduate School, .Monterey,
CA, September, 1979.

8. Frank, R.L. "Current Developments in Loran-C," Proceedins of the
IE__, October, 1983.

9. Potts and Wieder, "Tim and Frequency Dissemination Via Loran-C,"
Prooeedirns of the IEEE, October, 1983.

10. Fehlner, L., and McCarty, T., "How to Harvest The Full Potential
of Loran-C,"' Naviation, v.21, n.3, Fall, 1974.

11. Gressang, R., "Estimating Bias in Loran Lines of Position,"
IEEE Transactions on Aerospaoe and Electronic Systems, v. AES-6,
n.3, May, 1970.

73



12. Saradcar, S., '"eather Effect on LOran-C PrcPagatin,"
Navigation, v.27, n.1, Spring, 1980.

13. Samaddar, S., "The Theory of Loran-C Grcurdwave PrOqagation - A
Review," Navicgation, v.46, n.3, Fall, 1979.

14. Dc1erty, R. and Johler, J., '"4eteorological Influence on Loran-C
Ground Wave Prcpagation," J. of Atmospheric and Terrestrial
Physics, v.37, 1975.

15. Kreyszig, E., vanced Enineerin Mathematics, 5th Edition,
pp.386-392, John Wiley & Sons, 1983.

16. Wolf, P.R., Adjustment Computations, 2nd Edition, p.60, Landmark
Enterprises, Rancho Cordova, CA, 1980.

17. Beyer, W.H., Handbook of Tables for Probability and Statistics, 2nd
Edition, p.8, CRC Press, Inc. 1985.

18. Dixon, W.J. and Massey, F.J. Jr., Introduction to Statistical
Analysis, 4th Edition, pp.24-29, McGraw-Hill Book Coupany, 1983.

74



APPEN~DIX A- 1

fi

i- si- 
3!ftS

= aa

ON~ I. sti*

I fit

.1z

75



APPENDIX A -2

- If

'I ~ ~ ~ ~ ;; o . I, _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

ef ZJ
g.I

N '". j 0c d 3

I~iyr

~ 76



APPENDIX B

9

c r, n %0 -
C% c - c w a ., a

0~c o C' .7 . N .

C> % D 7
.W O C'~ N ~ N ' - - - -

0~~~~C N c7- -

ri 2 2
og a %L

w7 P4 0, .

S.1

L, .7 . N . N N

N 77



APPENDIX C-1

C THIS FROSRAM READ$ DATA FROM A FILE Of TIME. A. B. C
C CONTINUES TO THE END OF THE FILE. CALCULATING THE MEAN.
C VARIANCE. AND STANDARD DEVIATION OF THE A, S, AND C COLUMNS.

C AND PRINTS OUT TNE RESULTS INTO A FILE tdout.t
double Precision time.t mel ,tlme2.tiaeS. m.bc.nm.n..nb~nC.

open (unltel.file a 'out. fore a 'formmtted'.
9acclsm'staepent 1.1')

C open (unlts2.fiie a 'out&.f'. form. zformatted'.
C ,mccese'sequential')

rewind I
C remdtI.I) frstln
C reed(i,') secin

50 write (1.41 tlmel time?, tlme3.mi bl.cI~ns~nm.nb,nc
time a tintl # tiot2/60. 4 timr3/3600.

C write 12,1 tis*,s,mi.cl
&sU su 0~ 1.
SUN* s ubs 4 a

summl a &s&] q @I
buas a sua& o a's

subb a sumb 4 b
sumbt s usbl 0 bI
suit? 2 SUSb2 #*V
SuRC a suac 4 C
&uNel a sumel * ci
SUSe2 - SUNC? 0 c'c
readfi.2.errxlO, Iostmtsloerr) time, t ie2.time.m.l~a.bl.b.

If (ioern 10.50,10
10 sup a sur - 1.

writeP*.61 ioerr
call s2(sum&2.&uBB.1iSudmlU6I)
call s21 stab2. 5umb, Sum,Lumbi11
call 2 s~lumc2,mumc. Sum, Sued

2 formi (ti.d2.0, ti.d2.0.t7.d2.0.tlg.dA. 3. t2l.dS. .22.
*S.3It 30. d!. 3,t 36, dE-. t 39, dS. S
& 'foreatlf3.0.2,.f3..23,f).O,23,fiO.3.23,fiO. 3,2u.flO.3.2m.

6 formt('loerr.,3
3 forem! (fl2.8.2i.fiO.3,2,,f1O.3,21,fic.3)
9 torsmt(datm error')

40 stop

Subrout ine s2 I 32, d, i)
double precision 12,a,d,aemn,vmrimn,%dSI
seeni a 63/d
vmnlmn @ i.2.ls/dIId-ll

Ad m dsqrt(vmnimn)
writei,.12) smn~vmrinimfd

C vrlttl2,2) meemn~vmlmn,Sd
ret urn

12 formt('memn a ',f1.32.tmnince ,i.B2,s '.Mi.11)
end
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APPMIX C-2

10 re: ....... . ......... .. . . . . . .
20 rem PROGRAM FOR 6AUSSIAU £LININATION MlTNI PIVOTAL CONDENSATION
30 em .......... FOR SOLUTION Of SYSTEflS OF LINEAR EQUATIONS ........

60 rm ------------------ WITH UP 10 10 UNKNOWNS ...................

50 r m .......................................................................
60 rC
70 ooen *1*. I. *ytest./' : dim A(iO.Ilh)dim 8l(li):dim n|(Il):dim s1I1)

80 input 1I, rows!. colsl

90 r a rows! : c s cols! : rowl coll I I highrow a 1

95 rem
100 rem ...... input the matrix:

105 rep
110 for 3 * I to rows!
120 for k * I to cols!

130 input I1. Al(J.k)

I1O if k () cols! then 160

ISO AS(J.kl a -I * AIIJ.k)

160 nelt k
170 nest J

175 repm
180 rem ..... begin main Program .............................................

185 rem

190 gosub 100 : rem --- check if uniQue solution

200 oosub 890 rem --- Prints out array
210 gosub 650 : rem --- checks for row with highest first non-zero entry

215 rem
220 if highrow * rowl then 210

22$ ree
230 gcsut 700 rem --- eschmnge rows it necessmry
240 GOsut, 760 : rem .-- sets first non zero entry in rout to 1.0

250 cosub 820 : rem --- iets first entry to zero in following rows

2t0 rowl - row] * I : col • coll * I : highrow a row| : rem --- increment counte-s
265 rem
270 if rowl () rows then 200 : rem --- chetcs If lost row has beer. reached

280 gosub 760 rem --- sets first non zero entry in final row to 3.0
290 gosub 890 rem --- final printout of array
291 rem
300 rem ... .calculates the unknown x values:
305 rem
310 si(cols!) v I : a n rows!
320 for I a a to I Step -1

330 for J a I to colt! - 1
340 sift) v aS(i) - sl(j+l) * Alti.J.* )
3$0 nest j
360 nest 1
365 rem

370 r -..... prints out the v values:
375 roa
380 for k s I to rowsi

390 print '8' k-I y o l5(k)
100 nest k
1l0 end
420 rcm ..... end of main program ...........................................
425 rem
130 m. begin subroutines ..............................................
635 rem
500 for I a I to rows)
$10 for j a I to rowif
120 if I a J then 610
$30 for k a I to colil
$0 if AS(i,k) a 0 then 560

$SO tS,' Ag(J,6IASII,k)
$60 natt k
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APPENJDIX C-2

70 for a a I to COist I
SO if Ni(W) C) M0l(sl)then 610
590 nest a
600 print *EUATIONS NOT INDEPENDENT ... NO UNIQUE SOLUTION ... ON[ SOLUTION POLLOUS'
610 nest J
620 nest I
630 return
635 rem
640 rem ..... subroutine to check for row with highest first non-zero entry:
650 for I a rowl to rowsl I
660 if obs(AS(i.colt)) ) 2bs(A(ii+lcoll)) then 680
670 hlghrow a I # 1
680 nest I
690 return
695 re ------ sunroutine to eschonge rows and put highest first entry first:
700 for i a coll to cols!
710 Be(il ) Aeirowl, I)
720 ASIrowl,i) v Al(hiohrow.I)
730 Allhiohrow, 11 a 81(1)
70 neat I
750 return
755 rem ..... subroutine to set first entry in first row to 1.0:
760 R1 • Alfrowlcoli)
770 for k a coil to cols!
780 if AltrowlcolI| a 0 then 310
790 AS(rowl.k) a Alrowl, k)/RI
791 print k
800 nest k
810 return
825 re ----- subroutine to set other first entries to zero:
12C for J a rowl * I to rows!
830 PIm a AI(j.coillI/AIrowI.coIl)
84C for k - coil to cols!
850 AIIJ.$5 a Al(jk) - Alfrowi.k)'PI
860 neat k
870 nest J
880 return
885 re ..... subroutine to Print out the matris A:
890 for J a I to rows!
900 for k a I to cOls!
910 print AI(J.k).
920 neat k
930 print
9L0 nest J
950 print rowl; *------------------------------------------------------------------
960 return
970 print *NOY ENOUGH EQUATIONS ... MANY SOLUTIONS ARE POSSISLE"
980 return
990 enO
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APPENDIX C-3

PROOFAI AIM

C :0W is frof oint I to coint
RIAt 11,21 ALA12,ALON
READ( I.*21 ALATI.,ALONI
P1,AC a 0.0

CALL INVrA.sALAII ,ALONI .ALA12,AL0N2.P'LAT,0ISI.AZ I
A2 AQ 0 3,1415926

IIAZ.360.0) 10.10.20
20 AZ v AZ -360.0

YI a LA1.'.IA)S*2t54'ItC.0
Y *ALN;5.IAIS't'2)'2 .0
Vs ALATI/3.I4IS9:E(WltC.0
u. ALN13.Le!'~t1tC-0
IJRI7E( A1 I.Y

IF Ir~rLC. 1 0 0 0
I C I FL A ! I . G- CF C FAr-

FA.417 - FLAOrLAI

F:

F' FALA2*C. :i
F4 VALAI:'O.I:!

t, FALAT2*0.0t:!
ft FALAI:,FLAI

re r t '0. S

CFLO e 1 .0

)C:tE * £i9 AINI.0FLA1)1SINIPL12)/C0StRL I)T
SI'A SINIEtA)'I
CC AI COSIIEIAI)

PECLL a FLNI-FLPN:
AtIELL v Af$If-CLLI
If 1ACDCLL.Pi'l Ie4c!.IC!

ICACLL l Uf.!I.A(I4L
ICt ICf S at SIADELL I

C '-E' COSIADCLLI

COPI I A.FCOCICL

C a SID'CLS1PH2
CM 1 l0- CC

A1 S ~IN I SIPHI I
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AF MD:EX C- 3

IF (COPKII 207,205,205
207 PHI m P1-PHI
205 PIISO *P1419111

CSPHI * .D/SIPHI
CIPHI aCOPHI/I/5P1
PSYCO * 5P141'copmI
1IRI a 7'PHI
TCRIM I&SPIFP45'I~I
TIR3P3afiF9IOPl.S(H.IC)
TERNq AIAIF2'PSYCO
TERM$~ a Et'EMO(F5'(PH14P$YC0-F2PNI10*C1PMI-F&*PSvC0*COPHICOPJI

*EM AIfl'F211P14150CSPHI.PSYCOOCOPHII
01ST a PORAD(CNN1,1Ct~241ftf3-~TflS.1CRM5,TRl6I
IERN7 aFS9pHI
TERM$ A'(f2'SIPHI*PALAT2'PHISO*CSPHI)
TERM, a EM(F3FS3PSYC0.fALA2PISO'CTPHI-FI'PHII
ZLAM a C'ITERM7-T[RMA*TfRM9).AD1LL
CTAZ.(SSCIA2'CSCTAI.COS(ZLAMZP*SBETAICCTA2)/(SII(ZLAM)'CSCTA2I
If (CIAZ) 210,209.210

209 CTAZ s 0.00000005
210 AZ a ATAN(1.D/CIAZ)

If (DELL) 216.214.214
21d IF IDELL-Pll 211.212,212
211 If ICIAZ) 220.221.221
220 A? AZOPI

6010 221
212 If (CYA?) 217,218,218
215 IF (DILL4P11 211.211.216
21t If ICTAZI 217,21b.218
217 A.' a P1-AZ

6010 221
218 AZ a 7UOPI-AZ
221 AZ a AZ.PI

AZ a AZ-TbDOPI
If IAZI 213,219.219

22$ AZ a AZ#IWOPI

219 RE1URlN
INDI
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