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1. Abstract Vi = (vE€W : v(§n) = E}Loc;(€)w,(n) (3.13)

""’"")) A feed-back extension procedure i developed for the numerical solution
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of a class of nonlinear boundary value problems associated with anti-plane
shear or Hencky's theory of plasticity. This extends (pée)vhm results using
dimensional reduction in energy-asymptotic format. { LA ’ ]
7 (o
C

2. Introduction

In an earlier paper [4], the method of dimensional reduction for quasilinear
boundary value problems was introduced. A generalisation was proposed
which allows for the possibility of different order of dimensionally reduced
models in different parts of the underlying domain. This paper is an at-
tempt to fulfill that promise with the purpose of making the method of
dimensional reduction still more efficient and robust.

As in [4], the basic idea is to Bnd a minimiser uy of the given energy
functional in a proper subspace ¥y which is characterised by the basis
“unctions {y,} M.

Vi = (nfsuc:(s)ﬁ:("”

where € = z; € |0,1],7 = 22/d, 23 € |-d, d], and d denotes the half thick-
ness of the domain. Thus the model of order N of reduced dimension was
introduced. See (4] for the choice of {¥,} f’:n and related convergence prop-
erties (optimal rates) as d ] 0 or N — o0.

Due to the singularities which can stem from the loading or the presence
of corners, it is necessary (for efficiency and accuracy) to be able to intro-
duce higher order models near these layers only. In this paper we propose
a feed back extension procedure that facilitates this by allowing different
orders N, in different parts of [0,1}.

3. Notation and Model Problem

We shall confine our study to the following class of problems. Find u € W
such that

YveW, Au(v)=Glv) (3.1)
where
Aufv) = / F(l Vau 2)Vau - Vv dEdn (3.2)
W
t
G(v) = d"“/ BLENv(&, 1) + vl€, -1)) dE (3.3)
o
Fit)=1+", neN,teR\R. (3.4}
€ R characterizes three asymptotic ranges of loads : fd~*
M - such that the Jimit traction on 'y as d | O (3.5)
is 0 for 4 < 0, finite for » = 0, and infinite for p > 0
0 =]o,1[x]-1,1] (3.6)
T = ({0)x] = 1, 1)U ({1} x] - 1, 1) (3.7)
fy =10,1] x {1) (3.8)
Fo={0,1)x (-1} {3.9)
W = Wi"*%(0) = (ve W), v|r, = 0} (3.10)
d 1d
v,,=(3_€,;a—'-’) (3.11)

This scalar problem corresponds to finding a minimiser in W for the
energy in anti-plane shear in finite elasticity, |6] and (7] and the torsion
problem for a bar, see [8] and [9]. See [4].

e define the diniensionally reduced solution of order N to be the so-
lution uy in Vy € W for which

YveVy W, Aup(v) = G(v) (3.12)

given Vi a subspace in W of the form
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The family of subspaces (Vi } 37, is characterised by the choice of (%)%
called the basis or Ansats functions.

In [4] these basis functions were selected to yield the optimal rate of
convergence of fu - unf{y: as d | 6. We thus had 1o select ¥; to be
a polynomial of degree 2j. Lmportantly, the same choice is valid for all
three ranges of loads (three signs of u in (3.5) and (3.3)). For F in (3.4)
depending on 7, {4] indicated that the sanie procedure would yield ¥, to be
a nonpolynomial solution of a second order Sturm Liouville problem. (See
also {5, Remark 3.9].)

Let v be the Nth partial sum in the formal asymptotic expansion
as given in [4]. Let D; be the operator defined by Dyu = ﬁ‘{ mapping
Dom{ D) = W33n+3(0, 1) n Wy 2" 3 — L3n+3(0, 1). We got for u < 0.
Theorem 8.1 Let u <0 andne€ Z.. Let u,ig € W be bounded there
independently of d. Let § € Dom(D;'). Then there ezists Cy independent
of d such that

lhu ~ unllp < Cydzﬂ"i-“

Since, for a given practical problem, we cannot depend on d being suf-
ficiently small to ensure that a given tolerance criterion can be satisfied
via the previoua theorem, we have considered in [4] to increase N. Again,
optimal rates in ¢his scenario {d fixed, N increasing) wers established in [4].
From the computational experience in [4] and elsewhere, it became clear
that it was unnecessary (read: wasteful) to increase N uniformly every-
where in (0,1{. Rather, there were clearly defined layers (near the boundary
and/or rough spots in the load). We propose to increase N near these layers
only as our extension procedure.

Let I =(0,1) = UL, L, and LI = 0,1 # j ¥i,j € {I,m]. Let
N = (N:)7., be an m-vector of nonnegative integers (N; = mo. of basis
functions used in L). Consider

Vu ={v: v(€,n) = Sl"_ov,(f)ﬁ,v(n) such that (3.14)
N =Nlo: v[)=0for &€ uynL}
a subspace of V. Solving
WEVY CVx, duy(v)=GC(v) (3.15)
for u € Vy, is the generalised dimensionally reduced Galerkin problem.

A key ingredient in the selection of the distribution of orders N - the
local a posteriori estimators — will be developed in the following section.

4. Local A Posterjori Error Estimators

Define the estimator for (0,1) and order N as
19e
Est(N) = ldé""l.’lnl (4.1)

where ¢ € H|, (Q) is the solution of

Yt 13e 19
Yv e Hl, \(0): /-1/0 i3n 33—"4 dfdn = G(v) - Aux(v) (4.2)
the right hand side being the residual (Au— Auy)(v). Although e is not well

defined, g-}, and Est(N) are, provided the following solvability condition is
satisfied

Yee H'(0,1) : /l E)2e(E)d ~* dE = (4.3)
°
) )
/-l'/:) F{] Vaua I)’)a‘;‘g’"(ﬁddfdﬂ

However, this is satisied (even for ¢ € Wy 2"*?) if

1€ spani{¥,}]L,) (44}

cf. {3.12) and (3.13). This condition 1v met for any choice of basis functions
with optimal rates, see {4].
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Similarly define the local error estimator

1
Esti{N) =|/../1 (ig-:,)’ddqu]‘,lSiSm (4.5)

As in [2] we define upper (lower) error estimator to mean
llu - unlia: < (2)Est

Theorem 4.1 Let v and uy be the ezact and dimensionally reduced so-
lutions (see (3.1) and (3.15)). Then Est as defined in ({.1) is an upper
estimator, i.c.

flu - unllus € Est(N)

Proof: Bound from above and below (Au ~ Auy)(u —uy). 77

In the language of (3], Est is a guaranteed U-estimator (G-estimator).
Another attractive property of Est is that Est/|lu — uy{jy: tends to 1 as
d tends to sero for 4 < 0 and F sufficiently smooth.

Theorem 4.3 Let u and uy be the czact and dimensionally reduced solu-
tions (cf. (3.1} and (3.15)) and Aave gradients bounded uniformly in d. Let
p <0 and B € Dom(DY). Then Est as defined in (4.1 is asymptotically
ezael:

Est(N) = llu - unllai(1 + O(d))
Proof: Due to restrictions in length, we merely mention that one can
establish

Eot() < Ju- "xlln-“g;l[ﬁ(l +0(d))

and bound the middle factor on this right hand side from above.

1!

5. Computational Aspects

From an implementational point of view, the nice mathematical properties
of Est established in the previous section will not suffice, since finding e as
a solution of a secoud order O.D.E. might be too costly. Therefore we give
now sonte formulae that can be used to compute e and Est in practice.
First, let us introduce a basis in L2(~1, 1) with which we will work:

do(n) = 1
$iln) =

(s.1)
n
Lot deforj 21
-1

where [; is the jth Legendre polynomial.

Lemma 8.1 The following formulae for e defined in (§.2) hold:
‘ ¢= B;N-‘U")"J

and furthermore

'.-{0 Jor1<5< N
TN RS Lundidn/ [l (#V dn for j= N+1,N +2

where Lu = Vo[ F(|V,u)?) P uuf.

Proof: « € Vi3 60 the Birat assertion is clear and §2 = E4%¢%(n)e; and
if we denote by (-, ) the inner product in L?(-1,1) we have Yz € Wo'""“:

1
3
/_ (5 #i%) dn

'
/ I(O’,«;.O’;z) dn
d(Au - Auy)(¢;3)
= Oforl SJ<N

oot [ g

Hence, ¢; = 0 for1 £ 5 € N and the two remsining components are
obtained in a eimilar fashion using now the definiton of A in the next to
last line and the fact ¢,(1) = ¢,(-1) = Ofor y > 1. "

The following formulae derived from the previous ones are stil! more
useful:

72

Lemma 6.3 There esists o constant matriz A such that

(oot )wa( 05 P )
e -F(Vaun P Bl

where en 41, en+2 were defined sn the previous Lemma.
Proof: Consider

3% 1 1 92
—Luy = Fr b E,-a—”,(=~+x¢~+|+¢n+=¢~n)

We denote by (-, ) the inner product in L2(0, 1). Now let v = $oz, then
0 = (Bd'"*, (#u(1) + bu(—1)2) - Auy(goz)
= (284" + (Law ol 2) - (F(Vauu ) 3 2 1 2)

- a
= (284" = Buuewer — Buaewsa = FVauu ) 32 1L 1 5)

Next letting v = ¢,z, we obtain similarly
a
0= ~(Baiens1 + Braensa + F(|Vauy |’)‘g',£‘l|l-n z}

where Vg
B = / . d_-‘a—"§¢N+j‘|'—l ddn

for 1 <1,7 £ 2. The matrix 8 is invertible into A.

1t

We next introduce the heuristic principle which will guide us to an efficient
extension procedure based on the local a posteriori error estimators.

Heurlstic 8.1 Let the error associated with the generalized dimensional
reduction be eatimated by

(ER Est} (N
and the cost (work) be estimated by
ETW(N,L)
Then we aim al achieving
Est(N:) - Eat}(N: = 1) « W(N;, L) - W(N: - L L)
by increasing N; by 1 where the error-cost guotient 1s mazimal.

Reasoning: Minimising the error at fixed cost with respect to N;, yields
via Lagrange's multiplier and a backwards diference approximation the
proportionslity aimed at in the Heuristic. .

A typical choice for workestimate is

W(N;, L) = (o V; +1)° L] (5.2)

for some choice of positive a;, i=1,2.

Note that we selected the prime functions of Legendre polynomials as
basis merely to be able to establish computational formulae; a change of
basis within the same span merely requires a linear transformation in order
to modify the formulae for the new choice of basis functions.

From the computational point of view it is rather important exactly
which basis functions one selects (this has to be done hisrarchically).

6. Cholce of Basis Functione
Let ¥y = (&,-)f'.“, and U = (u;)¥., such that
uy = U ¥y

The generalised Galerkin problem (3.15) transforms to the following system
of 0. D. Es:

‘ 0 {4 l 4
- APV + ZQU,UW = R {6.1)

where P and Q are matrices defined by:
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P (8.2)

1
/ . F(IVaun?)¥i¥; dn

{6.3)

1
1
Qi / F([Yaunl’) 59i9; dn
-1 .
for 1 £ 4,5 € N. Since the system (6.1) is hard to analyse in its nonlinear
form, we will bracket with linear ones. If | Vyun|loo < M, then

(P“”U'. Ul) < (P(U, U')U', U') < (1 + Mln)(Pﬁnvl' Ul)
(Q“"U’, Ul) < (Q(Uu U')U',U') < (l + M?n)(qlinul'ul)
where P" and Q" are defined aa in (6.2) except with F = 1. This allows

us to analyse some of the behavior of (6.1).

An elementary Saint-Venant like principle holds for a related linear
boundary value problem posed over the semi-infinite strip: 1% =|0, oo[x |~
1, 1] with boundaries F$® = {0} x) = 1,1|, and T which is defined analo-
gously to (3.8) and (3.9} respectively. The function

k
u(z,y) = DfLoax cos kf:_y exp —;

is the solution of

Agqu =0
du

==0 onlP;

v
u=zg onflP

in 0%;

Here Ay = !‘:",'-’-, k € Ng are the cigenvalues corresponding to the

eigenfunctions given by the following B.V.P. (in the y-direction)

" +Audx=0in | -d,d|

¢y =0as +d

The sigenvalues may be characterised through the Rayleigh quotient:
240 dy
f‘ $2dy
If we let ¢ = a - Wy, we can characterige the minimum positive eigenvalue
of P~!Q:

<N aTQa

1= o.mg'::?u(-n) af Pa

= inf
(#.co0 L) m0.i<k. otV

where ¢o = (1,0,...,0).
The following is well known, see {1]:

o<l - g0 inf
x=b ¥y for some b
€ M(\)
llell = 1

where M(),) is the eigenspace corresponding to A,.
From these oburvel‘ionl. we conclude two things:

ie-xlI )?

o The localisation of the error estimator as defined in (4.5) can be
founded on exp tial decay of the solution away from "vertical®
boundaries and/or rough spots in the load.

@ A choice of basis functions is to be preferred over another if the first
leads to & smaller minimum positive eigenvalue <’ (x) = 0 = A,),
since such a choice leads to the use of less basis functions (a smaller
N;) away from rough spots). That is evident from the following ex-
ample.

There is an orthogonal matrix 0 such that 0T P-1Q0 = D, being
diagonal. Setting U = OV yields the lollowing system of O.D.E.s

-V* 4 l V = T P iR=
with the solution:

Vile) = Aveinbly/kl )+ =g x (21}

‘/-N
g(z) = RV | /.c'\/"?’c. d:+¢'ﬁ"" /l ¢\/"?"C¢ ds
° °

STATEMENT "A" per Richard Lau
1111
glg.l/ﬂggcl‘lle 3/30/90

for s 2 1. If one for example takes § = §(zq), the solution V; involves terms
of linh(\/;rﬁ) and cosh{y/xF £52)/\/x¥ where it becomes clear that a
smaller <’ improves localisation.

For N = 2, choosing the basis functions as in (5.1) yields 3 = 0,47 =
15, the latter approximating well the eigenvalue A; = 3 with respect to
exponential decay. That is also the best one can do given the span for N
= 2 (using {1, 7%}). In contrast, if one omits ¢y as the first basis function,
&3 =0 = «3. For N > 2, the approximation of A; can not get any worse.
We therefore choose the basisfunctions as in (5.1).

Our initial computations suggest a practical confirmation and viability
of many of the features described here of this method. It should be noted
that we have not dealt with the issue whether or not this feed back method
is adaptive, i.e. whether or not this feed back method is optimal with
respect to some performance measure. It will be dealt with elsewhere.
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