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Preface0
The purpose of this study was to test the applicability

of the method of cross-validation for optimizing the parame-

ters used in the iterative unfold method. Specifically, the

goal was to determine the feasibility of cross-validation as

a means of predicting the optimum stopping point for the

iterative unfold process. Users of the iterative unfold pro-

cess have a need for a theoretically based approach that pre-

dicts when to stop the iterative process. During this study,

a computer code was developed. The code consisted of an

iterative unfold technique coupled with cross-validation.

Test cases were constructed to assess cross-validation's

ability to predict a meaningful stopping point for the itera-

tive unfold process.
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LCDR Kirk A. Mathews. His expertise in the unfold area

proved invaluable. I would also like to thank my thesis com-

mittee; Maj. Cipperly and Capt. Sabochick for their assis-

tance in the preparation of the final copy of this thesis.

Next, I would like to thank Capt. Michael Carter and Capt.

Russell Daniel. Their work on this problem provided the cru-

cial starting point for this study. And finally, I would

like to thank my wife, Laurie, and sons, Jeremy and

Christopher for their patience and support.
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Abstract

Different applications of the Fredholm integral equation

appear in varied fields of study. An application of particu-

lar interest to the Air Force arises when attempting to

determine pulsed radiation spectra using measured data from

underground nuclear effects simulations.

The iterative unfold technique provides a means for

approximating a solution to a system of Fredholm integral

equations. This method consists of modifying a guess spec-

trum through a fit process using data collected from experi-

ment. Next, the unfolded spectrum is smoothed to reduce

*undesirable artifacts that result from the fitting process.

Finally, the entire iterative process is then repeated as

necessary to provide an approximation to the exact incident

spectrum. Presently, the iterative unfold method lacks an

independent measure of how well the unfolded spectrum approx-

imates the exact spectrum. Consequently, user judgement is

necessary, resulting in possible data overfitting.

Cross-validation is a method which selectively partitions the

measured data into subsets. The subsets of data are used to

predict omitted data. A cross-validatory loss statistic can

be formulated and minimized to predict the optimum stopping

point for the iterative unfold process.

Vl
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The iterative unfold technique was implemented into a

computer program. Cross-validation was introduced to deter-

mine the cross-validatory loss statistic. The loss statistic

was minimized by varying the number of iterations of the

unfold routine over a wide range. Test cases were developed

to compare the cross-validatory loss statistic with a X2 for-

mulated using ideal signals. ..

Two basic test cases were studied. In these two cases,

the guessed spectrum, the simulated noise set, and implemen-

tation of the iterative unfold technique were varied. Cross-

validation provided an estimate for the stopping point of the

unfold routine in each case. Using the smooth algorithm in

tandem with the fit algorithm produced an overall better fit

than using the fit algorithm alone. When the guessed spec-

trum was set equal to the exact spectrum; cross-validation

predicted no modification to the guessed spectrum, while

judgement alone tended to overfit data. Stoppage based on

the value of a X2 test statistic proved highly problem depen-

dent. In contrast, cross-validation averaged within one

iteration of the optimum regardless of the problem

parameters.

ix
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Executive Summary

Introduction

Approximate solutions to the Fredholm integral equation

are needed in varied areas of study. The Fredholm integral

equation is given by Equation (1). An application of the

Fredholm integral equation of particular interest to the Air

Force and arises from the measurement of pulsed radiation

emitted from nuclear weapon detonations. These detonations

are used to simulate weapons effects. The detection and mea-

surement of the incident pulsed radiation is accomplished by

using a set of detection systems with overlapping responses.

The detections systems generate signals which are used in the

0 deconvolution process.

The exact incident spectrum obtained from the weapons

effects simulation is unknown. The approximation of this

spectrum is the goal of the deconvolution process. Since

there are an infinite number of spectra which generate the

same detector output, the problem of spectrum deconvolution

is ill-posed. Additionally, sources of uncertainty such as

measurement and calibration error make the measured signals

non-ideal. Consequently, approximation of the exact incident

spectrum may be a formidable task.

One common approach to approximating the exact spectrum

is called the iterative unfold process. This process con-

sists of modification of a guessed or trial spectrum by a two

step process. First, the guess spectrum is modified through

x



fitting. The fit routine is a scaling process which takes

advantage of the knowledge gained from the measured signals

coupled with instrument response characteristics. Second,

the fitted spectrum is smoothed through an averaging process.

The smoothing is accomplished to suppress undesirable spec-

tral artifacts that result from scaling discontinuities that

occur during the fitting process. Once the two step spectrum

modification is complete, an unfolded approximation to the

exact spectrum exists. This two step process is then

repeated as necessary, using the unfolded spectrum as the new

guessed spectrum. Typically, a X2 test statistic is implem-

ented to judge when to stop the iteration process. Since the

ideal signals are unknown, X2 is formulated using the

measured signals which contain noise. However, the noise is

an artifact of the experiment and not the incident spectrum.

The fit process scales the guessed spectrum to the measured

signals which forces X2 to decrease monotonically as the num-

ber of iterations increase. Consequently, X2 is measure of

the fit error to a hypothetical spectrum which contains

noise.

Cross-validation is a statistical method which selec-

tively partitions the measurement data into subsets. The

data subsets are used to form a prediction for the omitted

data. Using this technique, a test statistic can be formu-

lated which is a more independent measure of the unfolded

spectrums ability to predict the exact incident spectrum than

0
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X2. The purpose of this study is to explore the use of

cross-validation to predict when to stop the iterative unfold

process.

Theoretical Development

For this study two types of detector response functions

were used. They were the open (filter) and closed tfilter-

fluorescer) systems. These functions are given by Equations

(3) and (4), respectively. Both functions are asymmetric

response functions.

As stated above, the iterative unfold process consists of

fit and smooth routines. The fit process is given by Equa-

tion (14). The fitting is basically a scaling process. The

spectrum at each location is scaled by the

0 measured-to-unfolded ratio of signals. The ratio is, in

turn, multiplied by a predetermined instrument weighting.

The product of instrument weighting and measured-to-predicted

ratio are summed over all instruments to determine the scal-

ing factor. Once the spectrum has been fit, a smoother is

used.

The smoothing process is given by Equation (15). The

smoothing process averages out discontinuities resulting from

the fit routine. It consists of a smoothing kernel, f(E.E')

which is multiplied by the fitted spectrum and integrated

over all energies. The result is renormalized to the inte-

gral of the smoothing kernel. In this study, the smoothing

* kernel consisted of a three bin uniform distribution typical

of that used in the industry.
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After each iteration, the two step process returns an

unfolded spectrum which is used as an approximation to the

exact spectrum. With repeated iterations resulting in fur-

ther spectrum modification, the question is when to stop

iterating.

The cross-validatory approach to parameter estimation

consisted of creating data subsets by omitting each instru-

ment, one at a time. Since seventeen instrument were used

for this study, seventeen data subsets were created. The

data subsets were used to generate an unfolded spectrum. The

unfolded spectrum was used to generate unfolded signals which

were compared to the measured signals of the instrument that

was omitted. This lead to formulation of a cross-validatory

loss statistic. This statistic is given in Equation (21).

The cross-validatory test statistic was minimized by varying

the number of iterations over a wide range. The iteration

number where the cross-validatory loss statistic reached its

minimum was used as the optimum iteration number.

Results and Discussion

Two basic test cases were studied. The first case used a

one temperature Planckian as the exact incident spectrum.

All cases using this one temperature Planckian were prefixed

TCI. The second case used a two temperature Planckian as the

incident spectrum. Similarly, all cases using the two tem-

perature Planckian as the incident spectrum were prefixed

TC2. In each case the guessed spectrum was varied. In

addition, the simulated noise set and the method of implemen-

xiii



tation (fit only or fit/smooth) of the iterative unfold pro-

0cess was varied. The results for test cases 1 and 2 with the

first simulated noise set are contained in section IV. A

second noise set was simulated for TC1 and TC2. The results

are tabulated in Appendix A and B, respectively.

Analysis consisted of comparison of the absolute error of

the unfolded spectrum for different stopping criteria. Sev-

eral test statistics such as spectral norms were calculated.

The results of the test cases are summarized in Tables 15 and

16.

Summary and Conclusions

From the test cases a series of observations were made.

First, for each incident spectra X' exhibited a deeper mini-

0mum when the iterative unfold process used the fit/smooth
routines in tandem over the fit routine alone. This

indicated that smoothing the spectrum at each step allowed

for a better overall fit. Second, guessing a spectrum equal

to the incident (exact) spectrum lead to cross-validatory

predictions of no modifications to the guessed spectrum. In

contrast, using judgement based on X2 lead to overfitting of

the data as a result of noise. Stoppage based on any prede-

termined value of X2 tended to be problem dependent. In

other words, varying parameters of the problem tended to

change the optimum value of X1. In contrast, cross-

validation was less sensitive to parameter changes. Cross-

validation averaged within one iteration of the optimum

(minimum absolute error of the unfolded spectrum).

xiv



Recommendations

0Based on the results of this study, three recommendations
for further study are made. First, continue the work in the

area of cross-validation to predict other parameters in the

iterative unfold technique. Second, this study should be

continued, exploring the use of cross-validation to predict

parameters of the basis function method for deconvolution.

Finally, the use of generalized cross-validation should be

thoroughly explored as a "stand alone" means for spectrum

deconvolution.

0
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THE FEASIBILITY OF CROSS-VALIDATION AS A PARAMETER
PREDICTOR FOR THE ITERATIVE UNFOLD METHOD

I. Introduction

Background

Fredholm integral equations of the first kind arise in

many varied areas of study, including acoustics, optics,

superconductivity, and aerodynamics. A particular applica-

tion of interest to the Air Force arises from the measurement

of pulsed radiation emitted from nuclear weapon detonations.

These measurements are used to predict nuclear weapons

effects.

The Fredholm integral equation of the first kind is given

*by

b(1)
Y = R(E)S(E)dE

where

Y- the detector output signal

R(E)- the detector response function

S(E)dE- the radiation spectrum

Currently, detection of pulsed radiation is accomplished

by using a set of overlapping response detection systems coy-

@1



ering the energy region of interest. These detectors gener-

ate a set of measured signals. Each of the measured signals

can be represented by

40 (2)

YI R(E)Sc(E)dE()

where

Y"- the measured signal of the ith detector

S,(E)- the exact or actual spectrum emitted

R,(E)- the actual response of the ith detector

Since the number of detectors used during an experiment are

*finite and detector response functions are not ideal (i.e.

rectangular shaped with negligible width), only a limited

resolution of the exact spectrum can be achieved. Addition-

ally, neither the exact spectrum delivered by a nuclear

device detonation, nor the exact response functions of the

detectors can be determined. Furthermore, error contrib-

utions from sources such as transmission, recording, and cal-

ibration add further complexity to the problem.

Problem

Since there are an infinite number of spectra which give

the same detector output, deconvolution of the Fredholm equa-

tion is ill-posed.

Two common approaches are used to approximate the exact

2



spectrum implicitly given in Equation (1). These techniques

0are the iterative method (1:2-3, 2) and the basis function

method (1:2-4). Each of these methods have has its own

inherent strengths and weaknesses.

The iterative unfold technique folds a trial or guessed

spectrum with calibrated response functions to generate sig-

nals. The trial spectrum is modified through a fitting pro-

cedure to produce a spectrum that generates fitted signals

that are closer to the measured signals. Next, the spectrum

is smoothed to ensure continuity. Once the fit and smooth

procedures are accomplished, the entire process is repeated

using the newly unfolded spectrum as the trial spectrum for

the next iteration.

*Two problems arise in the application of the iterative

unfold method. First, the unfolded spectrum is prediction

dependent and is a function of the type of fitting procedure

used. Second, the iterative unfold method lacks an indepen-

dent means of determining how well the unfolded spectrum

approximates the incident spectrum. Most adaptations of

iterative method use a test statistic to compare the measured

and unfolded signals. If this statistic is allowed to become

arbitrarily small, then the unfolded spectrum may become

overly dependent on random noise in the signals. As a result

of noise contributions, a trade off exists as to how small

the test statistic can become and still reflect the global

trend of the data and not the detail of random noise. The

*purpose of this study is to explore the use of a technique

3



called cross-validation to estimate the optimum stopping

0point for the iterative unfold process, and as a result,
minimize the development of undesirable spectral artifacts

resulting from noise contributions. Cross-Validation will be

discussed in detail in Section II.

General Approach

The approach used in this study was to simulate the data

that would normally be available to the analyst. These data

are usually the predicted spectrum, the measured-to-predicted

ratios, and the standard deviations of these ratios. Addi-

tionally, the exact spectrum is assumed known to perform nec-

essary evaluation of the techniques employed.

Once the input data are constructed by folding the chosen

exact spectrum with the response functions and adding some

random noise (measurement error), an iterative unfold scheme

similar to that implemented by Carter (2) is used to create

an unfolded approximation to the exact spectrum. Normally, a

X2 test statistic is used to stop the iterative process at

some approximation to the exact spectrum. But, the exact

spectrum is unknown and the measurements are used in con-

structing the unfolded spectrum, consequently, X2 does not

give an independent measure of performance. As a result,

cross-validation is implemented to partition the data into

subsets in an attempt to determine a test statistic that will

independently predict an iteration stopping point. Compari-

sons will be made between the cross-validatory test statis-

tic, x2, and common spectral norms.

4



Scope

The iterative unfold method is used during this study to

give an approximate solution to equation (1). This method

will be modified to incorporate a cross-validatory test sta-

tistic to assess the methods performance, in lieu of the X
2

test statistic. Since the use of experimental data implies

an unknown exact incident spectrum, this study was limited to

simulated data. As a result, a set of synthetic test cases

were developed on an energy range from 1 E. to 64 EO, where E'

is an arbitrary energy unit.

Assumptions

In order to take advantage of previous work by Daniel (1)

and Carter (2) similar assumptions were made. They are as

*follows:

1. There are seventeen detectors. Eleven of which are

"closed" and six are "open" response detectors (discussed in

Section II).

2. The resolving power of the detectors, AE/E, is

approximately 1.5.

3. The response functions are exact. (Recording, Trans-

mission, and Calibration Errors will be discussed in Section

II.)

Seauence of Presentation

Section II presents a detailed discussion of the itera-

tive unfold method, potential sources of error, and cross-

validation. Section III provides a detailed description of

5



the implementation of the theory contained in Section II.

The results and discussion are presented in Section IV. Sec-

tion V summarizes the results of this study. Recommendations

for further study are suggested in Section VI.

6



II. Theoretical Development

Introduction

Section I introduced the concepts of iterative unfold and

cross-validation. Section I also established the assumptions

and goals of this study. This section provides the theoreti-

cal development of both the iterative unfold method and

parameter estimation by cross-validation. The following

topics are discussed: the types of detection systems and

their associated response functions, definition of spectra

and signals, the iterative unfold process, potential sources

of error, and the cross-validatory approach to parameter

estimation.0
Response Functions

A detector response function is the normalized output of

the detector system due to incident radiation at a particular

energy E. Due to errors resulting from the measurement pro-

cess, the exact response functions are not known to complete

certainty. However, for the purposes of this study these

response functions are assumed to be equal to the calibrated

response functions. As stated in Section I, seventeen detec-

tor systems were used for this study. Two different types of

detector systems were implemented. These systems are the

open (fluorescer) and the closed (filter-fluorescer) systems.

These response functions were derived by Daniels (1:A-1).

7



A fluorescer detection system consists of a radiation

pipe containing a fluorescer material. Photons below the

photoelectric k-edge of the fluorescer do not react and flow

out of the pipe giving no signal. Photons above the k-edge

of the fluorescer react to cause a cascade of x-ray fluores-

cence, but do so with less probability as their energies

increase. The thickness and type of fluorescer material can

be changed to achieve the desired sensitivity. Figure 1 is a

sketch of a typical fluorescer detection system. Fluorescent

radiation is directed by collimators to the detector. Detec-

tors generally consist of solid state or x-ray diodes which

convert the photon energy into a voltage or current signal.

The response function for an ideal open detection system is

characterized by zero response at energies below the fluo-

rescer k-edge, and exponentially-decreasing responses at

increasing energies above the k-edge. The open response

function used here is

0 E<EO

Rope(E) - exp[-3(LI-)1]}E E 3 E E 0

where

RP'*(E)- the open function of the ith detector

E?- the k-edge of the fluorescer for the ith detector

E- Energy

8
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0

below k-edge Fluoresc er

n -o--------------------------------

above k-edge

Collimator <

Detector

Figure 1: Typical Fluorescer Detection System

Figure 2 is an example of a typical open response function.

In this example, the detector system has a k-edge of 2 Eo,

where E' is defined as the lowest k-edge energy of the entire

detection system.

The second type of detection system is the "closed"

detection system. The closed detector system consists of a

filter and a fluorescer. A typical filter-fluorescer system

is similar in design to the fluorescer system, except the

inbound pipe is obstructed by a filter material. Photons0
above the filter k-edge fluoresce and degrade in energy.

9
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Figure 2: Typical Open Response Function

Since the photons are less energetic, they are typically

below the fluorescer k-edge and have little probability of

causing additional fluorescence. Photons of energy less than

the filter k-edge and photons that survive the filter without

reaction, react at the fluorescer in manner similar to those

of the fluorescer detection system. Since the k-edges of the

fluorescer and filter are different, there exists a an opti-

mum energy for interaction with the system. Consequently,

the response function of the "closed" system contrasts in

shape to the "open" system and more closely approximates the

10



ideal or envelope shape. The detector envelope, commonly

referred to as the "inband" response, occurs between the

k-edges of the filter and the fluorescer. This envelope con-

tains the majority of the response for the instrument.

Again, varying the thickness and types of materials used for

the filter and fluorescer changes the sensitivity of the sys-

tem. Figure 3 is sketch of a typical filter fluorescer sys-

tem. The functional form of the closed detection system

response function used here is

o E<E?

cloRsed l(){ -exp[-2( )]}exp[-0.25( 1) 3  EE? E<E(

* (j{i-exp[-2(LO )3]}exp[-1.5(~L)'] E>E

where

RIhd, the closed function of the ith detector

EO=- the k-edge of the fluorescer for the itb detector

E'- the k-edge of the filter for the ith detector

E- Energy

Figure 4 is an example of a typical closed response function.

In figure 4, the detector k-edges occur at 2 E' and 4 EO.

11
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Figure 3: Typical Filter-Fluorescer Detection System
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Figure 4: Typical Closed Response Function

Experiment Design

Consider a typical experiment which consists of an array

of both open and closed detection channels chosen to provide

overlapping responses. As stated earlier, seventeen detector

channels were used for this study: eleven closed and six open

channels. These were assumed to have a resolving power of

about 1.5. The k-edges of the detectors are listed in Table

* 1.

13



Table 1: Detector K-Edges'

Det # E0 EI Det # Et E'

1 1 2 10 16f-2 321-2
2 2f2 11 32 64
3 2 4 12 1
4 2F2 4 F2 13 2
5 4 8 14 4

6 4 F2 82 15 8
7 8 16 16 16
8 8 2 164-2 17 32

9 16 32

t E? and E, are ratios computed with respect to E0.

The overlap of response functions and the inband response

for the closed detection systems are seen clearly in Figure

5. Figure 6 shows the response functions for the collection

of open detection systems.

14
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Figure 5: Closed Response Functions, Instruments 1-11
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Figure 6: Open Response Functions, Instruments 12-17

Definition of Spectra and Signals

SDectra. For the purposes of this study, three spectra

are required. They are the actual or exact spectrum, SI(E),

the predicted spectrum, S,(E), and the unfolded spectrum,

Su(E).

The exact spectrum, Ss(E), is the actual spectrum incident

on each detector. In a real application, this spectrum is

obviously unknown and can never be known with complete cer-

tainty. The goal of the measurement and deconvolution pro-

cess is to approximate S,(E) with St(E).
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The predicted spectrum S,(E), is the analyst's a priori

estimation of S,(E). S,(E) is based on physics, calculations,

and previous measurement of similar sources.

The unfolded spectrum SI(E), is the output of the deconvo-

lution process. It is the unfolded approximation to the

exact spectrum S,(E).

Signals. A signal is defined to be the measurable output

of the detector system, such as a current or voltage pulse

resulting from exposure to a spectrum. A signal is equal to

the product of the response function and a spectrum, inte-

grated over all energies. Four different types of signals

arise from the convolution of the three previously defined

spectra. These signals are the ideal signal, Y,'"', the mea-

sured signal, Ym, the predicted signal, Y', and the unfolded

signal, Y u.

The ideal signal, Y?"'°, is the signal that would be pro-

duced by the exact spectrum folded with an ideal instrument.

The ideal signal (one with no measurement error or "noise")

cannot be known since the exact spectrum is unknown and ideal

response data can only be approximated by calibrated response

data. In any case, the ideal signal, Y'"', is given by

(5)
y ideal Rdeal(E)SE(E)dE

where

S,(E)- the exact spectrum
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R,'d(E)" the ideal (no measurement error) response func-

0 tion of the ith detector

Y'"- the ideal signal of the ith detector

The predicted signal, Y,', is the signal expected based on

the predicted spectrum. The predicted signal is given by

-R,(E)Sp (6)

where

Sp(E)- the predicted spectrum

R,(E)- the calibrated response function of the ith detec-

* tor

Y'- the predicted signal of the ith detector

The measured signal, Y,", is the signal received including

all the inherent uncertainties such as calibration and mea-

surement error. The measured signal is given by

(7)YM oIkI(E)SE(E)dE()

where

S,(E)- the exact spectrum

R,(E)- the actual response function of the ith detector

Y,"- the measured signal of the ith detector
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The final signal is the unfolded signal, Ytv. TheS
unfolded signal is a result of folding the unfolded spectrum

with response data. The unfolded signal is given by

" (8)Y f- R,(E)SV(E)dE

where

S,(E)- the unfolded spectrum

R,(E)- the calibrated response function of the ith detec-

tor

Y,- the unfolded signal of the ith detector

The data that the analyst commonly receives from under

ground nuclear effects simulations are not the signals them-

selves, but ratios of the signals. The two common ratios

used are the measured-to-predicted ratio, b, , which is given

by

y M (9)

and the unfolded-to-predicted ratio, c, which is given by

YP

(10
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Scaling results to predictions in this way removes details of

the actual measurements. The actual picoamps or microvolts

of signal are of no importance to the analyst, whereas the

ratio to prediction is essential.

Sources of Error

Errors of Measurement. During the measurement process,

two main sources of error exist. They are measurement error

and calibration error. Measurement error consists of the

uncertainty in the measured output of the detector. This is

the cumulation of all the uncertainties related to the data

collection process.

Calibration errcr is different from measurement error.

It is the inhereat uncertainty in the detector response func-

0 tion. Det=ctor response may vary with factors such as time,

temperature, etc. As a result, calibrated response data is

used as a substitute to approximate the ideal response func-

tion. A calibrated response function is determined by expos-

ing the detection system to known sources of x-rays, and is

subject to the same types of measurement error discussed

above.

Errors of Unfold. During the unfold process, two main

sources for error exist. First, due to ill-posed nature of

the integral equation, there are an infinite number of possi-

ble solutions; second, the approximation of the integral

equation by a summation of discrete values leads to

* approximation error.
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The Iterative Unfold Method

The iterative unfold process is a numerical technique for

approximating a spectrum by deconvolution. This method

starts by folding a trial guess at the spectrum (usually the

predicted spectrum) with response data to generate unfolded

signals. These unfolded signals are then compared to the

experimentally measured signals. The trial spectrum is then

altered by a two step process. First, the spectrum is modi-

fied through a fit process to force unfolded signals to move

towards the experimentally measured signals. Second, the

unfolded (fitted) spectrum is then smoothed through an aver-

aging process to remove undesirable artifacts of the fit pro-

cedure. This two step process is then repeated as needed,

each time using the output spectrum of the previous iterative

step as the trial spectrum for the next step. Details of the

fitting and smoothing processes are discussed next.

The "fit" procedure is an algorithm to force the unfolded

signal over an energy- interval to match the measured signal.

This is accomplished effectively by scaling the guessed spec-

trum by the product of the measured-to-unfolded signals ratio

and an appropriate response weighting function. Or more

simply stated, the fit algorithm is basically a multiplica-

tion of the predicted result by a ratio of the measured-to--

predicted result. Since the detection system responses

overlap, the algorithm becomes a response weighted sum of the
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product of the unfolded spectrum and the measured-to-unfolded

ratio of signals. The "fit" algorithm as derived by Carter

(2:20) is given by

[Lma x](1

(s ) (E )d E - P , - - s ()

)( E) dES~n)(E)dE

where

f I(E)SE(E)dE

Y - Y/Y C, (12)
J'Y /Y cf R,(E)Su(E)dE

0

R(E) 
(13)

and

Sri }  is the unfolded spectrum at iteration n after fit,

prior to smooth

SU') is the unfolded spectrum at iteration n

A,(E) is the calibrated response function of the ith

detector
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Equation 11 can be written more generally as,0

I mar ...
S 2)(E)dE) S (E)dE (14)

J.11

Or,

(max 
(15)

S 2 (E)dE- rPw,(E)SV)(E)dE
E1

where

w,(E)- the fractional weight of the ith instrument at

* energy E

The normalization of response functions to the predicted

signals in Equation (14) was computationally convenient.

However, it also allowed instruments with small predicted

signals to have large input into the fitting process. Under

certain conditions, the voice of the small signal instruments

could be so large that the fitted signals would stop converg-

ing to the measured signals. As a result, the Carter fit

algorithm was modified. The modification consisted of

division of the numerator and denominator in Equation (14) by

the unfolded-to-predicted ratio of signals. This change

basically removed the prediction normalization and renormal-

ized the response functions to the unfolded signals. This
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modification provided a more rapid convergence to the

measured signals and removed the scaling problems associated

with poor predictions. The modified response weighting func-

tion is

Wi(E) (E)
(max (16)

1

where the response functions have been renormalized and are

given by

RI(E) (17)

Due to abrupt changes in the detector response functions

around the k-edges of the filter and fluorescer, large

variations in scaling occur between adjacent detectors.

These variations lead to discontinuities in the "fit"

spectrum. Consequently, a smoothing algorithm is generally

invoked to smooth out undesirable artifacts of the "fit"

operation.

Since spectral discontinuities at detector k-edges are

not likely to be features of the incident spectrum, these

artifacts are removed using a smoothing algorithm. The

0
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smoothing algorithm works in the following manner. First an

averaging kernel, f, is introduced. This kernel is folded

with fitted spectrum in the following manner,

(E,E')d E')dE"
S'*"(E l d E (18)

0

where

S(..,)- the spectrum after smoothing

This operation produces a smoother spectrum, but may not be

as close to S,(E) as the fitted spectrum.

Negative results from the unfolded spectrum are obviously

meaningless. However, the response functions used in this

study are positive functions over all energies, consequently

the fit routine weighting function, w,(E), is always positive.

As a result, all fitted spectra obtained from the fit routine

are non-negative. Similarly, the smoother weighting func-

tion, f(E.E')is also non-negative. Therefore, all non-

negative spectra obtained from the fit routine will remain

non-negative through the smoothing process. Since neither

the fit routine nor the smooth routine introduces any nega-

tive spectral artifacts, all non-negative input spectra will

remain non-negative through the iterative unfold process.
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In general, the fitting and smoothing operations are in

competition. The fitting operation tends to drive the

unfolded spectrum closer towards a spectrum that would pro-

duce measured signals when folded with response data, while

the smoother averages out k-edge discontinuities and moves

the unfolded spectrum towards a straight line. Using a sym-

metric averaging kernel over narrow energy ranges, the fit-

ting operation can be made stronger than the smoothing

operation. Consequently, repeated iterations through the

iterative unfolder will produce an unfolded spectrum that

generates signals that are increasingly closer to the mea-

sured signals. Since measurement errors are present in

nearly every experiment and are an artifact of the experiment

and not the incident spectrum, the measured signals are not

ideal. As a result, the converging unfolded spectrum is not

converging to the exact spectrum. Therefore, repeated itera-

tions will at some point stop modeling the exact spectrum and

begin modeling a noisy spectrum. In other words, the

unfolded spectrum will become a better approximation for the

exact spectrum with repeated iterations only to a point, then

the uncertainties associated with the noise will tend to

decrease the accuracy of the unfolded spectrum as an approxi-

mation. Without the exact spectrum for comparison, the point

to stop modifying the unfolded spectrum is unclear.

In practice, the performance, or "goodness of fit", of

-1e unfolding operation is measured by a X2 test statistic

(2:28). The statistic is given by
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instruments 2 (19)

where

a,- the standard deviation of the measured-to-predicted

ratio of the ith instrument

Since the unfolded signals are converging to the measured

signals, this statistic is a measure of the "goodness of fit"

to a nonexistent noisy spectrum and is a function of the fit

algorithm. Formulation of this statistic implicitly assumes

normally distributed random independent variables and negli-

gible systematic error. For the duration of this study the

X2 test statistic formulated using measured signals (noise

included) will be referred to as X2, while X' will refer to

the test statistic that uses the ideal (unknown) signals.

Since the iterative unfold process is continually driving

the unfolded spectrum towards a noisy spectrum producing the

measured signals, the X 2 test statistic is monotonically

decreasing with increasing iterations. Therefore, X2 pro-

vides only a measure of the fit to this hypothetical noisy

spectrum and not the independent measure of the fit to the

exact spectrum, Ss, which is needed. As a result of the

dependent nature of X2, an almost arbitrary choice for the

stopping point of the iterative unfold is made based on X 2,

observation of the unfolded spectrum, and user experience.

*The stopping point is usually chosen as
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X2MV (20)

where

v the number of degrees of freedom and is usually taken

to be on the order of the number of instruments.

The number of degrees of freedom, in general, is unclear.

After the first iteration the data have been used to form an

unfolded spectrum. Since the same data were used in forming

the predicted spectrum as are used in the fitted spectrum, X2

is not independent. In fact, more degrees of freedom are

adjusted than data are available. As a result, X2 has no

degrees of freedom.

In the implementation of the iterative method, as accom-

plished by Carter (2), he states, "At this point, a judgement

would have to be made to evaluate if the first iteration is

reasonable." To date, what was reasonable-had to be based on

the experience of the user, and consequently, highly user

dependent. The cross-validatory approach provides an objec-

tive method to estimate parameter optima, and therefore, pro-

vides a more independent test statistic.

Cross Validation

As stated earlier, the iterative method for spectral

unfolding uses a test statistic, X2, to measure the "goodness

of fit" of the unfolded spectrum. Since the exact spectrum

is unknown, the measured-to-predicted ratio, b,, is used in

the X2 formulation. Each iteration of the iterative method
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produces an unfolded spectrum that when folded with the

0appropriate response functions is closer to the measured sig-
nals. When noise is introduced the measured signals are non-

ideal. Therefore, further iterations beyond some optimum

will continue to decrease X2, but will likely be a less valid

approximation to the exact spectrum. Consequently, X2 alone

does not provide an independent stopping point for the itera-

tive unfold process. The user would have to exercise "best

judgement." This user dependent approach tends to lead to

overfitting of the data by allowing X2 to fall to very low

values. Cross-validation provides a method for removing the

user dependencies from the process.

Cross-validation, sometimes referred to as predictive

sample reuse, is basically a synthesis of the two well estab-

lished processes of statistical cross-validatory assessment

and function fitting (3:112, 4:320). Cross-validation

consists of careful partitioning of the test data into sample

subsets. These subsets are used in the formulation of a

cross-validatory loss function. This loss function is mini-

mized by varying the desired parameter over a wide range.

The value of the parameter where the loss statistic is

minimized is chosen as the estimate for the optimum parameter

value. The following is a theoretical development of the

cross-validatory approach.

Consider a collection of measurements, Y,", which result

from the use of n, detection systems. Next, a means for pre-

0dicting these signals is needed, sometimes referred to as a
29



prescription. A prescription need only provide a prediction

for Y, and might be quite general.. In this case the pre-

scription is the unfold process. Let the unfolded signal,

Y,", be the prediction for the measured signal, Y,". In

general, Y u is a function of the detection system response,

the unfolded spectrum, and other various parameters. A pre-

scription for the unfolded signal would take the following

form,

j,b S1(E),)

where

R,- the response function of the jth detector

b,- the measured-to-predicted ratio of the jtb instrument

S,(E)- the predicted spectrum

S°(E)- the initially guessed spectrum

m- the vector of parameters used in the unfold model

j is in the subset of instruments with the ith instrument

omitted

The traditional, or naive, measure of the ability to predict

the exact spectrum incident on the detectors is the follow-

ing,

La)M YMY U({Rib, Sp(E),S(E),a))2 
(22)
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where

a- the uncertainty in the measure-to-predicted ratio

simplifying,

L"a (bj-c(<R , , (,E),s (E),a)) 2 (3
(23)

Cross-validation prescribes partitioning the data set into n,

subsets of a,-I signals. As a result, seventeen data subsets

are created containing sixteen signals. Each Libset of data

is used to formulate a prediction for the omitted data.

Consequently, the cross-validatory choice of a (in this case

iteration number) is the value a" that minimizes the following

n , (y _.yU({Rj,bj,Sp(E),So(,E),a) 2 (24)

simplifying,

Q(a) -- (25)

where

j is in the subset of instrument with the ith instrument

omitted

0
31



The calculation of the unfolded-to-predicted ratio, c,

used in the formulation of the X2 test statistic uses the

measured data. As a result, c is a function of the measure-

ments, and thus, a function of the measured-to-predicted

ratio, b,. Therefore, x2 gives an independent measure only at

iteration zero (no data used) when the predicted spectrum is

used as the guess. All further iterations are dependent mea-

sures and the remaining degrees of freedom are unclear. In

contrast, Q, is formulated using a subset of the measured

data. The omitted data are then predicted using the subset.

In this case c is not a function of b,, since a new c is

formulated from the unfolded spectrum with the original c,

omitted. Consequently, Q, is a more independent statistic.

Minimization of QLprovides the cross-validatory prediction

for the optimum stopping point of the unfold method.
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III. Computer Program Implementation

Introduction

Section II discussed the theoretical development of the

iterative method for deconvolution of spectra, as well as,

the methodology involved in cross-validation. In this sec-

tion, this methodology will be implemented into a numerical

model. The model will consist of input of data, noise

simulation, iterative unfolding, and cross-validation. Each

of these topics is discussed independently.

Invut Data

The data available to the analysts at the conclusion of

*weapons effects simulation are the following: the predicted

spectrum, Sp(E), the calibrated response functions, R,(E), the

measured-to-predicted ratios, b,, and the estimated standard

deviation of the measured-to-predicted ratios, a. For the

purposes of this study, these quantities were simulated.

In order to generate the necessary data for this study,

an exact spectrum, S,(E), was simulated. This spectrum was

then folded with the appropriate response functions to gener-

ate measured signals. This technique was repeated for the

predicted spectrum. Using both the measured signals and the

predicted signals, measured-to-predicted ratios were con-

structed.

The calibrated response functions, R,(E), were assumed to

be exact. Errors in calibration are indistinguishable from
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errors in measurement, and are accounted for by the addition

0of random noise to the measured-to-predicted ratios discussed

above. Noise simulation is discussed in the next section.

The fractional standard deviations of detection systems

were assumed constant at 0.15 to provide correlation to pre-

vious work by Daniels (1:3-1) and Carter (2:32). A thorough

discussion of sources of error is covered in section II.

The predicted spectrum is data given to the analyst along

with test data. Presumably, it is close to the exact spec-

trum. Consequently, the predicted spectra used in the study

are always chosen close to the corresponding actual spectra,

and are used as the first guess for the iterative unfold

method.

0Error Considerations
Unfold Errors. To reduce the errors in approximating

integrals with summations, a geometric energy bin spacing

scheme was used in lieu of linear spacing. The purpose was

to reduced computational costs. In addition, the geometri-

cally spaced energies allowed higher resolution of the lower

k-edge detection systems. Using a 120 bin geometrically

spaced grid, the relative error in approximating the needed

integrals was less than 10-3 .

Noise Simulation. For the purposes of this study all

measurement errors were simulated. These errors were assumed

to be normally distributed and produced by randomly sampling

a Gaussian probability distribution function. This sampling
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was approximated by the sum of continuous uniform distrib-

utions. As a result, the noise added to the measure-to-

predicted ratio is given by (2-15),

zj 6 
(26)zI- e x,- 6)

n'I

where

Z- the noise added to measure-to-predicted ratio

x.- a pseudo-randomly generated number on [0,1)

a,- the standard deviation of the measured-to-predicted

ratio

0Iterative Unfold Method
Once the necessary information has been simulated, an

algorithm for unfolding spectra was needed. The unfold pro-

cess used for this study was the iterative unfold method. As

stated in Section II, an iterative unfold is basically a two

step process. The first step is to modify the trial or

guessed spectrum through a "fit" procedure. Next the fitted

spectrum is "smoothed" through an averaging process to remove

discontinuities resulting from the fit procedure. The

unfolded spectral output is then used as an approximation to

the exact spectrum. The process is then repeated using each

resulting unfolded spectrum as the trial spectrum for next

unfold.

The first step in the iterative unfold process is the fit
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process. The fit process consisted of summing the product of

San instrument weighting function with the corresponding

measured-to-unfolded ratio and is given by

1. .. 
(2 7 )

(E)dE PaW(E)n- )(E)E

In this study two different weighting functions were tested.

They were the fractional response function approach used by

Carter (2), which is given by

A,(E)
W (G)- ,.. (28)

Z p1 (E)

and the modified fractional response function approach which

is given by

w' ,(E)c,
W'a(E)- m.R, (29)

The major difference between the two approaches is that the

modified approach removes the prediction normalization of the

response functions and renormalizes them to the unfolded

signals. The modified approach revises the weights of each

0instrument after each iteration, taking advantage of the
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previous iteration's unfolded spectrum which is usually a

better approximation to the exact spectrum. The response

weighting function given in Equation (26) was chosen for this

study because it gave more rapid fit to the dat: and educed

computation time. Furthermore, it reduced the prediction

scaling problems discussed in Section II.

The second step in the iterative unfold process is the

smoothing process. For this study a three-bin averaging

approach was used. The three-bin averaging approach gave

equal weighting to the central and two adjacent energy-bins

on a three bin interval. The spectral values were averaged

over the three-bin interval and used as the value for the

center energy bin. The averaging method employed compensates

for truncation at the ends of the energy interval (1 E0 to 64

E,) in a conservative manner by weighting the energy-bin at

the truncation twice the adjacent energy bin. A weighted

average is then performed on the two energy-bins to produce

the smoothed value for the bin at the truncation.

Two energy bin spacing schemes were explored. They were

linear spacing and geometric spacing. Geometric energy bin

spacing gave a much more refined energy grid at low energies

and consequently approximation errors were reduced signifi-

cantly for the same number of energy bins. As a result,

geometric spacing was used for the duration of this study.

0
37



Cross-Validation

0Cross-validation was implemented to provide an indepen-
dent means of stopping the iterative unfold process. Its

goal was to remove the user-dependencies from the iterative

unfold approach.

Cross-validation consisted of repeated application of the

iterative unfold algorithm omitting each instrument, one at a

time. The subset of signals were then used to form an

unfolded spectrum. After the iterative unfolder returned an

unfolded spectrum, the spectrum was then folded with the

appropriate response function to form an unfolded signal.

The unfolded signal was then used as the estimator for the

omitted signal and a cross-validatory loss statistic was cal-

*culated.

CvIter.bas

CvIter.bas is the final version of the cross-

validation/iterative unfolding code. The computer code is a

Microsoft Quick Basic V4.5 code which cross-validatorily

predicts the optimum stopping point for the unfold process.

The code provides for linear or geometric energy bin spacing

and three-bin averaging in the smoother. The following sec-

tion contains a discussion of the results and validation of

this program. The source code is contained in Appendix A. A

pseudo code is contained in Appendix D.

0
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IV. Results and Discussion0
Introduction

In Section III the implementation of cross-validation

coupled with the iterative unfold method was discussed. In

this section the following topics will be presented: The

validation cases, the test cases, the effects of noise, and

the performance of the cross-validatory test statistic com-

pared to other common test statistics.

Validation Cases

Validation cases were constructed to ensure the proper

operation of the iterative unfold routine. The goal of the

validation was to retrieve a close approximation to the exact

spectrum from a guessed spectrum after repeated iterations.

As a result, there was no simulated error added to the mea-

sured signals. In the absence of the error, the iterative

unfold scheme should be able to reproduce a close

approximation to the exact spectrum, and validate the proper

operation of the iterative method.

In order to maintain continuity with previous work by

Carter (2), similar validation cases were constructed. The

three validation cases are discussed in detail below. Each

case used a combination of Planckian functions given by

(6:5),
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15 E 3  (30)
* P(EC )4exp(E/Eo)- 1

where

C,- the scaling factor for Planckian i

Validation Case 1 (VCI). The purpose of this validation

case was to show the convergence towards the exact spectrum

after repeated iterations. In case VCl, the actual and

guessed (predicted) spectra were both one temperature Planck-

ians. The actual spectrum was a 3 E' Planckian with a scal-

ing factor of 0.75. The guessed spectrum was a 4 EO

Planckian with 1.0 scaling.

Validation Case 2 (VC2). In case VC2, the actual and

guessed spectra were identical. The spectra were one temper-

ature Planckians at a temperature of 3 EO and scaling of 1.

This should demonstrate that modifications to the exact

spectrum will change the spectrum after an unfold.

Validation Case 3 (VC3). Validation case VC3 uses a two

temperature Planckian for the exact spectrum and uses a one

temperature Planckian as the guess spectrum. The exact spec-

trum had temperatures at 1.2 E' and 6 E( with scaling 1.0 and

2.0, respectively. The guessed spectrum had a temperature of

3 E and a scaling of 2.5.
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Validation Results. Two variations were attempted in

each validation case. First, the iterative unfold routine

was implemented using only the fit algorithm. Next, the

iterative unfold routine was implemented with fit and smooth

algorithms in tandem. The results of the validation cases

are discussed below.

For validation case 1 using only the fit algorithm, each

successive iteration through the iterative unfolder produced

an unfolded spectrum which reduced the error in fit to the

exact spectrum. Although, the fit error was smaller in each

successive fit, k-edge discontinuities developed after the

first iteration and slowed convergence to the exact spectrum.

Figure 7 shows the resultant unfolded spectra from validation

* case 1.

Next, the smooth routine was turned on and an iterative

unfold of validation case 1 was repeated. Although the

smooth routine competes with the fit, it tends to smooth out

k-edge discontinuities returning a spectrum with less abrupt

discontinuities at k-edge boundaries. Figure 8 shows the

results of unfolding case VC1 using the fit and smooth rou-

tine together.

0
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Figure 7: Case VC1 (smoother off)

Validation case 2 used the same exact and predicted spec-

tra. In this case the iterative unfold routine using both

the fit alone and the fit/smooth routines in tandem, produced

spectra that were nearly indistinguishable from the exact

spectrum. Consequently, the iterative unfold routine does

not drastically distort a correct prediction.

In validation case 3, a two temperature Planckian was

used as the exact spectrum, while a one temperature Planckian

was used as the guess. Using the fit algorithm alone, the
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Figure 8: Case VCI (smoother on)

iterative unfold routine produced spectra which fit closer to

the exact spectrum with each iteration. But again, conver-

gence was slowed by the introduction of k-edge discontinui-

ties. In Figure 9, the unfolded spectra after the first and

tenth iterations are pictured.

Using the fit and smooth routine together, case VC3 was

repeated. Figure 10 shows the unfolded spectra at one, two,

and ten iterations. Each successive iteration produces a
O spectrum that fits closer to the exact. Also, increasing
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Figure 9: Case VC3 (smoother off)

iteration enhances the smoothing of the spectrum and lessens

the impact of the k-edge discontinuities. In fact, after

iteration 1 the smoothed spectru gave a better fit than

using the fit algorithm alone.

In each validation case, using either the fit alone or

the fit/smooth routines together, the iterative unfold method

returned an unfolded spectrum that better fit the exact spec-

trum with increasing iteration. The fit error, X , for cases
VCI and VC3 tabulated in Table 2. Table 2 shows that in
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each case X2 is monotonically decreasing, giving an increas-

S ing fit. It was also seen that the iterative unfold routine

would not significantly distort a prediction which

corresponded to the exact spectrum.
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Figure 10: Case VC3 (smoother on)
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Table 2: X2 for Cases VC1 and VC3

Iter VC1 VC1 VC3 VC3
Number fit only fit & fit only fit &

smooth smooth

0 6057.600 6057.600 306.330 306.330
1 10.479 16.390 80.787 81.704
2 0.414 0.528 5.418 5.207
3 0.240 0.296 2.023 1.416
4 0.202 0.230 1.601 0.886
5 0.182 0.202 1.452 0.693
6 0.168 0.182 1.354 0.572
7 0.157 0.169 1.276 0.481
8 0.147 0.159 1.209 0.409
9 0.138 0.151 1.149 0.351
10 0.131 0.144 1.096 0.303

Cross-validation (CV_)

As stated earlier, cross-validation partitions data into

sample subsets to estimate model parameters. The optimiza-

tion process centers around the minimization of the Q, test

statistic. In words, Q, is a measure of the ability to

predict the unfolded signal, YO, with YO, omitted from the sam-

ple set.

Validation of CV. In the absence of sources of noise

such as measurement error, the optimum stopping points for

the iterative unfold routine are clear. First, if the

guessed spectrum is identical to the exact spectrum, then any

fit/smooth modifications to the guessed spectrum will mike

the unfolded spectrum a poorer approximation to the exact

spectrum. Consequently, cross-validation should predict no

modification to the spectrum as the optimum, resulting in a

local minimum to the Q, function at zero iterations. Second,

if the guessed spectrum is different than predicted spectrum,
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then each successive iteration will produce a spectrum that

Wis an improved fit to the measurements. As a result, the

behavior of Q should be monotonically decreasing in nature

exhibiting no local minima. Therefore, two validation cases

were constructed.

Validation case 1 (VCV1) and validation case 2 (VCV2)

were basically a repeat of iterative unfold validation cases

VC2 and VC3, respectively. In this attempt cross-validation

was used and the results were compared.

Results of CV Validation. In VCV1, the Q, function exhib-

ited a local minimum at iteration zero as did X'. The

results are presented in Table 3.

Table 3. Case VCV1: Comparison of QLto X2@2
Iteration Xf Q1
Number fit/smooth fit/smooth

0 0.000 0.00
1 0.008 2.14
2 0.009 2.98
3 0.009 3.64
4 0.009 4.37
5 0.010 5.16
6 0.010 5.99
7 0.010 6.86
8 0.010 7.77
9 0.010 8.71
10 0.010 9.66

In VCV2, Q, behaved in a fashion similar to X', decreasing

monotonically with increased iteration number. The results

of VCV2 are contained in Table 4. It is important to note
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that, although, X2 is approaching zero, Qt does not. This is

because Q, is sensitive to the fact that the unfold is fitting

the measurements used in unfolding, but is not actually fit-

ting the spectrum.

Table 4. Case VCV2: Comparison of Q, to X2

Iteration Xf Q1
Number fit/smooth fit/smooth

0 306.33 306.30
1 81.71 129.90
2 5.21 19.64
3 1.42 9.48
4 0.89 6.89
5 0.69 5.72
6 0.57 4.97
7 0.48 4.41
8 0.41 3.95
9 0.35 3.56
10 0.30 3.22

In the absence of noise, the minimization of the cross-

validatory test statistic, Qu predicts the optimum stopping

point for the iterative unfold routine in both validation

cases.

Analysis Approach. As stated in Section II, the itera-

tive unfold routine modifies the guessed spectrum. The modi-

fication consists of scaling the guessed spectrum in a manner

that would produce unfolded signals that converge to the

measured signals after many iterations. As a result, the

behavior of an independent statistic X1 would exhibit a local

minimum at the point when the modified signals are closest to

0
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the exact signals. But a better measure of how well an

unfolded spectrum approximates the exact spectrum are spec-

tral norms (discussed below).

Although in practice X' is unknown, for the subsequent

test cases x2 (constructed so that it is known) will be used

as an analysis tool for comparison to the QL function. In

addition, two spectral norms will be calculated to determine

the degree to which the unfolded spectrum compares with its

exact counterpart. The first spectral norm, L. is a measure

of absolute error in the spectrum and is given by

I - 2(3 1 )
La-Z (SU -SE)

where

S- the spectrum value in the jth energy bin for the

exact spectrum

Sv- the spectrum value in the jth energy bin for the

unfolded spectrum

n- the number of energy bins

The second spectral norm, L,, is a measure of the relative

error and is given by

L RZ(S E) 2 (32)
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Two test cases were chosen. In each case, the fractional

0 measurement uncertainty was assumed to be 0.15 for all

instruments. In the first test case (TC) the actual and

guessed (predicted) spectra were both one temperature Planck-

ians. The exact spectrum was a 3 E1 Planckian with a scaling

factor of 0.75, same as VC2, except with noise added to the

signals. In test case 2 (TC2), a two temperature Planckian

is used for the exact spectrum. The temperatures for the

exact spectrum in TC2 were set at 1.2 E' and 6 E' with scaling

1.0 and 2.0, respectively, same as VC3, but with noise added.

In each case the analysis consisted of comparison of the

absolute error in unfolded spectral approximation based on

three iteration stoppage criteria. Theses criteria were val-

ues of X2 equal to the number of instruments (17), X2 equal to

half the number the number of instruments (8.5), and

minimization of Q,. In these cases the guessed spectrum and

simulated noise set were systematically varied to obtain

unfolded spectra. In addition, the smoother was turned off

in some cases to view the effects of the fit routine alone.

Next, ten repetitions of test case 2 (smoother on) were per-

formed varying the sets of noisy signals to observe the

effects of random noise on the ability of the loss statistics

to predict an iterative stopping point.

Results of Test Case 1 (TCU. In case TC1.0, the guessed

spectrum was a one temperature Planckian with scaling of 1.0

and a temperature of 4 Eg. For case TC1.0, the iterative

0 unfold routine used the fit algorithm alone. The results are
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summarized in Table 5.

Table 5 shows that X2 monotonically decreases, as

expected, with increasing iterations. X2, Qu and L, exhibit

minimums at two, five, and one iterations, respectively.

Figure 11 depicts the unfolded spectra at each of the above

iteration numbers.

Table 5: Test Statistics for Case TC1.0 (smoother off)

Iter X XS Qt Li

0 8.5340E+03 8.1772E+03 8.5340E+03 8.1536E-05 1.8260E+02
1 3.9155E+01 8.8238E+00 1.1020E+02 8_326E0_ 1.3558E+00
2 1.8417E+01 5,0957E+00 6.0925E+01 1.2446E-05 6.5781E-01
3 1.5840E+01 7.2719E+00 5.9419E+01 1.9508E-05 4.8490E-01
4 1.4190E+01 8.9996E+00 5.9146E+01 2.6439E-05 3.5812E-01
5 1.3009E+01 1.0369E+01 iallE+1 3.2692E-05 2.6557E-01
6 1.2112E+01 1.1459E+01 5.9243E+01 3.8233E-05 1.9902E-01
7 1.1397E+01 1.2334E+01 5.9464E+01 4.3140E-05 1.5197E-01
8 1.0804E+01 1.3047E+01 5.9740E+01 4.7509E-05 1.1947E-01
9 1.0297E+01 1.3635E+01 6.0047E+01 5.1427E-05 9.7861E-02

10 8527_2 k _1.4127E+01 6.0371E+01 5.4972E-05 LA.32E.U
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Figure 11: Case TC1.0 (smoother off)

Case TC1.1 consisted of modification to the guessed spec-

trum from case TC1.0. In this case, the guessed spectrum was

identical to the exact spectrum at a temperature 3 E? and

scaling of 0.75. Again, the iterative unfold routine used

only the fit algorithm. The results are summarized in table

6.

Since the ideal signals are not equal to the measured

signals, Table 6 shows a monotonically decreasing X2, as the

ideal signals converge to the measurement, indicating proper
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operation of the fit routine. Note that each of the test

statistics tabulated, excluding x' exhibits a minimum at

zero iterations (the guessed spectrum).

Table 6: Test Statistics for Case TC1.1 (smoother off)

Iter XL X QL

0 3.0559E+01 0_ E_0.0559E+01 OL __0 i,__E00
1 1.8523E+01 3.2497E+00 4.2832E+01 5.6528E-06 6.0993E-03
2 1.4945E+01 5.6969E+00 4.3917E+01 1.3475E-05 1.4906E-02
3 1.2895E+01 7.8514E+00 4.3797E+01 2.1434E-05 2.5138E-02
4 1.1607E+01 9.6021E+00 4.3831E+01 2.8583E-05 3.5752E-02
5 1.0727E+01 1.0988E+01 4.4088E+01 3.4755E-05 4.6276E-02
6 1.0079E+01 1.2082E+01 4.4496E+01 4.0036E-05 5.6491E-02
7 9.5732E+00 1.2951E+01 4.4990E+01 4.4571E-05 6.6303E-02
8 9.1574E+00 1.3650E+01 4.5529E+01 4.8506E-05 7.5683E-02
9 8.8024E+00 1.4219E+01 4.6085E+01 5.1963E-05 8.4633E-02
10 8.4901K__U 1.4689E+01 4.6645E+01 5.5044E-05 9.3172E-02

In case TC1.0s, the exact and guessed spectra were iden-

tical to case TC1.0. This case is a duplicate of case TC1.0,

except the smooth routine was included in the iterative

unfold algorithm. The results are summarized in Table 7.

Table 7 shows that through ten iterations X2 has decreased

from its original value of 30.56 to 8.49. In this case, .

Q, and L, all exhibit minimums. These minimums occur at two,

eleven, and one, respectively. Figure 12 shows the unfolded

spectra at these iteration numbers. Note that smoothing pro-

vides a better fit to the measured signals than fitting alone

(case TC1.0) at all iterations. In addition, the minimum X1

* is lower in the smoothed case.
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0 Table 7: Test Statistics for Case TC1.0 (smoother on)

Iter QL 4 Q

0 8.5340E+03 8.1772E+03 8.5340E+03 8.1536E-05 1.8260E+02
1 4.8621E+01 1.4516E+01 1.2391E+02 7,23E0 1.6642E+00
2 1.9210E+01 4,5851E+00 6.0110E+01 1.1447E-05 7.8379E-01
3 1.6395E+01 6.6176E+00 5.6947E+01 1.8003E-05 6.1829E-01
4 1.4616E+01 8.2474E+00 5.5441E+01 2.4.312E-05 4.9087E-01
5 1.3451E+01 9.5162E+00 5.4557E+01 2.9841E-05 3.9347E-01
6 1.2618E+01 1.0510E+01 5.3970E+01 3.4572E-05 3.1752E-01
7 1.2008E+01 1.1291E+01 5.3607E+01 3.8595E-05 2.5845E-01
8 1.1545E+01 1.1909E+01 5.3385E+01 4.2014E-05 2.1253E-01
9 1.1185E+01 1.2402E+01 5.3260E+01 4.4924E-05 1.7703E-01

10 1.0898E+01 1.2797E+01 5.3203E+01 4.74103-05 1.4982E-01
11 1.0667E+01 1.3118E+01 5,3193E+0 4.9541E-05 1.2925E-01
12 1.0476E+01 1.3379E+01 5.3218E+01 5.1373E-05 1.1397E-01
13 1.0318E+01 1.3592E+01 5.3269E+01 5.2955E-05 1.0293E-01
14 1.0186E+01 1.3768E+01 5.3338E+01 5.4325E-05 9.5268E-02
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Figure 12: Case TC1.0 (smoother)

It is important to note the L, does not exhibit the local

minimum characteristic of L,. This results from large rela-

tive errors at the tail of the unfolded spectrum and is an

artifact of the scaling process. The error is seen most

clearly in Figure 13.
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Figure 13: Case TC1.0 (smoother on)

In case TC1.Is, the exact and guessed spectra are identi-

cal to case TC1.1. In this case the smoother was included.

The results are contained in Table 8. Table 8 shows that all

the test statistics, except X1, exhibit minimum at zero iter-

ations. Figure 14 shows the unfolded spectra at various

iterations.

S
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Table 8: Test Statistics for Case TC1.1 (smoother on)

Iter X X QL,

0 3.0559 E+ 01 O.OOE0 3.0559E+1 .OOE0 O.Ojj OE+
1 1.9571E+01 2.8438E+00 4.3084E+01 5.4574E-06 4.2492E-03
2 1.6210E+01 5.1173E+00 4.5264E+01 1.2776E-05 1.0494E-02
3 1.4293E+01 7.0836E+00 4.5550E+01 2.0097E-05 1.7562E-02
4 1.3114E+01 8.6578E+00 4.5842E+01 2.6567E-05 2.4673E-02
5 1.2337E+01 9.8828E+00 4.6206E+01 3.2045E-05 3.1529E-02
6 1.1796E+01 1.0831E+01 4.6657E+01 3.6619E-05 3.8032E-02
7 1.1400E+01 1.1567E+01 4.7148E+01 4.0431E-05 4.4164E-02
8 1.1099E+01 1.2142E+01 4.7654E+01 4.3619E-05 4.9944E-02
9 1.0861E+01 1.2596E+01 4.8156E+01 4.6299E-05 5.5403E-02
10 1L0i8±.Q 1.2957E+01 4.8643E+01 4.8566E-05 6.0573E-02
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Figure 14: Case TCl.1 (smoother on)
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The entire analysis process for case TC1 was repeated for

an additional simulated noise set, The new noisy set of sig-

nals were generated by reseeding the random number generator

with a different seed. The results of the effort are

tabulated in Appendix B.

Results of Test Case 2 (TC2). In the series of test

cases prefixed TC2, the exact spectrum was changed to a two

temperature Planckian of temperatures 1.2 EO' and 6 EO'.

For case TC2.0, a one temperature Planckian of tempera-

ture of 3 EO' and scaling of 2.5 was used as the first guess.

Additionally, the smooth routine was deactivated, leaving

only the fit process in the iterative unfolder. Table 9

shows the results for this case. Note that while X' is

decreasing monotonically; X', Q,, L., and L4 all exhibit mini-

mums. Figure 15 shows the unfolded spectra at the iteration

numbers corresponding to these minimums.

Tab.ie 9: Test Statistics for Case TC2.0 (smoother off)

Iter 4 SQ

0 3.2298E+02 3.3139E+02 3.2298E+02 4.7672E-03 6.1341E-01
1 1.2831E+02 7.2915E+01 2.0727E+02 1.1621E-03 2.3632E-01
2 '..6717E+01 7,8585EU±00 5.2088E+01 2,726~2E-04 1L2876E-012
3 7.2972E+00 1.1325E+01 3.1950E+01 4.2788E-04 1.3393E-01
4 5.4568E+00 1.4874E+01 2.6839E+01 5.8085E-04 1.4216E-01
5 4.8403E+00 1.6956E+01 2.5199E+01 6.8736E-04 1.4897E-01
6 4.5272E+00 1.8178E+01 2.4646E+01 7.6405E-04 1.5466E-01
7 4.3175E+00 1.8935E+01 j2490E+0 8.2356E-04 1.5962E-01
8 4.1517E+00 1.9434E+01 2.4490E+01 8.7315E-04 1.6412E-01
9 4.0082E+00 1.9784E+01 2.4552E+01 9.1702E-04 1.6831E-01
10 i3i8i8±k+. 2.0046E+01 2.4639E+01 9.5765E-04 1.72323-01
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Figure 15: Case TC2.0 (smoother off)

In case TC2.1, the guess of TC2.0 was revised. In this

attempt, a two temperature guess was used instead of the one

temperature guess. The revised guess was a Planckian of tem-

peratures 1.8 E? and 5.4 EO with scaling of 1.25 and 2.8,

respectively. Note that in Table 10 X2 still decreases

monotonically, giving no information, but all of the other

statistics show minimums. Figure 16 shows the corresponding

unfolded spectra at the iteration numbers at which these

minimums occurred.
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0 Table 10: Test Statistics for Case TC2.1 (smoother off)

Iter 1Q

0 2.8875E+02 2.0703E+02 2.8875E+02 2.6977E-03 3.3271E-01
1 3.8268E+01 9.2843E+00 7.2204E+01 1,9585E-04 3.3001E-02
2 1.3795E+01 5,6§E0 4.1710E+01 1.9680E-04 L2411.Ezl
3 9.8565E+00 1.0243E+01 3.6765E+01 3.6150E-04 3.4008E-02
4 8.5773E+00 1.3033E+01 3.5618E+01 4.8439E-04 4.3276E-02
5 7.8890E+00 1.4693E+01 3-.5403E+01 5.7113E-04 5.1445E-02
6 7.4044E+00 1.5736E+01 3.5500E+01 6.3628E-04 5.8767E-02
7 7.0137E+00 1.6439E+01 3.5701E+01 6.8887E-04 6.5509E-02
8 6.6760E+00 1.6946E+01 3.5928E+01 7.3413E-04 7.1862E-02
9 6.3740E+00 1.7334E+01 3.6151E+01 7.7517E-04 7.7946E-02
10 6,0988±P. 1.7648E+01 3.6362E+01 8.1384E-04 8.38413-02
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Figure 16: Case TC2.1 (smoother off)
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Case TC2.2, uses the exact spectrum as the guess. Addi-

0 tionally, the iterative unfolder uses only the fit routine.

Table 11 shows the results for this case. Note that all the

test statistics exhibit minimums at zero iterations.

Table 11: Test Statistics for Case TC2.2 (smoother off)

Iter X XS Q1

0 3.055 9E+01 .OIOOE±00 3,0559E+1 LO.O±tt0 Lf.OOOE+0
1 1.5790E+01 4.8349E+00 3.5080E+01 1.0569E-04 6.74203-03
2 1.2261E+01 8.7125E+00 3.6997E+01 2.3746E-04 1.5049E-02
3 1.0614E+01 1.1399E+01 3.8063E+01 3.4523E-04 2.31O0E-02
4 9.6325E+00 1.3187E+01 3.8803E+01 4.2777E-04 3.0535E-02
5 8.9374E+00 1.4401E+01 3.9352E+01 4.9193E-04 3.7435E-02
6 8.3877E+00 1.5258E+01 3.9772E+01 5.4389E-04 4.3940E-02
7 7.9238E+00 1.5888E+01 4.0102E+01 5.8809E-04 5.0174E-02
8 7.5174E+00 1.6373E+01 4.0369E+01 6.2753E-04 5.6226E-02
9 7.1534E+00 1.6763E+01 4.0593E+01 6.6422E-04 6.2153E-02
10 6,82285±M 1.7089E+01 4.0787E+01 6.9944E-04 6.7991E-02

Cases TC2.Os-TC2.2s are a repeat of Cases TC2.0-TC2.2,

except the smooth routine was added to the iterative unfold

process.

In case TC2.Os, the guessed spectrum is the same one tem-

perature Planckian used in case TC2.0. Table 12 shows that

all the test statistics exhibit minimums. Figure 17 shows

the unfolded spectra corresponding to the iteration number at

the minimums. Note that comparisons of Tables 9 and 12 show

that the smoothing additions enhance the speed of fit (X2)

and deepens the minimum of X'.
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Table 12: Test Statistics for Case TC2.0 (smoother on)

Iter QL 14,

0 3.2298E+02 3.3139E+i02 3.2298E+02 4.7672E-03 6.1341E-01
1 1.3047E+02 7.51168+01 2.0841E+02 1.1032E-03 2.1902E-01
2 1.8355E+01 7,4978&+00 5.2745E+01 1,81JE-0 1.0569E-01
3 8.8323E+00 9.9861E+00 3.3005E+01 2.9344E-04 1L419E-01l
4 7.0802E+00 1.2911E+01 2.8446E+01 4.0967E-04 1.0693E-01
5 6.5962E+00 1.4621E+01 2.7354E+01 4.8489E-04 1.0904E-01
6 6.4284E+00 1.55738+01 2.7342E+013 5.3344E-04 1.1049E-01
7 6.3644E+00 1.6125E+01 2.7723E+01 5.6641E-04 1.1151E-01
8 6.3398E+00 1.6454E+01 2.8255E+01 5.9012E-04 1.1227E-01
9 6.3305E+00 1.6656E+01 2.8839E+01 6.0819E-04 1.1287E-01
10 j*J*67E+ 1.6783E+01 2.9434E+0116.2275E-0411.1338E-011
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Figure 17: Case TC2.0 (smoother on)
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In case TC2.1s, the guessed spectrum is changed to the

two temperature Flanckian used in-case TC2.1. Table 13 shows

the results for this case. In Table 13, it is seen that all

the test statistics exhibit minimums except X2 . Figure 18

depicts the unfolded spectra at these minimums.

Table 13: Test Statistics for Case TC2.1 (smoother on)

Iter X 1Q

0 2.8875E+02 2.0703E+02 2.8875E+02 2.6977E-03 3.3271E-01
1 3.9158E+01 9.5276E+00 7.2261E+01 1.8386E-04 3.1404E-02
2 1.4747E+01 5.5040E+00 4.2209E+01 1,5847E-4. 2,0852E-02
3 1.0862E+01 9.3273E+00 3.7699E+01 2.9709E-04 2.7977E-02
4 9.6556E+00 1.1831E+01 3,6939E+0 3.9703E-04 3.5130E-02
5 9.0584E+00 1.3302E+01 3.7061E+01 4.6284E-04 4.1224E-02
6 8.6762E+00 1.4208E+01 3.7471E+01 5.0789E-04 4.6462E-02
7 8.3933E+00 1.4800E+01 3.7967E+01 5.4043E-04 5.10853-02
8 8.1652E+00 1.5209E+01 3.8474E+01 5.65183-04 5.5261E-02
9 7.9720E+00 1.5505E+01 3.8962E+01 5.8495E-04 5.91023-02010 7,06E@ 1.57283+01 3.9422E+01 6.0144E-04 6.2682E-02
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Figure 18: Case TC2.1 (smoother on)

In case TC2.2s, the guessed spectra was changed to the

exact spectrum as in case TC2.2. This time the smoother was

implemented. Again, all statistics exhibit minimums at zero

iterations.
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Table 14: Test Statistics for Case TC2.2 (smoother on)

2 2Iter X XS Q,

0 3.0559 E+0 1 O.OOE0 3-59E0 LO.ilOOE+0 L.OiOZ±+
1 1.6193E+01 4.6110E+00 3.5050E+01 1.0049E-04 6.2122E-03
2 1.2811E+01 8.1976E+00 3.7187E+01 2.2182E-04 1.3542E-02
3 1.1265E+01 1.0634E+01 3.8460E+01 3.1820E-04 2.0401E-02
4 1.0375E+01 1.2234E+01 3.9423E+01 3.8938E-04 2.6511E-02
5 9.7764E+00 1.3303E+01 4.0190E+01 4.4197E-04 3.1972E-02
6 9.3284E+00 1.4044E+01 4.0819E+01 4.8174E-04 3.6929E-02
7 8.9703E+00 1.4574E+01 4.1347E+01 5.1276E-04 4.1501E-02
8 8.6720E+00 1.4967E+01 4.1800E+01 5.3780E-04 4.5774E-02
9 8.4169E+00 1.5267E+01 4.2199E+01 5.5872E-04 4.9808E-02
10 8i1.1±U 1.5505E+01 4.2556E+01 5.7675E-04 5.3643E-02

The series of cases prefixed TC2 were repeated using a

new set of noisy signals. The results are tabulated in

0Appendix C.
Summary of Test Results. The following table is a col-

lection of the results from cases TC1 and TC2, discussed

above, and the cases tabulated in Appendices B and C. In

Table 15, the absolute error in the unfolded spectral approx-

imation is tabulated for the various cases and stoppage cri-

teria.
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Table 15: Absolute Error for Various Stoppage Criteria

Case X2 - ,  X2"n,/2 Q1

TC1.0 1,95E-05 6.66E-05 3.37E-05
TC1.08 1.80E-05 5.96E-05 4.95E-05
TCI.O* 1.02E-05 4.30E-05 8.82E-06
TC1.0* 9.27E-06 3.14E-05 8.04E-06
TC2.0 2,73E-04 4.27E-04 8.24E-04
TC2.08  2,93E-04 4.10E-04 5.33E-04
TC2.0*h 4.79E-04 6.79E-04 3.66E-04
TC2.0s ** 2.76E-04 6.58E-04 2.76E-04
TC2.1 1,97E-04 5.71E-04 5.71E-04
TC2.18 1 5.41E-04 3.97E-04
TC2.1** 2,23E-04 7.92E-04 2.23I4
TC2.18** 2.07E-04. 8.58E-04 2.l7ZE-04

* denotes smoother on
* results contained in Appendix B
•* results contained in Appendix C

Case TC2.0 (smoother on) was repeated several times while

randomly varying the amounts of noise added to the ideal sig-

nals. The absolute error of the unfolded approximation to

its exact counterpart was tabulated. Table 16 shows the

results from ten different sets of noisy signals.
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Table 16: Absolute Error for Different Noise Sets
on Case TC2.0 (smoother on)

Attempt x2-n, x2-n,/2 QL

1 1.10E-03 4 5.33E-04
2 2,6E0 6.58E-04 2,76E-04
3 1,7E 4.77E-04 2.80E-04
4 2.30E-04 1.67E-04 1,61E-04
5 1.44E-04 1.70E-04 1,42E-04
6 4.74E-04 L2z.7 A. 2.79E-04
7 1.41E-04 3.57E-04 1.49E-04
8 2.91E-04 1.78E-04 1.59E-04
9 3.49E-04 37E-01 3.76E-04
10 2.55E-04 2.31E-.A 2.3Z-A

0
67



V. Summary and Conclusions

0 Summary

Validation. The validation consisted of a two step pro-

cess. First, the iterative unfold routine was validated.

Validation cases one through three showed that the iterative

unfold routine operated as expected. Both the fit routine

alone and fit/smooth routines in tandem produced spectra that

converge toward a spectrum that produces measured signals as

iteration increase.

Second, the cross-validation phase was validated. Two

ideal cases (no measurement error) were constructed to test

the proper operation of cross-validation. The first case

showed that cross-validation predicted no modification to the

trial spectrum when it corresponds to the exact spectrum.

The second case showed that cross-validation produced a mono-

tonically decreasing Q, function when the guessed spectrum is

still becoming a better approximation to the exact spectrum.

Test Cases. Two basic test cases were constructed. Test

case 1 used an exact spectrum equal to a one temperature

Planckian. Each variation of test case 1 was prefixed with

TC1. Test case 2 used a two temperature Planckian as the

exact spectrum. Similarly, each variation of test case 2 was

prefixed with TC2. In each case, the guessed spectrum, the

simulated noise set, and the use of the iterative unfolder

(fit or fit/smooth) were varied.
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Conclusions

In each test case attempted, cross-validation predicted

an optimum iteration number. Although the smooth routine

competes with the fit routine, each test showed a deeper

minimum for X2 when the smooth routine was used. As a

result, smoothing out k-edge discontinuities resulted in an

overall better fit to the exact spectrum.

Four cases used the exact spectrum as the guessed spec-

trum (i.e. guessed the right answer). In each of these

cases, cross-validation predicted no modification to the

guessed spectrum. In contrast, a prediction based on any

reasonable value of X2 lead to overfitting of the data. Typ-

ically, the stopping values used for X2 (number of degrees of

freedom) are less than the number of instruments used and may

be allowed to fall to quite small values.

In the twelve test cases depicted in Table 15, the

smoother implementation, noisy measured signal set, and pre-

dicted spectra were varied. For those cases the use of any

value of X2 less than seventeen (the number of instruments)

would lead to data overfit. In fact, a choice of X2 equal to

seventeen would be the best fit in eight of twelve cases.

However, the stopping point predicted by minimization Qj lead

to the best fit' in six of twelve cases.

The multiple Planckian case (TC2.0) was used to study the

effects of noise on cross-validations ability to stop the

iterative process. Noise was randomly generated and added to

0 the ideal signals. Again, the absolute error was compared
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for the various stopping criteria. Table 16 showed that

0 using X2 equal to 17.0 provided the best predictor in only

three out of ten cases, while a value 8.5 provided the best

estimator in four of ten cases. This result is quite differ-

ent from that of Table 15, where a X2 value of 17.0 was

clearly the best choice. Cross-validation provided the best

estimator in five of ten cases. In the ten cases attempted

cross-validation overfit the data five times, predicted the

best fit three times, and under fit the data twice. On aver-

age, cross-validation tended to overfit the data by about one

iteration. In contrast, using X 2 equal to the number of

instruments under fit the data in seven out of ten cases, and

averaged slightly more than one iteration underfit. Using X2

equal to half the instruments lead to overfit of the data in

eight of ten cases, and averaged about four iterations over-

fit.

In conclusion, the absolute error associated with choos-

ing any value of X2 as the stopping point appears to be prob-

lem dependent. Consequently, there is some question as what

value of X1 to use. Clearly, very small values lead to data

overfit. Over the range of cases attempted, cross-validation

and the minimization of Q, lead to a slight overf it of data

(about one iteration on average) but provided a less judge-

ment and problem dependent approach to stopping the iterative

unfold method.
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VI. Recommendations

The following are recommendations for study in this area.

First, the use of cross-validation should be explored to pre-

dict other parameters for the iterative unfold technique for

deconvolution. Some possible parameters are types of

smoothing kernels, types of instrument weighting functions

(fit algorithm), and energy-bin spacing. Second, this study

should be continued to explore the use of cross-validation as

a parameter predictor for the basis function method.

Finally, a third area of study should consist of exploration

of the use of generalized cross-validation as a "stand-alone"

deconvolution process.
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Appendix A: Source Code for Cvlter.bas

0
The following is the source code from CVIter.bas which is

a Microsoft QuickBASIC V4.5 computer code used generate the

data used is this study.

Program to Unfold by Iteration Method Using Cross-validation

Program Name: CVIter.bas
Version: 1.0
Author: Dennis J. Miller

Cmnts: Partial Iteration Steps (FIT), 1/Yu weighting addition (FIT),
vote

Variable Name Description

datestring$ date of progrm enecutio
fexact$ file name cotaining exact spectru
fileneS file(s) name cntaining exact spectra
fpred$ file name ctaining predicted spectrum
funfola file na cotaini unfolded spectrum
SetHardCMy flag for hard copy outpt (Y or N)

' SetNoise$ flag for simulated noise (Y or N)
SetSmoter$ flag to turn on oter (Y or N)
SetValidation$ flag to trim n cros-validatica (Y or N)
timestringS tim of iogrm execution
version$ program version nuiber

FnishTurn finish time of each iteration
Chi Chi2 (measured signals)
dbi~.ct Chui2 (exact signals)
CuWTim cmmnlative program execution time
sig fractical instrumnt unertainty
StartTime start time of each iteration

Am in place holder
iterapt optim iteration number as dsn by cross-validation

' nbins nwer of energy bins
ninst niber of instnuments
niter max umber of iterations

I7 I-N
WS A-ll, O-Z
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MMAR IUCW aiSqd (Instit, suO, bO)
MRE CTIOW Qterm (Imit, bO, suO)

flARE FICrI SpectralNorm (su 0, ntype)
LC1ARE FALMC Pd (x, ave, sia)

EEMR SB Fit (ni, n2, suO)D9" SM ie~utput (inex

EER EM GenIise (epsilmO0, bexa(ct, bO, sig)
LAE = 1B S GeR (spO, eO, elO, ro, dE0, YPO)

MMWE SUB HardCopy (idx
IARE S header 0
EIMM S5 MeasroPred (b0)

MaM S3 Spectrum (filename$, sO)
3XRE SU Setweights (SpaceTypeS, weight()

R BSiM Sooth (suO, weightO)
3=M SU vote (910, iteropti, icounter)

Version$ = 1s
d= DATE
timestring$ = TInX

Cum, ime = 0

'Set paramters for unfold

CAL Sinput

' These are global variables; the subroutine that first uses them is listed

EIT a(1 MO ninst) 'dumy matrix to calculate H
IK b(1 ninst) 'meaured-to-predicted ratio v/noise

HENN bexact (1 T7 ninst) 'measured-to-predicted ratio (exact)
REDrn c(l 70 ninst) 'unfolded-to-predicted ratio
RUThd(1 0 ninst) 'integral of R*Sp*dE
REM el (1 '0 ninst) 'k-edge of filters
LE e O ninst) 'k-edge of flucresmrs

RN)IK Qlos(O Mo niter) 'Loss function Q vector
RI ID Q1(U TO ninat, 0 TM niter) 'Loss Function 1 instrumnt omitted
REM r(l UT ninst, 1 MO nbins) 'response function of a detector for an
R3Th sa(1 '0 nbins) 'energies of the actual spectrum
RE( sigma(1 MO m.nst) 'variation of instrmnt measurement
RED4M sp(1 70 nbins) 'energies of the predicted spectrum
REDI su(1 70 nbins) 'energies of the unfolded spectrum
RI sgumms(1 TM nbins) 'first gums at the unfolded spectrum
REM weight (17 nbins, 10I nbins) 'relative weights of surrounding bins
RUDI dE(1 MO nbins) Ienergy bin width
REDI epsilc(1 70 ninst) 'ranco noise aided to signal
RUMh Yp(1 TI ninst) 'predicted signals

Retrieve actual, predicted, and initial guess at unfolded spectrum

= Spectma(fpred$, spO)
= Spctrm(feuct$, sa()

ML Spectrum(funfoldS, suguusO)
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Generate Respanse Data

=J GeRM(spO1 eO, el(), rO, dEO, TOO)

set weigts for Smoother

CUlL Setweights (Space1Tvpe, wight 0)

Calculate masured to predicted ratio

CQU Meaded (bxct 0)

Generate Randiom Nose

IF UCASE$(LEMrS(Set~koise$, 1)) = IT'TEE
CLz enIIoise(esilcn0, bexactO, bO, sig)

JUM inst = 1 M0 nnst
b Unst) = bexact (mat)

NECr inst.
ENDIF

PM inst = 1 10 ninst
siom(inst) = s2.g * bMinst)

NEXT inst

'Generate Hard Copy Output

Fileoutput (1)
IF Set~ardCopy$ = Mill THEN CALL HardCopy(1)

*Start Cross Validatica (amit ceinstrument)

IF SetValidatiom$ = "Y" THEN

PM inst = 1 M1 minst.

IM ibin = 1 MV nbins
su(ibin) = swums(ibin)

NEC ibin

calcula, Qteru for th iteration (for guess)

IF SetliardCMSy Y" IT'TR CAL ffardopy(7)

Q1(inst, 0) = Qterm(inst, b(), su0)
Qloss (0) - gloss (0) + Ql(inst, 0)

ci- adSod~izt, suO, b()
d~xat - dClSA(inst, su0, bmxct0)

iter - 0
FilOzTat (8)
IF Setaoupy$ = IT TMN CAML Bardopy(8)
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RR iter = 1 MI niter

StartTime - TIMU

CM Fit(inst, 0, suO)
IF Setamtber$ = '"r TMi CALL Smw~th(suO, weight 0)

Q1(inst, iter) = Qterm(inst, bo, suG)
chi = CiSqd(inst, su0, bO)
Chi~mct = ChiSqd(inst, su0, bexactO)

Ir SetHardCopy$ = "-Y" THIN CALL HardCMp(4)

FinishTime =TI
CWiTlim = Qirf'im + (FinishTime - StartTime) / 60

LOC&'! 1, 1
PINT "Crcss-Validaticii Crrently Underxway ... "o

IWCM15, 23
PRINT US=Z "Instrument currently caitted: ## " inst

WCA7E 16, 26
PRINT US=J "Iteratica Nwnber: ## of ##"; iter; niter

LOCXTE 17, 22

LOCATE 19, 22
PRIN USMFJ" Chi-Squared a: Ch.11X";Cb

WAE 20, 28
PRIna USnG "Run time = ##1.M1 min!'; Cudimeiz

HMT iter
Ir Set~ardCopy$ = '"I" TMi LPRDII

NE!T inst
IL? SetHardCMpy = '"Ir" TEIN LPIW1

PUR inst = 170I ninst,
FOR iter = 1 MD niter

Qlms(iter) = Qloss(iter) + Q1(inst, iter)
NUT iter

NUTinst

Aino = 11409
R~R iter = 0 MI niter

IF Qlms(iter) < Amino 'M12
Ami - Qloss(iter)
iteropt = iter

END IF

?NT iter

MI IF
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Mifo].d Spectrin for optimum value -

RRI ibim =1 I T nbins
su(ibin) = suguess(ibin)

NW ibin
Ci= isqd(O, suO, b()

Chi!sact = ChSqd(O, suO, bexctO)

Abdiorm = Spectrafliu(suO, 0)
RelIaru= Spectra]1~zi(suO, 1)

Nr Set~ardCopy$ = Y'I THENIL HardCopy(9)
Nr SetliardCopy$ = '"Y" THE~N GAIL HardCopy(5)

IF SetValidaticvS = 'T' ThIN iteropt = niter
IF iteropt >=0 THIN

FM~ iter I M I niter

filename$ = fout$ + LTRDI(S'R(iter)) + ".asc"
MENI fieam$ pK Ul pff? AS #1

CNL Ft(0, 0, su 0)
NF Sether$ = "7" THin C=l Skoth(suo, weiotto)

*b =d-dSqd(@,suO, bo)

Absdbz = SpectralNorm(suo, 0)
Re]Joxm = SpwctAIflou(suO), 1)

wcmZE 1, 1
PRIWi 'Wholdim sIpctrun...",

LOCA! 15, 30
FnrW USIM "Iteration RNuber ## of ##:,,; iter; niter

LOCAE 16, 30
FnRWUM @Ing Cbi-2 = ##.###.. - ; Chi

Filetput (6)
Nr SetliardCopy$ = "T" TMN M~L RardCOPY(6)

IMi ibin = 1 MI nbins

NW ibin
acz 1

LOCTE 17, 30
~Wr "Savirg ou.tput to ";fileoame$

NELT iter0 ~ DiN
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IF SetHardCopy$ ='ejr' THE CALL HardCopy(3)

ED

ChCI~ iSq1 (Inst~wit, suO, b()) STATIC

dCiiS calculates the cventional Cbi^2 (exact or measmred) based on the
unfolded, spectra

SMW sigma 0, r 0, dE(0

ninst = UBOUND(r, 1)
nbins = UBMRI(r, 2)

REDK c(1 70 ninst)

PMa inst = 1 MO ninst

c(inst) = 0
FUR ibin = 1 TO nbins

c(inst) = c(inst) + r(inst, ibin) *su(ibin) *dE(ibin)

NET ibin

NEXT inst

~ThiSqd =0

RRa Inst =1 TO ninst
IF InstCmit 0 inst THRI

lThiSQd = ThiSqd + ((binst) -c(inst)) /sigaa(inst)) 2
END IF

NEXT inst
aMiSqd = TaCiSc?

END PWUTIC1

SUB File~utput (idx

*FileOutput ccpaes output to the specified output file

SNARD eO, elO, DOW, nclosed, bexacto, nininst
SUM bO, epsilono, Q1O), QiossO, iteropt, iteropti
SBWRI inst, Chi, chi~xact, iter, fpred$, focact$
SMD Setawotber$, version$, datestrmg$, timestring$
SilMR Abkumx, ReD~rm, foutiS

nst =UMMU(b, 1)
niter = U3BuID(Q1, 2)

IF index - 1 MU
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OE foutl$ FO wTwR AS #2

PRINT #2, "Versio; "; versic$
PRM 2, "Date: ";datestrinv$

PRIN #2, "ime: "; timstring
PRINT #2, "Author: Dennis Miller"
PRINT #2,
PRINT #2, "File for Emct Spectnn: "; fexact$
PRINT #2, 'Tile for Predicted SPectnn: ";fpred$
PRtI #2,
PRINT #2, "i4wte (W: "; SetSboother$
PRINT #2,
PRINT #2,

PRINT #2, "inst edge 1 edge 2
FXR inst = 1 MO ninst

IF inst (= nopen THEN
PRINT #2, USIN "## ##.#### ##.##M"; (inst); eO(inst); el(inst)

UE
PRINT #2, USING # ##.### "; (inst); eO(inst)

END IF
N r inst
PRINT #2,

PRINT #2, " inst bexctO0 bO epSilonO"
FR inst = 1 Mo ninst

PRINT #2, USING " # #.## .. .### .. .## . .; inst;bexact(inst) ; b(inst); epilo(inst)

NEXT inst
PRINT #2,

CWM #2

ILSW index = 2 THEN

.f index = 3 TII

OPEN foutlS PC APPEND AS #2

PRINT #2,
PRINT #2, '11e optiuma iteration n -ber (inimizatio of Qlcss): "; iteropt
PRINT #2,

CLOS #2

W index = 4 THEN

0
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CMN foutl$ ItM APPEND AS #2

PRnl #2, USDG '## #f ##.fi #M#f ~ ~ *f ' iter;

CLOSE #2

]a index = S 2IMN

OPEN fou.tl$ M~R APPEND AS #2

PRINT #2, USN "1 0 ##.#M'^^^ ## #.#i
##.#M^^^"'; Chi; CiLzct; Q1css(0); AbsNan; RelNorm

cLOSE #2

0JS index = 6 THEN~

ME!N fou.t1$ FM APPEND AS #2

PRWN #2, usiw~ if ## #i~ .# W f#ff f#i"
##.###^^^"; iter; Chi; CWiXact; Qlcss(iter); AbsNorm; RelNorm

cwOS #2

0L~ index = 7 THEN

0E fou.tl$ RRAPPEND AS #2

PRINTr #2,
PRINT #2, "Iter 10 Qterm Chi^2 Chi^2 Eat"

CLOSE #2

in!~ ind~ex a8 THEN

CFON foutl$ PtM APPEND AS #2

PRw1r #2, USING "## i f##~ .#l' f##"" iter;

WLOE #2

0LW index = 9 TIM

CFON fotl$ FttR APPEND AS #2

PRIfT #2,
PRINrr #2, "Iter Chi^2 Chi^2 Ex~et Qioss AbsNorm fte31icav

aWM #2
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SMFit (n1, Ti2, suO) STM'TIC

Fit i thefitting rouztine used i h trtv nodmto

SHMbspO, saGrS p, eOO, 1

V = 1 'used for partial iterative steps

1w

ninst = UBWN(r, 1)
nbins = to= I(r, 2)

REDIM c(1 IV niust)
REDIK d(1 70 ist)

Eta inst = 1 '10 ninst

d (inst) = 0
EIM ibm 1 70 nbins

c(inst) = c(inst) + su(ibin) *r(inst, ibim) *dE(ibin)

NOT ibin

d(inst) = v * bWinst) /c(inst) + (1 - v)

Wr d(inst) )MR M I d(inst) = HE!

NEXT inst

IMa ibmi = 1 I0 nbins

RFxn =

Rsum =0
Eta inst =1 I0 niust

IF inst <) n1 AND inst <> n2 TMD
RMi. = R~su + d(inst) * r(inst, ibin) /c(inst)
Rsum = Rsum + r(inst, ibin) / c(inst)

END IF

NEXT inst
su(ibin) = su(ibin) * Mm / Rsun

NUTr ibin

Ile S

SMGa~oise (epuion, bmcto, bO, sig) STATIC
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GemIoise simulate noise in the ideal signals by sumings random nubers

ninst = TBOUM(b, 1)

IM inst = 1 70 ninst
sturan = 0
AR irand = 1 70 12

stura = suan + RND
EXT jrand
epsilon(inst) = sig * (smnran - 6) * be.act(inst)
b(inst) = (bma(inst) + eysilmo(inst))

NEXT inst

SUB GeM (spO, eO(), elO, rO, dEO, YpO) STATIC

GeoRFs inpits the k-edge wergy for the first detector [e@(1)],
calculates the k-edges for the rest of the detectors (for the fluorescers
and the filters) based on e(1), and calculates the respose function,
r(ij).

MMA SpameMye$, fedge, rrjpen, adoed

ninst = U OLRD(r, 1)
nbins = UDINID(r, 2)

e(1) = fedge
IW e@(1) <= 0 TM

eO(1) = 1
PRINT 'Mhe first k-edue can't be zero, it has been set to the default of 1"

END IF
PRD

IF LXAM (LFT$ (SpaceType$, )) = "G"' T
IM ibin = 1 70 nbins

dE(ibin) = e0(1) * (64 (ibin / abins) - 64 * ((ibi - 1)/ nbins))
NW ibin

a 1Rs(1T$(SpmceType$, 1)) = " Th
AR~ ibin - 170V nbims

dE(ibin) - 63 * et(1) / nbins
NEXT ib

DD IF

C -alculate the k-edge of fluorescer for the rest of the detectors

IP, ist a 2 mpem
e(inst) - SR(2) (inst - 1) * e@(1)

NTinst
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e0(imt) -=2 '(inst - (zxpe +1) eO1)

mw imst

*Calculate the k-edge of the filters

R~R inst =170 ninst
el(inst) = 2 * dWinst)

?BY inst

*Calculate the response functicm frma the detectors' k-edges

JFM inst = 1 TO niust
e = eO(l)
RR ibin = 10 n bins

e = e + dE(ibin) / 2
Nr e > eWinst) THE 'Above k-edge for detector i

Nr inst (= noe E 'Closed response detectors
Nr e ( el(inst) TMIE

r inst, ibin) =(1 / e) * (1 - Wj(-2 * (eO(inst) / e) 3))
r(inst, ibin) = r(inst, ibin) * iEP(-.25 * (el(inst) / e) -3)

EIEr (inst, ibin) = (1 / e) * (1 - W(-2 * (eOinst) / e) ^3))
r(inst, ibin) = r(inst, ibin) * W((-1.5 * (el(inst) / e) 3)

ELSE 'Open response detectors
r Unst, ibin) (1 (lie) * (1 -W(VH* (eO(inst) Ie) 3))

ELISE 'Below k-edge for detectori
r inst, ibin) 0

WXA79 15, 25
pRINTWDI "IG nitializing r (# #fi)"; inst; ibin

e = e + dEUibin) / 2
NEUT ibin

NELT inst

Print the k-edges to screen and response functin to file

CM It"esposse.asc" IME Wlt~1 AS #1

FRI"T 11, inst

MW #1, r(inst, ibins)
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NUT inst

IMR inst = 1 M~ ninst

Yp inst) = 0

Integrating the predicted spectrum, Yp(inst)

RR ibin = 1 M nbins
Yp(inst) = Yp(inst) + sp(ibin) * r(inst, ibin) * E(ibin)

NEU ihin

K~R ibin = 1 MV nbin
r(inst, ibin) = r(inst, ibim) / Yp(inst)
NUT! ibin

NEXT inst

SU HardCopy (index) STAMC

'Hadopy produces hard opy output to printer

SHARED eO0 el, 0 i, nclosed, benict 0, uanst
SHARED bh0, epsilcu0O, Q1O(), Qioss (), iteropt, iteropti
SHARED mast, Chi, a4I~wct, iter, fpred$, fewct$

-HRE Set~wotherS, version$, datestririj$, tistringS
SHARED Ab r, Re~r

ninst - tIUID(b, 1)
niter = LMRXQl, 2)

IF index = 1 THEN

LPRDI "Version; "; version$
WRIM "Date: "; datestrino$

IiMMi "Author: Denis NIller"

wtnr 'Tile for IEmct Spectrin: "; fe.actS
FRIT "File for Predicted .1pectzna: "; fpred$

83



J.UN "inst edge 1 edge 2
IM inst = 17'0 ninst

Wr inst <= DOen 1131
LDITm 1US4m ## i.##fi ##.##M"; (inst); eWinst); 1l(inst)

ELSE
ulPIN uscm tof fiif HAM (mat); dWinst)

M N
MW inst

upMr it inst bexact( 0 b epsil~o
IMR inst = 1701 ninst

LFPIMi USING i #### #f.M^- ## M ; ist;

NEUr inst
PRIW

aI~ index = 2 MON1

inS index = 3 1131

LIPINi! 'Mwe optium. iteration mber (iniuaiatics of gloss): ";iteropt

0l index = 4 1M3N

lamN us= toff ## i ffi~fi~- i~ff " iter; inst;

ILIE index = 5 '113

J.PRI' USIG 01 a fir fiW fii~ fiW
##.####^^^"; Cbi; aidmsct; Qlms(@); Abfo; ReJJibm

UAfW index = 6 1131

if~iif";iter; Chi; Chi~wct; Qioss~iter); Abdforu; RellIrm

ILS index z: 7 1131

LPRINT "Iter 10 Qteru Ci'2 Chi ̂ 2 Eu&"

RS index = 8 1131

LPR'M USING gif ## Hf.iff iftifif - fnfi-s-* .

Q1(inst, iter); Chi; Odiwmct

aS~ index = 9 1131

INT1 "Ilter Cbi2 Chi2 Dmct gloss Abulhx RteJJif~aw
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MiNDI

EN SEE

:3 YbasToPred (b 0) STAIC

* Ilaslbred calculates the umasur-to-predicted ratio

SMWN naO, spO, rO, dE()

.int =UBMII(r, 1)
nbins LE U ID(r, 2)

itM inst = 1 M0 ninst

b(inst) = 0
J!R ibdn - 1 M nbins

b(inst) = b(inst) + sa(ibin) *r(inst, ibin) *de(ibin)

NE ibin

NEXT inst

END SUB

JUNMT(I Qteru (Imit, hO, SUO) STATC

*Qterm generates the values of the Qloss functiou, used as the test
statistic in cross-validaticti

SO= rO, dEO, sigm()

ninst = LEM I(r, 1)
nbins = UnQIDr, 2)

MIN~T c(1 MV ninst)

sun = 0
JIM ibin - 1 1O nbins

sus = sun + r (Idmit, ibin) * su (ibii) * dE (ibin)
NEL ibin
Qterm = ((sum - b(Init)) / sig(Iit)) ^2

END 1rWMT

Sm Setweights (SpaceTypeS, weight 0) STATIC

Setweights generates the weighting matrix for the smoothing operationi
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MM Ustart, ending, fltave, pmtwt, dE 0, sdev

9 u~bins - WMWJD~E, 1)

Izax - T((intave -1) / 2)
IMt i = 1 1M nbins

JUR j - 1 M1 nbins
wight U, j) = 0

NEU' i

Flat 3-bin averaging

Ir UM=s(uLr$(SpaceTyWe, 1)) ="G!' CR I,,(Lr(sae~p$ 1)THEN 13

jbin = 1
FM iin. = 1. M nbins

Ir ibin> Imax AND ibin (= nbins - luix T113
K~R jbin = ibin - Imax M1 ibin + Imax

Weight(ibin, im) = 1 / intave

alS ibmn (= Imx M13
ARt jbin = 1 1M ibmn + Ma

0 ~weight (ibim, jbin) = (2 / intave)
ELSE

weigt(ibin, im) = (1 / intave)
END IF

NU jbin

17~t iboin + Imax) nbins TEN3
RR jbin = ibin - Ian MV nbins

Ir jbin )= ibin T113
weight(ibin, bMn) = (2 / intave)

LM
might(ibin, im) = (1 / intave)

END Ir
NO!T jbin

END IF
NM ibin

END Ir

EDDS5

SUB Sinput STATIC

*Sinput inputs all needed infamation

CUS
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M start, ending, niter, intave, ninst, nbins, patwt, sdev
SOM~ Set~bise$, sig, f edge, SpacOType, fexact$, fpred$, furnfoldS
SRU nclosed, nopen, SetHurdCm$, foutl$
MM foutS, SetSwotber$, SetVaLidationS

ending = 6 4

intave = 3 'number of E-bins averaged on (flat averaging)
nclosed = 6
niter = 10 'number of iterations throuh Fit/Sxaoth
nb = 120 'number of energy intervals
nopen = U
;utwt = .5
SetHardCopy$ = f"o
SetNoise$ = '"' 'random noise flag (Y=m, N=off)
SetSmoother$ = '
SetValidation$ = 'I'
sig = .15 'sigma
start -1
sdev - .1

hinst = noen + nlosed 'total number of instruments (detectors)

I "Input the fluorescer's k-edge energy for the 1st detector: ", fedge
'To you desire (L)inear or (G)eetric energy bins? ", SpaceTye

IM' ter file name for actual spectrum: "; fexact$
ThW 'Iter file name for predicted spectrum: "; fpred$

funfold$ = fpred$ 'set trial eal to prediction

INiir '"ter file name for output spectrum: "; loutS
fouti = fouts + ".out"

SUB Smooth (suO, weighto) STATIC

smooth provides 3-bin flat-averaging for the iterative unfold method

nbM = LemI(su, 1)

REDIM temp(l O nbins)

IMa ibin = 1 70 nbins
tem(ibdn) = 0
Qure=

FMt jbin = 1 'O nbins
tmp(ibin) = temp(ibin) + weight(ibin, jbin) * su(jbin)

NUT in
NU ibin

PtM ibin = 1 1 nbins
sulibin) - to(ibin)
NW ibin
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JUCTICtI Spectralllorm (suO,0 utype) SrTI

*SpectralNor. calculates the norm of the unfolded spectna (either absolute
or relative dependent m ntype, 0 = absolute and 1 = relative)

-HU sa()
nbina tUcMu(su, 1)

RRt ibin = 1 M0 nbns
IF ntype = 0 THDI dencm = 1
IF ntype = 1 TIID demom = sa(ibin)

sma = smu + ((su(ibin) - sa(ibin)) /deo) 2
NEX ibin

SpectralNorm = sum / nbins

END FtUCI~ICt

SUB Spectrn (filenamS$, so) STATIC

0 'Spectn. loads spectruz infonution for the given file

nbins = UBOWI(s, 1)

MENI filenaiwS Ait INFW AS #2

RRt ibin = 1 M1 nbins
nIpWW #2, s(ibin)

NEXT ibin
CLOSE#2

ED SUB
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Appendix B: Additional Noise Set for Test Case 1
0

This appendix is a continuation of the results of Section

IV. The inputs are identical to the series of test cases

prefixed TC1 in Section IV, except the random number genera-

tor in CVIter.bas was reseeded to generated a different noise

set. The following are the results of changing noise effects

case TC1.

Table 17: Case TC1.0 (smoother off, 2nd noise set)

Iter X X1 Q1

0 7.0760E+03 6.9083E+03 7.0760E+03 8.1536E-05 1,8260E+02
1 3.7144E+01 1.2463E+01 1.1581E+02 1.1935E-05 1.6000E+00
2 1.9649E+01 25925E+0 6.7144E+01 8,0145E.0 8.9513E-01
3 1.8108E+01 3.0558E+00 6 8.8215E-06 7.1876E-01
4 1.6779E+01 3.3035E+00 6.7789E+01 1.0172E-05 5.7400E-01
5 1.5622E+01 3.5494E+00 6.8486E+01 1.1978E-05 4.5841E-01
6 1.4613E+01 3.8155E+00 6.9024E+01 1.4093E-05 3.6813E-01
7 1.3726E+01 4.0973E+00 6.9465E+01 1.6414E-05 2.9858E-01
8 1.2940E+01 4.3894E+00 6.9845E+01 1.8873E-05 2.4575E-01
9 1.2239E+01 4.6873E+00 7.0184E+01 2.1426E-05 2.0632E-01

10 1,1610E+11 4.9879E+00 7.0489E+01 2.4043E-05 1.7764E-01

8
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Figure 19: Case TC1.0 (smoother off, 2nd noise set)

Table 18: Case TC1.1 (smoother off, 2nd noise set)

Iter X X Q ,.

0 2.027 5E+ 01 L.OOE0 2,025E+0 O.OOE0 Li.O.O Li EIZ
1 1.8870E+01 2.3531E+00 3.7177E+01 5.2818E-06 5.1626E-03
2 1.7235E+01 2.8519E+00 4.0338E+01 7.6921E-06 1.0107E-02
3 1.5897E+01 3.1316E+00 4.2052E+01 9.8909E-06 1.6739E-02
4 1.4769E+01 3.3948E+00 4.3392E+01 1.2157E-05 2.4941E-02
5 1.3798E+01 3.6713E+00 4.4605E+01 1.4533E-05 3.4387E-02
6 1.2950E+01 3.9617E+00 4.5759E+01 1.7008E-05 4.4784E-02
7 1.2201E+01 4.2621E+00 4.6874E+01 1.9564E-05 5.5894E-02
8 1.1534E+01 4.5685E+00 4.7951E+01 2.2182E-05 6.7532E-02
9 1.0939E+01 4.8778E+00 4.8987E+01 2.4846E-05 7.9547E-02

10 1.0404E+11 5.1873E+00 4.9981E+01 2.7544E-05 9.1824E-02
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Table 19: Case TC1.0 (smoother on, 2nd noise set)

2 2

0 7.0760E+03 6.9083E+03 7.0760E+03 8.1536E-05 1.8260E+02
1 4.3853E+01 1.8059E+01 1.2509E+02 1.124-2-05 1.9583E+00
2 1.9702E+01 2.434E00 6.4496E+01 7.1811E-06. 1.0853E+00
3 1.8202E+'01 2.9071E+00 6,351+0 8.0396E-06 9.7822E-01
4 1.6955E+01 3.1155E+00 6.3535E+01 9.2711E-06 8.7552E-01
5 1.5949E+901 3.3252E+00 6.3997E+01 1.0767E-05 7.8540E-01
6 1.5101E+01 3.5439E+00 6.4436E+01 1.2395E-05 7.0456E-01
7 1.4387E+01 3.7690E+00 6.4885E+01 1.4074E-05 6.3308E-01
8 1.3775E+01 3.9946E+00 6.5334E+01 1.5753E-05 5.6987E-01
9 1.3249E+01 4.2172E+00 6.5782E+I01 1.7404E-05 5.1412E-01

10 1.2792E+Q1 4.4343E+00 6.6227E+01 1.9009E-05 i4i6A0zE.1.

0.07

Exact

0.06 -Ie

Iter 0

0.05 - ------

Iter 3

-0.02

0.01

0L
0 10 20 30 40 50 60 70

E/EO

Figure 20: Case TC1.0 (smoother on, 2nd noise set)
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Table 20: Case TC1.1 (smoother on, 2nd noise set)

Iter X x Q1

0 2.027 5E+ 01 i.Q.OE+0 2,25E0 O.OOE0 O.OO
1 1.9345E+01 2.2474E+00 3.7105E+01 5.1385E-06 4.7561E-03
2 1.7918E+01 2.6997E+00 4.1091E+01 7.3144E-06 8.5828E-03
3 1.6778E+01 2.9449E+00 4.3321E+01 9.1606E-06 1.3273E-02
4 1.5842E+01 3.1652E+00 4.5142E+01 1.0923E-05 1.8770E-02
5 1.5053E+01 3.3866E+00 4.6756E+01 1.2650E-05 2.4856E-02
6 1.4379E+01 3.6117E+00 4.8267E+01 1.4346E-05 3.1330E-02
7 1.3798E+01 3.8376E+00 4.9697E+01 1.6004E-05 3.8030E-02
8 1.3293E+01 4.0614E+00 5.1057E+01 1.7614E-05 4.4830E-02
9 1.2851E+01 4.2809E+00 5.2351E+01 1.9172E-05 5.1635E-02

10 1.2464E+01 4.4944E+00 5.3580E+01 2.0672E-05 5.8370E-02

0
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Appendix C: Additional Noise Set for Test Case 2

This appendix is a continuation of the results of Section

IV. The inputs are identical to the series of test cases

prefixed TC2 in Section IV, except the random number genera-

tor in CVIter.bas was reseeded to generated a different noise

set. The following are the results of changing noise effects

case TC2.

Table 21: Case TC2.0 (smoother of f, 2nd noise set)

Iter La L1,.

0 2.8788E+02 3.1522E+02 2.8788E+02 4.7672E-03 6.1341E-01
1 8.8249E+01 9.0178E+01 1.3938E+02 1.8998E-03 2.9801E-01
2 1.7637E+01 1.2828E+01 4.6268E+01 4.7876E-04 1.4517E-01
3 1.3306E+01 7.3181E+00 4,75E0 3,6569-04 1. 3~iL.70t4E-01~
4 1.1662E+01 6.3850E+00 4.2463E+01 3.83981-04 1.3977E-01
5 1.0430E+01 6,3304E.00 4.3731E+01 4.3777E-04 1.4510E-01
6 9.4243E+00 6.55981+00 4.5096E+01 5.0891E-04 1.51741-01
7 8.5954E+00 6.9103E+00 4.6469E+01 5.9049E-04 1.5924E-01
8 7.9074E+00 7.3177E+00 4.7818E+01 6.7866E-04 1.6731E-01
9 7.3321E+00 7.74931+00 4.9128E+01 7.7097E-04 1.7575E-01

10 6,470±n~ 8.1860E+00 5.0388E+01 8.6574E-04 1.8441E-01
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Figure 21: Case TC2.0 (smoother off, 2nd noise set)

Table 22: Case TC2.1 (smoother off, 2nd noise set)

Iter4 1 Q1

O 1.8445E+02 1.8141E+02 1.8445E+02 2.6977E-03 3.3271E-01
1 2.6800E+01 1.9368E+01 5.0118E+01 4.9980E-04 5.2829E-02
2 1.6419E+01 6.0983E+00 i7.2.E.1. 2.2261E-04 2,409E-0
3 1.4374E+01 4.4238E+00 4.3895E+01 2,156-04 2.7689E-02
4 1.29263+01 4,2343E+00 4.6107E+01 2.6737E-04 3.3609E-02
5 1.1721E+01 4.4402E+00 4.8085E+01 3.3612E-04 4.1290E-02
6 1.0711E+01 4.7997E+00 4.9928E+01 4.1689E-04 5.0008E-02
7 9.8611E+00 5.2288E+00 5.1679E+01 5.0523E-04 5.9423E-02
8 9.1402E+00 5.6890E+00 5.3345E+01 5.9838E-04 6.93073-02
9 8.5242E+00 6.15893+00 5.4927E+01 6.9452E-04 7.94923-02

10 .7,j93Ej 6.62533+00 5.6423E+01 7.92393-04 8.98523-02
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Figure 22: Case TC2.1 (smoother off, 2nd noise set)

Table 23: Case TC2.2 (smoother off, 2nd noise set)

Iter x2  La Q1

* 2.0275E+01 0,00+0 2,025E+0 i.OOl!U+0i LtilOOEt
1 1.7837E+01 2.0967E+00 3.5241E+01 7.41273-05 5.1165E-03
2 1.5678E+01. 2.7595E+00 3.9461E+01 1.2750E-04 1.0021E-02
3 1.40733+01 3.2518E+00 4.2299E+01 1.9142E-04 1.61273-02
4 1.2764E+01 3.7105S+00 4.4647E+01 2.6530E-04 2.3385E-02
5 1.16643+01 4.1735E+00 4.6748E+01 3.4723E-04 3.1588E-02
6 1.07303+01 4.6474E+00 4.8691E+01 4.35253-04 4.05213-02
7 9.93083+00 5.1282E+00 5.05103+01 5.2766E-04 4.9994E-02
8 9.24243+00 5.60953+00 5.2219E+01 6.2310E-04 5.9856E-02
9 8.64583+00 6.08493+00 5.3824E+01 7.20533-04 6.99813-02

10 8.j2529+11,6.5490E+00 5.53303+01 8.1914E-04.8.02733-02.
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Table 24: Case TC2.0 (smoother on, 2nd noise set)

Iter X X1 Q1

0 2.8788E+02 3.1522E+02 2.8788E+02 4.7672E-03 6.1341E-01
1 8.9677E+01 9.1671E+01 1.4083E+02 1.8440E-03 2.7991E-01
2 1.8301E+01 1.2698E+01 4.5893E+01 4.0690E-04 1.2116E-01
3 1.3975E+01 6.7272E+00 4,1036E. 1 2,7_37.0 1.0692E-01
4 1.2518E+01 5.5320E+00 4.1639E+01 2.7873E-04 1,0451li
5 1.1485E+01 5.2783E+00 4.2936E+01 3.1469E-04 1.0500E-01
6 1.0665E+01 5.3157E+00 4.4363E+01 3.6484E-04 1.0688E-01
7 1.0007E+01 5.4771E+00 4.5819E+01 4.2176E-04 1.0957E-01
8 9.4758E+00 5.6951E+00 4.7270E+01 4.8152E-04 1.1273E-01
9 9.0439E+00 5.9378E+00 4.8699E+01 5.4174E-04 1.1613E-01

10 8.605_@ 6.1874E+00 5.0093E+01 6.0091E-04 1.1963E-01

0.25

Exact

0.2 Iter 0

Iter 3

Iter 4

Iter 5
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01
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Figure 23: Case TC2.0 (smoother on, 2nd noise set)
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Table 25: Case TC2.1 (smoother on, 2nd noise set)

Iter 4, 4FQ

0 1.84453+02 1.8141E+02 1.8445E+02 2.6977E-03 3.3271E-01
1 2.7089E+01 1.9662E+01 4.9971E+01 4.9271E-04 5.1342E-02
2 1.6727E+01 6.1370E+00 4,1iZ+01. 2.0696E-04 2.3084E-02
3 1.4866E+01 4.3759E+00 4.3712E+01 1,9564E-0 2,2610E-02t
4 1.3618E+01 4 20998E100 4.6022E+01 2.3208E-04 2.6427E-02
5 1.2603E+01 4.2064E+00 4.8085E+01 2.8524E-04 3.16113-02
6 1.17723+01 4.4498E+00 5.0007E+01 3.4589E-04 3.7430E-02
7 1.1088E+01 4.7487E+00 5.1831E+01 4.0963E-04 4.3555E-02
8 1.0521E+01 5.0669E+00 5.3572E+01 4.7392E-04 4.9785E-02
9 1.0048E+01 5.3861E+00 5.5232E+01 5.3715E-04 5.5978E-02

10 j,47&tM~ 5.6959E+00 5.6813E+01 5.9831E-04 6.2037E-02
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Iter 2
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Figure 24: Case TC2.1 (smoother on, 2nd noise set)
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Table 26: Case TC2.2 (smnoother on, 2nd noise set)

Iter x I ____1__ LQ1

0 2.027 5E+0 1 L .OOE+00 225E+01 .OO tt0. .OOOOElZ00
1 1.7987E+01 2.0766E+00 3.5034E+01 7.1943E-05 4.9554E-03
2 1.5999E+01 2.7191E+00 3.9309E+01 1.2005E-04 9.3123E-03
3 1.4581E+01 3.1711E+00 4.2260E+01 1.7466E-04 1.4384E-02
4 1.3459E+01 3.5682E+00 4.4750E+01 2.3481E-04 2.0080E-02
5 1.2540E+01 3.9481E+00 4.6992E+01 2.9846E-04 2.6204E-02
6 1.1778E+01 4.3200E+00 4.9073E+01 3.6372E-04 3.2566E-02
7 1.1140E+01 4.6830E+00 5.1026E+01 4.2903E-04 3.9014E-02
8 1.0603E+01 5.0335E+00 5.2869E+01 4.9325E-04 4.5431E-02
9 1.0148E+01 5.3682E+00 5.4611E+01 5.5552E-04 5.1728E-02

10 .9,7600E±115.6845E+00 5.6258E+01 6.1530E-04 5.7842E-02
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&pendix D: Pseudo Code for CVIter.bas

Pseudo Code for Main Program

Initialize all necessary variables

Call Spectrum (read from file the unfolded, predicted and
exact spectra)

Call GenRFs (generate response data from equations 3 and
4)

Call Setweights (establish weighting matrix for smoothing
operation)

Call MeasToPred (calculate b, for each instrument)

If SetNoiseS = "Y"

Call GenNoise (simulate noise and add to ratio as in
equation 23)

End if

If SetValidation$ = "Y" (start cross-validation)

Omit instrument

Initialize su to sguess (set unfolded equal to
guessed spectrum)

Calculate statistics for 0th iteration (guessed spec-
trum)

Fit unfolded spectrum (1 instrument omitted)

Smooth unfolded spectrum (if implemented, 1 instru-
ment omitted)

Calculate test statistics (except Ql is a summation
over all

instruments omitted)
Repeat fit and smooth for each iteration and tabulate

statistics

Repeat omitting next instrument

End if

Calculate Q, as in equation 22 (using subset of instru-
0ments)
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Reinitialize guessed spectrum

Fit unfolded spectrum (using all instruments)

Smooth unfolded spectrum (if implemented, using all
instruments)

Repeat for each iteration

0
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The iterative unfold technique provides a means for
approximating a solution to a system of Fredholm integral
equations. This method consists of modifying a guess spec-
trum through a fit process using data collected from experi-
ment. The unfolded spectrum is then smoothed to reduce
undesirable artifacts that result from the fitting process.
Finally, the entire iterative process is then repeated as
necessary to provide an approximation to the exact incident
spectrum. Presently, the iterative unfold method lacks an
independent measure of how well the unfolded spectrum approx-
imates the exact spectrum. Consequently, user judgement is
necessary, resulting in possible data overfitting.
Cross-validation is a method which selectively partitions the
measured data into subsets. The subsets of data are used to
predict omitted data. A cross-validatory loss statistic can
be formulated and minimized to predict the optimum stopping
point for the iterative unfold process.

The iterative unfold technique was implemented into a
computer program. Cross-validation was introduced to deter-
mine the cross-validatory loss statistic. The loss statistic
was minimized by varying the number of iterations of the
unfold routine over a wide range. Test cases were developed
to compare the cross-validatory loss statistic with a X2 for-
mulated using ideal signals.

Two basic test cases were studied. In these two cases,
the guessed spectrum, the simulated noise set, and implemen-
tation of the iterative unfold technique were varied. Cross-
validation provided an estimate for the stopping point of the
unfold routine in each case. Using the smooth algorithm in
tandem with the fit algorithm produced an overall better fit
than using the fit algorithm alone. When the guessed spec-
trum was set equal to the exact spectrum; cross-validation
predicted no modification to the guessed spectrum, while
judgement alone tended to overfit data. Stoppage based on
the value of a X2 test statistic proved highly problem depen-
dent. In contrast, cross-validation averaged within one
iteration of the optimum regardless of the problem
parameters.
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