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Abstract

Work during this period was concerned with two aspects: 1) development of a new
method for the derivation of the state equations of motion for control of flexible
spacecraft and 2) development of a method for the control of spacecraft in the form of

articulated flexible multi-bodies.

In deriving the equations of motion for the control of flexible spacecralt, it is common
practice to express the rigid-body rotational motions in terms of nonorthogonal inertial
components, such as Euler’s angles. On the other hand, in controlling the same motions
of the spacecraft, the control law is generally in terms of angular motions components
along the orti'hogonal body axes. The elastic motions are ordinarily expressed in terms
of components along body axes. In implementing the control laws, it is desirable that
both the equations of motion and the control laws be in terms of the same type of var-
iables, and in particular in terms of the body axes variables. Reference | presents the
development of state equations of motion for flexible bodies in terms of quasi-
coordinates, which represent this very type of variables. Indeed, the angular velocity
components about the orthogonal body axes are time derivatives of quasi-coordinates.
The state equations of motion for flexible bodies in terms of quasi-coordinates render

the control implementation task considerably easier.

In many space applications, it becomes necessary to rcoricnt the line of sight. [f the line
of sight is fixed in the spacecraft, such as in the space telescope, this implies reorien-
tation of the whole spacecraft. In other space applications, the spacecraft consists of a
rigid platform and a number of flexible appendages, such as antennas. If the mission:
requires the reorientation of the line of sight of these antennas relative to the inertial
space, then the preferred strategy is to stabilize the platform relative to the inertial space

and to reorient the flexible antennas relative to the platform. Reference 2 provides a



derivation of the state equations of motion for the task described above, based on the
cquations of motion in terms of quasi-coordinates derived in Ref. 1. Because the
motions defining the mancuvering of the antennas are known a priori, the state

equations contain time-dependent coefTicicnts and persistent disturbances.

The problem of maneuvering an articulated flexible spacccraf‘t and controlling its vi-
bration at-the same time is a very complex task. Reference 3 shows an approach to the
problem, in which the maneuvering of the appendages is carried out open-loop using a
bang-bang control law. On thc other hand, the vibration suppression is carried out
closed-loop, which amounts to controlling a time-varying system subjected to persistent

disturbances.

In addition to the above research, work was carried out on several other papers (Refs.
4 - 7) describing research under the preceding AFOSR grant. In particular, we single
out Ref. 5, which was presented during this grant period. ‘The paper is concerned with
control of the perturbations experienced by a flexible spacecraft during a minimum-time
maneuver. The spacecraft is modeled as a flexible appendage attached to a rigid hub.
The perturbed model can be divided into a rigid-body part and an clastic part. The
model is described by a linear, time-varying set of ordinary difTerential equations sub-
jected to piecewise-constant disturbances caused by inertial forces resulting from the
minimum-time maneuver. The control consists of a reduced-order compensator de-

signed such that the perturbed modecl is finite-time stable.

References (Enclosed)

1. Meirovitch, L., “State [quations of Motion for Flexible Bodies in Terms of Quasi-

Coordinates,” Procecdings of the IUTAM/IFAC Symposium on Dynamics of Con-

trolled Systems, Zurich, Switzerland, 1988 (G. Schweitzer and M. Mansour,
Editors), Springer-Verlag, Berlin, 1989.



Meirovitch, L. and Kwak, M. K., “State Equations for a Spacecraft with Maneu-

vering Flexible Appendages in Terms of Quasi-Coordinates,” Applied Mechanics

Reviews, Vol. 42, No. 11, 1989, pp. 5161-5170,
Meirovitch, L. and Kwak, M. K., "Control of Spacecralt with Multi-Targeted IFlex-
ible Antennas.” Paper AIAA-88-4268-CP, AIAA/AAS Astrodynamics Conference,

Minneapoiis, Minnesota, August 15-17, 1980. To appear in the Journal of Guid-

ance, Control, and Dynamics.

Other References (Not Enclosed)

6.

Sharony, Y. and Meirovitch, .. "Accommodation of Kinematic Disturbances Dur-
ing a Minimum-Time Maneuver of a Flexible Spacecraft,” Paper ATAA-88-4253-CP,
AIAA/AAS Astrodynamics Conlerence, Minneapolis, Minnesota, August 15-17,

1988. To appear in the Journal of Guidance, Control, and Dynamics.

Sharony, Y. and Meirovitch, L., “A Perturbation Approach to the Minimum-Time

Slewing of a Flexible Spacecraft,” IEEE International Confcrence on Control and

Applications, Jerusalem, I[sracl, April 3-6, 1989.
Meirovitch, L. and Kwak, M. K., "Dynamics and Control of Spacecraft with Re-

targeting [Ilexible Antennas,” AIAA/ASME/ASCE/AHS/ASC 29th Structures,

Structural Dynamics, and Materials Conference, Williamsburg, Virginia, April

18-20, 1988. To appear in the Journal of Guidance, Control, and Dynamics.

Meirovitch, L. and Kwak, M. K., "Some Thoughts on the Convergence of the

Classical Rayleigh-Ritz  Method and the Tinite FElement Method,”

AIAA/A‘SME/ASCE/MlS/ASC 29th Structures, Structural Dynamics, and Materi-
als Conference, Williarﬁsburg, Virginia, April 18-20, 1988. To appear in the AIAA

Journal. -



State Equations of Motion for Flexible Bodies
in Terms of Quasi-Coordinates

LEONARD MEIROVITCH**

Department of Engineering Science and Mechanics
Virginia Polytechnic Institute and State University
Blacksburg, VA 24061

Summary

This paper is concerned with the general motion of a flexible
body in space. Using the extended Hamilton's principle for dis-
tributed systems, standard Lagrange's equations for hybrid sys-
tems are first derived. Then, the equations for the rigid-body
motions are transformed into a symbolic vector form of Lagrange's
equations in terms of general quasi-coordinates. The hybrid
Lagrange's equations of motion in terms of general quasi-coordi-
nates are subsequently expressed in terms of guasi-coordinates
representing rigid-body motions. Finally, the second-order
Lagrange's equations for hybrid systems are transformed into a
set of state equations suitable for control. An illustrative
example is presented.

Introduction

The derivation of the equations of motion has preoccupied dynam-
icists for many years, as can be concluded from the texts by
Whittaker (1), Pars (2) and Meirovitch [3]. References 1-3 con-
sider the motion of systems of particles and rigid bodies, and
the equations of motion are presented in a large variety of
forms. In this paper, we concentrate on a certain formulation,
namely, Lagrange's equations. For an n-degree-of-freedom system,
Lagrange's equations consist of n second-order ordinary differen-
tial equations for the system displacements.

In the control of dynamical systems, it is often convenient to
work with first-order rather than second-order differential equa-

* Sponsored in part by the AFOSR Research Grant F49620-88-C-
0044 monitored by Or. A. K. Amos, whose suppott is greatly
appreciated.
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tions. Introducing the velocities as auxiliary variables, it is
possible to transform the n second-order equations into 2n first-
order state equations. The state equations are widely used in
modern control theory [4].

With the advent cf man-made satellites, -here has been a renewed
interest in the derivation of the equations of motion. The
motion of rigid spacecraft can be defined in terms of transla-

tions and rotations of a reference ser of axes embedded in the
body and known as body axes. The equations of motion for such
systems can be obtained with ease by means of Lagrange's equa-
tions. It is common practice to define -~he orientation of the
body relative to an inertial space in terms of a set of rotations
about nonorthogonal axes [3]. However, the kinetic energy has a
simpler form when expressed in terms of angular velocity compo-
nents about the orthogonal body axes than in terms of angular
velocities about nonorthogonal axes. Moreover, for feedback
control, it is more convenient to work with angular velocity
components about the body axes, as sensors measure angular
motions and actuators apply torques in terms of components about
the body axes. In such cases, it is often advantageous to work
not with standard Lagrange's equations but with Lagrange's equa-
tions in terms of quasi-coordinates [1,3]. If the body contains
discrete parts, such as lumped masses connected to a main rigid
body by massless springs, it is convenient to work with a set of
axes embedded in the undeformed body. The equations of motion
consist entirely of ordinary differential equations and can be
obtained by a variety of approaches, including the standard
Lagrange's equations and lagrange's equations in terms of quasi-
coordinates [5]*.

In the more general case, the body can be regarded as being
either entirely flexible with distributed mass and stiffness
properties or as consisting of a main rigid body with distributed
elastic appendages. Unlike the previous case, the equations of
motion are hybrid, in the sense that the equations for the rigid-

* Note that Ref. 5 refers to Lagrange's equations in terms of
quasi-coordinates as Boltzmann-Hamel equations.
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body motions are ordinary differential equations and those for
the elastic motions are partial differential equations. Hybrid
equations were obtained for the first time in Ref. 6. Moreover,
the formulation of Ref. 6 was obtained by using Lagrange's equa-
tions in terms of quasi-coordinates, but some generality was lost
in that the body considered was assumed to be symmetric and to
undergo antisymmetric elastic motion. As a result, the rigid-
body translations were zero.

This paper is concerned with the general moticn of a flexible
body in space. Using the extended Hamilton's principle for dis-
tributed systems (7], standard Lagrange's equations for hybrid
systems are first derived. Then, using the approach of Ref. 3,
the equations for the rigid-body motions are transformed into a
symbolic vector form of Lagrange's equations in terms of general
quasi-coordinates. The hybrid Lagrange's equations of motion in
terms of general quasi-coordinates are subsequently expressed in
terms of quasi-coordinates representing rigid-body motions. This.
is a very important step, as the latter form permits the derivat-
ion of the hybrid equations of motion with relative ease, thus
eliminating a great deal of tedious work. These hybrid equations
represent an extension to flexible bodies of Lagrange's differen-
tial equations in terms of quasi-coordinates derived in Ref. 3
for rigid bodies. The second-order equations are then used to
derive the hybrid state equations.

As an illustration, the hybrid equations of motion of a space-
craft consisting of a rigid hub with a flexible appendage simu-

lating an antenna are derived.

Standard Lagrange's Equations for Hybrid Systems

Let us consider a flexible body and assume that the Lagrangian L
=T -V, in which T is the kinetic energy and V is the potential
energy, can be written in the general form L =qui,d“uj.0j,u3,u3“.
..ugp)), where q; = q;(t) (i = 1,2,...,m) are generalized coordinates
describing rigid-body motions of the body and uj(P,t)(j =

1,2,...,n) are generalized coordinates describing elastic motions
relative to the rigid-body motions of a typical point in the bocdy
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identified by the spatial position P. Dots designate derivatives
with respect to time and primes derivatives with respect to the
spatial position. For convenience, we express the Lagrangian in
terms of the Lagrangian density L in the form L =fb i d0, where 0
is the domain of extension of the body.

We propose to derive Lagrange's equations by means of the
extended Hamilton's principle (7], which can be stated as

=0 at t = tl’ tz (1)

t
2 L Y = N _
Itl ID (6L + sW)dDdt = 0, iq; = ouJ

where 6W is the nonconservative virtual work density, which is
related to the virtual work by W = fDSN dD. The virtual work can

be written in the form

[p Ujsuy a0 (2)

Wi~13
Pk

m
o= ) Qeaq +

i=1 Jj
where 01 are nonconservative generalized forces associated with
the rigid body motions and Gj are nonconservative generalized
force densities associated with the elastic motions; 5qiand5uj
are associated virtual displacements. Following the usual steps
[7], we obtain Lagrange's egquations of motion, which can be
expressed in the symbolic vector form

al aL _ a
(51-3—9’-9- o L

o

) - + Ly = (3a,b)

202,
Z[2

where ¢ and Q are m-vectors, U and Q are n-vectors and £ is an

n x n operator matrix. Because of the mixed nature of the differ-
ential equations, we refer to the set (3) as hybrid. The elastic
displacements are subject to given boundary conditions.

Equations in Terms of Quasi-Coordinates for the Rigid-Body
Motions

Quite often it is convenient to express the Lagrangian not in
terms of the velocities di but in terms of linear combinations

w, (2=1,2,...,m) of di‘ The difference between di and w, is that the
former represent time derivatives dq;/dt, which can be integrated
with respect to time to obtain the displacements gq;, whetreas

w, cannot be integrated to obtain displacements. It is customary
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to refer to w, as derivatives of quasi-coordinates (3]. The
relation between w, and 61 can be expressed in the compact matrix
form w =ATd.where the notation is obvious. Similarly, we

express the velocities 4, in terms of the variables w., as q = Bw,
P i 9 W

i
from which it follows that the m « m matrices A and B are related

by ATB =8TA = [, where I is the identity matrix of order m.

Our object is to derive Lagrange's equations in terms of w,
instead of q;. Using the relations indicated above, it can be
shown [3] that Egs. (3a) can be replaced by

d ,aL T, aL T aL
gt (Gy) +8E 5, -8 3g=¥ (4)
where
T,T 2% T.T 3A T
E= (w8 7q ] - [w8 Sol N=89Q (5a,b)

and we note that the first matrix in E is obtained by first
carrying out a triple matrix product for every one of the ml
entries in A and then arranging the resulting scalars in a square
matrix. On the other hand, the second matrix in £ is obtained by
first generating a row matrix for every generalized coordinate qy
(k = 1,2,...,m) and then arranging the row matrices in a square
matrix. Equation (4) represents a symbolic vector form of the
Langrange equations for quasi-coordinates. The complete formula-
tion is obtained by adjoining to Eq. (4), the equations for the
elastic motion, Egq. (3b), as well as the associated bounda:y
conditions.

General Equations in Terms of Quasi-Coordinates for a
Translating and Rotating Flexible Body.

Let us consider the body depicted in Fig. 1. The motion of the
body can be described by attaching a set of body axes xyz to the
body in undeformed state. The origin of the body axes coincides
with an arbitrary point 0. Then, the motion can be defined in
terms of the translation of point 0, and the rotation of the body
axes xXyz relative to the inertial axes XYI. The position of 0
relative to XYZ is given by the radius vector R =@(RX,RY,RZ).

The rotation can be defined in terms of a set of angles 810 35

and 83 (Fig. 2). Hence, the generalized coordinates are

q - RX‘ q, = Ry. qq = RZ, dq = 8y Og = 95, Qg = 83. In addition, there
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are the elastic displacement components ux(P,t),uy(P,t),uz(P.ty
The displacements Ry, Ry, R; are measured relative to the inertial

axes XYI. On the other hand, the displacements U,y Uy u

AN 4
sured relative to the body axes xyZz. Moreover, the ccmponents

are mea-

RX.RV,RZ of the velocizy vector R are also measured relative to
XYZ. On the other nand, tne angular velocity vector . has compo-
nents ux,wy,uk, measured -elative to the body axes xyz. It will
prove convenient to express all motions in terms of ccmpcnents

along the body axes. 7o this end, if we denote the velocity of

point 0 in terms of ccmporents along the body axes by V, then it
can.be shown that V = Cé, where C = C(QPGZ'QZ) is a rotation matrix.
Moreover, the angular velocity vector » can be expressed in terms
of the angular velocities él.éz and é3 in the form » = 03, where

] =D(81m3) is a transformation matrix. We note that the angular

velocity components Yoy and w, cannot be integrated with respect

to time to yield angular displacements Ty amjaz about axes x, ¥y

and 2z, respectively. Hence, U can be regarded as time

derivatives of quasi-coordinates and treated by the procedure
presented in the preceding section. Although it is not very

common to regard the velor'ty components V,, V, and V, as time

y
derivatives of quasi-coordinates, they can still be treated as
such. In view of this, if we introduce the generalized velocity
vector § =[Rx Ry Rzéléz é3IT, as well as the "quasi-velocity"
vector W = [Vx Vy V, w, v

y uzl, we conclude that the coefficient

matrices are defined by

Al =

B L 1 S A (6a,b)
01 0 @ht!
where we recognized that ¢l = CT, because rotation matrices

¢
0

are orthonormal. It can be shown, after lengthy algebraic manip-
ulations, that

B'E = l?+9-] (7)
Vi

where » and V are skew-symmetric matcrices corresponding to

wand ¥ [3], respectively.

Using Egs. (3b) and (1) in conjunction with the above relations,

we obtain the hybrid Lagrange's equations in terms >f quasi-coor-
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dinates

d—_f_a._L ‘LL._ _3.L_=

dt‘sy)’ T C}e F (8a)
43t yaLb - Ty-loal

dt [39) * vay T o (o) ¥ ! (80)

EEE T L TR (8c)

EA ST ELY = b

where E and M are external nonconservative force and torque,
respectively, in terms of ccomponents aobcut the body axes,

/e = [al/aey al/ae, JL/393]T and v = u. Ncte that 3 dces not
really represent a vector and must be interpreted as a mere sym-
bolic notation. We recall that the ccmponents of u are still

subject to given boundary conditions.

It should be pointed out that, in deriving Egs. (8), no explicit
use was made of the angles 91.32 and er so that Egs. (8) are
valid for any set of angles describing the rotation of the body
axes, such as Euler's angles, and they are not restricted to the
angles used here. Moreover, point 0 is an arbitrary point, not
necessarily the mass center of the undeformed body, and axes xyz
are not necessarily principal axes of the undeformed body. C(Clear-
ly, if xyz are chosen as the principal axes with the origin at the
mass center, then the equations of motion can be simplified.

State Equations in Terms of Quasi-Coordinates

Equations (8), and in particular Egqs. (8a) and (8b), can be
expressed in more detailed form. To this end, we write the
velocity vector of a typical point P in the body in terms of com-
ponents along the body axes as follows:

prVrux ey ry=VeFedlury (9)
where r is the nominal position of P relative to 0. Moreover,
r and U represent skew-symmetric matrices associated with the
vectors r and u, respectively. Then, denoting by o the mass den-

sity, the kinetic energy can be shown to have the expression

“r
T g lpovptp 0 = gV o STy o yTT oy a0




a4
*o'fy o+ By a0 + 3 olaw v 3 [y ovTy a0 (1o

where S = [y o(F + a)dD, J = 5 a(F + G)(F + §)'dD, in wnich § is
recognized as a skew-symmetric matrix of first moments and J as a
symmetric matrix of mass moments of inertia, both corresponding
to the deformed body. Moreover, we assume that the potential
energy has the functional form V = V(R, 3, g,g'..“.g(pM.

Inserting Eq. (10) into Egqs. (8) and rearranging, we obtain the
explicit Lagrange's equations in terms of hybrid coordinates

m o+ ST v fiob dD = (25, e+ ISy - C M E (1la)

SV +du+ fpoff +d)vdD=[2po(f +T)VdD+sV-addfe

T,-1 a3V
- (07) 1 3 " M (llb)
oV + ofF + G)Té +ov = - oVTg - o&z([ +u) - ZOGTE -Lu+ Q {llc)

where Sv = [ oV dD. The state equations are completed by
D
adjoining the kinematical relations

R=C, §=0, G-

<

(11d4,e,f)

Illustrative Example

As an illustration, we consider a spacecraft consisting of a
rigid hub and a flexible appendage, as shown in Fig. 3. From
the figure, we can write

r= Xi. = u_y:’. + qu' vse v‘yg + vzg (12)
so that
i 0 -Iouzdx fpuydx
S = fouzdx fouzdx -mx (13a)
-fouydx mx 0

where o is the mass density of the appendage, m is the total mass and x is the
position of the mass center of the appendage. Moreover,
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2
Jxx+fp(u54uz)dx -foxuydx -fpxuzdx
J = -foxuydx Jyy+fou§dx -fouyui;x (13b)
-foxuzdx -:ouyuzdx Jzz*fguydx

where J J and.%z are the mass moments of inertia of the

xx’ Cyy
spacecraft reqarded as rigid.

Using Egs. (12) and (13), the state equations, Egs. (ll), can be
written in the explicit forms

Rx = (c92c93 + selsezsa3)vx - (cezce3 - selsezce3)vy + celsazvz {l4a)
RY = celse3vx + celce3vy - selvz (l4b)

Rz = -(sezce3 - selcazse3)vx + (582583 + selcezce3)vy + calsezvz (l4c)

. . S8 (:63
81 = C93 wx - 593 wy, 62 = C—e—l ux + Ee—l wy (14d,e)
. $8,58 $6,CH . .
1°°3 1773 _ -
93 -_EEI— w, * __EEI— wy *w,, uy = vy, uz =V, (14£,9,h)

. . - 2 2
mv_ + uyfpuz dx - uzfouy dx = mVyuz - szwy + mlx(uy + uz) - u‘wyfpuy dx

- uxwzfouz dx + ZuZIovy dx - Zuxfovz dx - (cezce3 + selsezse3) %%—
X
av av .
- Cépsey -aR—Y + (sezce3 - selcezse3) W + Fx (14i)
woo- e Jou dx + mxw =mV w - MV w - mXew, + ( 2, 2)[ U, dx
x4 ?Y2 1%z 2¥x Xz T TRy ToRe T ugliely
~ ww fou dx + 2w [ov_ dx + (C8,508, - $8,56,C8,) WV cocn, -
y“z1°Y2 x?Y2 2°93 13727737 3Ry 2773 3R,
~ (50,58 +sececo)3v—+F (143)
2773 172773 aRZ y
W+ fou, dx - m X, = WVow, - MWVow, - Mm% + ( 2, z)f u, dx
Yy Py 1%y x“y y¥x Mgz T lug Ty ity
3V aV aV
- uymzfpuy dx + Zuxfovy dx - co;se, Sﬁ; + 5oy 3§; - c8)co, SEE +F,

(14Kk)
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y y 2 2 . r .
- ([ouz dx)Vy + (j'ouy dx)vz 0 * fp(uy + uz)dxl“x - (Jpxuy dx)wy

- (foxuz dx);Z + fg(uy;z - uz;y)dx = - (Vyfouy dx + Vlfpuz dx)

+ quyfouy dx + V‘JZ:QUZ LRy foxuz dx - uAuz:JXUj dx

+ (uf - uf)[ouyuz dx + uyJZ[Jyy - Jzz - :o(ui - ui)dx]

- ZuXIo(uyvy + U,V )dx - cay %SI - ;;% ;;; - 53%233 %%; +M o (14l)
([guzdx)ox - mligz - (faxuz dx);x + (Jyy + jguf dx);y - (fﬂuy“z dx ),

- : = X " - " X r
+ J'p(uzvx xv,)dx YRV (V, ou, dx + mlxvx)my + Vy»zjouz dx

2

2 2, -
Z dx) - (wx - mZ)JpXUZ dx + uyuzfoxu dx

SCPUMC R PPLL y
- uxuyfouyuz dx + 20, Joxv, dx - 2u [ou v, dx

v P3av %3 (L4m)
391 Cel 362 Cel 363 y

+ Zuzfouzvy dx + s8,
- (J'c:u‘y dx)V, + mley - (j'oxuz dx)u, - (J'ouyuz dx)my (3, J'ouy dx)u,
+ fp(xvy = UV )X = mxV e+ vzwy[ouy dx - (VyJ'nuy dx - V. mx)w,

2 .
+ wxwy(Jxx -Jd,, + fou§ dx) + (wi - wy)foxuy dx - wyuz_axuz dx

Yy
3V
+ uxuzfouyuz dx + Zuxfoxvz dx + Zuy[guyvz dx - szfouyvy dx - 33; + MZ
(1l4n)
pg - pu ; + x; + ; = oV w, - oV w - oXww, + o(u2 + uz)u
y T PHgux T oeRwy T eV = pVpuy T oV u, T pXuuy X 2%
- Dwymzuz + Zovzwx - Lyuy+ Uy (140)
oVZ + ouywx - DXuy + ovz = - oVyux + oViuy - PXuw, - ouyuzuy
2 2 "
+ o(wx + uy)uz - ZaVyux - Lzuz + UZ (14p)

where m is the mass of the appendage, s8; = sin a;, c3; = cos 8,(i =

1,2,3) and
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2 2 L
2 3
L, =35 (€1 25) - 2 [(f oule do)i] (15a)
y 3)(2 y3x2 Ix < Y 3X
2 L
) ) 3 -2 C .
= —5 (! ) - = [ swls de =) (15b)
LZ 3.‘2 stz IX X Z k!
in which £ is the modulus of elasticity and [/ and [, are area

moments of inertia. The operators Ly and L, include the
effects of bending and of the axial force on the appendage [7].

Summary and Conclusions

In deriving the equations of motion for flexible bodies by the
Lagrangian approach, it is common practice to express the rota-
tional motion in terms of angular velocities about nonorthogonal
axes, which tends to complicate the equations. Moreover, this
creates difficulties in feedback control, in which the torque
actuators apply moments about body axes and the output of sensors
measuring angular motion is also expressed in terms of components
about the body axes. The same can be said about force actuators
and translational motion sensors. It turns out that the equat-
ions of motion are appreciably simpler when the rigid-body trans-
lations and rotations are expressed in terms of components about
the body axes. Such equations can be obtained by introducing the
concept of quasi-coordinates. The concept of quasi-coordinates
was used earlier by this author to derive equations of motion of
rotating bodies with flexible appendages, but never in the
general context considered here. Indeed, in this paper,
Lagrange's equations in terms of quasi-coordinates are derived
for a distributed flexible body undergoing arbitrary rigid-body
translations and rotations, in addition to elastic deforma-
tions. The second-order differential equations in time for the
hybrid system are then transformed into a set of hybrid state
equations suitable for control design. The approach is demon-
strated by deriving the hybrid state equations of motion for a
spacecraft consisting of a rigid body with a flexible appendage
in the form of a beam.
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State equations for a spacecraft with maneuvering flexible
appendages in terms of quasi-coordinates

L Meirovitch and M K Kwak
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State University, Blacksburg, V.4 2406

This paper is concerned with the derivation of the state equations of motion for
a spacecraft consisting of a main rigid platform and a given number of flexible
appendages changing the onentation relative to the main body. The equations
are derived by means of Lagrange’s equations in terms of quasi-coordinates.
Assumning that the appendages represent distributed-parameter members, the
state equations of motion are hybrid. Moreover, they are nonlinear. Following
spatial discretization and truncation, the hybnid equations reduce to a system
of nonlinear discretized state equations, which are more practical for numerical
calculations and control design. To illustrate the effect of nonlinearity on the
dynamic response during reorientation, a numerical example involving
spacecraft with a membrane-like antenna is presented.

I. INTRODUCTION

In many space applications, it becomes necessary to reorient
a certain line of sight in a spacecraft. Examples of this are the
recrientation of a space telescope or of an antenna in a
spacecraft. In some cases, such as in the space telescope, the
line of sight can be regarded as being fixed relative to the
undeformed structure, in which cases reorientalion of the linc
of sight implies maneuvering of the whole spacecraft [Turner
and Junkins (1980), Breakwell (1981), Baruh and Silverberg
(1984), Mcirovitch and Quinn (1987), Meirovitch and Sharony
(1987) and Quinn and Meirovitch (1988)]. However, many
spacecraft can be rcpresented by mathematical models
consisting of a rigid plaform with one or more flexible
appendages, such as flexible antennas, so that the mission
involves the maneuvering of a hybrid (lumped and distributed
flexibic) system. Quite often, the line of sight coincides with
an acxis fixed in a small component of the spacecrafl. such as
an antenna, in which case it may be more advisable to retarget
only the antenna and not the entire spacecraft. This is
particularly true when the inertia of the antenna is much
smaller than the ineria of the spacecraft. The argument
beccomes even stronger when several antennas must be
retargeted independently in space. In such cases, it appears
more sensible to conceive of a spacecraft consisting of a
platform slabilized in an inertial space with several
appendages, rigid or flexibie, hinged to the plaiform and
capable of pivoling about two orthogonal axes refative to the
platform [Meirovitch and Kwak (198R8a. 1988b) and
Meirovitch and France (1989)]. In this case, reorientation
refative to the stabilized platform is equivalent to retargeting in
an inertial space. Note that such a maneuvering spacecrall is
characterized by the fact that its configuration varies with time.
This paper is concerned with the mission of independent
rctargeting of the line of sight of each antenna relative to the
inertial space.

Onc problem encountered in the dynamics of a complex

system is how to derive the equations of motion efliciently. In
general, the equations of motion for a (lexihle spacecrall have
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very complicated expressions [Grote, McMunn and Gluck
(1970) and Likins (1972)], so that new methods for deriving
equations of motion have been proposed [Ho (1977) and Kane
and Levinson (1980)]. Kane and Levinson compared seven
different methods. Lagrange's equations of motion in terms
of quasi-coordinates for a hybrid system were derived first by
Meirovitch (1966) and then by Williams (1976) and Brown
(1981). Recent!y, Meirovitch (1988) and Meirovitch and
Kwak (1989) showed that Lagrange’s equations of motion in
terms of quasi-coordinates are quite useful for deriving the
equations of motion for (he maneuvering and control of
flexible spacecrait. Because the derived equations of motion
are based on body-fixed coordinates, control design based on
such equations is very convenient.

The mathematical formulation for a spacecraft including a
rigid piatform and several flexible antennas consists of 2 hybrid
set of equalions of motion, in the sense that there are six
ordinary differential equations for the rigid-body translations
and rotations of the platform and partial differential equations
for the elastic motion of each antenna. The equations of
motion are not only hybrid, but the maneuvering of the
antennas relative to the platform according to some prescribed
function of time introduces time-dependent coefficients into the
equalions. Moreover, the equalions contain terms reflecting
persistent disturbances caused by inertial forces. Because both
numerical simulation and control design of systems governed
by sets of hybrid differential equations are not feasible, it is
necessary to discretize the partial differential equations in
space, which can be carried out by the classical Raylcigh-Ritz
method or the finite element method [Meirovitch (1980)].

. GENERAL LAGRANGE'S EQUATIONS IN
TERMS OF QUASI-COORDINATES

Let us consider a system consisting of a main rigid body,
acting as a platform, and a certain number of flexible
appendages hinged to the main rigid body. The interest lies in

© Copyright 1989 American Society of Mechanical Engineers
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reorienting Lhe flexible appendages independently so as to point
in different preselected directions in the inertial space. The
object is to derive the equations of motion capable of
describing this task.

To describe the motion of the platform, we introduce a set
of inertial axes .XY¥Z and a set of bodv axes xyz attached to the
rigid piatform. Then, the motion of the pladorm can be
defined in terms of three translations and three rotations of the
body axes xyz relative to the inertial axes XYZ. To describe
the motion of the flexibie appendages, we consider a typical
appendage hinged at point ¢ and regard ¢ as the origin of a set
of body axes x,p_z2, embedded in the appendage in its
undeformed state. Then, the moton of a nominal point of the
appendage consists of the motion of xpz, the motion of xy,z,
relative to xyz and the elastic motion relative to x,y,z, . The
system and the various reference frames are shown in Fig. |.

From Fig. 1. the position vector of a point in the rigid body
and in the appendage can be wrilten as

R =R, +1 (1a)

and

Re =R, +rpe+r,+u. e=L12..N

(16)

where R, is the radius vector from O to o, r is the position
vector of a nominal point in the rigid body relative to xyz,
r.. is the radius vector [rom o to e, r, is the position vector
of a nominal point in undeformed appendage relative to
xp,z, and u, is the elastic displacement of that point. Vector
R, is given in terms of components along XYZ , r and r,,
in terms of components along xyz, and r, and u, in terms of
components along x.,z,.

The velocity vector of o can be written in terms of
components along xyz in the form
v, = Cgo (2a)
where C is_the matrix of direction cosines between xyz and
XYZ and R, is the velocity vector of o in terms of components
along XYZ. Matrix C depends on the angular displacements
8, (1=1,2.3) defining the orientation of axes xyz relative to
axes XYZ. Furthermore, the angular velocity vector of axes
xpz in terms of components along xyz is given by
@ =D (25)
where Q is a vector of angular velocities 9, and D is a matrix
depending on the angular displacements 0, (i=1,2,3). Figure
2 shows a set of such angular displacements. For this choice
of angles, the matrices C and D are as follows:

B8y 050y + 59 s0,c6y 50,563 — cfs8,:04
C=| —cly0; cBichy— 50505505 56,05 + c05050, |(3a)
58, — 58,8, ¢,
By, 6 O
D=) —chys0; cf; 0O (3b)
58, 0 1

where ¢, =cos 0, and s, =sin .. Note that this choice of
angles helps us avoid singularities at the initial stage of the
motion, 8, = 0.

In view of the above, the velocity vector of a point in the
rigid body in terms of components along xyz is simply

V=V, +axs (4a)

T IS,
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and that of a point in the typical appendage ¢ in terms of
components along x,z, is

gc=Ec(go+‘.‘_’xfoz)+(53‘l’+‘.‘.’e)x(f‘+&)+.!¢

e=12..N (45)

where w, is the angular velocily vector of axes xyp,2,, E, is
a matrix of direction cosines between the xpz2, and xyz and
¥ is the elastic velocity of the point in the appendage relative
o xy.2,. v =y, Inthe maneuver proposed, the angular
velocily vectors @, of rxpz, refative to xyz are given, so that
the rotational motions of the appendages relative to the
platform do nol add degrees of {reedom. The only degrees of
freedom arise from the rigid-body translations and rotations
of the platform. and the elastic displacements of the
appendages.

The equations of motion can be obtained by means of
Lagrange’s equations in terms of quasi-coordinates [Meirovitch
(1988)].

d L ~ dL arL__
T AP g -y =k (Sa)
4 AL, 5 L =3 _ T3l _
o % )+ V, AR ™ () 2 =M (50)
3 ai. 5';', A
v _‘E __E+.2’,5,_g,, e=12..N (5)
where

L=T-V (6)

is the Lagrangian in which T is the kinetic energy and V is the

polential energy, L, is the Lagrangian density and T, is the
kinetic energy density, both for appendage ¢, and .‘2’, is a
matrix of homogenous differential stiffness operators. The
terms F and M on the right side of Eqs. (Sa) and (5b),
respectively, are the force and torque vectors on the platform,

both in terms of components along axes xyz, and the term [/,
on the right side of Eq. (5c) is a distributed force vector on
appendage ¢ in terms of components along x,»,z,. Equations
(5) are hybrid in the sense that Eqs. (52) and (5b) are ordinary
difTerential equations and Eqs. (5¢) are partial differential
equations. It should be noted that the tilde over & symbol
indicates a skew symmelric malrix with entries corresponding
to the componenls of the associated vector {Meirovitch and
Kwak (1988a)]. For the system of [ig. 1. we write the kinetic
energy

N
1 T 1 T
r=1 fD o UTV0,+Y fb AP

|
w|—

N
myo Y, + ViSle+ Lol + )14 alle,

+ %J‘ PeavedD, + (¥, + ) El (5.7' @, + J. pYdD,)
D, D

+2TEllo, + B+ @) | oG+ ipan) ()
D'

where

N
’"r=”'r+zmv ’"r=_"

e=| b

pAD,, m, =j PAD, (8ab.c)
14 D'




Appi Mech Rev vol 42, no 11, Part 2, Nov 1989

§5;=S+ Z(’"c;oe + EeTSeEe)

+E]LE, -7 EIS,E, - EIS,Er..) (Rg)

],:I,+Z(mr Zoe
e=

IA =J psrdD,, I,= J polre + G)ir, + 1) dD, (8iy)
D D

r .

in which p, and p, are mass densities and 0, and 0, are the
domain of the rigid platform and of a typical appendage,

respectively, m, is the total mass of the system, §, is a skew
symmetric matrix of first moments of inertia for the systein and
I, is the inertia matrix. For simplicity, we assume that the
potential energy is due entirely to elastic effects, in which case
it van be written in the form

1 N
=7§ u,

where [ . ] denotes an energy inner product [Meirovitch
(1980)]. We note that, in deriving Eq. (9), the boundary
conditions were fully considered [Meirovitch (1980)].

N
1= ] deuan, o)

=} [l

I1I. HYBRID NONLINEAR STATE EQUATIONS OF
MOTION

For control purposes, or for mere integration of the
equations of motion, it is convenient to work with state
equations. As the state vector, we consider

x=CR 07wl ] - uf V0 o' o o

via o v w1 (10)

which represents a unique combination of inertial coordinates,
angular displacements, elastic deformations, translational
velocities, angular velocities and elastic velocities, the last four
being in terms of components about the body axes. ln view of
the definition of the state vector, one half of the state equations
consists of the kinematical relations

. r . 1
R=CV,. 0=D"w, Y=v,. e=12..N

(lla,b,c)

Inserting Eqs. (7) and (9) into Eqs. (5) and considering Eqs. (2)
and (3), we obtain the hybrid nonlinear l.agrange’s equations
for the other half of the state equations

N
mr!,/o + S;r@ + Z":.TJ' pe¥AD, = ~ mrg’.‘./o + J’Sﬂ.’
e=] D,

~/ -
+ ZE (20,5, + So)Eew — 2w,J Po%AD, + @ Syw,

+S@) +F (11d)

N
SV, +la+ ). J PlroeEl + EJ(7, + ) 19D, = SV,

e={"D,
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-~ T oy~ =
— &l + Y (= EJQogl, = el @g) + g El(B,Se] + 5,0)

e=]

T -~ ~ o~
+ 2F, [ Pelre + uvdD,|F,w

L4

- T~ To o~ o~
- J. pe[’ere w, + E, w,(r, + ue)]!‘ADe
D

+ :erer(‘I’eSe‘l’e + S, + Sevwe)
= B (Dofewe + Lo + lnw)) + M (11e)
ST s T
P Vo +[Eproe + (rg + 1) Ela +v,}

"~/ -
= p { — [Ee@) E (¥, ~ ropw)

+2v, - (r +u, JDg + wo(r, + w)|E,@ — 2.,

Nz - - A

- qu‘l’l + w, + w ), + 1)} — gry: + gc
e=12,..N (rn

where tr denotes a trace of a matrix and
S = | b, (12a)
Dl

/ﬂ:j PelVelre + 4 ) +(r + u )v, ]dD, (128)

IV. THE DISCRETIZED
EQUATIONS OF MOTION

NONLINEAR STATE

The equations of motion are hybrid, in the sense that the
equations for the rigid-body lranslations and rotations of the
pladorm are ordinary differential equations and those for the
elastic molions of the appendages are partial differential
equations. Moreover, because of the maneuver angular
velocity vector w,, which is a given function of time, they
possess time-dependent coeflicients. Control design of systems
described by hybrid cquations is not feasible, so that we wish
to discretize the partial differential equations in space, leaving
us with only ordinary differential equations. To this end, we
express the elastic displacements as linear combinations of

space-dependent  admissibie  functions  multiplied by
time-dependent generalized coordinates, or
Ylr,. 1) = ¢,(_f,)_q_,(l) , e=12,.N (13)

where @, is a matrix of admissible functions and q is a
vector of gcneralwed coordinates.

The Lagrangian equations in terms of quasi-coordinates for
the rigid body motions of the platform remain in the form of
Egs. (5a) and (5b). On the other hand, inserting Eq. (13) into
Egs. (5¢c), we obtain the ordinary differential equations for the
discretized elastic motions

=Q.e=12.N (18

where
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Pe = gc (15)
Q. -I &TUMAD,, e =12..N (16)

are corresponding vectors of generalized forces.

The Lagrangian remains in the form (6) but the kinetic
energy and potential energy change. Indeed. introducing Eq.
(13) into Eq. (7). we oblain the discretized kinelic energy

T=‘;""1EIZ¢)*‘KI§:T‘Q+%@TIWB

L7 T
+ Z | % ol l@, + 5 P JD p,P.®.A4D,p,
+ (W, + @) E] (5] w, + f reP.4D,p,)
Dl

™~/

+ @ E/ Lo, + (Ea + @,)Tf Pelve + (0,0, 00D, p, 1 (17)
D'

Many of the quantities in Eq. (17) are defined by Lgs. (R), with
the exception of

. ™~/

S, = f Pelre + [(bege])d,)e (1Ra)

Dl
N/ ~/
I, = I .y + (®eq. ). + [@,g,])rafo, (188)
Dl

Moreover, inserting Eq. (13) inte Fq. {9), the discretized
potential energy has the form

N N
1 1 T
v=l)dlo,. 01q = 3D ¢ Kg (19

e=| e=}
where

K’,=[®,.¢,J (20

Following the same procedure as used earlier, the discretized
nonlinear state equations can be written as follows:

. ~ d -~ ~ y
I",Ko + S,T(Q + 2ZE.T([SQQ.] = ,v)Ecc..’:’ + ZEZEIEC

o=| e=|

N
+ 2ZE,T DBy + M@V, — @S

—1

N
=f+ ZEI(Scé.’c + ‘:’ese‘.%)

(2la)

N "/
S, + 1dr + Z(E.T Q@ ], ~ trl,@,) + 27, E] ([ S,2,] = Se)
o=}
~ ~N
- 28] [ 0,6, + (04,100,914, e
D,
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N "~/

S, _

+ Z(EZ D, + 7o eE]D, + E] J 0.[®.p,104D,)p,

a=t p,

N _ ~/

+ Z[Fo,r;[:,ﬁ,_ + Flom, + Efa”;,f p.[0,q.]0.4D,)p,
Dl

e~
N
—SVyw+ bl =M+ Y FFl (S0, + ,Suw, + Sow,)
I~ 1R = BT L el 10 W, T Wyl Wy L,

ev?
e=1

- EeT(,eEi.’e + ae’z@,’q + ywel (218)
BIE,V, + B EaV, + (B Esl + OIE,
~
+j P (,4,)7aD,E )
D'

Y N/
L AdTIT 4 fn 0 OI(D,0.15, -, - [5,5,]

7~/ -
- 3,[0,0,DdD,\Fu + M,p, + 2 (@)p,

+IK, + T (we) + F(Eg) + Lol
=Q. - (berq.’e + f pe(b[;’c;;g.’cdne
D'

"~/ "~/

+ f el (Eawl’rdD, + B][EwlEra  (2lc)
Dl

where

M, = J‘ p,@;rd’.dn.
n

(22a)

®, = j p 04D, (226)
D

®, = f o ®AD, (22¢)
D'

ﬁe(g) = I p¢®;’-5¢c an, (224)
D'

H.(a) = J. p 073, db, (22¢)
D'

The state vector is redefined as
T T T T T T T T
=08 0 ql 91 - an ¥ o pl p1 - pnY (23

In addition, Fq. (11c) is replaced by

=P+ €=12..N (24)




Appl Mech Rev vol 42, no 11, Part 2, Nov 19689

Equations (11a.b). (24) and (21) represent the discretized
nonlinear state equations.

V. NUMERICAL EXAMPLE

The effect of nonlinearity on the system response is
illustrated by means of a spacecraft consising of a rigid
plaform with a single membrane-type flexible appendage (Fig.
3). The maneuver of the appendage relative to the platform
was carried out by means of a smoothed bang-bang
{Meirovitch and Quinn (1987)] for the angular acccleration,
where the smoothing of the bang-bang was done Lo reduce the
clastic deformations of the appendage. The elastic vibration
of the appendage, treated as a circular membrane clamped at
r =a, was represented by ten degrees of freedom in the
z-direction, i.e, by ten admissible functions in the
discretization(-in-space) process, so that the matrix @, in Eq.
(13)is 3 x 10, or

0 [) B 0
®, = o o0 .. 0
in which
b= Jo(Borr) 6o = x Jotfloar)
T N (B T T i)
by _ DB} cos g ba_ Ji{B2r) cos @
4’7— 2 Jz(ﬂ”a) sinf q‘)s— 2 j:(ﬂlz”) sin 9
b5 _ JalBar) cos 26 b6 _ J5(B32r) cos 26
b9~ 2 Jy(Bya) sin20 ' by ? Jy(fiya) sin29
where
1 NE)
Kl = -—

— K= —————
Jrp.a ! NE ]

In the above, ¢, and ¢, are recognized as axisymmetric modes
and the other as antisymmetric modes, respectively {Meirovitch
(1967)]. The vector g, is ten-dimensional. The arguments of
the Bessel functions of the first kind can be obtained from
ﬂma = 2.405. Boza = 5'520v B[la = 3-832’ ﬁl)d = 7-0[6'
fua = 5.136 and frpa = 8.417. The mass matrix, Eq. (22a),
and the stiffness matrix, Eq. (20), are 10 x 10 and have the
block -diagonal form

M,=1. K,=A

where [ is the 10 x 10 identity matrix and A is a diagonal
matrix with the diagonal entries

2 2
AL = £_z-(;7ma)2 v A2Y = C—z(ﬁoza)2
a a
2
ABI) = ALY = 5 (10
a

A{4.4)

2
ABS) = <5 ()
a

2
AGSS) = ABI) = = (B}
a

2
A(6.6) = A(10,10) = <= (By0)’
a
where ¢ = /T,/p, .in which T, is the membrane tension and
P, represents the mass per unit area of the membranc.
Moreover, the other matrices given by Eqs. (18) and (22) are
given in the Appendix.
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Two cases with the same numerical dsta for the elastic
appendage but with different inertia terms for the rigid body
are tested. The data for the elastic appendage is as follows:

My =0.303 slugs. S, = (0 0 1.415)7 stugs+ i

7712 00 00
IL,=| 00 7712 00 | siugs.fi®
00 00 1.294

. =001 slugs/fi®. a=3ft, c¢=20 fifs
Le=00107 f1
For the rigid body, we consider:
Case 1
m, = 134.15slugs. S, = Q slugs-ft

186.021 0.0 0.0
IL=| 00 186021 00 stugs « fi?
0.0 0.0 357733
and Case 2
m, =214645slugs, S, = 0 slugsefi
8943 0.0 0.0 2
I = 0.0 8943 00 slugs « ft
0.0 0.0 14309

As seen above, the rigid-body model of Case 1 has large
inertias relative to those of the flexible body. On the other
hand, the mass moment of inertia of the rigid body of Case 2
is almost the same as that of the flexible body, aithough the
mass of the rigid body is sufliciently large. This is due to the
fact that the mass moment of inertia of the rigid body is about
the center of mass and the mass moment of inertia of the
flexible body is about the hinge, which is far removed from the
mass center of the flexible body.

The two cases are compared with results obtained by
Meirovitch and Kwak (1988a) using linearized state equations.
Figures 4 through 7 show time histories of the rigid-body
translations and rolation and the elastic displacements of the
membrane at the center and the point defined by
x, =0 and r = 1.5 ft for Case 1. The figures contain responses
for the uncontrolled nonlinear system and linearized system.
Figures 8 through 11 show the responses for Case 2.

‘The elastic displacements at the center and at
r=05a,80 =90° are calculated by using the following
formulas:

W,_o = (1.08684 ¢, — 1.65807 q;)
NI-R
W,0.50, gus0r = —a= (0.73006¢, + 0.29919¢,
Pe

—~ 1.06926¢5 + 0.905744¢ +'1.15061¢; — 0.35635¢; )

A discretized nonlinear state equation is solved by using IMSL
routine DIVPAG.

VI. SUMMARY AND CONCLUSION

State equations of motion for a spacecraft consisting of a
rigid body and a given number of flexible appendages are
derived. To this end, Lagrange's equations of motion in terms
of quasi-coordinales proved to be most effective. In general,
the resulting hybrid equations are nonlinear and time-varying. |
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In addition, the equations contair. persistent disturbances due
to inertial loading. Because numerical simulation by means
of the hybrid state equations is not feasible, discretization and
truncation are carried out. The discretized state equation can
be used for the maneuver and control of the spacecraft, such
as when the object is to change the reorientation of the
appendages while suppressing their vibration. A numerical
example of a spacecrat with a membrane-like antenna
illustrates the dilferences between the responses obtained by
using the nonlinear and linear state equations.
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APPENDIX

For the given configuration, the posigon vector of a nomunal pont in the
membrane appendage can be expressed as

r,=0rsing rcos@ U (A-1)

Inserting the admissible functions given by Egs. (26). together wath Eq. (A-1).
into Egs. (22), we obtain

r | 9
0 0 fora
{
0 0 —
_ Boza
&! = 2a+/n7, . .
0
t 0 0 0
’- a 0 ]
0 0 0
i
0 - 0
Bue
{
0 - 0
B0
-~ 0 0 0
O,T - \/21!3‘02
0 [}
1
—_— 0 0
Bna
1
— 0 0
Biya
0 0 0
0 0 0
L

and

H,(a) = -(a] + o)1
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where [ is 10 x 10 identity matrix. Moreover,

H,(g) = (0]

"N/
jnp,['b,_q,]'b,do, =[0]

where we note thal Lthe above null matnces are 10 x [0 and 3 x 10, respectively.

In addition,
- ~ay 0 0
J- o7 L®,p,1dD, = 0 -2 0
N, ay ay 0
where
= ?
@ = Zah\/'rp‘ [ -50% + l;:;a ]
= [in3 P3 Pa
% a np, [ ﬂ”d + ﬁlzd ]
ooV [ g ]
Morecver,
10
- - | 0 0
J. PeUeVedDy = —Zq‘p‘ {0 I Q9
D, = 0 0 0
@ @29, g
-~ - w192 D4
JD p,‘b,rw,u,dD, = . 1 ? .
-wiqe w90 O
— 0
Sep = 2a4/np, P 0 22
LA S o 3
Bye Boye
ha, hﬂ: 0
Bna  Bya
hay hay
Boa Boze
- ﬂd|
0 .
Vigya
0 —
ﬁﬁnﬂ
0 0 0
[ oo07a7,ap, = 2077,
De 0 0 0
0 0 . B
Ve
0 0 %
V2830
1] 0 0
0 0 0
L J
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Elastic Appendage 1

FIG. 1. The Rigid Platform with Flexible Appendages

1,2,

Membrane ]

FIG. 2. Angular Displacements and Velocities of the Rigid Platform FI1G. 3. The Spacecraft with 3 Membrane Antenna
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Abstract

This paper is concerned with the problem of
reorienting the line of sight of a given number of
flextdble antennas in a spacecraft. The maneuver
of the antennas is carried out according to a min-
imum-time policy, which implies bang-bang control,
Regarding the maneuver angular motion of the an-
tennas as known, the equations of motion contain
time-dependent terms in the form of coefficients
and persistent disturbances. The control of the
elastic vibration and of the rigid-body motions of
the spacecraft caused by the maneuyver is imple-
mented by means of a proportional-plus-integral
control. The approach is demonstrated by means of
a numerical example in which a spacecraft consist-
ing of 3 rigid platform and two maneuvering ‘lax1-
ble antennas 1s controlled,

1. lIntroduction

Certain space missions involve the ragrien-
tation of tne line of srgnt 1n 1 flexiple spaca-
craft., [n many cases, tne line of signht can de
regarded as SYeing fixed relative to the undeformed
structyre, in wnich cases the regrientation of tne
line of signt implies tne reortentation of tne
whole spacecraft (Ref, 1-5), Nuiz2 often, now-
aver, =ne i(ine of signt zgincides witn an axis
fixaegd *~ 1 small component of tne spaceacrafi, such
as a flex'die antenna, [n such cases, 1 may de
more advisaple to retarget only tne flexidble an-
tenna and not the entire spacecraft. Retargeting
of the antennas :an be achieved by attaching the
antannay 3 <re platfarm thergugh 3 ninge SO 35 %90
JerMIT 3'/ItTAg 3aD0ut tW0 Jrtnogeral axes.  Retar-
jeting 3f tne antennas, instead of the wnole
spacecraft, 15 3 virtyal necessity when there are
several antennas tnat must be retargeted simulta-
neously, and the line of sight of each antenna
myst be reorieanted in a different direction,

eference 5 considers a spacecraft consisting
of a r' 311 o0l3atfarm with a number of flexible
antennas .“1g9. 1), and the mission is tO retarget
independentiy tne line of signt of each antenna
relative to the inertial space. The maneuvering
strataqy developed in Ref, 6 consists of stabiliz-
1Ag %me 3'1%frm ~2tative to the 'mertial space
a~1 res~tentiry tne line of signt )f eacnh antenna
raiazive %3 %ne platfarm, For grvan Lirjet nirec-
ti1ons of the antennas, the maneuvers can Je le-
signed as 1f ne antannas were rigid, Of course,
in actuality tne antennas are flaxidbla, sa that
the maneyvers are licely %0 cause @lastic vidra-
cion of the antannas, wnicn in turn will 1nguce

f1rginta 23061

certiraaltions '~ tne platfarm,  Hence, tre canteql
T3Sk amounts tD simultaneocus staotiization If <me

platform relative to the 1nertial space and vipra-
tion suppression in the retargeting antennas,

The mathematical formulation consists of a
hybrid set of equations of motion, in the sense
that there are six ordinary differential equations
for the rigid-body translatfons and rotations of
the platform and partial differential equations
for the elastic motion of sach antenna, The equa-
tions of motion are not only hydrid, but the ma-
neuvering of the antennas relative to the platform
introduces time-dependent coefficients into the
equations. Moreover, the equations contain terms
reflacting persistent disturbances caused by iner-
213l forces, [f the mass of the antennas is smal)
relative to the mass of tnhe platform, then tne
2quations of motion can be regarded as linear,
Jecayse control of systems governed by sets of
nydr1d differential equations cannot be readily
lesijned, even when the equations are linear, it
'S necessary to giscretize tne parttal differen-
=1al eguations in space, which can be carried out
Sy the classical Rayleigh-Ritz method or the
finite alement metnod (Ref. 7). Reference 6§ pre-
sents the matnematical formylation, as well as an
2xample tllustrating the maneuvering of a single
fiaxinle antenna.

This paper 2x%ands the work of Ref, 6 1n
several respects, I[n the first place, it treats
the problem of retargeting several antennas simul-
taneously, and not just of a single antenna. In
1i1d1ion, it addresses *he problem of persistent
11sTuroances Dy 31%t2mprting to misigate their
2Ffact yriag tne maneyver. TG cope witn known
1isturdances, disturbance-minimization control is
effacted. The retargeting is carried out open-
loop using a bang-bang control law., This implies
that the inertial forces arising from the maneuver
angular accelerations are almost constant, except
far a sign change at one half of the maneuver
pertod. [f the maneuver is not very fast compared
to tne lowest natural frequency of the antennas,
then the control gains can be determined Dy ignor-
ing the time-dependent terms in the coefficient
natrices. This permits the use of proportional-
0'us-1ntegral fa2eabacx control for disturdance
122mmoaaston (Ref. 3, 3 and 10). Of course, 1n
tme cynpacar stylaziza of the naneuver and cone
trol, tne fyull time-varying system is considered,

This paper contains the procedure for design-
ing the feegback control in the presence of dis-
tirdances. Tne proportional-plus-integral control
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procedure described above {s demonstrated by means
of a numerizal example iavolsir: 2 Spacecri®t
2IMSISLING OF 3 =t 1 _tatiiem 101 TW0 fTac0n T2
Jeams, 2dCn with 3ne 2n: ~tAagel 13 The Diattirn
and tne Jtner free (13, 2, wnera tne deams are
origrnally parallel to the z-axis of =ne plat-
form, The maneuver consists of slewing eacn of
the deams through a 45° angle, one ooyt the x-
axis and the other about the y-axis Of %he plat-
form,

2. fquations of Motiom

We consider the motion of a spacecraft con~
sisting of a rigid platform with a given nymoer of
flexible appendages hinged to the platform as
shown in Fig. 1. The rotation of each 1ndividual
appendage relative to the platform is given, so
that the motion of the system consists of the
rigtd body motions of the platform and the elastic
motion of the appendages. To describe the motion,
we introduce a set of inertial axes XYZ, a set of
body axes xyz attached to the platform, Then, the
motion of the rigid body can be deftned in terms
of three translations and three rotations of axes
xyz relative to the inertial axes XYI, 73
descrine the motion of tne flex'die appendages, we
consider a typical appendage ninged 4t potnt e 4nq
regard e as the origin of a set of dody axes
XaYals eMmbedaded in the appendage 'n unaeformed

state. Then, the mgotiaon of 2 rominal coint of <ne
appendage consists of the motraon of «4z, <ne
motion of xgyaZp relative to xyz and tne elastic

motion relative t0 x,y,Zg. The system and the
various refarence frames ire shown 1n Fig, 1.

Crom Fig. 1, the position vector of 3 doint

in tne rigid dody anrd 14 tne appendaje Ian e
ritten R 2R +r, R 2R +¢r ¢~ +

writcen as ~r ~0 ~' ~eg ~3 ~0e ~0
(@ = 1,2,...,N), where R is the radius vector

J
~e

from O to o, r i$ the position vector of a point
1 the r131Q 208y relative to xyZ, T is wne
radius vectar from g %3 e, ge 1§ tne position

vector of a nominal point in undeformed appendage
relative to x,yaZ, and Yq is the elastic dis-

placement of that point. Vector Eo is given in
terms of components along XYZ, r and Loe in terms
of components along <yz, and Te and 4o in terms of
components along Xolalgs THe velocity vector of o
can be written in terms of components along xyZz in
tve form | = CR_, where C is the matrix of direc-
©-31 I1517es Ddetween xyz and XY andg 30 s the

velacity vector of o in terms of components alang
AYZ. Furthermore, the angular velocity vector of
axes xyz in terms of components along xyz is given
by w » 08, where 3 is a vector of angular veloci-
and J is a matrix Jdepending on tne angular

zies §
es &,

displacements 8, (1 »1,2,3). In view of the

iZove, e velliin, sectdr of 3 point 1a rmp s
303y 10 t2rms of oepeents 31295 wyz cs sim.
oly i.° io * o < m 3nd TNat If 3 3019t 1A tne

Typical appendage e 'n terms of Iamponents alang

x g 1S ¥V 3z 'y . ro) e s .

ofefe 1> le T o ly T2 ¥ Dol Tt gy

e 'He/ * !e e l’zl"'lN)| 'ﬂeref 15 the
angu’ar /2locity of axes Xafalas 5, 'S 4 matrix of

d1rection casines cetween axas l&/éze and xyZz

and Yo is the elastic velocity of the point in the
appendage relative to x.y,Ze, Yo " ge' In the
maneuver proposed, the angular velocity vectors o
of XaYele relative to xyz are given, so that the

rotational motions of the appendages relative to
the platform do not add degrees of freedom.

x .\ r

The equatfons of motion are hybrid, in the
sense that the equatfons for the rigid-dody trans-
lations and rotations of the platform are ordinary
differential equations and those for the elastic
motions of the appendages are partial diffarential
egjuations, Moreover, because of the maneyver
angular velocities sg0 they possess time-dependent

coefficients, Control design of systems described
3y hydrid equations is aot feasible, so that we
wisn tQ discretize the system in space. 7o tnis
2nd, we 2xpress tne elastic displacements as
linear combinations of space-dependent admissible
functions myltiplied by time-dependent generalized
¢aordinates, or

g 'r ‘t)

e ~e

0,003,008 , es 1,2, N (1)

whera ’e is a -atrix of admissible functions and
3e is a vector >f Jeneralized coordinates.

The equations of motion can be obtained by
means 3f Lagranga's equations in terms of quasi-
2o9r11nates “Fe2f, 11Y, 4 linearized version of
SuCn 2Quattans was l2artved in Ref, § for tne same
matnematical mode! is the one cansidered here,
From Ref. 6, we obtain the state equations of
motion

X(t) = A(t)x(t) + 8(t)f(t) + O(t)d(t) ()

T T rT T, T 7TT T,T
where 5(t) = [30 ER KPRRRE M 10 2 By 32...9~J

is a state vector, in which 9 is & symbolic vector
of angular displacements of the platform,

Be * ée(e 3 1,2,...,N) and

O

0
L O(t) = [roree

1 {3v,¢)
M)

are coefficient matrices, in which
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[_3 2 e:l EQLSO‘"QJ ZElul.l coe ZEMnNo"
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0 422 \123 vee st
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is a matrix in which
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e - < 23 < ept T og S : :
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BN L R SEPU S SRR I (5b)
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e .7 032,37 oI .
K23 7 Tgete'e * ¥eite * Ee("e‘}e‘i‘e) * Jaige) (8)
Moreover, ~
1 D1 32 .. DN-
2 ¢+ ) vee D
B*(t) = |3 0 ¢ ... 0 (9)
3 ) N
relates the discrete force vectoars %2 %ne modal force vectors, n whicn
-7 T c’
. s Ee  a
3ot . v - . .- - {10a)
¥ I [ . [ E
foete " "a"el  Maete " tee2 tt Toete erene
e ., T T . /
c Chalay) Pollapt e ’e‘fena ) (10b)

in adgition,
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is a vector of disturbances and
T T T T T LT
e = 08, My £ e fial far Dy
T RAE -
~2n2 ~31 ~1n“

plays the role of a control force vectar, wnere 1n
L -

the latter £ and ¥, are actiatdr “irce ang

torjue vectdrs acting on tne niitfairm ing ‘e‘ ire

actuator farces acting on appendajes e at 2011ts 1,

Jther quantities entering inty the adove matrices

are as follows:

N
mo= 0+ _ omo, M = s, L,
v r az! 2 ! j,— 53
m f (13¢
o * 5 DedD (13¢)
e
~ g o~
'J: =0, e;‘ ﬂe’oe - :-z'—}-‘g L1
’ r
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r e
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=i T FoFL el S
. r 5, 2 Je oe e'e’e
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Te Teex
ereSeEe EeseEeroe) (13g)
S I BT N BRICIEN
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N RELIRD
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M ) BN
e = R Je’e edoe 1J3]
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"ot ! P ‘13m
e\g) * JO aeoeaoecDe 13m)
e

e'd . {13n)
72
v 14 =3 :;\/J\ 9
aj = rFo3 - 3 1
Y . 25 Ta -Fal "e o 130)
‘e
17 which a 1s a vector representing g OF ;e' >,

and 5, ire mass Zensizies of each docy, J. ang Je

are the domain of :tne r131d platform ang of a
typical appendage, rsspeccivoly. m, is the total

mass of the system, St is a skeq‘Nitr1x of first
moment of inertia for the system and It is the

Tnertia matrix. For simplicity, we assumed that
the potential energy is due entirely to elastic

:ffects. in which case 1t could be written in the
orm

r Nt
ez I 9, (1)
es]
where K, is the stiffness matrix (Ref, 7).

3. Qisturdance-Accommodating Control

The maneuver consists of retargeting antennas
50 as %0 point in given girections in the inertial
space. 3y stapilizing the platform in an inertial
3jace, the zask reduces to reorienting the
antennas relative to the platform, For a minimum-
time maneuver, the control law is bang-bang, which
implies that the angular acceleration of an
antenna relative to the platform is constant, with
the sign changing at half the maneyver period.
(leally, the maneuver should not cause elastic
lefarmations 1 tnhe flexinle appendages. This is
Tixely ta rel. -a a long maneuver time, which is
in conflict ~1:7 the minimum-time requirement, To
reduce elastic vibration, a smoothed bang-bang can
be used. Still, elastic deformations are likely
to occur, #hizn 1n turn implies perturtation of
“re platform “~am 3 ficeq 23sit13n in the inertial
ipace.

The motion of the system is governed by Eq.
(2}, The system is characterized by two factors
that distinguisn it from most commonly encountered
systems: it is time-varying and it is subjected
t3 persistent dJisturbances. Both factors arise
from the retarge%:ng maneyver angular velocities
20 angular accelerations ée and the matrices €,

of direction cosines (e = 1,2,,..,N}, all quanti-
ties being known functions of time, C(learly, the
listurbance term 0(t/d(t) in £3. (2} depends on

Tme mManeuver 30''Iy.  n tne case of Mmnimum-time
~anegver, wne 23!ty s dang-bang, wnich inplies
tnat wne maneyver ingular acceleration 1s constant
Jver both halves of the maneuver period. If the
maneyver is relatively slow, then the disturbance
is constant over both halves of the maneyver
ger1od. N this case, we can yuse proportional-
plus-integral ‘eedpback control.

[ntroducing the notation
3(t?3(t) = 3(tif(e) J(t)g(t) 18)

£q. {2) can be rewritten as




x(t) = A(2)x(t) + B(t)u(t) ' (16)

issuming that 272 372 1t vary s'iwly, 5
that (e 2(t) s 3ImosT Isnstant Iuring tne

control interval, we can write
slt) = ) = f,(0) 8sh

[ntroducing a new state vector defined dy

T T. £qs. (16) and (17) can ve combined

into the expanded state equation

2(e) = A(n)z(t) » B(r)g,(e) (18)
where

. A(t) ¢+ B(t) ) 0
At) = [.....L...-.] , B(t) = H (19a,b)
0o + O I

20y

L]
are coeffictient matrices. Note that {f A(t) and
B(t) are a controllable pair, then A(t) and 8(t)
are also a controllable pair (Ref. 8).

de consider an optimal contral 23l1zy *n tnae
sense that fd(t) minimizes tne performance neasure

f
1 .7 y lf '!.\.!..\, "
AR FAIRCIRES S HERHE
3
 fUUR(DE T (29
The optimal control law is
400 = - e ok (e sl
21

where G(t) represents a control gain matrix in
which X(t) satisfies the matrix Ricatti equation

K- KA - 2¢- ]+ R« 127)
Jsing Eqs. (16}, (17) and (21), it 1s easy %o
verify that

af ' te

at = (Gl - GZB A),! + G,B X (23)
where 3, and G, represents submatrices of G
corresponding to x and J, correspondingly, and
B' s (BTB)'IB' is the pseudo-inverse of B,

Integrating Eq. (23), we obtain the optimal
control law t
ez f0) o f (G - 537400 ar
~ ~ 40 1 2 ~
» e 5

9

878 ar (24)

If t¢ is sufficiently large and A and B can Dde

assumed to be constant, then the 3ain matrix is
constant. Moreaver, if x{3) ana f{J) are zero,
then £q. (24) yields
t
fle) = 50+ Gy fogdr {25)

| =

t b 4
GD ] GZB » Gy ® G1 - GZB A {25a,0)

£1u4at120 '25) regresants Tme 00TIMAl iateql g
FIr tne time-1nvartant s45teM Sudiacteq g 1NKAOwWN
sinstant 11slurdances, and 'S KNOwn as rapor-
tronal-plus-1tegral control.

{n general, the above control law canngt ne
used for the type of problem cansidered nere,
ahen tne maneuver 15 relatively slow, nowever, so
that tne matrices A and B are nearly constant, tne
control law (25) can be used with satisfactory
results, [n this case, the control must be
regarded suboptimal, but close to being optimal.
We recall that, to reduce vibration, it f{s
advisable to use a smoothed bang-bang for the
rigid-body maneuver of the appendages, instead of
an ideal bang-bang.

4. Nmerical Example

The mathematical model consists of a rigid
platform and two flexible beams, each one with one
end hinged to the platform and the other end free
(Fig. 2), where the beams are originally parallel
t0 the z-axis of tne platform, The maneuver
consists af slewing each of the dbeams through a
45° angle, one about the x-axis and the other
about the y-axis of the platform, The beams are
1iscretized in space by using three admissible
€functions far each component of displacement. Six
actuatars are ysedq for tne rigid platform and
tnree actuators for each displacement component of
Soth beams. The latter actuators are located at ¢
ft, 7 ft and 10 ft from tne pivot point, the third
coinciding with the tip of the beam, Figure 3
shows “he maneuver time histaries, in which the
angular acceleration represents a modified bang-
bang. Figures 3a 3~4 3o display both the uyn-
zontrolled and cont-illed translational and
angular displacements of the platform, respect-
fvely, and Figs., 5a and 5b show the tip dis-
placement of the two beams, As can be verified,
the maneuver and contral of the spacecraft is
juite satisfactary., The disturbance-accimmodating
cont=21 is carried out dy tne proportional-plys-
integral control approach.

[n obtaining the numerical results, the
following data was used:

m_. = 134,15 slugs , My * 0.1373 siugs

S =0 0 21 slugseft ,

2r
s,°00 0 0.9365]" slugse ft
196,021 0 )
SN 125,021 ) slugse F2l
= 0 357.733
6.243 0 0
S 5.283 3| slugseft?
k 9 0
1 =1, %10 fr, i1 s 3028.9 1b f£2

.
rop 3 -1 s




T
£ " (0 1.0 0.5) f¢

Moragves, T2 wel ATty Materias 1ssearity tnonhe

perfarmance 1ncex, S3. 1T, 17e 15 f300cws
. 1200 0 .
3= , Ro= 3200
o] [

wnere [ is the identity matriv. 3f -3urse,
consistent with & steady-state solution of the

matrix Riccatt equation, H was taken as zero.
Finally, for control design purposes, the
coefficient matrices A and 8 were taken as
constant and corresponding to the premaneuver
configuration of the spacecraft, Of course, in
implementing the control, the time-varying
matrices A(t) and B(t) were used.

5. Summsry and Comclusions

Certain space missions involve the reorient-
ation in an inertial space of the line of signt of
certatn small flexible components of a spacecraft,
such as flexidble antennas, [n such cases, reqara-
ing the main spacecraft as a r13'2 2larform, a
sensible strateqgy is o stabilize tne olatform
relative to tne inertial space and reorient tne
line of sight of the various antennas relative to
the platfarm,

This paper 1s concerned w'tn tne orablem Of
retargeting several antennas simyltaneously, while
suppressing any rigid-body and elastic perturbat-
ions caused by the retargeting maneuyver, The
retargeting was carried out open-loop using a
smoothed Dang-dang contral law. This 1mplies that
rne fnertial firces arising f-om tne maneuver
angular acceleratidns are a'most cons%ant, except
far & s1gn cnange at ane nalf af tne maneuver
period. [f the maneyver is not very fast compared
to the lowest natural frequency of the nonmaney-
vering antennas, then the control gains can bde
Jetarmined by t3jnoring tne %ite-Jlesendent terms in
tne coeffiZiant matricas, Tois permitled the use
of graporsignal-plus-integral feeddack control for
daisturdance accommodation. Jf course, in the
computer simuiation of the maneuver and contral,
the full time-varying system was considered.

A numerical example, in whicn a spacecraft
consisting of 3 rigia olatform and twa flexible
antenrnas jngerjoing regrientation 1n different
planes was contralled, Jdemonstrates the approach,
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