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ABSTRACT

An effective computational strategy has been developed for the analysis of large and

complex structures. The strategy is based on generating the response of the complex structure

using hirge perturbations from that of a lower-order (simpler) model associated with a simpler

structure (or a simpler mathematical/discrete model of the original structure). The three key

elements of the strategy are: (a) mixed (or primitive variable) formiulation with the fundamental

unknowns consisting of generalized displacements and stress parameters; (b) operator splitting,

or a reduction method to relate the arrays and degrees of freedom of the original complex struc-

ture to those of the simpler system; and (c) efficient iterative process for the generation of the

response of the complex structure starting from that of the simpler system. The strategy has been

successfully applied to a number of linear and nonlinear stress analysis problems, free vibration

and nonlinear structura! dynamics problems. The strategy was also used to obtain accurate

transverse stresses in laminated composite plates and shells, using the two-dimensional first-

order shell (plate) theory as the simpler model.

INTRODUCTION

The work under this grant focused on the development of an effective computational

strategy for the solution of large-scale structural problems. The strategy developed combines the

following three major characteristics:

1) gives physical insight about the response;

2) helps in assessing the adequacy of the computational model; and

3) is highly efficient.

The first characteristic is a direct consequence of the basic idea of the strategy; namely,

generating the response of a complex structure using large perturbations from that of a simpler

structure (or a sequence of simpler structures). Examples of complex and corresponding simpler

structural systems are given in Table I.

The second characteristic is significant because of the in)ortalce of assessing the

reliability of response predictions (i.e., the agreement between the response predictions of the

computational model and those of the actual structure). In the absence of reliable and practical
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error measures, information about the sensitivity of the response to modeling details can help in

identifying the regions of questionable accuracy, and in the adaptive refinement of the comput-

ational model. Sensitivity information can be obtained by using more than one mathematical

and/or discrete model of the structure. Only the lower-order model equations are solved. The

higher-order model arrays are used to generate the sensitivity derivatives.

High computational efficiency is achieved by reducing the time required for the accurate

numerical simulation of the response which, in turn, requires:

a) reducing the number of degrees of freedom used in the initial discrcliziiiu i (the iniial

discrete model is, in many cases, dictated by the topology rather than the complexity of the

response);

b) exploiting the major features of the new and emerging computing systems (viz., vector,

parallel, and Al capabilities). Al-knowledge-based systems are used in the initial selection and

adaptive refinement of the model as well as in the selection of numerical algorithms. Work in the

last period focused only on reducing the number of degrees of freedom used in the initial dis-

cretization.

The three key elements of the strategy are as follows: I) use of mixed (or primitive

variable) formulation with the fundamental unknowns consisting of generalized displacements

and stress parameters; 2) a novel operator splitting technique which allows the restructuring the

governing equations of the complex structure in such a manner as to delineate the contributions

to the simpler system; 3) application of all iterative procedure or a reduction method for the

efficient generation of the response of the onw.fex structure starting from that of the simpler

system.

Two general approaches have been developed for selecting the simpler model and estab-

lishing the relations between the original and simpler models, namely, hierarchical modeling;

and decomposition or partitioning strategy. Successful applications of the strategy to static, free

vibration and dynamic response problems of composite panels have been reported in the publica-

tions listed subsequently. Also, application has been made of the strategy to three-dimensional

analysis of multilayered composite panels. Both stress and free vibration problems have been

considered.
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BASIC IDEA AND KEY ELEMENTS OF STRATEGY

Application of the strategy developed to the static stress and vibration analyses of both

symmetric and unsymmetric structures has been reported in Refs. I to 7. Herein, the application

to nonlinear static problems is outlined. For convenience, simpler structure is chosen as a

structure with symmetric geometry and symmetric (orthotropic) material characteristics. The

unsymmetric nonlinear response of the origitnl anisotropic structure is approximated by a linear

combination of symmetric and antisymmetric response vectors (which are uncoupled in the

simpler structure). Each of the symmetric and antisymmetric vectors is obtained by using only a

fraction of the degrees of freedom of the original finite element model, as briefly described

subsequently.

1. Governing Finite Element Equations

A total Lagrangian formulation is used, and the structure is discretized by using two-field

mixed finite element models. The loading is controlled by a single parameter q. The governing

finite element equations describing the large deflection, nonlinear response of the structure can

be written in the following compact form:

1f H _ =[-IF] ISI]fHJ 1 [.1)
Wfx(I ,X,q)l LSt J~X M(,

where (H) is the vector of stress-resultant parameters; (Xi is the vector of nodal displacements;

IFI is the global flexibility matrix; ISI is the strain-displacement matrix; (PJ is the normalized

load vector; (G(X)) and IM(H,X)) are vectors of the nonlinear terms for the structure; super-

script t denotes transposition; and a dot (.) refers to a zero submatrix, or a zero subvector.

The determination of the deformed configuration of the structure corresponding to speci-

fied values of the parameter q is accomplished by solving the nonlinear system of algebraic

equations, equations (I), using an incremental-iterative technique such as the Newton-Raphson

method. The recursion fomiula for the rth iteration, can be written in the following form:

LSjt+[g~'~I' K(r)] I AX =- .fx



{11}(r+) = {H}(r) + {AH }r (3)

where Il -L (4)

and the range of i is I to the total number of stress-resultant parameters in the model.

In order to reduce the cost of generating the deformed configurations of the structure,

reduction methods have been developed for substantially reducing the number of degrees of

freedom used in the initial discretization. These methods are based on successive applications of

the finite element method and the classical Bubnov-Galerkin technique. The finite element

method is used to generate a few global approximation vectors (or modes). The Bubnov-

Galerkin technique is then used to approximate the nonlinear equations, equations (1), by a small

set of nonlinear equations in the amplitudes of these modes. An effective set of modes was

found to be the path derivatives (i.e., the various-order derivatives of the response quantities with

respect to a control parameter (such as load, displacement, or arc-length parameter in the solution

space). The equations used in evaluating the path derivatives are obtained by successive dif-

ferentiation of the original nonlinear equations, equations (1), with respect to the control

parameter. The left-hand side matrix in these equations is the same as that of equations (2). The

details of application of reduction methods to the generation of the equilibrium path are given in

Refs. 8, 9 and 10, and involve the following basic steps:

i) Evaluation of the path derivatives, and formation of the reduced equations which ap-

proximate the original nonlinear equations

ii) Generation of the approximate solutions associated with different values of the control

parameter, using an incremental/iterative approach, in conjunction with the reduced equations.

iii) Sensing the error resulting from the use of the approximate reduced equations. When-

ever the error exceeds the prescribed tolerance, an iterative procedure is used to generate an

improved solution, a new (updated) set of path derivatives, and a new set of reduced equations.

The most time-consuming steps of the procedure are those associated with visiting the

original, full system of equations, namely, generation of an initial (or improved) nonlinear
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solution, and evaluation of path derivatives. Hence, the reduction in the size of the analysis

model used in these steps, as outlined in the succeeding subsection, can reduce the total comput-

ational effort.

2. Operator Splitting

To simplify the nonlinear analysis of anisotropic structures, each of the iesponse vectors in

equations (1) and (2) is decomposed into symmetric and antisymmetric components (with the

same type of symmetry as that exhibited by the structure; or as desired in order to reduce the size

of the analysis model).

Each of the arrays in equations (1) and (2) is partitioned into the sum of the array associ-

ated with the corresponding symmetric response plus correction terms. The resulting equations

are embedded into a single parameter family of equations of the form given subsequently:

}- [- F I II (SIX }{

IS1, L ISl IS•1 ]JIX Mo

I{~ - ( * X =) 5

The recursion fonnula for the rth iteration, equations (4), can be cast in the following form:
jIjK ]S 10 + [(r) +X fA )

(ISI,+[Si] IS [K(r)],, J ItI+[ IJ) fAl ()J

-lfx {fx X

In equations (5) and (6), X is a tracing parameter which identifies all the correction terms

(temis with subscript X) to the arrays associated with the symmetric response (terms with sub-

script o). For X=O, the structure has a symmetric response, and for =l, the response is

unsymmetric.

The equations used in evaluating the path derivatives can also be embedded in a single-
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parameter family of equations and cast in a form similar to that of equations (6).

3. Generation of the Response Vectors

The solutions of equations (5) and (6) at X=O are used in conjunction with either a) a

reduction method, or b) preconditioned conjugate gradient (PCG) technique to generate the

corresponding solutions at X= 1. This results in reducing the size of the analysis model required

for the generation of these solutions. A detailed description of the PCG technique is given ill

Refs. 2 and 6. In this section a brief outline of the reduction method is given.

The method is based on generating a few global approximation vectors at X=0. The

solutions of equations (5) and (6) are then expressed as linear combinations of these global

approximation vectors in the following transformation:

{~} =D: IJV,} (7)
X rx

where I rI and I rx I are transformation matrices and { is a vector of undetenmined coeffi-

cients (amplitudes of global approximation vectors) which are functions of X.

An effective choice for the global approximation vectors (the columns of the matrices I FI)

consists of the solution corresponding to X=0 and its various-order derivatives with respect to X

(evaluated at X=O), i.e.,

F' [Illli DJH H21 f _

IHI I a. - Xo (8)

Irxl=[ { } - }L (9)

The total number of approximation vectors is r, which is considerably smaller than the total

number of degrees of freedom in the model.

The equations used in generating the global approximation vectors are obtained by succes-

sive differentiation of the original equations (Equations (5) and (6)) with respect to X. For

symmetric loading, the vectors 4I |}, and {X and all their even-order derivatives with

respect to X are symmetric, and all the odd-order derivatives are antisymmetric. The Bubnov-

Galerkin technique is then used to approximate the original equations (equations (5) or (6)) by a
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reduced system of equations in the unknown parameters (components of tile vector (iW). The

details of application of the strategy to eigenvalue problems is described in Refs. 3 and 7. Its

application to nonlinear, large deflection problems is described in Refs. I and 6.

IMPORTANCE OF THE COMPLETED STUDY

Because of the requirements of high performance, light weight and economy for future

flight vehicles, and the associated stringent design criteria, the prediction of the response of these

structures is likely to require more sophisticated analysis models than has heretofore been done.

Also, analysis is needed to reduce the dependence on extensive and expensive testing which is

frequently component or mission oriented. Therefore, there is a need for innovative solution

methodologies and effective computational strategies, such as the one developed under tile

present grant, for handling large-scale structural and coupled problems. The work completed

under the present grant is a first step towards filling this need and coupling the physics of the

problem with the solution strategy.
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Table I - Examples of Complex and Corresponding
Simpler Structural Systems

Original Structure Simpler Structure

" Structure with complicated * Structure with simpler geometry
geometry (see Fig. I)

" Anisotropic structure • Orthotropic structure

* Symmetric structure with * Symmetrized structure with
unsymmetric bomndary SYMMETRIZED boundary
conditions conditions

" Three-dimensional elasticity * Two-dimensional first-order
model of laminated shell shear defornation model

" Stiffened shell * Unstiffened shell

* Fine (enriched) grid model * Coarse grid model
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COMPUTATIONAL STRATEGY FOR ANALYSIS OF QUASI-

SYMMETRIC STRUCTURES

By Abmed K. Noor.' Member, ASCE, and Saadra L. Witworthl

AsnmtcT: An efficient computational strategy is presented for reducing
the cost of generating the response of quasi-symmetric structures. The
three key elements of the strategy arc: a) Use of mixed finite element
models having independent shape functions for the internal forces
(stress resultants) and generalized displacements with the internal forces
allowed to be discontinuous at interelement boundaries; b) operator
splitting, or additive decomposition of the different arrays in the
governing equations into the contributions to a symmetrized response
plus correction terms; and c application of a preconditioned conjugate
gradient technique to generate the unsymmetric response as the sum of
symmetric and antisymmetric modes, each obtained using approximately
half the degrees of freedom of the original model. The preconditioning
matrix is taken to be the matrix associated with the symmetrized
response. The effectiveness of the proposed strategy is demonstrated by
means of two numerical examples of an anisotropic shallow panel with
a quadrilateral planform. and an anisotropic conical panel. Also, the
potential of the proposed strategy for solving nonlinear problems of
quasi-symmetric structures is discussed.

'Prof., George Washington Univ., Mail Stop 269, NASA Langley Res. Ctr.,
Hampton. VA 23665.

Programmer Analyst, George Washington Univ., NASA Langley Res. Ctr.,
Hampton, VA 23665.

Note. Discussion open until August I, 1N8. To extend the closing date one
month, a written request must be filed with the ASCE Manager of Journals. The
manuscript for this paper was submitted for review and possible publication on
February II, 1987. This paper is part Ofthe J0mvloaEnirtntMeaak, Vol.
114, No. 3. March, 1988. CASCE. ISSN 0733-9399/88/0003456/1.00 + S.i5 per
page. Paper No. 22267.
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Model-size reduction for
the non-linear dynamic
analysis of quasi-
symmetric structures

Ahmed K. Noor and Jeanne M. Peters
George Washington University, NASA Langley
Research Center, Mail Stop 269, Hampton,
Virginia 23665, USA
(Received March 1987)

A BSTRACT

A computational procedure is presented for the efficient
non-linear dynamic analysis of quasi-symmetric
structures. The procedure is based on approximating the
unsymmetric response vectors, at each time step, by a linear
comhimatio, of symnetric and antisymnwetric vectors, each
obtained using approximately half he degrees oj" feedom
of the original model. A mixed formulation is used with
the fundamental unknowns consisting of the internal
forces (stress resultants), generalized displacements and
velocity components. The spatial discretization is done by
using the finite element method, and the governing semi-
discrete finite element equations are cast in the form of
first-order non-linear ordinary differential equations. The
temporal integration is performed by using implicit
multistep integration operators. The resulting non-linear
algebraic equations, at each time step, are solved by using
iterative techniques. The three key elements of the
proposed procedure are: (a) use of mixed finite element
models with independent shape functions for the stress
resultants, generalized displacements, and velocity
components and with the stress resultants allowed to be
discontinuous at interelement boundaries; (b) operator
splitting, or restructuring of the governing discrete
equations of the structure to delineate the contributions
to the symmetric and antisymmetric vectors constituting
the response; and (c) use of a two-level iterative process
(with nested iteration loops) to generate the symmetric
and antisymmetric components of the response vectors at
each time step. The top- and bottom-level iterations
(outer and inner iterative loops) are performed by using
the Newton Raphson and the preconditioned conjugate
gradient (PCG) techniques, respectively. The
effectiveness of the proposed strategy is demonstrated by
means of a numerical example and the potential of the
strategy for solving more complex non-linear problems is
discussed.
0264 4401/87/030178 1252.A
(n 1987 Pineridgc Prcss Ltd

178 Eng. Comput., 1987, Vol. 4, September
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NONLINEAR DYNAMIC ANALYSIS OF QUASI-SYMMETRIC
ANISOTROPIC STRUCTURES

AHMED K. NooRt and JEANNE M. PETERSt

George Washington University at NASA Langley Research Center, Hampton, VA 23665, U.S.A.

Abstract-An efficient computational strategy is presented for the nonlinear dynamic analysis of
quasi-symmetric anisotropic structures. A mixed formulation is used with the fundamental unknowns
consisting of stress resultants, generalized displacements and velocity components. The governing
semi-discrete finite element equations consist of a mixed system of algebraic and ordinary differential
equations. The temporal integration of the differential equations is performed by using an explicit
half-station central difference method. The three key elements of the strategy are: (a) use of mixed finite,
element models with independent shape functions for the stress resultants, generalized displacements and
velocity components and with the stress resultants allowed to be discontinuous at interelement boundaries;
(b) operator splitting, or additive decomposition of the different arrays in the governing equations into
the contributions to a symmetrized response plus correction terms; and (c) application of a preconditioned
conjugate gradient technique to generate the unsymmetric response of the structure, at each time step,
as the sum of symmetric and antisymmetric modes, each obtained using approximately half the degrees
of freedom of the original model, The preconditioning matrix is taken to be the matrix associated with
the symmetrized response.

The effectiveness of the proposed strategy is demonstrated by means of a numerical example and the
potential of the proposed strategy for solving more complex nonlinear problems is discussed.
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Engineering with Computers 3, 225-241 (1988)
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Parallel Processing in Finite Element Strural Analysis

Ahmed K. Noor
George Washington University, NASA L.angley Research ('enter, Hampton, Virginia

Abstract. A brief review is made of the fundamental concepts
and basic issues of parallel processing. Discussion focuses on
mechanisms for parallel piocessing, constiuction and iiplenien-
tation of parallel numerical algorithms, perforniance evaluation
of parallel processing machiies and nmerical algoiihms, and
parallelism in finite element computations. A novel partitioning
strategy is outlined for maximizing the degree of parallelism on
computers with a small number of powerful processors.
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COMPUTER METIIOI)S IN APPI.IEI) Ml-CIIANIC(S AN) ENGINFERING 71 (1988) 167-182
NOR'IFII-lOIIANI)

A COMPUTATIONAL, STRATEGY FOR MAKING COMPLICATED
STRUCTURAL PROBLEMS SIMPLE

Ahmed K. NOOR and Jeanne M. PETERS
George Washington University, NASA Langley Research ('enter, lampton, VA, U.S.A.

Received 17 February 1988
Revised manuscript received 22 June 1988

An effective computational strategy is presented for the analysis of large and complex structures.
The strategy is based on generating the response of the complex structure using large perturbations
from that of a Iower-order (sinmpler) model associated with a simpler structure (or a simpler
mathematical/discrcte model of the original structure). The three key elements of the strategy arc: (a)
mixed (or primitive variable) formulation with the fundamental unknowns consisting of generalized
displacements and stress parameters; (b) operator splitting, or a reduction method to nelatt the arrays
and degrees of freedom of the original complex structure to those of the simpler system; and (c)
efficient iterative process for the generation of the response of the complex structure starting from that
of the simpler system. The effectiveness of the proposed strategy is demonstrated by means of two
numerical examples.
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Assessment of shear deformation theories for
multilayered composite plates

Ahmed K Ntor and W Scott Burton
George Washington University. NASA 1angle), Research Center, Ilampton, VA 23665

A review is made of the different approaches used for modeling multilayered
composite plates. I)iscussion focuses on different approaches for developing
two-dimensional shear deformation theories; classification of two-dimensional
theories based on introducing plausible displacement, strain and/or stress as-
sumptions in the thickness direction; and first-order shear deformation theories
based on linear displacement assumptions in the thickness coordinate. Extensive
numerical results are presented showing the effects of variation in the lamination
and geometric parameters of simply supported composite plates on the accuracy
of the static and vibrational responses predicted by six different modeling
approaches (based on two-dimensional shear deformation theories). The standard
of comparison is taken to be the exact three-dimensional elasticity solutions.
Some of the future directions for research on the modeling of multilayered
composite plates are outlined.
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Stress and Free Vibration Analyses of Multilayered
Composite Plates

Ahrned K. Noor & W. Scott Burton

Gecorge Wa%hingto~ ii nkcoity. NASA k ingkv Rvscaich (Cemer. Mail Siop 26'9.
I L1111p11m). Virginiia 2.1005-5225. 1 ISA

A hvo-p h jlisi~ It lliaiiol till piiti tt' Iiit psi/ncntd /Or /he at clowic p)redic-

(oillitt'~ /?/lat'. III (e fissi phiia i two-iujeihunl /ifin h, siahew
deIc/0rngatioln i/t'0i5 vi usIed i proettit ghdu~bil re'5ome1 54' tim wrt %1ISit
(vibration frequu'ncws i5(fI /tttd 'tilirtige &%~,u'~ iplatnutI and
rwlliw'7) 1a% $1/ fa v the ill-pline stresvs and stiain toinp/inieixin 11w /if/eill''
laye'rs. Ini the secoind phase'. equilirium equtions. anud tcil.Siitit( reltionsl
of' i/e t/,ree-ditncn iia/ the'ory of t'astjci' (iare used io: (I) ta/cu/atle ite

traiisverve stressesviii( andirains is we/Ias I/ictrail erse strin energy densities
inl the different li y ers; (2) provide better estimiatev for ilt- colpoviii' .s/ear

correction fatctors; aind 0.) cailcilate correc tedl va/ies for tilt vibrationl ft-
(/1 enci's. livplaceents, anuid in -p/am' siraimis and/ stresses.

['or sintply siipporieti p/ates i/h' predictions of the propa set p'r~cedture
atesh/it ito be inl chose (nreebitntiiith i act I/,e-anvniuml c/a lucas
vo/utioltls /or as Ivide lalige 0//antlilioll thit ide git'l'iI /'aitii01. A/sili/it'
potential t/ich proposed procedure lor- lust inl con/tint ioll ivith htmge- s ctie
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ANALYSIS OF MUL.TILAYERED ANISOTROPIC PLATES -o~~c
A NEW LO)OK AT AN OLD) PROBL.EM 8-24C

Alkned K. Noor* and W Scott Buriont
George Washlington University
NASA Langley Research Center

I lainpion, Virgiinia

Abstract

A study is made of the effects of variation in the lainiia-
lion and geometric parameters of multilayered anisotropic
(nonorthotropic) plates on (he accuracy of the siwuic aid
vibrational responses predicted by six miodelinig approaches,
based on two-dimensional shear deformaution theoies. Two
key elements distinguish the present study front previous
studies reported in the literature: a) the standard of coniparihon
Is taken to be the exact gtatee-dimeta.uiiaal elait it), %oiiion,,
and b) qjuantities compared are not limited ito gross rcsponsc
characteristics (egvibration lrctluecie~s, siwali cilcigy

components, average through-thet-thickiiess displacements and
rotations), but include detailed, through -the -hick ness, distIribu -
tions of displacements, stresses and strain energy dcisiie.

The modeling approaches considered include first-order
shear-deformnation theory (with five displacemniit lparaiilcicis in
characterize the deformation in ihe thickness diiection);
first-order theory with the transverse inormial stresses and
strains included (six displacement paramnetes); two higher-
order theories (with I I and IN~ displacement paraimeters); a
simplified higher-order theory (with 5 dislplaC.iInict
parameters); and a predictor-corrector approach, used in
conjunction with the first-ordcr shear deformnationi theory (with
five displacement parametei b in the predictor phase)

Based on the numerical studies conducted, ihe prediclor-
corrector approach appears to be the mnost effective amiong the
six modeling approaches considered. For aiiisymiietrically
laminaied rectangular plates ihe response qounitics obtiiicd
by the predictor-corrector approach are shown it) be in close
agreement with exact three-dimensional elasticity solutiis for
a wide range of lamination and geometric p~aramieters. The
potential of this approach for predicting the response ohmulti-
layered anisotropic plates with complicated geometiry is also
discussed.
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Assessment of Compltalional Models for Mullilayered
Anisotropic IPlates

Ahmcd K. Noor & W. Scott Burton

George Vashington University. MS-269. NASA Iangley Research Center, I la,.po1.
Virginia 23665-5225, USA

A 1/STRA CT

A study is made of t/ie effects of variation in the lami atinit and geometric
parameters of multilayered ani.iotrolir (notiorthotropic) plates on lie
accuracy of the static and uihrational sespoases predicted by eight
modeling approaches, based on tno-dimensional shear-deformation
theories. Two key elements distinguish the i-esent study from pievious
studies reported in the litetature: (1) the standard of comparisoii is taken to
be the exact thrce-dimcnsional elasticity solutions, aid (2) quantities
compared are trot limited to gross response characterisfics (e.g. vibration
frequencies, strain energy' componeit.s, average through -the -thickness

displacements and rotatiots), but include detailed through-the-thickiiess
di stihutio, s of displacements, stresses atid s tain energy densities.

The modeling aplioache.s coiisideied include first-order shear-
deformation theory (with five dislacement parameters to characterize the
deformation its the thickness ditection); first-order Itheoy with lite
traisverse normal stresses aid strains included (six displacement Iara.

meters): tivo higher-order theories (Ovith II and 18 displacement para-
meteis): a simplified higher-oider theory (uith five displacement parta-
meters); discreie-layer theory (with piecethi.e linear vaintioii of the
ii-plaiie displacemepia.s in the thickness direction.); simplified discrete-layer
theory w ith tie conti tYi, of tranisverse stresses imposed at layer interfaces
to reduce tie number of displaceme t patameters to five; aid a predictor-
corrector approach, used it coijunction withli te fitst-order shear-
deformation theory (with five displacement parameters inl the predictor
phase).

Based on the numerical studies comiducted, the predictor-corrector
approach appears to be the most effec(tive among tie eight modeling
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Ahmed K. Noor, 4'. Srotl Moton

a,,roaches con idered. For aniisymmapically laminated rectangular
plates the re.lponse quattities obtained b' the predicior-Corrector
approach ire shos't, to bhe in cose agreeietuf with exact thr ee-dimen.sional
elasticity soiltions for a wide range of lamination and geometric para-
meters. The poteptial of this apoe/ach for ptedicting the Pesponse of
imudtilayered anisotropic plates with complicated geometry is also
discussed.
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STRESS, VIBRATION, AND BUCKLING

OF MULTILAYERED CYLINDERS

By Ahmed K. Noor,' Member, ASCE, and Jeanne M. Peters"

Asw lACT: An efficient computational procedure is presented for reducing the
cos of the stress, free vibration, and buckling analyses of multilayered composite
cylinders. The analytical formulation is based on the linear three-dimensional the-
ory of elastkicy. The cylinders ar assumed to have simply suppoted curved edges,
and the fibers of the different layers are either in the circumferential or longitudinal
direction. The fundamental unknowns consist of the six stress components arnd the
tbee displacement components of the cylinder. Each of the variables is expressed
in terms of a double Fourier series in the longitudinal and circumferential coor-
dinates, and a two-field mixed finite element model is used for the discretization
In the thickness direction. 1 he cylinder response associated with a range of Fourier
harmonics in the longitudinal and circumferential directions is approximated by a
lincai combination of a few global approximation vectors, which ae generated at
paricular values of the Fumier hmmonics, within that range. The full equations
of the finite ckumwzni model aic solved for only a single pair of Fourier harmonics,
and the response coiresponding to the Other Fourier harmonics is generated using
a reduced system of equalions with considerably fewer degrees of freedom.
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( Three-Dimensional Solutions for
A K. Noor Antisym metrically Laminated

Professor.
Fellow, ASME Anisotropic Plates

W. Scott Burton Analytic three-dimensional elasticity solutions are presented for the stress and free
Research Scientist, vibration problems of mullilayered anisolropic plates. The plates are assumed to

Assoc. Mem, ASME have rectangular geometry and antisymmetric lamination with respect to the middle
plane. A mixed formulation is used with the fundamental unknowns consisting of

George Washington University, the siv stress comtponents and the three divplacement components of the plate. Each
NASA Langley Research Center. of the plate variables is decomposed into symnmetric and antisymnmnetric components

Hampton, VA 23665 in the thickness direction, and is expressed in terms of a double Fourier series in the
Cartesian surface coordinates. Extensive numerical results are presented showing
the effects of variation in the lamination and geometric parameters of composite
plates on the importance of the transverse stress and strain components.
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POTENAAL OF MIXED FORMULATIONS FOR
ADVANCED ANALYSIS SYSTEMS

A. K. Nona aond i. M. Printi
George Washington U~niversity, NASA Langllley Reltearch Center, Ihampton, VA 23665. U.S.A.

( Recdaved .*e.) AQ

Abstract-Two recent application.. or the combined use of miixed formulation with splitting methodolo- SEE O'.IE'Y
gics. and reduction methods are pre-tented. Discussion rocuiel on how the combination can significantly N
improve the clficiency of the computational process and enhance the physical understanding or the M?'
resrnse. Numerical examples are presented which demonstrate the unique featifrs and potential of mixed -

formulations in advanced analysis systenis.
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BUCKLING AND) POSTIIUCKI NG ANALYS[ES OF
LAMINATED) ANIS(YIROPIC STRUCTFURES

Ahmed K. Noor4' and Jeanine M. Peterst
George Washiingtoni I n iversity Center, MS- 269

NASA Langey Research Centecr, I lanipton, VA 23665, U.S.A.

ABHSIR ACT

A ieview is given of recent advances in two aspects of the numerical simulation of the buckling

and posthuckling responses of comiposite structures. The first aspect is exploiting nontraditional

symmetries exhibited by composite structu~res; and1( strategies for reducinig the size of tlie miodel

and the cost of the buckling and postbuckling anialyses in the presence of symmetry-breaking

conditions (e.g., unsymnietry of (lie material, geometry, and/or loading). The second aspect

pertains to the prediction of onset of local dehuiiination in tlie posibuckling range and accurate

determiination of transverse shear stresses in the structure. Thle accuracy and effectiveness of the

strategies developed are demonstrated by means of a numnerical examiple.
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Novel Computat otial Strategies For Solution of Large-Scale
Structural Problcems

Ahmied K. NOORmad Jeanne M. lII1VFRS

George Washinigton Uniiversity
NASA Lanigley Research Center
I lamlflpot, Virginiia

Summiary
No vel cimipltat ioial strategies are piesentec fw a the ann lysis of large antd complex siuct ilCs.
Tlhe strategies are based ont generating the response of the complex structure uising Im-ge
petu')Itaions froum that of a simpler imoel, asswici:td withi a simpler situcture (o)r a simipler
mathematical/dliscrete miodel of the originial stuciture). Numerical exampll1es are presenited to
(lemonistrate the effectiveness of the strategies (leveltopedl.
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ASS!SSMFNT ()1 C()MI) ITATI()NAL MOIEI.S FOR
Mi l'lL,AYFRI-I) COMI'OSITI, CYIINI)FRS

Ahmed K. Noor, W. Scott llilllon and Jeanne M. Peters
(leorge Washington University

NASA langley Research ('enter
I liullloin, Virginit 23665

ABSTIIACT

A study is made of lite effects of variation in [lie luinalion and geometric paranelers of

multilayered compositt cylinders on tie accuracy or tie smatic and vibrational responses pre-

dicted by eight modeling approaches, base( on (wo-dilnensional shear-deformualion shell

theories. The standard of conparison Is Ikent 1t)e lhe exacl three-dimensional elasticity soli-

lions, and tie quantities comiipared include both Ihe gross response characteristics (e.g., vibration

frequencies, strain energy components, average through-lie-lhckness displacements and rotla-

lions); and detailed, through-die-lhickuess, distributions of displacements, stresses and slrain

energy densities.

Blased on lite ntumerical studies couducted, it )rediclor-corrector approach, used in conjunc-

lion with tlie first-order shear-deformation theory (with five displacement paralielers il lthe

predictor phase), appears to be the most effective iiong tie eight imodeling approaches coln-

sidered. For uullilayered orlhotropic cylinlders lite response quantities obtained by lite

prediclor-correclor approach are shown to be iu close agreement with the exact three-

dimensional elasticity solutions for a wide range of laminalion and geometric parameters. The

potential of this approach for predictiug lite response of multilayered shells with complicated

geonletry is also discussed.
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BUCKLING AND POSTBUCKIING OF TIIIN-WALLED
COMPOSITE STIFFENERS

Ahmed K. Noor id Jeame M. Peters
George Washingtoii University

ABSTRACT

A review is given of the different types of symmetry exhibited by [ie prebtickling, buck-

ling and posibuckling responses of composite siffeners. A simple and efficient computational

strategy is presen~ted for generating bolh the posbtickling response and [lie sensitivily deriva-

tives, with respect to lamination and material paramelers, in the presence of symmelry-breaking

conditions. The potential of the foregoing strategy for solving practical space structures prob-

lems is discussed, and its effectiveness is demonstrated by means of a numerical example of ihe

postluckling arid sensitivity analyses of a composite stiffener with a zee-sectlion subjecled to

uniforu end shortening.

2
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PREICTI(OR -C(RREC("OR P'ROCEDUIREIS FOR STRESS ANID
MERIP VIBRATION ANALYSF.S Or MI~LTILAYERED

$COMPOSITE3 PL ATEiS ANI) SlI,11

AhmedC~ K. Notir. W. Scolt Rilm~i 1111(1 leic M. Peters
(11n, ge W.-Ishlgtl', I Illiversity
NASA Li ngkry flesenui ('entup

I Iniiptoii, Virgiiniu 23665

AIISTRA('I

A st11(y is t11:le (ir two prdcl~or-corCtnt pr('cC(Iurs ror thea f rleI~t determliiltiou of thle

globll as w/Cit "Is detailed, stltic arid( vibratiol11l responise (111rctrist ics of phlues atnd Shells.

flotI procedtres uise first-wrder shear, (efornnhtimi thenry in tile predictor phase, ht differ ill tile

elements of fihe vo111,1iintiali modxel beinig adljtustC( iin file corrector phinse. TFie first procedure

cadctil11tes al posfrriori estitwttecs (if tile comlposite cot rectiout factors arid( usesS thiem to itlst tile

tr-nnsverse shiear stiffriesseg of thle ple (or shell). The sCcovil procedltire calculates a1 p0XfrP1?id

thle finlctioi'll (lependeliCe of the (lis1tucctillelt cIMP(Mlts til the thickniess, Cooldillsie. 'Vie

corrected qIhtities tire tlin itsed ill conjuniction Witli the three-IillCielsioli'l cqtlittions to obtin

Ietter estimltes for file differcrit respouise (ImariIti cs. Extensive immericgal resilts are presciteel

show ing thle Ceffects or VilIr-ivi jl 1ii thle geohlictric and1( himiinion patrnnelers for nut isymmetri-

catlly lImll11td till i Sotropic phltes, nnid Simply stipportedl imiltilhyeredl nthotropic cylil(ICI5, onl

the nccuracy of tile firienr static and free vibrationad responises obtained by thle predlictor-corrector

protceduires. ('mip.irismi is aliso 11111le Wiit thle solutlionls obtained hy other comptantionii modxels

bhised onI two-dimlenlsionai shetir deformntion theories. ror each probletm the stmidatrd 46 comi-

parisori is tnken; to he thle minlytic three-dimenisioni clisticity soliuion. The numerical examples

clearly denionsirnie theaiccurticy nnud effectiveniess of thle predictor-corrector procedures. I
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