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ABSTRACT

This paper provides a linear time algorithm for determining the minimum separa-
tion required to route a channel when the connections can be realized in one layer. It
generalizes similar results for river routing by allowing single-sided connections. The
approach can also be used to obtain a simplified routability test for single-layer switch-
boxes (routing in a rectangle).
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1 Introduction

" In recent years, a good deal of attention has been given to the problem of planar or single-
layer wire routing for VLSI chips. Especially popular has been river routing in the restricted
sense of the term, i.e., the connection of two parallel rows of corresponding points! 17, 13,
10, 16, 4. 18}. Other works have considered routing within a rectangle [2]. placement and

routing within a ring of pads (1], or routing between very general arrangements of modules

(12,9, 3].

These works have considered various wiring models (e.g. rectilinear or general) and
several specific questions. Generally, there is some tradeoff between the generality of the
wiring patterns considered and the sophistication of the questions asked. Asking for the
best placement or routing of complicated arrangements of modules or-wifes would require
solution of an NP-complete problem [14, 7, 8, 11, 6], but relatively sophisticated questions
can be efficiently answered in the case of river routing. {See [13] for a particularly exhaustive
list of specific probleins in riverrouting.) In particular, the minimum separation problem
(17, 13, 10, 16, 4] involves determining the minimum separation for two horizontal rows of
terminals (in fixed horizontal positions) which will allow the routing to be performed. This
problem can be solved in linear time under the rectilinear and most other wiring models
[13, 10, 186, 4], less time than is required to perform the complete routing.

This paper concentrates on showing that the minimum separation problem (in the rec-
tilinear wiring model) can be solved in linear time for any single-layer channel routing
problem, even with single-sided connections. In the process, this paper clearly provides
a linear-time solution to the routability problem which simply asks whether a routing is
possible given a fixed vertical separation as well as fixed horizontal positions of the termi-
nals. We also briefly discuss generalization from channels to switchboxes, demonstrating,
in particular, a simple routability test for switchboxes. Comparable results could be ob-
tained fairly directly from the work of Cole and Siegel [3], but this paper gives a simpler
exposition by concentrating on the special cases of channels and switchboxes. Detailed but
concise pseudocode is provided for the channel separation problem.

One of the motivations for considering the minimum separation problem for single-
layer channels is recent work on a heuristic multi-layer channel router, MulCh [5], which
finds good solutions to general channel routing problems by dividing them into essentially
independent subproblems of one, two, or three layers. A main step in MulCh is to greedily
partition the nets once a set of layer groups has been determined. As each net is considered,
it is assigned to the group where the resulting subproblem seems to be the one requiring the
least separation. For two and three layer subproblems, density and length of the longest
VCG? path provide good measures of routing difficulty, but for a single-layer problem, these
can be very poor measures. Since MulCh must consider a large number of potential net
assignments, it settles on the density measure, an easy linear time calculation, to evaluate

IThis is the only usage of the term “river routing” in this paper; more complicated variations of the
problem are referred to as “single-layer” or “planar” routing.

2The vertical constraint graph is formed by using a node to represent each net and including an edge
from net A to net B if a pin for net A appears above a pin for net B in some column of the channel.
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Figure 1: A representative single-layer channel routing problem. Each terminal T among
the top terminals {t;} or the bottom terminals {b;} must connect to exactly one terminal
mate(T).

assignments to single-layer groups. Incorporating the linear time minimum separation
algorithm of this paper instead, would provide MulCh with a greater ability to make good
net partitions.

The remaining sections of this paper provide a more detailed definition of the single-
layer channel routing problem, the algorithm for finding minimum cbannel separation, and
discussion of the generalization to switchboxes.

2 Problem Definition and Notation

Figure 1 illustrates a single-layer channel routing problem and some of the notation to be
used. The terminals along the top and bottom are labeled t,,%s,...,tn and by,b,,..., by,
respectively. In river routing, the problem would be to connect ¢; to b; for every i; in
our more general channel routing problem we allow single-sided connections as between b,
and bg in Figure 1.° For each each terminal T, we use the notation mate(T') to represent
the terminal which is to be connected to T.* We w50 make the notation for termi-
nals do double duty; where a terminal appears in an »1**hmetic context (comparison or
subtraction), it will represent the x-coordinate or horizc.. al position of the terminal.

A few details remain in order to fully define the problem. First, in this paper, we
assume a rectilinear wiring model in which all wires lie on the lines of an underlying grid
and the terminals on grid points. Secondly, though wires are required to stay unit distance
apart, it is convenient to assume that wires may be routed immediately alongside the
channel boundaries. If practical considerations require that wires not run along the channel

3We use the term “single-sided” for these connections even though the term “sides” is sometimes used
to refer to the left and right of the channel as opposed to the top and bottom where the terminals lie.

4This restriction to two-point nets represents no loss of generality in the case of single-layer routine.
since it is easy to transform probiems with muititerminal nets to problems with only two terminal nets
(but a larger number of nets) and to perform the reverse transformation on the routings obtained.




boundaries (except perhaps when connecting terminals on adjacent grid points along the
top or bottom of the channel), the results in this section can be applied by simply routing
wires one unit into the channel from each terminal, determining the minimum separation of
the new rows of terminals, and adding two to obtain the separation of the original channel
boundaries. The only case where this will not yield the optimal result is when all the nets
are trivial in the sense that each net simply runs straight across the channel or connects
adjacent grid points on the channel boundary. It is easy to check for this special case. so
this paper assumes that routing along channel boundaries is permitted.

3 Finding Minimum Channel Separation

This section shows how to determine minimum separation for the channel routing problem
just described. The first step in the demonstration is the invocation of a general theory
of single-layer routing {12, 3| specialized to channel routing in order to obtain a set of
necessary and sufficient conditions for routability. Then it is shown that we can reduce
the number of conditions which must be checked, and, finally, that the minimum channel
width satisfying the conditions can be determined in linear time.

It is most convenient for us to use the single-layer routing theory of [12] in a slightly
altered form consistent with the approach of Cole and Siegel [3]. The basic idea of the
theory is that rouiability can be decided by checking whether a limited collection of cuts
are safe. Roughly, a cut is a line segment from top to bottom of the channel, and it is safe if
there is enough room for all the nets which must cross it to do so. The alterations to Maley's
theory were foreshadowed when it was indicated that we will allow routing along channel
boundaries. Tt is convenient to have the terminals and the two channel boundaries play the
role of features in the theory of [12]. Though this represents a change in that wires were
required to stay unit distance away from nonterminal features in [12], it is only necessary to
slightly alter a few definitions by considering cuts as closed rather than open line segments.
The key definitions which place the theory in the form we desire are summarized below.

Definition: A critical cut is a line segment connecting a terminal on the top
of the channel to a terminal on the bottom or a line segment running from a
terminal straight across to the other channel boundary.

Definition: The flow of a cut ¢, denoted flow(c), is the number of wires which
must cross ¢, including the wires incident at an endpoint of ¢. More precisely,
the flow is the number of nets that have terminals lying on opposite sides of ¢
or that have a terminal coincident with an endpoint of c.

Definition: The capacity of a cut ¢ from b to ¢, denoted cap(c), is |[6 — || + 1,
where ||-|| represents the £, norm, i.e., ||(z,y)|| = max {|z|, |y|}

Definition: A cut c is safe if an only if flow(c) < cap(c).




We can now state formally, the result which we need from the general theory of single-
layer routing.

Lemma 1 A channel is routable if and only if all of the critical cuts are safe.

Proof. The lemma follows immediately from the corresponding result in {12, p. 40] using
slightly different definitions. ]

The restriction to checking critical cuts gives us O(N?) conditions which must be
checked, where N = m + n is the number of terminals. In the river routing problem.
it can be shown that it suffices to check a smaller set of O(/N) cuts, but when single-sided
connections are allowed it is not evident how to reduce the number of cuts below Q(.V?).
Nonetheless, it is possible to eliminate some of the critical cuts in a manner dependent on
the flows and capacities of the cuts, leaving a set of cuts for which the flows and capacities
are sufficiently nicely related that linear time suffices to determine the minimum channel
width that makes all the cuts safe.

The necessary limitation on the critical cuts to be checked is provided by the simple
distinction between dense and sparse cuts. A sparse cut is one which is safe regardless of the
channel separation, i.e., the horizontal distance between the cut endpoints is large enough
relative to the flow that the cut is guaranteed to be safe. Any cut which is not sparse is
referred to as a dense cut. For convenience, we also classify as dense any cut running from
a terminal straight across the channel. (Such a cut is both sparse and dense if its flow is
1.) Thus, any channel routing problem has dense cuts, and, in fact, any terminal is the
endpoint of some dense cut. With the distinction between dense and sparse cuts, we can
provide a simple expression for the channel separation as given in the following corollary
to Lernma 1.

Corollary 2 Minimum channel separation is given by —1 + max flow(c).
¢ daense
|

The next key observation is that the set of dense cuts emanating from any given terminal
form a “cone”. In Figure 2, for example, the dotted and dashed lines show all the critical
cuts emanating from terminal a on the bottom of the channel. Terminal [ is the leftmost
terminal on the top for which the cut from a is dense, and terminal r is the rightmost
such terminal. The critical cuts to points between [ and r inclusive are all dense, while
the cuts outside of this cone are all sparse. To see that this situation prevails in general,
just compare any sparse cut to a cut “immediately below” it. For example, in Figure 2,
the sparsity of cut [a, s] implies that cut [a,s’] must be sparse. This is true because the
horizontal extent of [a, s'] is greater than that of [a, s, but the flow of [a, s'] can be at most
one greater than that of [a, s]. (In this example the flows are the same.)

The basic idea of the algorithm for finding minimum channel separation is to sweep
a cone of dense cuts across the channel, moving the apex of the cone along the bottom
terminals. As we sweep across the channel, we compute the maximum of the flows of the




Figure 2: The dotted and dashed lines show the sparse and dense cuts, respectively, emanat-
ing from terminal a. In general, the dense cuts emanating from any terminal form a “cone”.
This figure also shows the dummy terminals (hollow circles) which are added for convenience
in detailing the algorithm.
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Figure 3: The dense cuts are checked by sweeping across the channel from one bottom to
terminal to the next, maintaining a cone of dense cuts incident to the bottom terminal. At
each stage. the algorithm keeps track of the maximum of the flows of all dense cuts seen so
far.

dense cuts. By marching the apex of the cone only along the bottom, we may miss straight
cuts emanating from top terminals, but this omission can be remedied by adding dummy
bottom terminals at z-positions which have a top terminal but no bottom terminal. (For
any dummy terminal 7, mate(T) will have a special null value.) In fact, for simplicity
of coding the algorithm, it is convenient to also add dummy top terminals at z-positions
which have a bottom terminal but no top terminal. The positions of the dummy terminals
are illustrated in Figure 2.

The cone sweeping approach is illustrated in Figure 3 which shows the cone of cuts
as we move the apex from one bottom vertex to the next. In the figure, [ and r are the
leftmost and rightmost top terminals for which the cut from a is dense, and I’ and ' play
the same roles for the next bottom terminal a’. The main loop of the algorithm involves
moving the apex of the cone through the bottom terminals from left to right. At each
stage, we update the leftmost and rightmost top terminals corresponding to dense cuts,
and, as will be explained further below, we maintain a collection of the flow values of cuts
within the cone. The maximum of these flow values is compared to the maximum seen so
far so that the global maximum is known at the end of the sweep.

The first step in showing that the channel separation algorithm runs in linear time is to




argue that each of the top boundaries of the cone of dense cuts moves monotonically across
the channel. That is, with reference to Figure 3, I is at least as far right as [, and ' is at
least as far right as r. This a consequence of the fact that thc dense cuts emanating from
any terminal form a cone (as applied to a top terminal rather than a bottom terminal).
This assures us that there are only a linear number of steps involved in moving the leftmost
and rightmost top terminals of interest as the apex of the cone moves along the bottom
terminals.

Now we simply need to show that we can maintain the maximum of the flows of the
dense cuts without exceeding linear time as the cone sweeps across the channel.

First of all, note that each step of pushing the rightmost top terminal one terminal to
the right is a constant time operation. It merely requires computing the flow of a new cut
whose flow differs by ~1, 0, or 1 from the flow of the “preceding” cut. Let us define a
function flowdiff to represent this difference:

flowdiff(p, ¢, ) = flow([p, q]) — flow([p, r}) .

When ¢q and r are adjacent terminals on one of the channel boundaries, the value of
flowdiff (p, q,r) can be computed by checking on which sides of the cuts [p, ¢] and [p, ]
the mates of ¢ and r lie. As the rightmost top terminal is moved right, each new flow is
associated to the relevant terminal and tallied in a table of flows in the current collection
of cuts as illustrated in Figure 4.

The second operation we must treat is that of moving the leftmost top terminal one
terminal to the right. This operation can be performed by looking up the already computed
flow associated with the terminal being dropped from the cone at the left. Once we know
this flow, we simply decrement the appropriate tally in the table of flows.

Finally, though it is less obvious, constant time also suffices to move the apex of the
cone one terminal to the right while retaining the correct values of the flows of the cuts to
the top terminals. This is true because when the apex of the cone moves one terminal to
the right, the flows of cuts to relevant top terminals all change by the same amount (0, 1.
or —1). That is, for all top terminals which are in the cone of dense cuts for both the old
and the new apex, the change in flow is the same. A straightforward case analysis shows
that if this were false, there would have been a cut of unit flow at the borderline between
the cuts which experience different flow changes. But this cut and those below it would be
sparse and therefore cannot be in the cone of dense cuts for both the old and new apex.
Thus, when the apex of the cone moves, it is only necessary to adjust a flow offset which
will be applied to all the flows in the table once the upper range of the cone is updated.

The only trick that remains is to keep track of the maximum flow of cuts in the table.
Then after each movement of the apex and the appropriate adjustment of the leftmost and
rightmost top terminals, this maximum flow plus the flow offset is compared to the running
maximum over the whole channel. It is easy to update the maximum of flows in the table
when a new flow is added; just compare the new flow to the old maximum. Fortunately, it
is also unnecessary to do any searching when a flow is removed. Since adjacent cuts differ
by flow at most one, the flow values which have nonzero tallies in the table will always
be a continuous range of integers. Thus, to update the maximum flow in the table, it is

6
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Figure 4: The table used to tally the flows in the current collection of dense cuts.

only necessary to subtract 1 from the maximum if the flow being removed equals the old
maximum and is the last flow of that value in the collection.

The arguments provided above suffice to show that the procedure in Figure 53 computes
the minimum channel separation in linear time. Below is a more detailed guide to the code
in Figure 3.

The variables in Figure 5 are used as follows. The variable apez represents the index
among the bottom terminals of the apex of the cone of cuts. The variables left and right
are used to keep track of the indices among the top terminals of the leftmost and rightmost
endpoints of dense cuts einanating from the apex of the cone. The array flow, as modified
by the variable offset associates to top terminals delimited by left and right the flow of
the cuts to these terminals from the apex of the cone. The array tally corresponds to
the table in Figure 4; for each possible value of flow, it keeps track of the number of top
terminals delimited by left and right which correspond to that value. The variable mazflcw
is the maximum index of taliy for which the value of the array element is nonzero. That
is, mazflow represents the maximum value of flow corresponding to a terminal delimited
by left and right. Finally, separation is the running maximum (minus 1) of the flows of all
dense cuts in the channel.

The initializations for procedure CHANNEL-SEPARATION are found in lines 1-6. Line 1
is used to conveniently ensure that straight cuts will be checked and the cone of dense cuts
will never be empty. Initially, the apex of the cone is at the leftmost bottom terminal and
the single cut in the cone is [b, ¢1]. (The cone will be expanded later if necessary.) Lines 5-6
initialize the flow collection to contain just the information for the cut [b,¢;]. Note that a
range of —n to n + %(m + n) for the indices of tally is certainly adequate since the flow of
any cut is in the range [1,3(m + n)], and the offset is in the range {—n,n]. Furthermore,
for the cuts we consider at a given position of the apex, flow minus offset is upper bounded
by (m + n). Hence the range of indices used in line 6. (Additional analysis may restrict
the necessary range of indices further, but the range used is certainly sufficient.)

The main loop of procedure CHANNEL-SEPARATION, comprising the cone sweeping
cperation, is found in lines 7-26. There are four main parts to this loop. Lines 8-16
tsove the rightmost top terminal under consideration towards the right until the nezt cut
from the apex would be sparse (and directed towards the right from the apex). Similarly,
Lines 17-23 move the leftmost top terminal under consideration towards the right until the
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procedure CHANNEL-SEPARATION
Add dummy terminals (with null mate:) so that every z-position with a
terminal has both a top and bottom terminal. yielding top and bottom
terminal sets {ty,t2,...,tiaee} and {b1, b2, ..., b1ase}-
aper — 1
left — 1; right — 1
offset — 0 : flow(1l) — flow([by, t1])
(offset + flow(right) = flow([bapez, tright]) always)
mazflow — flow(1)
tally(i) — 0 for —n < i < %(m-{- n) ; tally(flow(1l)) — 1
while aper < last
while right < last
flow(right + 1) — flow(right) + flowdiff(bspez, tright+14 tright)
if tright+1 — bapez > max {1, flow(right + 1) + offset — 1} then
break (sparse cut)
endif
right — right + 1
tally( low(right)) — tally(flow(right)) + 1
mazflow — max {mazflow, flow(right)}
endwhile
while b,;.; ~ tier > max {1, flow(left) + offset — 1} (sparse cut)
tally(flow(left)) — tally(flow(left)) — 1
if mazflow = flow(left) and tally(flow(left)) = 0 then
mazflow — mazflow — 1
endif
left — left + 1
endwhile
separation — max { separation, mazflow + offset — 1}
aper «— aper + 1 and offset — offset + flowdiff(¢rigat, bapezs Baper~1)
endwhile

Figure 5: This algorithm computes the maximum of the flows of the dense cuts, thereby
determining the minimum channel separation for which all cuts are safe. Comments appear
inside angle brackets. Variable names are set in italics; function names appear in roman type.




cut running from it to the apex is not sparse (or it is not to the left of the apex). The
dense cuts then correspond to the top terminals which are at least as far right as left and
at least as far left as right. Line 24 updates the running maximum of the flows of the dense
cuts. Finally. line 25 moves the apex of the cone one terminal to the right along the bottom
terminals and updates the offset to the table of flows being maintained. "Vithin the loop
that updates right, the main steps are computation of the new flow and updating of the
flow collection and marflow illustrated in Figure 4. Within the loop that updates left the
operations involved are to update the flow collection by looking up the flow value tu: the
cut being dropped from consideration and then to update mazflow by taking advantage of
the contiguous nature of the nonzero values in the flow collection as described above.

4 Switchbox Routability Testing

This section considers extension of the above results from channels to switchboxes. That
is, terminals are allowed at the sides of the channel instead of just at the top and bottom.
With floating side-terminals, the probl .m is shown to easily reduce to the problem without
side-terminals. When side-terminals are fixed, it is shown how to obtain a linear time
routability test which is somewhat simpler than that of Chang and JaJa [2].°

The first variant of switch box routing, in which side-terminals are allowed to float
to arbitrary y-positions may be thought of as merely an extended chargel (figuratively
and literally). (Included in this notion of floatability is that there are no single-sided side
connections.) It suffices to extend the channel, place the side terminais along the top or
bottom of the channel, and solve the problem as before. As long as there are no single-
sided side connections, the wires attached to the former side terminals must cross the former
channel sides, so any routing for the new problem can te converted to a routing for the old
problem by merely truncating some wires.

When the side-terminals are fixed, a linear time routability test is obtained with little
more than two applications of the procedure CHANNEL-SEPARATION. After applying that
procedure to the terminals at top and bottom of the switchbox and then applying it with
the appropriate shift in orientation to the terminals at left and right of the switchbox, it
is only necessary to check for safety of the cuts which connect perpendicuiar sides of the
switchbox. Fortunately, checking these corner cuts is as easy as for river routing without
side connections [3]; we need only check the diagonal cuts, which is a simple, linear time
procedure.

5 Conclusion

We have demonstrated simple linear-time algorithms for several single-layer routing prob-
lems. Specifically, we can determine minimum width for channels or channels with floating
side-terminals, and we can test routability in a switchbox with all terminal positions fixed.

SPinter also considers this problem [14, 15], but his linear tiie routability test contains a bug.




Further directions for research involve minimizing channel width or switchbox area with
other types of constraints on terminal positioning.
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