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Summary

Our research program aims at developing and applying theoretical, numerical,
and graphical tools for the quantitative description and deeper understanding of
the transition phenomena and at relating transition phenomena to the
processes in the viscous sublayer of turbulent flow. Toward these goals, a
spectral code for linear stability analysis has been developed that allows easy
adaptation to a large variety of basic flows and stability equations. This code is
the basis for extensions to analyze secondary and nonlinear stability in parallel
and nonparailel flows. Improved numerical techniques have been developed to
reduce the computational demand of secondary instability studies. A new
approach to convective instability analysis in nonparallel flows on the basis of
parabolized stability equations (PSE) has been developed for incompressible
and compressible flows. Encouraging results have been obtained in the areas
of linear, nonlinear, and secondary instability. The PSE code appears as a
viable alternative to DNS codes that allows transition simulations at a small
fraction of the computational cost.




1. Objectives

Our research program aims at developing and applying theoretical, numerical, and
graphical tools for the quantitative description and deeper understanding of the transition
phenomena and at relating transition phenomena to the processes in the viscous sub-
layer of turbulent flow. In detail, the program aims at the following topics

(1) The effect of nonparallelism and TS amplitude growth on secondary instability.
(2) Secondary instability of longitudinal vortices in parallel and nonparallel flows.
(3) Secondary instability of oblique waves in boundary layers.

(4) Perturbation analysis of nonlinear interactions between competing modes of secon-
dary instability. Interaction between 2D and 3D fields in the breakdown stage.

(5) Analysis of numerical transition simulations and three-dimensional threshold states.

The first-year effort focused on items (1) - (3), (4a, 2D-3D interaction), and (5b, threshold
states).

2. Achievements

The variety of basic stability problems related to our studies spawned major efforts
to develop stability codes on a common basis of program modules. These efforts were
supported by the regrettable loss of a considerable part of my software and data (via
unreadable tapes) when | had to return the workstations previously used (and on loan to
OSU) to VPI & SU.

A second major effort was to attract students and to prepare them for this research
program - an effort that was not fully successful. Instead of the planned simultaneous
attack on a variety of problems, we have concentrated on the most promising areas and
achieved progress in particular with a new approach to boundary layer transition based
on parabolized equations. A more detailed report is given in the following

2.1. The Stability Code ‘‘Linear.x”

We have developed a stability code named “linear.x” that is sufficiently generic to
allow analysis of incompressible and compressible stability problems. The code is highly
modular such that different numerical methods can be implemented. The standard ver-
sion uses single-domain spectral methods to solve the boundary-value problem directly.
This choice, though not most efficient in terms of computer time, permits obtaining spec-
tra of eigenvalues or single eigenvalues and eigenfunctions. Optionally, the program pro-
duces tables of eigenvalues and curves (e.g. neutral curves) in one coordinate plane of a
three-dimensional parameter space.

Various built-in transformations account for shifted and/or stretched, semi-infinite,
and infinite domains. Normally, the boundary conditions are satisfied in the end points of
the physical demain, without artificial domain truncation. For single eigenmodes in semi-
infinite domains, the asymptotic properties can be incorporated with this approach. In
infinite domains, incorporation of asymptotic properties requires the use of two-domain or




multi-domain methods that have been implemented in a new version of the code.
Account for the asymptotic properties is convenient or even indispensable when dealing
with modes that slowly decay such as TS waves or Gortler vortices of small wavenumber.
The use of multi-domain spectral methods in general increases the resolution for critical
layers away from the boundaries such as the neighborhood of the generalized inflection
point at high Mach numbers. As an alternative to the spectral approach, the compact
finite-difference scheme of Malik (1988) has been implemented in a separate version of
the code.

The code is void of any particular physical stability problem. The stability problem is
condensed into four insert files that are included at compile time and can be prepared
without any change to the stability code. The first of these insert files defines array sizes
and contains the number of collocation points and the characteristics of the stability equa-
tions, such as the number of variables, constants, and parameters and the order of
differentiation. The second file contains declarations of complex variables. The third file
provides the basic flow for the stability analysis by direct calculation or reading from exist-
ing files. The last file defines the coefficients of the system of stability equations and their
derivatives with respect to the parameters. This file can be produced by manual deriva-
tion of the equations or by using symbolic manipulators (Macsyma, Mathematica).

The operation of the batch version of the stability code is controlled by two files the
first of which defines boundary conditions, domain transformations for the spectral
method, and constants. The second input file controls the tasks to be performed and pro-
vides the relevant paramater values. An interactive version of the code has been
developed and is under continuous development as the primary tool for our research.
The interactive version is menu driven and provides output in form of text and color
graphics. This more efficient research code to analyze spectra and the properties of
eigenfunctions, and to monitor the resuits of traverses in the parameter space graphically
was necessary to better grasp the content of the output and to shorten the multi-level pro-
cedure of obtaining plots locally, while the computations are performed on the Cray.

The interactive version of “linear.x” is the basis for other codes that implement the
perturbation analysis of nonlinear modes and mode interactions, Floguet analysis of
secondary instability, and the local stability properties in nonparallel flows.

The batch version of the stability code has been documented and an introduction to
its use will appear in the proceedings of the NASA/ICASE Workshop on Stability and
Transition. A preprint of this paper is contained in Appendix A.

The insert files for the stability code have been produced and tested for the most
common stability problems in incompressible flows. Available basic flows are boundary
layers (flat plate, curved wall, Falkner-Skan, rotating disk, Falkner-Skan-Cook), plane and
circular Couette and Poiseuille flows, and mixing layer. Compressible basic flows avail-
able in consistent format are similarity solutions for boundary layers (plane and axisym-
metric), the viscous normal shock, and the compressible plane Couette flow.

The code and selected insert files have been distributed to students, various col-
leagues, and participants in the NASA/ICASE Workshop on Stability and Transition. At




this Workshop, | was member of the panel on “Theory of Stability and Transition.” The
position paper submitted for the proceedings (Appendix B) reflects some of the work
under this grant.

2.2. Perturbation Analysis of Nonlinear Secondary Instability

A perturbation analysis of the nonlinear interaction of three-dimensional secondary
modes with the basic flow and two-dimensional primary TS waves has been performed
together with J. D Crouch under AFOSR Contract F46920-87-K-0005. This work has
been continued in cooperation with J. D. Crouch who is now Postdoctoral Fellow at NRL.
Our efforts aimed at identifying types of interactions and threshold conditions for the
breakdown of the laminar flow. The effect of higher-order terms has been analyzed and
documented. The study has been extended to lower frequencies where no experimental
data can be obtained nor computer simulations can be performed. Our results show that
transition at the more realistic lower frequencies is quite different from the known
processes at high frequency and low Reynolds number studied in all previous work.

Some of our findings on threshold conditions were reported at the IUTAM Sympo-
sium “Laminar-Turbulent Transition” in Toulouse. The paper submitted for publication in
the proceedings is contained in Appendix C. A more detailed description of the perturba-
tion method, results for subharmonic and fundamental routes to transition, and com-
parison with experiments has been submitted for publication in Journal of Fiuid Mechan-
ics (Appendix D).

2.3. Perturbation Analysis of Nonlinear and Nonparallel Stability

To prepare for the analysis of streamwise variations on the evolution of secondary
instabilities, we have clarified the effect of such variations on the stability of TS waves in
(similar) boundary layers with or without pressure gradients. Various misconceptions and
incorrect results in the literature have been revealed and a correct and consistent set of
new results generated. These results largely confirm those of Gaster (1974). One of the
main achievements is the rationality of our approach in the sense of perturbations
methods. While previous work could account for either nonparallelism or nonlinearity, we
can account for both simultaneously. High-order Landau series for the nonlinear stability
of primary modes and third-order series for secondary modes have been successfully
applied. In the work on secondary instability, we have applied an -innovative iterative
method for solving the large algebraic eigenvalue problem which will be very valuable for
studies on compressible flows. Although we consider completing and publishing the
results, our main attention has been given to the more promising approach described in
the next section.

2.4. Parabolized Stablility Equations

We have developed a new approach to the analysis of incompressible and compres-
sible boundary-layer instability. This approach started from the observation (Herbert &
Bertolotti 1987) that the streamwise development of a 2D disturbance of given frequency
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® and complex wavenumber o is governed by a locally valid parabolic differential equa-
tion. This equation is obtained from the Navier-Stokes equations by application of the
boundary-layer approximation to mean flow and the slowly varying amplitude function
¢(x,y) of the disturbance. The rapid variation cf the disturbance that would violate the
boundary-layer approximation is extracted by an exponential factor, in stream-function for-
mulation

vix.y.t) = 6(x.y) exp[ [ ia()dE - iot] ,

where o is the frequency and o the complex wavenumber. For given a(xg) and initial
amplitude distribution ¢(xq,y), the parabolic equation can be solved by suitable marching
procedures. At the next step, however, the local wavenumber must be known to continue
the procedure. Using a proper norm on ¢(x,y), the small change in wavenumber can be
obtained from the amplitiude functions at the old and new position. The cyclic marching
step - wavenumber update can be repeated in quite large steps in Reynolds number and
is more efficient than the traditional step-by-step Orr-Sommerfeld solution and integration.
What is needed is an initial condition and initial wavenumber. These data can be
obtained from a local analysis at an initial position. The local equations are derived from
the parabolic equation by use of Taylor expansions in x with higher derivatives neglected
under the boundary-layer approximation. The local procedure requires simultaneously
solving for the wavenumber (eigenvalue), the amplitude function, and its streamwise
derivative.

Both local and marching procedure are mathematically pleasant since only the well-
established boundary-layer approximation is applied. The approach to mean flow and
disturbances is consistent. The local procedure is rational in the sense of perturbation
methods while previous procedures were not. The parabolized stability equations (PSE)
are valid in the complete boundary-layer region and are more general than unsteady
boundary-layer equations and Orr-Sommerfeld equation which are special cases. There-
fore, the PSE will be a valuable tool for receptivity studies without any asymptotic match-
ing. Similar or nonsimilar boundary layers can be analyzed in the same uniform march-
ing scheme. Perhaps the greatest advantage of the PSE is the ease nf retaining non-
linear terms. Previously, no method was known to incorporate both nonparallelism and
nonlinearity. The PSE is superior to the PNS approach since the convective terms for the
oscillatory solutions are retained. The solution should, in fact, agree with the DNS solu-
tion if a sufficient number of harmonics is carried along. Recent results of P. Spalart
obtained with a 2D DNS code in fact verify the accuracy of the nonlinear PSE solutions
(see Appendix E, fig. 11, 12). A detailed description of our method, results, and com-
parison with previous work will be submitted shortly to Journal of Fluid Mechanics. A
draft of this paper is contained in Appendix E.




2.5. Secondary Instability and Transition Simulation

The analysis of the secondary instability in periodically modulated flows requires
simultaneous solution of the homogeneous equations for various Fourier mades constitut-
ing the secondary disturbance (Herbert 1988). This process is computationally very
demanding, especially in compressible flows. We have developed an iterative scheme to
solve the large eigenvalue problem. The increased efficiency of this scheme permits
more extended studies in the multi-dimensional parameter space. This scheme is
currently available for incompressible and compressible flows under the parallel-flow
approximation.

For a more accurate description of the growth rate of secondary modes, we have
developed the PSE approach of the previous section to incorporate the streamwise varia-
tion of both the mean flow and the primary disturbance into wave interactions in
incompressible flow. Given the initial data for both a 2D and a 3D primary wave, the evo-
lution of the primary wave and the parametric excitation and evolution of the secondary
mode can be studied without resort to modeling by Floquet theory. The secondary insta-
bility arises as in DNS solutions from the nonlinear interaction of 2D and 3D wave com-
ponents. Since nonlinearity is accounted for, the integration of the PSE also exhibits the
feedback of the secondary modes on the primary 2D wave. In our previous work, Floquet
theory provided only the parametric effects of the primary wave on the 3D modes, while
the feedback had to be incorporated by an intricate perturbation approach (Crouch 1988,
Herbert & Crouch 1989). A comparison of the growth rates obtained from Floquet theory
and PSE solution is given in figure 1. Figure 2 shows the evolution of amplitudes for the
2D wave, 3D wave, and mean-flow distortion. The numerical (marching) approach has
been extended to track the development up to the amplitude levels of the spike stage.
Consistent with (usually temporal) DNS results, the evolution can be described with a
modest number of modes in streamwise and spanwise direction. At this time, the only
NS results for comparison with our (spatial) results are those of Fasel et al. (1990).
While the detailed comparison is difficult because of differences in generating the inital
conditions and the ‘moving down-stream boundary’ in the DNS, the agreement in the
gross features is evident (see figure 3). The spatial results are also similar to temporal
simulations of the standard cases. A detailed comparison with experiments and DNS
results (a matter of tedious post-processing) is on the way. The PSE results also confirm
the results of the perturbation analysis of the nonlinear stage of secondary instability of
Crouch & Herbert (Appendices C and D).

The PSE can be applied for the analysis of both temporal or spatial evolution in
parallel or weakly nonparallel flows. Whenever the transition process is governed by con-
vective instabilities and the 'upstream’ influence appears negligible, solving the nonlinear
PSE is an attractive alternative to DNS. The capability of efficiently tracking the spatial
evolution makes the PSE a hot prospect for transition prediction in boundary layers. The
present PSE code serves primarily to demonstrate the basic capabilities of the approach
disregarding any sophistication of the numerics. Yet we integrate from the initial condi-
tion to breakdown in less than three minutes (Cray YMP8/864) while Fasel et al. (1990)
require hundreds of hours on comparable machines (the exact figure is unknown to me).




With improvements in the numerical treatment we envision further improvements by a fac-
tor of five to ten. Besides the high efficiency, tne PSE approach overcomes two other
shortcomings of the DNS relevant at the lower frequencies where transition occurs in
practice. DNS at low frequency would require larger domains and higher resolution
because of the increased Reynolds number, and the computational cost would be inhibi-
tive. Moreover (as discussed by Spalart in Appendix E), the large amglitude ratios (e°) of
disturbances in the upstream and downstream parts of the domain would increase the
stiffness of the system and cause unsurmountable numerical problems. Runs of the PSE
code (with modest increase in resolution) at low frequency are currently performed.

The local and marching procedures associated with the PSE concept have been
ported to the compressible boundary layer. Computations have been performed up to
M = 4.5, while reliable results have been obtained for M < 3. In the limit of M — 0, we
find perfect agreement with incompressible results. |t is interesting to find that the strong
nonparallel effects on oblique waves persist at lower Mach numbers (see figure 5) and, in
fact, in the incompressible limit. This result escaped the attention of previous studies and
indicates that Squire’s theorem cannot be .pplied in nonparallel boundary layers.

3. Ongoing Work

The present capabilities to analyze nonlinear wave interactions with the PSE
approach and the obvious prospects of further developing this approach have
discouraged some of our efforts to apply perturbation methods, e.g. to study the nonlinear
interactions between competing modes of secondary instability. We have performed
theoretical studies on the secondary instability of oblique waves in boundary layers and
developed the governing equations. However, we encountered a conceptual difficulty, a
major discrepancy between the case of a single oblique wave and the case of a pair of
oblique waves with opposite wave angles. The first case has no characteristic length
scale along the direction of the wave crest, and therefore, exhibits stability characteristics
qualitatively similar to those of the 2D problem. In the second case, however, the basic
flow is doubly periodic and inaccessible to standard Floquet analysis. We continue the
work on the theoretical basis (since this problem will reoccur in compressible flows with
the dominant first modes being oblique) and prepare simulation of both cases with the
PSE code.

The efforts to analyze the secondary instability of longitudinal vortices in parallel and
nonparallel flows had been postpuned to await (rather than duplicate) results of Liu & Yu
(1989). This work was reactivated after learning about their approach and results. Liu &
Yu consider the stability of velocity profiles parallel and normal to the wall and thus
'separate’ the basic flow into profiles that depend on a single variable. While this
approach is convenient, it is known to be neither justified nor conclusive (Davis 1976).
Recent DNS results by Liu & Domaradz«i (1989) for this problem show results different
from those of Liu & Yu and those of Hall & Seddougui (1989) and Seddougui & Bassom
(1990).



Owing to the strong nonlinearity of the vortices at the onset of secondary instability,
the treatment of this stability problem (even under the parallel-flow assumption) must be
based on partial differential equations for the eigenfunctions that depend on two spatial
variables. We have successfully developed the basic elements of this approach and
applied them to problems in finite domains. A report on this approach and potential appli-
cations has been given at the “International Conference on Spectral and High-Order
Methods for Partial Differential Equations,” ICOSAHOM '89 in Como, lItaly, June 1988.
Detailed results on the stability of Dean's flow in a coiled pipe have been presented at
the APS-DFD Meeting in Palo Alto, November 1989. Current work aims at calculating the
nonlinear basic flow in a semi-infinite strip and analyzing the spectrum of eigenmodes for
secondary instability as a function of Gortler number, wave number, and amplitude.
Results will be reported at the “First Symposium on Gortler Vortex Flows,” Euromech
261, Nantes, France, June 1990. As a member of the Scientific Committee, 1 am
involved in planning a IUTAM Symposium on “Stability of Strongly Nonparallel Flows” in
1992.

4. Personnel

The following personnel has participated in the work and partially has been sup-
ported under this contract:

Th. Herbert, principal investigator

Fabio P. Bertolotti, PhD student (now supported under NASA Training Grant NGT-
50259)

Vasiliki Hartonas, MS student
Eun-Young Lee, PhD student
Charlotte Hawley, Research Assistant 2 Engineering

The graduate research assistantship of E.-Y. Lee has been terminated owing to his lack-
ing performance. F. P. Bertolotti will receive his Ph.D. in Summer 1990. V. Hartonas will
receive her M.S. at about the same time. Two new graduate students, M. Wang and R.
Bayless, will cooperate in this program in 1990.
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“Stages of Transition in Boundary Layers,” Department of Mechanical and Aerospace
Engineering, University of Cincinnati (November 1989).
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Figure 1.

Spatial growth rates of primary 2D wave and subharmonic 3D wave according
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to Floquet theory for parallel flow (o) and PSE marching code (lines).
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Figure 2. Streamwise development of primary 2D wave, subharmonic 3D
mean flow distortion obtained with the PSE marching code.
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Figure 3. Spatial transition simulation of the Kachanov-Levchenko experiment at
F = 124 with the PSE code. An integral measure of the amplitude is used.
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Growth rates vs. Reynolds number for 2D waves and oblique waves (y = 50°)
at M =0.05 F =86, T, =273. Comparison of parallel and nonparallel results
of the PSE marching code.
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Linear.x
A Code for Linear Stability Analysis
Version 1.0

Thorwald Herbert

Department of Mechanical Engineering
Department of Aeronautical and Astronautical Engineering
The Ohio State University
Columbus, Ohio 43210, U. S. A.

Linearx is a spectral code for the analysis of the linear stability of some basic state.
The code is generic and void of any particular physical problem yet provides for various
common tasks:

global — eigenvalue spectra,

local  — single eigenvalues and eigenfunctions,
table — one- or more-dimensional tables of eigenvalues
curve  — (neutral) curves in parameter space

and others. A specific physical problem can be defined in a set of usually very short
files. Some of these files are included at compile time, while definitions, tasks, and
parameters are read during run time. The code is written in Fortran 77. The standard
version has been used in various Unix environments and under VAX-VMS. The code
has been successfully used for a variety of classical stability problems and is currently
utilized to analyze the stability of compressible flows.

1. Introduction

Over the past 25 years, I have written reams of stability codes implementing different mathematical
or numerical methods, different fluid flows, different aspects of stability, and different computers.
I have often regretted the waste of time - my own, my colleagues’, or the students’ time - spent on
developing another or tailoring an existing program for a particular application, often to generate
just a few stability results that are unavailable in the literature. On the other hand, I have realized
that many of my programs are alike and differ essentially only in major categories: linear stability,
weakly nonlinear stability or mode interaction, nonlinear equilibrium states, secondary instability,
and so on. The code linearx is the first step to consolidate ideas, techniques, and subroutines into
as few as possible generic programs that can be used in a standardized way on most any computer.
After initial use by the students of my Fall 1988 course on °‘Stability of Fluid Motions,”’ the
extended version has meanwhile been used for stability research in various areas and has not only
performed well, but replaced previously used codes.

The positive experience with the current version suggests to make the code available to those
interested in its application. This experience also motivates to further extend the present version
for linear stability analysis and to incorporate higher levels of stability analysis into a family of
codes with common elements. Version 1.0 is essentially a batch program. An obvious extension
for use on workstations will be an interactive interface (or various interfaces to handle different




window systems). Another extension currently developed in cooperation with Dr. Gordon
Erlebacher (NASA Langley Research Center) is the graphical output in real time, either locally or
remotely. In the remote version, the stability code runs in some Cray while menus for interactive
parameter changes and graphics are displayed on the workstation. The common graphics library
CGL that enables this remote mode between Cray and SGI Iris workstations over Ethemet or
Arpanet was developed and kindly provided by Diana Choi (NASA Ames Research Center).

Linearx was not developed to compete with other codes in speed or otherwise. Except for chal-
lenging ‘‘big’’ problems like compressible stability, computer time is not a crucial issue any more.
The code was developed to be able to obtain some additional results in a few minutes after the
thought (if the specific insert files are available) and to obtain the first results for a new problem
within a few hours (if the equations are available). Since the specifications of a new problem are
usually short, the debugging effort is usually small. The code tries to check what the user does
and prints error messages before termination but is not foolproof: garbage in — garbage out. The
basic operation of the code will be explained in the following, and some understanding will help to
get things right. In case of emergency, a look at the moderately commented source code may help.
More recently, malfunction of the code was caused in every case by incorrect input or
physical/mathematical intricacies, not by hidden bugs.

The code comes with the source of all subroutines. The user may choose the libraries of a specific
computer, e.g. vectorized routines for the Cray, instead of the subroutines algr.f and algc.f (and
Eispack RG and CG) that consume most of the CPU time. The goal to keep the code generic and
to use Fortran 77 for its wide availability and use (in spite of its lacking features) required
compromises. Especially the Fortran hierarchy of statements (which prohibits e.g. dimension after
data statements) made the placement and structure of the ‘physics insert files’’ mandatory. The
standard version is for the Unix environment, uses the C-preprocessor to include the physics and
machine-specific lines, and has a Makefile to produce the executable code. Some examples are
included. For non-Unix environments, the code can be produced ‘‘by hand’’ with the editor.

2. Basic Approach

A stability problem is defined by a basic state (or basic flow) and stability equations. We consider
basic states that depend on a single independent variable §, e.g. a stratified fluid with density p(¥),
¥ pointing opposite to gravity, circular Couette flow with azimuthal velocity V = C§ + CJ/¥,
plane Poiseuille flow with streamwise velocity U =1 - )?2. or a compressible boundary layer with
streamwise velocity U (¥), temperature T'(¥), density p(¥), and viscosity v(§). The basic state may
depend on constants such as Cy and C, in the case of Couette flow or the ratio C;(=17) of
specific heats for the boundary layer. The basic state may also depend on parameters such as the
Mach number P; of the boundary layer. (The distinction of constants and parameters will be
justified below.) Note that the basic state may be defined in a finite domain, @ <§ < b, in a
semi-infinite domain, 0 < § < s, or in an infinite domain, —= < § <. We may also wish to
name the independent variable ¥, or C; and P, in a different, more problem-oriented way.

The linear stability of basic states of above form is in general govemed by a system of stability
equations that are homogeneous, linear, ordinary differential equations (ODE's) for the variables
v, (¥) with homogeneous boundary conditions at the end points of the domain. In the simplest case,
there is only one variable v,, and the system of ODE's reduces to a single ODE of (at least)




second order. In other cases, we deal with more variables (five for the compressible boundary
layer) and the same number of differential equations of different orders. The basic state and its
derivatives appear in the coefficients of the differential equations together with various parameters
Py (e.g. Reynolds or Taylor number, wavenumber(s), growth rate) and constants C;.

The goal of any stability analysis is to find solutions of the characteristic equation F(P) = O of the
problem, where P = (P,) is the vector of parameters. Obviously, F depends also on the basic
state. The interest can be in a single solution (eigenvalue) PY, the associated variables v(§) = (v,),
or all solutions (eigenvalue spectrum) of the characteristic equation. How many eigenvalues and
what types of spectra (discrete, continuous) result in a given problem is discussed in monographs
and joumnal articles. Here, we try to find solutions to the characteristic equation of a discretized
problem numerically. With this approach, we will certainly find only a finite number of eigen-
values including those of most physical relevance. How accurately we approximate higher discrete
eigenvalues depends on how well we can resolve the associated eigenfunctions numerically. Con-
tinuous spectra are approximated by discrete spectra, with the eigenvalues lined up along curves.
As the resolution changes, members of the discrete spectrum approximate a fixed value, while the
members of the *‘continuous’’ spectrum keep moving along shifting curves.

The stability equations may be real or complex. If the equations are real, the eigenvalues may be
real or complex. The distinction of real and complex quantities in programming languages (and
the larger computational effort for the latter case) suggest two separate codes if one wants to
exploit the higher efficiency of the real version. The complex version can handle all cases but
needs more memory and CPU time. To cnhance the versatility of the code, all parameters (and
constants) are considered real. Hence, real and imaginary parts of complex quantities are treated as
separate parameters with provisions to use them in combined form in complex arithmetic opera-
tions. When solving the characteristic equation, we can select in the real version any single param-
eter, in the complex version any two parameters as *‘‘eigenvalue.”’ This approach permits search-
ing directly for points on the neutral curve and a variety of other useful relations, e.g. the relation
between temporal and spatial growth rates.

Some restrictions apply for eigenvalue spectra. The complex version requires a complex quantity
as an eigenvalue. Real or complex, the eigenvalue must appear linearly in the stability equations.
This requirement explicitly excludes spectra for cases where the eigenvalues affect the basic state.
If the eigenvalue appears to some small power (usually, wavenumbers appear at least up to second
power), the stability equations may be rewritten in an extended form that contains the eigenvalue
linearly (see the example of the Orr-Somr :rfeld equation below).

A spectral collocation method is used to convert the homogeneous boundary value problem for
ODE'’s into an algebraic problem. The user does not need any expertise in spectral methods to
apply the code. All that needs to be specified is the number of collocation points which affects the
number of eigenvalues obtainable and the accuracy of the solutions, one of two choices of colloca-
tion points (Gauss or Gauss-Lobatto points, the ‘‘default’’), the choice of boundary conditions for
each of the variables, one of the built-in transformations of the physical interval to the standard
interval -1 £ £ < 1 for Chebyshev spectral methods, and the symmetry of the approximation for
each dependent variable, if applicable. For those interested: linear combinations of Chebyshev
polynomials are used for the spectral expansions. The linear combinations are chosen such that the
expansion functions satisfy the boundary conditions. For a detailed account of spectral methods,




see Canuto et al. (1988).

In essence, the global procedure converts the stability provicm into the algebraic eigenvalue prob-
lem (A — oB)a = 0 with matrices A, B, and the eigenvalue 6. B is usually singular and Eispack
(and many other) routines are not prepared for this case. However, many routines solve problems
of the form (C — AlDw = 0. Therefore, we use intemally C = A™'B and A = — ¢! to obtain the
eigenvalue spectrum with Eispack (routines RG or CG). The singularity of B usually introduces
some very large spurious eigenvalues that may be suppressed in the results. The local procedure,
table, and curve use varianons of Newton’s method to solve the nonlinear algebraic form of the
problem for the spectral expansion coefficients and the eigenvalue. The application of Newton’s
method requires that the user provides not only the stability equations but also the derivatives of
these equations with respect to all those parameters he or she wishes to consider as eigenvalue can-
didates. Moreover, Newton’s method requires an initial guess for the eigenvalue and converges
only if this guess is sufficiently close to a root (maybe not the desired root) of the characteristic
equation. An initial guess can be found without prior knowledge if the global procedure is appli-
cable for at least one of the possible eigenvalues. Any eigenvalue of the spectrum can be contin-
ued using the table option on various routes through the parameter space. If desired, the local pro-
cedure also provides the values of the variables at the collocation points.

The production of tables is a relatively straightforward task that requires only sufficiently small
steps (for Newton’s method to converge) and avoiding conflicts between prescribed parameters and
eigenvalues. Generating curves in some coordinate plane of the parameter space is less trivial
These curves may or may not be closed, may have rapid variations of curvature, and follow tortu-
ous routes. The tracing of curves uses an arc-length continuation procedure in scaled variables
with internal control of the step size. The iteration direction for Newton's method is (nearly) nor-
mal to the curve. The user specifications are similar to those necessary when preparing plots of
data (choice of axes, scales, and a ‘‘window’’). Both table and curve require that a starting point
be given by the local procedure.

Constants and Parameters are distinguished by their role in the problem. Constants are necessary
but remain essentially fixed during the stability analysis. Typical examples are the ratio of specific
heats in a study of compressible boundary layers, or switches that determine which relation to use
between temperature and viscosity or whether to solve the small-gap or the full equations for the
Taylor-Couette problem. Constants are read and printed only once. Parameters are all quantities
that may vary in tables and curves or as eigenvalues. They are read every time the global or local
procedure is executed and printed for every eigenvalue found by any task. Parameters, therefore,
require more input and cause more output than constants (that's all). If the user wants to study the
eigenvalue as a function of the ratio of specific heats, he or she just needs to redefine the constant
as a parameter (an effort of a few minutes, including recompilation of the code).

The principal output and error messages appear on standard output, typically on the terminal or
window. The line length may exceed the standard 80 or so characters. A copy of the input is
appended to an input-log file that can be rerun if necessary. A copy of the output is appended to
an output-log file for later inspection. In addition, numerous smaller task-specific files are pro-
duced that contain the data in a form suitable for producing quick plots with packages like igraph
or plotxy.




By the way, if you feel this code can be written in a different way, I completely agree. Change it
if you so desire. Note that close to 100% of the CPU time is used in the linear-algebra subroutines
(algr, algc, Eispack CG, and RG) and improvements in the main code will barely affect the overall
efficiency. If you have a serious problem, or a really good idea, or a truly superior subroutine, or
an elaborate set of insert files for a problem of broader interest, mail it to me, E-mail:
tht@apollo.eng.ohio-state.edu. Include your authorship and contact address - it will stay there for
others to know. In the same way, I expcct you to acknowledge the use of this code whenever you
use it in original or modified form to produce results for publication.

3. The Physics Files

From the foregoing, it is obvious that various data must be specified to adapt the generic code to a
specific problem. We describe the specifications for the complex version of the code (comments
on modifications for the real version are given in a separate section). It is often advantageous to
follow the directions with a specific example in mind. I suggest to look at one of the examples
while reading this section. The physical problem is specified in the following files:

common.ins Definitions
bstate.ins Parameters
complex.ins

vector.ins

The files with suffix .ins are included in the code during compile time. Which programs are
affected by changing a certain .ins file is given in the section ‘‘Dependencies’’ of the Makefile.
The data affecting the array sizes and specific storage areas for the basic state are defined in
common.ins. The file bstate.ins provides the values of the basic state and its derivatives (with
respect to ¥ and parameters, if needed) at the collocation points by explicit calculation (in simple
cases like plane Poiseuille flow), by reading these values from a file (e.g. for the Blasius profile
that is independent of parameters), by calling a subroutine, or otherwise. The file complex.ins
declares the complex quantities in the stability equations. The file vector.ins defines the stability
equations by giving (the matrix of) the coefficients of each derivative in the stability equations at
the collocation points and a similar set of data for the derivatives with respect to parameters (for
Newton’s method). Note that different stability equations can be applied to a given basic state.
Vice versa, different basic states can be analyzed with the same stability equation (e.g. the Orr-
Sommerfeld equation). For the ‘‘professional’’ user, it may be advisable to spend the time for
developing systematically the complete insert files (see the example ‘‘Plane Poiseuille Flow'*).

The remaining files are read at run time. The file Definitions provides the data “ffecting the spec-
tral method, the names of variables, names and values of constants (if any), and the names and
characteristics of the parameters. The file Parameters is the file frequently changed after the initial
setup has proved correct. This file defines various tasks to be performed in sequence until an error
occurs or termination is requested. Every task requires input data to be specified after its invoca-
tion. These details are discussed below.

A shortcoming of the current version 1.0 is the intemal reference to parameters and constants by
number or input sequence, not by name. Altematives using :able lookup suffer from pitfalls, typing
errors, and the need for fixed-format input (owing to unavailability of standardized intemal read




statements in Fortran compilers). This shortcoming will be removed in a menu-driven version for
workstations. In version 1.0, we can only recommend precision in writing the initial setup and
leaving relevant comments in the input (especially the parameter) files as shown in the examples.

4. Preparing the Code

In the following, we discuss the details of the insert files. In the examples, the user-provided
information is printed in capitals while lower-case code is of concem only for those who wish to
study or modify the code.

4.1. common.ins

This file specifies the data affecting the array sizes and the storage areas for the basic state. The
file also specifies the implicit type of the real variables as real*8 (the default on the Cray). The
following data must be provided:

X The highest index of the collocation points, j = 0, - - - JX. The number JX+1
of points can reach from as few as 8, say, to as many as 200 or so. For
even larger numbers, round-off errors in the basic data for the spectral
method come into play. For the standard problems of classical stability
theory, 10 collocation points are a reasonable choice except if critical layers
or center modes are involved. Blasius flow or Poiseuille flow (using sym-
metry) require 20 - 25 points for reasonable accuracy, with an increasing
number for increasing Reynolds number. With spectral methods, improve-
ments in accuracy can be obtained by small increases in JX.

NEQU The number of equations (and variables, NVAR=NEQU) in the stability
equations. This number should be as small as possible since (JX+1)-NEQU
determines the dimension of the algebraic systems to be solved.

NX The highest order of differentiation in any single ODE of the system of sta-
bility equations. Usually, NX = 2 or NX = 4. NX is not the total order of
the system.

NCON The number of constants or zero (if there are no constants).

NPAR The number of parameters. Note that complex parameters count as two real
parameters.

In addition, the common block COMMON /MSTATE/ must be specified to accommodate the basic
state and its derivatives, e.g.

COMMON /MSTATE/ UM(0:JX,0:2),TM(0:JX,0:2)

to provide the mean flow UM = U,.,,., (second index 0) and its first (second index 1) and second
(second index 2) derivatives and the same for the mean temperature at the collocation points.
While the mean temperature is of no interest when solving the Orr-Sommerfeld equation, the more
general setup also allows for extended sets of stability equations including the energy equation.
The common block MSTATE will be filled with values in the next file, bstate.ins.




4.2. bstate.ins

bstate.ins provides the values of the basic state (and derivatives) at the collocation points by expli-
cit calculation, by reading these values from a file, by calling a subroutine, or otherwise.

When entering the file bstate.ins, the following information is available:
j the index of the collocation point, j =0, - - - JX
chy(j) the collocation point ¥;
par(k) the array containing the parameters Py, k = 1, - - - NPAR

T - - -

and the data defined in common.ins, including the arrays for the basic state

The following additional names are internally used: chfy, itask, con, dpar, ipar, conname, pamame,
vamame, problem, and the statement label 1.

43. complex.ins

The file complex.ins declares the complex quantities in the stability equation. The file consists of
the single statement complex*16 ql.g2,--- (or complex ql,q2,-- - for the Cray), where
ql,42, - - - is the list of the complex quantities used in vector.ins.

4.4. vector.ins

The file vector.ins defines the stability equations by giving (the matrix of) the coefficients of each
derivative in the stability equation(s) at the collocation points and a similar set of data for the
derivatives with respect to parameters (for Newton's method). To properly derive the basis for this
file, we first list the stability equations and variables in some convenient (or arbitrary) order and
assign numbers to both equations and variables, starting with 1. The total numbers of equations
and variables must be the same (NEQU in file common.ins). We obtain the stability equations in
the general form

NEQN
> Ly(w)=0,i=1,---NEQN (1)
I=1
where L; is a linear differential operator applied to the l-th variable v, in the i-th equation.
Second, we write every differential operator L; in the form

X d
Ly =% pu@.P)D", D=— )
0 dy
where the p;, are the coefficients of the n-th derivative of the I-th variable in the i-th equation.
Many of these p;y are zero, others depend only on the parameters, and a few depend also on y
since they contain the basic state or its derivatives. Third, we make a list of all constants and
parameters and assign numbers starting with 1 both for the first constant and for the first parame-
ter, but counting real and imaginary part separately. Fourth, we could write down the derivatives
of the p,,; with respect to the parameters we wish to consider as eigenvalues. However, this step
is in fact easier to perform with the editor on the computer.

When entering the file vector.ins, the following information is available:




ideriv to indicate whether the coefficients (ideriv=0) or their derivatives (ideriv=1)
are needed

j the index of the collocation point, j =0, - -+ JX

chy(j) the collocation point ¥;

par(k) the array containing the parameters P,, k = 1, - - - NPAR
the data defined in common.ins including the arrays for the basic state
the real constants ZRO=0, ONE=1,
and the complex constants ZERO=(0,0), UIMAG=(0,1)

The following additional names are intemally used: chfy, rvec, itask, con, dpar, ipar, conname, par-
name, vamame, problem, and the statement labels 1 - 4.

At the beginning of vector.ins, it is useful to store the parameters par(k) in variables with
problem-oriented names, using the list made above, This step can be done for j=0 only, or for any
j (since it consumes little time). Real and imaginary parts can be combined into complex quantities
to simplify the arithmetic statements. (The complex quantities must be declared in complex.ins.)
The file provides two branches for the coefficients (if ideriv=0) and their derivatives (if ideriv=1),
respectively.

For given parameters, the coefficients p;,; depend only on ¥, p;,,(¥). To produce the first part of
vector.ins, the p;y(¥;) have to be assigned to the array PVEC(j,i,n,1,0), using the available informa-
tion. Zero elements can be skipped since the array PVEC is set to zero before entering vector.ins.
While j is given, the user must provide the lines fori = 1,:--- NEQU,1=1,:--- NEQU,n=
1, - - - NX of nonzero coefficients.

The second part of the file requires to assign to PVEC(j,i,n,1 k) the derivative of p,, with respect
to the parameter P, at the j-th collocation point. One may easily verify that PVEC( - - - k) is the
derivative of PVEC( - - - ,0) with respect to P,. Here again, the elements have been reset to zero
and only nonzero derivatives must be provided. While k can vary from 1 to NPAR, the deriva-
tives are needed only with respect to those parameters P, that will be considered eigenvalue candi-
dates. Suppose there is a single complex eigenvalue 6 = 6, + io; which in this file is defined as
SIGMA=CMPLX(PAR(4),PAR(S5)), and we plan to generate tables of this eigenvalue as a function
of the other parameters. In this case, the derivatives must be provided only for k = 4, 5. Note that
0pin /00, = dp;y /00, while dp;,/00; = i dp;y/0C and hence in our example we set PVEC( - - - ,5)
= UIMAG*PVEC( - - - ,4).

The file vector.ins can be easily produced by symbolic manipulators like Macsyma or Mathematica.

After preparation of the above four files, the code is ready for compilation. Details on this step are
given in the section ‘‘Installation."’

S. Preparing the Input Files




0))
2

3

@

&)

5.1. Definitions

The Definitions consist of various small groups of data described in the following:

A single line of text with < 80 characters specifying the problem.

One or more lines with NEQU integers idsy(n), n=1, - - - NEQU, specifying the symmetry of
each dependent variable with respect to the transformed variable £, where

-1 indicates no symmetry in £
0 indicates symmetry in £
1 indicates antisymmetry in £

If the mean flow is symmetric, exploiting symmetries can save one half of the collocation
points and make calculations more efficient. With the proper (larger) number of collocation
points, however, the same results can be obtained without using symmetry (-1 for all vari-
ables). In other problems, symmetry and the half-interval 0 < £ <1 may be used for
different reasons, as in the example of boundary layers, where many points are needed near
the wall.

One or more lines with NEQU integers idbc(n), n=1, - - - NEQU, specifying the boundary
conditions for each variable, where

0 indicates no boundary condition on v,
1 indicates v, = 0 at the boundaries
2 indicates Dv, = 0 at the boundaries

indicates v, = Dv, = 0 at the boundaries
Additional types of boundary conditions can be implemented in the subroutine chttoff. Ver-
sion 1.0 does not provide for different types of conditions at the two end points of the inter-
val.
One line with one integer idpts specifying the type of collocation points:
0 Gauss points
1 Gauss-Lobatto points

(see Canuto et al. 1988). Nommally, I use idpts=1 which places collocation points at the end
points (£1). Only if these end points cause problems (e.g. in cylindrical problems on the
axis), I use idpts=0.

One line specifying the transformation y — £ which consists of three data:

idurf the type of transformation
atrf the first parameter of the transformation (or zero)
btrf the second parameter of the transformation (or zero)

The values of atrf and btrf must be specified even if they are not needed. The following
transformations are available:

idtrf=0 £ =¥. No transformation. atrf=btrf=0




idtuf=1 £ =2y —a - b)/(b — a) with atrf=a, btrf=b. This linear transforma-
tion maps the interval y € [a,b] into £ € [-1,1].

idtrf=2 £ = al(y + a) with atrf=a, btrf=0, the algebraic mapping of y € [0, =)
into £ € [0,1] where £ =1 for § = 0. This mapping is used for boun-
dary layers. For the Blasius profile, the parameter is typically atrf=4.5,
which places half the collocation points inside the displacement thick-
ness.

idtrf=3 2 =exp(- $/a) with atrf=a, btrf=0, the exponential mapping of
¥ € [0,0) into £ € [0,1] where £ =1 for § =0 and typically atrf=20
for the Blasius boundary layer.

idcf=4  The algebraic mapping £ =F@F4a® 2 of £e[-1,1] inwo
§ € (—oo,00) where £ — 1 as § — oo, Typically, atrf=2.

idtrf=5 The hyperbolic tangent mapping £ = tanh(§/a) of £ € [-1,1] into
§ € (—o0,0) where £ — 1 as § — oo, Typically, atrf=2.

(6) NCON lines, each line giving the name and value of the constant in fixed FORMAT
(A8,1X,E16.8)

conname the name of the constant, up to eight characters
_value the value of the constant, right adjusted in columns 10-25
All constants are considered real. This section may be missing if NCON=0.
(7) NEQU=NVAR lines, each line giving the name of one dependent variable in fixed FORMAT
(A8)
vamame the name of the variable, up to eight characters
The name of the independent variable in printouts is always x (transformed) or y (physical).
(8) NPAR lines, each line giving the name and the two identifiers iparl, ipar2 for one parameter
in fixed FORMAT (A8,1X,12,1X,12)
pamame the name of the parameter, up to eight characters
iparl first identifier (see below)
ipar2 second identifier (see below)
where the meaning of the identifiers is as follows:
ipar1=0  the parameter appears linear in the equations
iparl=1 the parameter appears nonlinear in the equations
iparl=2  the parameter affects the basic state
If more than one of these characteristics are true, choose the highest value for iparl.
ipar2=0  the parameter is real
ipar2=1 the parameter is the real part of a complex quantity
ipar2=2  the parameter is the imaginary part of a complex quantity




Real and imaginary parts must immediately follow each other (for the global procedure to
work).

Although tedius to describe, the Definitions are usually quick done. However, it is important to
prepare this file carefully since the sequence of data must be correct.

6. Tasks and Parameters

The file Parameters contains a sequence of tasks for the code to perform. Each task requires cer-
tain input data. All data are read in free input format. It is advantageous, however, to describe
(and use) certain data in groups and to separate tasks by blank lines. The code can perform the
following tasks:

itask=0 global procedure to find eigenvalue spectra

itask=1 local procedure to find a single eigenvalue

itask=2 local procedure to find eigenvalue and eigenfunction
itask=3 table of eigenvalues in 1, 2, or 3 dimensions
itask=4 curve of solutions in the plane of two parameters
itask >4 terminate

itask=-1  close and reopen the file Parameters after pause
itask < -1 terminate
These tasks are described in the following sections.

6.1. Eigenvalue Spectra
Finding the eigenvalue spectrum is a computationally ‘‘expensive’” task (in comparison with
finding single eigenvalues) with ‘‘extensive’’ output. Therefore, tables of spectra are not imple-

mented. To obtain the spectrum for a certain parameter combination, the file Parameters requires
the following information:

itask=0 to indicate the desired task
ievl the number of the parameter that gives the real part of the eigenvalue

par(k) k=1, - - - NPAR, the list of all parameters (most convenient: one at a line),
where the values of par(ievl) and par(iev1+1) are irrelevant (=0).

Note that the imaginary part of the eigenvalue must be par(ievi+1).

6.2. Single Eigenvalues

In contrast to the previous global procedure to find spectra, the local procedure searches for the
values of two real parameters that solve the characteristic equation but are not necessarily real and
imaginary part of a complex quantity. We denote these two parameters as the *‘first and second
eigenvalue parameter.”” To obtain an eigenvalue with the local procedure (Newton's method), an
initial guess must be specified. If such an estimate is not available, itask=0 can help to provide
many eigenvalues (if the eigenvalue appears linearly in the stability equations). Otherwise, itask=3
(table) can help to analytically continue an eigenvalue known at different parameters to the desired




point. To obtain a single eigenvalue for a certain parameter combination, the file Parameters
requires the following information:

itask=1 to indicate the desired task

ievl the number of the first eigenvalue parameter

iev2 the number of the second eigenvalue parameter

par(k) k=1, - - - NPAR, the list of all parameters, including the initial guess for
par(ievl) and par(iev2).

6.3. Eigenvalue and Eigenfunction

This task is identical with itask=1 except the coefficients of the Chebyshev series and the values of
the variables at the collocation points are evaluated. Except for itask, the specifications are the
same as in the previous section:

itask=2 to indicate the task
ievl the number of the first parameter to be found
iev2 the number of the second parameter to be found

par(k) k=1, - - - NPAR, the list of all parameters, including the initial guess for
par(ievl) and par(iev2).

6.4. Tables of Eigenvalues
This task enables calculation of one-, two-, or three-dimensional tables of eigenvalues. The local
procedure (itask=1,2) must be performed at least once to provide a starting point for this task. The
values of ievl and iev2 that specify the eigenvalue are taken from the previous task. The required
input is:

itask=3 to indicate the desired task

kdim the dimension of the table
and kdim lines, each line containing:

kpar the parameter to be varied

kstep the number of steps

step the step size

The first parameter specified is varied in the innermost loop.

6.5. Curves in Parameter Planes

This task enables the direct calculation of neutral curves (or curves of constant amplification) and
other useful curves in the plane of two parameters with a third parameter completing the eigen-
value problem. The local procedure (itask=1,2) must be performed at least once to provide a start-
ing point for this task. To describe the input, we imagine a three-dimensional coordinate system
with the horizontal, vertical, and normal axes formed by the three parameters par(iv1), par(iv2),
and par(iv3), respectively, and a curve in the plane spanned by par(ivl) and par(iv2). Beginning at
some starting point provided by the local procedure, we want to proceed in one of the two possible




directions and find new points of the curve. All but the three parameters used as coordinates main-
tain the starting values along the curve. In particular, for a neutral curve, the growth rate in the
starting point must be zero. Since the parameters involved may have quite different orders of mag-
nitude, we have to choose proper scale values. For this step, we envision a plot of the curve on a
sheet of paper and choose the scales such that the curve looks ‘‘nice’’ without squeezing it in
either axis. In the scaled plot, the distance between points should be neither too large nor unneces-
sarily small. Also, the plot has a ‘“‘window’’ defined by the minimum and maximum of the vari-
ables plotted. The input required is as follows:

itask=4 to indicate the required task
and two lines, the first for the ‘‘horizontal’’ direction, the second for the ‘‘vertical’’ direction, each
line containing:

ivli2 the associated parameter

vgridl,2  the scale value

vminl,2  the minimum value

vmax1,2 the maximum value

The iteration for the eigensolution can neither use par(ivl) (if the curve’s tangent is horizontal) nor
par(iv2) (if the tangent is vertical) as the first eigenvalue parameter but intemnally iterates normal to
the curve in the plane of par(ivl), par(iv2). The second eigenvalue parameter is par(iv3). The
input continues with one line specifying this third dimension of the eigenvalue problem:

iv3 the second eigenvalue parameter in the ‘‘normal’’ direction
The next line specifies
angle the initial direction in the plane of the curve as the positive or negative angle

(in degrees) measured from the horizontal axis
radius the distance between points along the curve in scaled variables
and the ﬁnél line specifies
npoints the number of points (or arc length in multiples of the radius) to be traced.

A safe recipe for the choice of the various data cannot be given here since it depends on the
(assumed unknown) properties of the curve. A reasonable choice for the scale values would be the
order of magnitude or the physical values of the parameters par(ivl), par(iv2) of some point at the
curve. In the case of plane Poiseuille flow (see Examples), with par(ivl)=Re, par(iv2)=c,and
par(iv3)=w,, the choice vgrid1=10000, vgrid2=1 would be almost the same as vgrid=20000,
vgrid2=2 and be as good as vgrid1=5772, vgrid2=1. Note, however, that the radius is the distance
in scaled variables. With a radius of 0.01, the maximum physical steps in the horizontal direction
would be 100, 200, or 57.72 in the three cases, while the maximum vertical steps would be 0.01,
0.02, or 0.01. These steps should be small enough to obtain a nice plot (and rapid convergence)
and because problems may arise if the distance between multiple branches of the curve is smaller
than the radius. If the steps are too large for convergence, or if the specified radius exceeds n/8th
of the curve’s radius of curvature, the radius will be automatically divided by increasing powers of
2, hence you may obtain 2, 4, or more points per step. The procedure tries to double the reduced
intcmal step size after every point until it proceeds with the original radius. Hence, the




continuation procedure will slow down in regions of strong curvature.

Ideally, the angle (in degrees) would be the positive or negative angle between the horizontal and
the curve’s tangent in the starting point. The two signs comrespond to the two directions in which
the procedure can proceed. The choice of the angle is not critical as long as the radius is
sufficiently small and the initial direction is not nomal to the curve. Trial and error with
npoints=4 and a small radius will help (the angle and radius for the last point are printed). Note
that the angle changes with the ratio vgridl/vgrid2.

The procedure terminates if the number of (full) steps exceeds npoints, if the distance between any
point (after the third) and starting point is less than the radius (to prevent unnecessary loops
through closed curves), and if the curve crosses the window given by the minimum/maximum
values. It is often desirable to specify extreme values for npoints or the window size.

6.6. Close and Reopen the Input File

This task enables to suspend the program execution, edit or replace the Parameters, and resume
execution either on a multi-window workstation or on a terminal under Unix. The input is as fol-
lows:

itask=-1  to indicate the required task
The program will close the file Parameters and pause until continuation is requested. During this

time, the file can be changed. After continuation, the new Parameters will be read starting at the
top.

7. The Real Version

The real version of linearx performs the same functions as the complex version yet permits some
simplifications and higher efficiency. The physics files common.ins and bstate.ins are unchanged.
There is no complex.ins, and vector.ins neither provides nor accepts complex data. In the
Definitions, all parameters are real (ipar2 is not read). In the Parameters for itask=0, iev1 charac-
terizes the eigenvalue. Note that the spectrum may contain complex eigenvalues. Only real eigen-
values can be handled by the other tasks. For the local procedures, itask=1, 2, only ievl is read.
The input for table, itask=3, is unchanged. For curves, itask=4, the parameter iev3 for the normal
direction is absent. Source files with the same name in the real and complex version may be
different.

8. Installation

The installation procedure is easy for Unix systems. To conform with the original, make and use a
new directory

mkdir w.linear

cd w.linear

tar xvf [dev/tape
to read the tape (cartridge) where /dev/tape stands for the proper device. There will be three new
directories: w.doc with this and other text (to be printed with eqn linear.txt | ptroff -ms on a
Postscript printer), w.real with the real version and examples, and w.complex with the complex




version and examples. Edit the Makefiles in w.real and w.complex (especially the FFFLAGS for
f77, CPFLAGS for cpp, and LDFLAGS for 1d to reflect your system if necessary. The C prepro-
cessor cpp is used since include statements and conditional compilation are not standardized and
sometimes missing in Fortran. Note the setting of CASE to the specific directory (here w.example)
that contains the physical files, Definitions, and Parameters. Run

make

There may be some warnings (e.g. for loops that are not executed if NEQU=1). If no errors occur,
you will find the executable code in the proper subdirectory (here w.example). The output of the C
preprocessor (complete set of Fortran files) will be in w.code. The command

make clean

removes w.code, the object programs, and prompts whether you want to delete the executable
code. Execute

cd w.example
linearx

If the code runs to completion, you should find all the files given in the subdirectory w.results,
with identical content.

I recommend to prepare new applications in directories on the same level as w.examples and to set
CASE in the Makefile properly. The work on a specific problem would then be performed in a
single directory under either w.real or w.complex.

If you work on a non-Unix system, you may replace the cop directives (with the # sign in column
1) by other directives such as the INCLUDE statement {(¢.g. VAX-VMS Foriran). Directives for
conditional compilation such as #ifdef CRAY can be replaced or commented by hand.

9. Examples

Two examples are included to illustrate the use of the real and the complex version. These exam-
ples show a variety of applications of the code that will not be discussed in detail. You may con-
sider keeping the examples for later reference.

For the real version, the example is the small-gap approximation to the Taylor-Couette problem for
axisymmetric disturbances in the form

(D?*- o - 6)(D?*- o®u + Taodg(y)v =0 (3)
—u+@O*-al-oy =0 @)

where g(y) =1 + (@ — 1)y with ® = O for a fixed outer cylinder, and Ta, «, and ¢ are the Taylor
number, wavenumber, and growth rate, respectively. The boundary conditions are

u=Du=v=0 at y=0,1 )

The example for the complex version is the Orr-Sommerfeld equation for three-dimensional distur-
bances

(D% -v-iRe{aU — 0})(D*-7) + ioRe(D*U)v =0 ©)
with the boundary conditions




v = Dv =0 at the boundaries @)

where y= o + B2, « and P are streamwise and spanwise wavenumbers, respectively, Re is the
Reynolds number, and ® the frequency. The basic flow is set to plane Poiseuille flow,
Uy)=1- y2, between boundaries at y = 1. For the assignments to PVEC ( - - - ,0), it is useful
to rewrite eq. (6) in the form

D% +[-2y—- iRe {aU - ©}1D% + [Y(Y + iRe {oU — ®}) + iRea(D*U)]v =0 8)

The equation is written in terms of the complex frequency ® but can be changed easily to the com-
plex phase velocity ¢ = w/o.. We consider P as real while o is in general complex. Hence, we
can use the local procedure for both temporal and spatial growth. However, we can use the global
procedure