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1. Introduction

»

is paper consists of the computation of several hitting time and hitting
place distributions for two-dimensional Brownian motion. The motivation for this
study is two-fold: first, to get a diffusion model for the firing behavior of

a simple network of neurons, and second, to get an interesting two-dimensional ver-

sion of the inverse Gaussian distribution. (’,Q AN

Fienberg (1974) has reviewed various models for the firing of single neuronms.
A classical model of Gerstein and Mandelbrot (1964) says that if the electrical
state (or potential) of the neural membrane is specified by a single number,
which moves towardg or away from the firing potential as the neuron receives ex-
citatory or inhibitory input, resp., then the time to firing can be approximated
by the first hitting time of a certain level for a Brownian motion with drift.

The authors showed that this model could be used to provide a satisfactory fit to
some data that they observed; more importantly, they showed by Monte Carlo methods
that neural activity in the presence of'stimuli could also be well duplicated by
a modification of the above random walk model.

Next, the review by Folks and Chhikara (1978) shows that the inverse Gaussian
distribution has many nice gtatistical properties which, to a large extent mirror
those of the Gaussian distribution. It is natural, then, to ask whether there
is a multivariate inverse Gaussian whose statistical properties are similar to those
of the multivariate Gaussian.

Several proposals for a bivariate inverse Gaussian have already appeared in
the literature. Barndorff-Nielsen and Blaesild (1983) define reproductive ex-
ponential families and propose a bivariate inverse Gaussian model; they claim that

their generalization has nice statistical properties (i.e., affords tractable




estimation and analysis of variance), but their proposal does not have inverse
Gaussian marginals. Wasan (1969, 1972) proposes several bivariate inverse Gaussians

but does not develop their properties.

2. A Simple Neural Network

Consider the three neurons of Figure 1. Neuron A sends predominantly exci-
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Figure 1

tatory signals, s, to B and C. B and C share a common noise, n, and they also have

independent sources of noise, nl and n2, resp. If the electrical states of B

and C are encoded by single numbers, Xl(t) and xz(t), resp., then Xi(t) has

three components; the common noise n, the particular noise n,, and the signal s.

i
Let the noise variances be 02 for n and Oi for n,; then it is easy to see that
% % -1/2
corr(X, (t),X,(t)) = [(1 + —5)(1 + —5)]
1 2 o2 o2

which is a function of the noise ratios. Also, we may allow the drifts of

xl(:) and xz(t) (due to the signal, s) to be different since B and C may accept

the same input but integrate it differently. When either Brownian reaches the




firing threshold, the appropriate neuron fires, returns to its resting state,
and the process starts afresh., What are of interest, then, are the firing times
or the first hitting times for the Brownian motions. Alternatively, this

model can be used to study a single neuron: if we postualte that the neuron has
two interacting trigger zones, (Gerstein, et al. (1964)), then the components of
the Brownian motion describe the electrical state of each zone. Mathematically,

the two problems are the same.

3. Preliminaries

We start with a correlated driftless Brownian motion X(t) with EX(t) =0

and var X(t) = t}. Here

;- (l p]. ., t1/2_ (cosB sinB]

p 1 sinB cos B

t1/2

vhere p =sgin(28), |B|~_< w/4. Thus X(t) = Z(t) where Z(t) is a standard

Brownian motion: var Z(t) =tI. Also define the two stopping times T, =inf{t: xi(t) =a

i i
>0 without loss of generality, and L:l is the line -

= inf{t: Z(t) el;i}. Here a,
{ve ]Rz:v'-tll2 ei-ai} and {el,ez} is the standard basis for le. By the scale
invariance of Brownian motion, we can take 31-1. Finally, by e.ementary methods,
we arrive at the following problem (see Figure 2): start a Brownian motion at x

- (xl.xz) = (rocos 90 .rosin eo), and study the stopping times and places associated

with 11 and Tz.
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Here T, is the first hitting time of L, and o= 2+sin-1p. Also, let

i
W= {(r,8): >0, 0< 6<0c}, and T'= T, A T, be the first hitting time of 9W.
Our aim is to get the joint density of (‘rl.'tz), and on the way we compute other
quantities that are also of interest. In particular, we study the following
quantities: ]

a) P*(1'>t, Z(t) eB), BcW

b) P*(1'>t)

¢) P¥(2(1ed), Acaw

d) P*(t'edt, Z(t) eda), acdW

e) Px(‘l'l eds, T, €dt)

2
f) the above quantities in the presence of drift.

Here P* is the measure associated with standard Brownian motion starting at

x3 EX will denote the corresponding expectation. Note that the marginal dis-

tributions of Ti are easy:

) Xy x A A
px dt) = —= ¢(=2 ) dt, and P (1, edt) = == ¢(—)dt
(a € et M/t’ 1 ot /T




/2 e-x2/2

where A = xlsina-xzcosa and ¢(x) = (21r)"l

4. Brownian Motion in the Wedge

The main result of this section is contained in (8). Most of the subse-

quent results follow from it. If we have a positive bounded continuous function

f defined on W, and which vanishes on 9W, then
(1) u(t,x) = E£@(T'At)) = J £()PT(T> t,2 (t) € dy)
W

satisfies the heat equation with boundary and initial conditions

1

2) u =3 Au in W; u(0,x) =f(x), xeW; u(t,z)=0, zeodW.

We can solve (2) when ¢ = 7/m, m=1,2,... by the method of images. That is,

if we let TO-I, Fj be the matrix representing the reflection across the line
m - ~ k., ~1 '

y = xtan —1;1- , and Tj -Fj °Tj-1’ and let f(y) = (-1) f('l'k y) for ye 'rk("), we have

the initial value problem

(3) u, -%Au in IR2 3 u(0,x)= ;(x), Xe€ ]Rz.
The solution is d
~ ~ 2m-1 x-T, y
ule,x) = EE(2(0) = f £y I D, — I
W k=0 /t

where ¢2(x) = (21r)-_1exp(-x'x/2). It is easy to see that

2m-1 x-T, y
@ P> e2() e dy) = ¢ ) (-D¥b,(—ay.
k=0 /'t

While (4) is appropriate only fqr the spgcial angles 60 = 7/m, the following

argument gives us the result in general. To facilitate this, we use polar co-




ordinates: let x = (rocoseo, rosineo), y = (rcosb, rsinB) to get

.2 2
. T +r rro
- 2m-1 —— cos(6-8.)
&) Ptz edy) mmre 5] (Dfef :
k=0

where Bk is the argument of Tky. Note that (Magnus, et al. (1966))

6 e’ = 2 ] TN @)

where Tn is the nth Chebyshev polynomial and In is the modified Bessel function

of order n. Recalling that Tn(cosel = cos(nf), and using the fact that

2m-1 Kk
@))] ] (-1)"cosn(6-6,) = 2m sin(nb)sin(nB)
k=0

if m divides n and zero otherwise, we get

2, .2
T +r
g
-— arm 8 rr
@) P>, U edyy=ZE e 2t ] s1n B0 ain — P11 Darae
n=0 -
a

whenever a = 7/m. But formula (8) is valid for all a, and it is easy to see that

it 'solves problem (2). i }

Expression (8) has also been essentially derived by Sommerfeld (1894) by an
extension of the method of images. See also Carslaw and Jaeger (1959) and

Buckholtz and Wasan (1979).

We next compute PX(U'>t). If we integrate out 6 and r in (8) and use the

following identities:

9 2 Is(x) - Iv-l(x) + Iy+1(x)
2

2 2
-8 1 /M -a/88 a
J‘: SARNCOUES PR Lu2e8




*
(Magnus, et al. (1966)) we get

31'2
. 0 2 2
2y, -5 ® amwo r T
x -0 bt P — Y ]
(10) P (7>t) — e ngll Sein—— {1, GD) + 1, @G}
n odd 2 2

where Vv = anya.

When the wedge angle is special - o= 7/m- we have the alternate expression

L 2m-1
11y PX(?>t) =2 § (-1)¥rdD).
k=0 n
where
u T, T,
(12) F(u) = f —_ cos(,e-eo)R(- - cos(B—Bo))dB.

0/t /t

Here, R is Mills' ratio: R(x) = ®(-x)/¢(x), where ® and ¢ are the normal dis-
tribution and density functions, resp. We omit the details of this computation.
The quantity Px('r >t) was also si;udied by Spitzer (1958), who computed its
transform. Checking the asymptotics of modified Bessel functions, it is easy to
see that Ex(ﬂe- r TB-lPx(T'> t)dt <= if and only if oB< m/2, independent of
t °
The distribution of Z(r") is also o£ interest. Now u(x;A) = anct') € A) sat-
isfies Laplace's equation Au = 0 with boundary condition u(x,A) = I{x €A},

The Green's function for the wedge is easily computed, and we have

a 1. "BO
X 1°r o da
(13) P7(Z(t% da) = = L£a
¢ 2 ™o.2 To

sin v + (licos —-a—-)

where we use the plus sign for Ty < L5 and the minus sign otherwise. Using

elementary estimates, it is easy to see that Elel (‘r')eexists iff aB <w, again

* .
Expression (10) corrects a mistake in Wasan and Buckholtz (1979).




independent of the initial position, x.

5. _Joint distribution of gxlgzl
*
Using an argument similar to that of Daniels (1982) , it can be shown that

1f PX(1>¢t, 2Z(t) edy) = £(t,x,y)dy, then

)
(14) Px(‘r'e dt,z(T) eda) = %[Fn- £(t,x,y) lyga]dadt

where -% denotes the derivative in the inward normal direction. See Figure 3,

o
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Figure 3
When 6= 0(q), %‘%% (- _rl_a_B_ » 80 from (8) we get
az-i-rg
~ bt nnd ar
T aS) PR(Tedt,z(t ) eda) =g—e ' T § netn—2071 (0 ]
a‘ta n=0 ° @ ot
a

n+l .
where 6n is 1 1f 6 -O~and (-1) 1 if 6=0a. It is clear by sSymmetry that

x Il -~
P (T'e dt,X(1')e da) = Px(‘f €dt,Z(1')e da') where x is the reflection of x across

the line y=x tan %. And for the special angle o = m/m, a simpler formula is avail-
able:

*
I thank Professor D. Siegmund for this reference.




x—Tky
yt

)

2p-1 Kk
(16) P*(t'e dt,z(1')e da)= :12 Z- (-1) ¢>2( =o(x"l‘kez)
Y2
with P¥(Te de, Z(tNeda') computed by symmetry.

Finally, we can compute Px('rl eds, T. edt), the joint density of (‘rl,r ).
2

2
By the strong Markov property we have for s <t,

(17) I’x(‘r1 eds Ty € dt) = J Px(‘l’l €ds, Z(1')e da, Ty € dt)
5W

= l Px(.Tl =Teds, 2(1')e da) P2 sinu(_l_z € dt-s).
W

but the first term of the integrand is given by (15) and the second term is just

(18) p? 510 % (1, e dt-s) = 25in 20 sing, o,
- (t-s) /t-s

since T 2 is just a one-dimensional inverse Gaussian, After some computation

and (9) we get

(19) Px(T1 € ds,T2 edt) =
2 :
r <. amo r,(t-s)/s
T_sina e 20 2(t-5)+(t~s cos 20) v3 ‘¢yy2Hl 0 0
20¥5 (c-s¥ -8 cos’ o upfc"“'.Zs (t-5)+(t-s cos 2a) nZOVCI D ety I%(IY (t-g5)+2 (t-scos;

Finally, using the fact that (see Figure 3)

x = ;" <
P (‘tleds,'rzedt) P (Tledt.‘rzeds), s<t

the joint density of (1'1,1’2) is determined for s#t. In (19) we can let t-+s and




10

use the fact that as z—+0, Iv(z) ~(§)\)/I‘(v+l) to get

0 if 0< o<%
' m
(20) Px(‘tl € ds,‘r2 e dt) =+ mz ) if z <o <
risin26 T
___-__-osm 0 exp(~ -2—0) if a=1/2
4."53 s

Thus the joint density of (1’1,‘1'2) is discontinuous on the line s =t only when the

original Brownian motion X(t) 1s positively correlated. Of course, we could have
started with (16) to get a simpler expression for the joint density of (Tl,‘rz)

for the special angles a = T/m; we omit the straightforward calculation.

6. Brownian Motion with Drift

Of course, the case of Brownian-motion with drift is of more interest. The
analysis, however, is considerably more complicated and so it is not always possi-
ble to evaluate the integrals that arise. In this section, we extend the results
of the previous sections to Brownian motion with drift.

If, in section 3, the correlated process X(t) has drift 6= (61,92)' where
Bi>0, it is easy to see that for the corresponding process Z(t), in the wedge W,

we have drifty = Qi)' = (08,70,, -8, 1-p)1/R ret

2
Q1) f(t;a,b) = /b exp(- —bz- -‘t-Ta)—)
' 21Tt3 2a

be the inverse Gaussian density in its usual form [ 6 ,p. 263]. Then it is easy to
|x sino-x cosal

see that T, has density f(t; 1 2 » & sinor-xzcosa)z) and T, has density
o/ 2 1 2
x 1"1-p
2
o./. 2

2 1-p
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Let P: be the measure associated with uncorrelated Brownian motion starting
at x and with drift u:

x X
22) Pu(Z(tl)eAl, seer2le dea ) =Pr(2(t, Mmte Al’ sees2(t JHuted )

for all n, for all t1<...<tn, and for all Borel sets Ai' Our basic tool is the

exponential (likelihood ratio) martingale

dp* )
(23) — o exp@' @Ct)=x)-t|n]|*/2)

x
dPo

on Ft’ the sigma field generated by {Z(s) ¢ s<t}. Thus, we have that

x n' (y—x)-|u|2t/2 x
(24) v(t,x,y) = Pu(‘r' >t, Z(t)edy) = e PO(T‘> t, 2(t)e dy)

is a solution to the diffusion equation with convection or drift:
25) v, = %Av +u'Vv; v(0,x,y) = Gx-y; v(t,a,y)=0, ae€d¥W

where 6 is the Dirac delta. Of course, in (24), P;(‘r' >t, Z(t)e dy) 1s given by
(8). The expressions for P:(I' >t) and P:,c Z(1')eA) dg not seem to be convenient
as they were for the driftless case ((10) and (13) in section 4), but the joint
density of T' and Z(T1') is available., In fact, Daniels' argument gives

(see Figure 3)

_ ' . ’ 2 A..'.
(25) P:(I'edt,z(T')eda) « ox'imt|ul /24y an(T'edt,Z(T')eda)

2
) '
P:(‘t'edt,z(r')eda') - oxt|u]"/24a wf““‘““z“““)p;(r'~edc,z(r')eda'),

vhere we use (15) for Px('t'edt.z(‘t') € da).
o .

Finally, we have for s < t




1z

b4 X asing
(27) PU (Tl € ds,'r2 edt) = f Pu (Tleds,Z (Tl)eda)P (‘r2 € dt-sg).
ow

Note that Pﬁ §1na(T2 ¢ dt-s) is just the inverse Gaussian density and

P:(Tl eds,z(Tl) € da) is given by (21). The integral involved, however, does not

seem to be tractable,

7. Concluding Remarks

Clearly, the p=0 case is much easier than the u¥ 0 case; however, the physical
motivation demands U ¥ 0. For higher dimensional problems, similar methods can

be used to get the joint distribution of T= (‘tl,...,'rp), where T, = inf{t>0: xi(t)=ai},

i
a, >0, and X(t) ~ N(0,t}) is a driftless correlated Brownian motion. The
geometry in RrP is quite complicated though; for certain patterened t (e.‘g.,

t 13 =p), the transformation to independence can be domne in closed form, and the
joint distribution of T is available. The same problem for general § and for

U ¥ 0 requires further investigation, and will be the subject of a subsequent

paper.
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