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Project Summary

We study stability and performance robustness properties of linear multivari-
able feedback systems with several modelling errors. Each modelling error is
assumed to be a stable unstructured perturbation that satisfies a frequency de-
pendent norm bound but is otherwise arbitrary. The structured singular value is
used to provide a stability margin for such an uncertainty description. Since the
structured singular value is calculated via a numerical optimisation procedure, it
may be difficult to obtain insight into the relation between its sise and the plant,
compensator, and design specifications for the robustness problem. We derive
bounds and approximations for the structured singular value as a method for
providing such insight. Our results are applied first to analyse robustness diffi-
culties that may be associated with an ill-conditioned plant, and next to develop
design rules. In particular, we develop a procedure for selecting weightings to be
used in the LQG/LTR and H* synthesis problems so that the solutions to these
optimisation problems tends to minimise the structured singular value.
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Chapter 1

Introduction

The problem of designing a feedback system to satisfy a performance specifica-
tion and to be robustly stable against plant modelling errors is of fundamental
importance in control theory. Indeed, over the last 10 years, this problem has
received renewed attention, particularly in the context of multivariable systems
(e.g. [DoS81), [SLHS1), [Fra82], [Fra87], [Doy87], [Fra87]). Singular value analy-
sis, based upon the singular value norm of a matrix transfer function, has served
as an important tool for characterising both performance and stability robustness
properties of a multivariable feedback system, and has allowed the generalisa-
tion of many useful concepts from classical feedback theory for scalar systems to
multivariable systems.

Unfortunately, singular value analysis techniques are not applicable to many
design problems of interest. For example, singular value robustness analysis is
most useful when uncertainty is isolated at only one point in the system. When
uncertainty and modelling errors are present at several points in the system,
singular value analysis tends to yield estimates of stability robustness that are




either optimistic (by testing robustness against only one modelling error at a
time) or pessimistic (by testing against a broader class of uncertainty than is
actually present). Furthermore, singular value analysis is useful only for test-
ing nominal performance properties of a system; obviously, performance should
also be robust against modelling error. It may be shown [DWS82] that the ro-
bust performance problem is equivalent to one of stability robustness with an
additional source of uncertainty that represents the performance specification.
Hence, robust performance problems reduce to problems of stability robustness
with respect to several sources of uncertainty, and the deficiencies of singular
value analysis described above also apply to the analysis of robust performance.

To address the limitations of singular value analysis, Doyle ([Doy82], [DWS82])
introduced the structured singular value, an analysis tool that directly addresses
the problem of stability robustness against several sources of modelling uncer-
tainty, and thus also addresses the robust performance problem. Essentially,
the structured singular value provides a precise stability margin against several

simultaneous sources of modelling error.

With the aid of singular value and structured singular value analysis, several
methodologies for the design of robust multivariable feedback systems have been
proposed. Among these are LQG/LTR ([DoS81], [StA87]), H* optimisation
[Fra87], and structured singular value synthesis [Doy85]. At present, each of these
methodologies suffers from at least one shortcoming. For example, the LQG/LTR
methodology is applicable only to robustness problems with one source of mod-
elling error. This shortcoming is overcome by the structured singular value syn-
thesis methodology; however, the latter methodology is experimental and tends
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to generate exceedingly high order compensators.

It seems clear that additional insights into the properties of multivariable
systems with several sources of uncertainty will be needed before a completely
satisfactory design methodology can be developed. In particular, multivariable
systems can possess robustness difficulties having no analogue in their scalar
counterparts. For example, it has been observed by several researchers ([Ste84],
[Ste85], [Ste87], [Doy87], [NeM87], [SMD88), [Fre89a), Fre89b]) that systems with
ill-conditioned plants can cause robustness difficulties when modelling error is
present at more than one loop location. Ill-conditioned plants arise in fields as
diverse as aircraft control [Enn87] and chemical process control [SMD88]. From
a systems viewpoint, ill-conditioning at a frequency means that the gain of the
plant exhibits a strong directional dependence; i.e., certain input sinusoids at
a frequency for which the plant is ill-conditioned will be amplified much more
than will others. A thorough understanding of robustness problems caused by
plant ill-conditioning is not yet available, nor is a design methodology capable of
coping with these difficulties.

The work performed under this contract represents substantial progress to-
ward understanding the robustness properties of multivariable systems with sev-
eral sources of uncertainty, and toward design problems associated with an ill-
conditioned plant. The springboard for the present work is provided by the
results of [Fre89a, and [Fre89b]. To summarize these results briefly, the stabil-
ity robustness problem with two sources of uncertainty is analysed to determine
when a system that is robust against each source of modelling error (assuming
that the other is not present) can nevertheless be destabilised by small simul-
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taneous modelling errors. These results are then applied to the ill-conditioned
plant problem. A sensitivity analysis is performed to detect small modelling
errors that strongly affect system stability robustness and performance. These
modelling errors are then used to derive bounds upon the stability robustness
margin, as quantified by the structured singular value. The significance of these
bounds is that they express the interrelation among the plant directionality prop-
erties, the design specifications, and the compensator. This information suggests
a strategy for compensator design to achieve robust performance and stability

despite plant ill-conditioning.

The research described in this report contributes to the understanding of
multivariable robustness problems in several ways. Our overall approach is sum-
marized as follows. We shall study robustness problems that may be analysed
using the Doyle’s structured singular value (SSV). Because calculation of the
SSV involves numerical optimization procedures, it is difficult to obtain insight
into the relation between its size and the plant, compensator, and design spec-
ifications. Such insight is useful for several reasons. First, one would like to
identify combinations of plant properties and design specifications that are in-
herently difficult to satisfy. Second, one would like to have the capability to
manipulate feedback properties, such as robustness and performance, by modify-
ing the compensator. Our approach to obtaining such insight is to derive bounds
and approximations to the S88V. To be useful, these bounds and approximations
must be both reasonably accurate, and should also display the dependence of
the SSV upon plant, compensator, and design specifications. Once such bounds
and approximations have been derived, they are then analysed to provide insight




into fundamental design limitations, and to suggest compensation strategies. In
particular, we incorporate the information gleaned from the bounds into a se-
lection procedure for the weightings used in LQG/LTR, H*, and H? synthesis

procedures.

The remainder of this report is outlined as follows. In Chapter 2 we shall
derive bounds upon the SSV for robustness problems with two or three sources
of uncertainty. The bounds with two sources of uncertainty improve those ap-
pearing in [Fre89a), and [Fre89b), while those with three sources of uncertainty
are new. In Chapter 3, we analyse a specific robustness problem, that of output
performance with respect to input uncertainty which is diagonal or block diago-
nal. Using a sensitivity analysis, as well as the bounds from Chapter 2 for three
sources of uncertainty, we study the design difficulties posed by an ill-conditioned
plant for such a robustness problem. In Chapter 4 we develop a framework for
analysing robustness with respect to several sources of uncertainty. We identify
certain interaction parameters, whose sise determines the extent to which inter-
actions among several modelling errors can cause robustness difficuity, and use
these parameters to derive bounds upon the SSV. Chapters 5 and 6 are devoted
to methods of incorporating insights obtained from our analyses into the H®
and LQG/LTR design methodologies. Chapter 7 contains directions for further
research.




Chapter 2

Bounds on the Structured
Singular Value with Two or
Three Sources of Uncertainty

2.1 Introduction

The purpose of this chapter is to present bounds upon the structured singular
value (SSV) with two or three sources of uncertainty. For two sources of uncer-
tainty, our bounds improve those in [Fre89a] and [Fre89b]. For three sources of
uncertainty, our bounds can be shown to improve those of Demmel [Dem88]. Ap-
plications of our bounds to specific classes of robustness problems will be found
in Chapter 3 of this report.

The remainder of this chapter is organised as follows. Section 2.2 briefly
reviews the structured singular value and its properties. Section 2.3 contains our
main results, including both lower and upper bounds upon the 3-block structured
singular value. These bounds are expressed in terms of a set of interaction
parameters that essentially determine how several uncertainties can interact to




cause robustness difficulties. The research described in this chapter is discussed
in [ChF89¢] .

2.2 Properties of the Structured Singular Value

We shall now briefly review those properties of the structured singular value used
in this chapter; a complete discussion and examples are found in [Doy832]. The
first step in the structured singular value analysis is to rearrange the block dia-
gram . { the feedback system into the form shown in Figure 2.1. The uncertainty
matrix A(s) is assumed to lie in the set

A ={A(s): A(s) = diag[Ay(s), As(s), -+, Au(s)], A; € C¥*¥ and stable}
(2.3.1)
It is often convenient to assume that system uncertainties have been scaled to
satisfy the upper bound 2{A;(jw)] < 74, Vw, Vi, and to introduce the set A, =
{ A(s) : A(s) € A and 3[A(jw)] < 7, Vw }. The interconnection matrix

M(s) = [Miy(s)] 5,5 =1,2,--+,k, Miy(s) € C*"™ (23.2)

is stable if the feedback system is nominally stable. At each frequency, the
structured singular value, denoted u[M), is defined! by [Doy82], [DWS82])?
det[I + MA]#0VA € A

_Jo
uiM] = { 1/(minaca{2(A] : det[I + MA] = 0}) otherwise
(2.2.3)
1Throughout this note, we suppress dependence upon frequency whenever appropriate.

3By a mild abuse of notation, the symbol A will occasionally be used to demote the set of
constant complex matrices with block diagonal structure (2.2.1).
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M (s)

A (s) r————ee

Figure 2.1: Block Diagram for Structured Singular Value Analysis




Hence, by definition, the reciprocal of the structured singular value is a fre-
quency dependent stability margin with respect to uncertainty of the form (2.2.1),
and a nominally stable feedback system will be robustly stable against all uncer-
tainty in the set A, if and only if u[M(jw)] < 1/4, Yw.

The value of u[M] can be calculated as follows. Define the set
D= { d‘dﬂld1]j,, dgfh, seey d.Ij.] cdseR, d; > 0} (2.2.4)

where I, denotes the identity matrix of dimension k;. It was shown in [Doy82]
that
: -1
ulM] < jnf 2[DMD" (2.2.5)

In particular, the upper bound infpep 2[DMD™!] is equal to u{M] when the
system has three or fewer blocks of uncertainty, namely, £ < 8. This fact may
be used to derive bounds upon the structured singular value.

2.3 Lower and Upper Bounds of u[M]

In this section we present both lower and upper bounds on the 3-block structured
singular value. For convenience, we shall first denote o;; = 3[M;;), and introduce

the following parameters that will be used subsequently in deriving the bounds.
B(s,5) = /005, Vi#)
(3,5, k) = (oisonom)/® Vits#k
$1 = Max; oy (2.3.1)
s = maxq; u(s, 5)
py = max;;, p(s, j, k)

Interpretations of these parameters, which we shall term “interaction parame-
ters,” will become available as we develop bounds upon the structured singular




value. For motivation, let us postulate an analysis procedure wherein we test
robustness against uncertainties taken first one at a time, then two at a time
and finally all three at a time. We wish, in particular, to understand when two
(or three) uncertainties can interact to cause robustness difficulties even though
robustnees is good with respect to uncertainties taken one (or two) at a time.
It is well-known that the stability margin against A; alone is equal to 1/0y (
[DW882]. Hence the parameter y; measures stability robustness against the un-
certainties taken one at a time. Suppose next that we consider the effects of
uncertainties taken two at a time. With no loss of generality, we may study this
problem by setting k = 2 in (2.2.1-2).

Proposition 2.3.1 Let k = 2 in (£.2.1-8), and suppose that the sinfimum in
(2.2.5) is achieved. Then

maz {p1, 2} < p[M] < p1 + pia (23.2)

Proof: In order to prove the lower bound, we note that u[M] = 2[DM D) for
some D = diag[di]s,,da]y,] € D. It then follows that u[M] > (di/d;)oy;, V5, 5.
Hence u[M] > oy, and p*(M] > (di/ds)oy;-(dj/di)os = u*(s, 5), thus establishing
the lower bound. The proof for the upper bound is found in (Fre89a].

Remark 3.8.1: The upper bound in (2.3.2) first appeared in [Fre80a)], and
the lower bound is a tighter version of that in [Fre89a]. The statement and
derivation of the improved lower bound are due to C. N. Nett (personal commu-
nication). The proof of this improved bound is significantly simpler than that of
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the bound in [Fre89a), although the proof in [Fre80a] is conceptually appealing
in that it provides the set of smallest destabilising uncertainties.

Obviously, Proposition 2.3.1 can be extended to analyse the effects of any
two uncertainties in the general k-block structured singular value problem. The
parameter u(s, 5) essentially determines how the uncertainties A; and A; can in-
teract to produce robustness difficulties; hence motivating the terminology inter-
action parameter. Note in particular that a stable system whose interconnection
matrix has the form M(a)=[ M""(‘) Male) ] cannot be destabilized by either
uncertainty acting alone; as pointed out in [Fre89a] and [NeUSS|, u[M] = 3 in
this case.

We now extend this result to the 3-block structured singular value problem.
Using Nett’s technique to extend the lower bound in (2.3.2) is straightforward.

Proposition 2.8.23 Let k = 3 in (£.2.1,2), and suppose that the infimum in
(2.2.5) is achieved. Then,

s(M)] > maz {p1, ps, s } (2.3.3)

Proof: 1t suffices to show u[M] > ps. Following the same reasoning as in the
proof of Proposition 3.1 leads to u®[M] > (di/d;)oy; - (d;/ds)ojs - (da/ds)ou, for
some d&;, d;, and dy. Thus, u®[M] > u3(s,5,k), Vi # 5 # k. (]
Remark 2.8.2: Note that this proof technique consists of finding a lower bound
upon infpep 2[DMD™!|, and may be extended to derive similar lower bounds
upon this quantity for the case of k > 3. Of course, this technique results in a
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lower bound upon u{M] only if the upper bound in (2.2.5) is an equality, and this
is guaranteed only for k = 2,3. Most algorithms (e. g., see [FaT886], [FaT88))
for computing the structured singular value actually compute this upper bound,
which Doyle has conjectured is within 15% of the true value of u[M] ([Doy82],
[DLP88]). Hence, if Doyle's conjecture is correct, one might argue that extensions
of Proposition 2.3.2 to k > 3 remain useful.

Remark 2.8.8: Alternately, one can also apply the techniques of [Fre89a] for
the case k = 2 to derive lower bounds for £ > 3. As in the case k = 2, the lower
bound obtained in this way is not as sharp as (2.8.2). However, the technique is
in principle generalizable to obtain lower bounds for arbitrary k.

Next, we present upper bounds upon u[M]. Toward this end, it is necessary

to consider two cases.

Proposition 2.8.8 Let k =3 in (2.£.1,2).
(a) Suppose ps > 0. Then

uM] < p1+ps+ 2’ (2.3.4)
If ps/ps < 1, then
M) < pr + ps + ps (2.3.5)
(b) Suppose p3 > 0. Then
WM) < i+ -+ VB maz (i, (B (23.9)
”“ﬂ/“’ > 1, then
pM] < pr+ (1+ V3 ) (2.3.7)
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Proof of (a): With no loss of generality, we assume us = 4(1,2,8). Our proof pro-

ceeds with the decomposition M = My+M;+M,, where M, = diag[My,, My, My,

0 Mn 0 0 0 Mu

M, = 0 0 M,y and My=| My; O 0 (2.3.8)
My O 0 ' 0 My O

Note first that

— 3 -1
Py = Dnéf’ 3[DM, D"}

_ di dy  ds
= “gf". maz {zdn, d—‘ﬂa, d—ldu}

The solution to this minimisation problem is obtained by setting d; = 1, d3 =
o13/u(1,2,3), ds = u(1,2,3) /0, leading to us = u(1,2,3). Next, notice that
n[M] < ‘.,uéf’c[DMD-l] <@+ OIDMgb_‘] + U[DM’D-II

where

slDMDY] = {%a,,, %a,,, ;‘:o.,}
(#ua £(2,3) 40,3 }

™ ™ ™

F 1% g E

<

This proves (2.3.4), and (2.3.5) immediately follows.
Proof of (b): Without loss of generality, we assume that uy = 4(1,2). Our
proof proceeds with the decomposition M = Mp + M; + M,, where My =
diag[M);, Mys, My,
[o M,,o] [o OM,,]
Myg=|Ms; O O] and My=] O 0 My

0 0 O My; Mgy O
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Clearly, u[M] < s + infpep {3]DMsD*] + 3[DM(D]}. Setting dy =1, d; =
013/ s yields

<p+m+ inf 3DMD?
HIM] < b+ b ‘u‘x"t.‘n"n[ D7

To solve the minimisation problem in the right hand side, note that
i -1 _ l M,
B 2007 = gt mee { i, @/, 3 g, |}
< gt maz { /oy + (1/da)oha, (1/da)Vols + 8ok }

The last minimisation problem has the solution dy = [(o}, + djody)/(c}, +
(1/ds)%03,)]1/4. Substituting the value of d; yields

[ 6 6 /4
oMY < [ut(a,3)+ut(1,9) + EL0T LR ]’

3 3 3]/
- r(u’(z,.».)—u’u,s))’+(“ (133) , L33)) ]

] [ ]
< :(#3)’+ (z%f—)’]m

3
< \|u§+2£

This proves (2.3.6), and (2.3.7) follows immediately. =

Just as the parameter u; measures how the effects of two uncertainties can
interact to cause robustness difficulties, so does u3 measure the problems caused
by interactions among all three uncertainties. Indeed, suppose that the system
interconnection matrix has the form of M;(s), or M;(s), defined as in (2.3.8).
Since 1 = u3 = 0, neither of these systems can be destabilised by uncertainties
acting individually or in pairs. However, each system can be destabilised by
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a combination of A;, A;, and As. The following corollary is an immediate
consequence of (2.3.3) and (2.3.4).

Corollary 3.3.4 Let M; and M; be defined as in (2.9.8). Then,

(s)
uiMy] = #(1,2,3) (2.3.9)

o)
s[Ms] = p(1,3,2) (2.3.10)

Hence the first upper bound (2.3.4) is useful in the case that the most significant
difficulty is due to the interaction of all three uncertainties, while the second
upper bound (2.3.6) is useful in the case that the most significant difficulty is
due to the interaction of just two of the uncertainties. An interesting open
problem is whether a single upper bound exists which is useful in both cases and

is not prohibitively messy.
2.4 Concluding Remarks

In this chapter we have derived both lower and upper bounds upon the struc-
tured singular value with respect to three blocks of uncertainty. Our bounds are
expressed in terms of a set of parameters that determine how two or three un-
certainties can interact to cause robustness difficulties. These bounds appear to
give reasonably tight estimates of the structured singular value. Specifically, the
upper bounds were shown to be within a factor of three of the lower bound on
one occasion, while within a factor of 2+ /3 (=5 3.73) on the other. It is interest-

15




ing to note that our bounds are substantially tighter, and have more interesting
interpretations, than those developed in [Dems88].

More importantly, our bounds may be used to study various robustness analy-
sis and design problems. In applying these bounds, we found that the blocks M;;
of the interconnection matrix will be mutually interrelated, and, as in [Fre89a),
it is important to analyze this interrelation to obtain design insight.

We conclude this chapter by pointing out the potential extensions of these
bounds to the k-block structured singular value, with & > 3. Many of the present
results can be extended; however, the technique used to derive the lower bounds
may not. The major obstacle in achieving this, of course, is the invalidity of the
equality u[M] = infpep 3[DM D] in the general case.
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Chapter 3

Robust Performance with
Respect to Diagonal Input
Uncertainty |

3.1 Introduction

In this chapter we shall apply the results of Chapter 2 to a specific class of
robust performance problems. For motivation, consider the problem of main-
taining the output sensitivity function small, to achieve disturbance attenuation,
despite the presence of unstructured multiplicative uncertainty at the plant in-
put. Analysis of this problem has exposed potential design difficulties when the
plant transfer function matrix is ll-conditioned at frequencies near crossover. By
“ill-conditioned,” we mean that the gain of the plant, at a frequency of interest,
exhibits a strong directional dependence: some input signals will be amplified
much more than will others. Although no conclusive proof has yet appeared,
anecdotal evidence suggests that ill-conditioned plants may be inherently dif-
ficult to robustly control, at least for certain types of plant uncertainty, and
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that the size of the plant condition number is an indicator of the degree of the
difficulty in achieving robustness [Fre89a], [Fre89b], [NeM87|, [SMD88], [Ste85],
[Ste8T], [SkMST].

The tentative conclusion that an ill-conditioned plant is inherently difficult
to robustly control depends critically upon the assumption that the input uncer-
tainty is unstructured, and can therefore introduce coupling among different plant
inputs. Often, however, physical considerations dictate that it is more reasonable
to assume that uncertainty cannot introduce such coupling, or can introduce cou-
pling only among a subset of the inputs. Examples arise in diverse applications,
such as process control [SkM87], [SMD88] and aircraft control [Enn87). This
property is modelled mathematically by assuming that the input uncertainty has
a diagonal or block diagonal structure. In {SMD8S], it is demonstrated via ex-
amples that ill-conditioned plants can sometimes cause design difficulties when
input uncertainty is constrained to be diagonal (i.e., to introduce no coupling
between inputs), but that sometimes no such difficulty is encountered. Appeal-
ing physical explanations of this phenomenon are presented in [SMD88], and the
extent of the potential robustness difficulty depends upon the input directional-
ity properties of the plant, as well as its condition number. It is also remarked
[SkM87] that the plant relative gain array may be a useful indicator of potential
robustness difficulty for this problem. The analysis in [SkM87], [SMD88] focuses
in particular upon robustness difficulties that can be encountered through use of
a compensator that explicitly inverts the plant model.

Our purpose in this chapter is to provide a framework useful for analysing the
degree of difficulty inherent in the robust performance problem when the input
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uncertainty is modelled as a diagonal or block diagonal matrix. An outline of
our results follows. In Section 3.2, we introduce notation and define the robust
performance problem of maintaining the output sensitivity function small despite
the presence of block diagonal uncertainty at the plant input. Section 3.3 con-
tains initial results: we calculate the first- and second-order effects of the input
uncertainty upon the output sensitivity function, and point out conditions on the
closed-loop shapes which must be satisfied if these effects are to be kept small. In
Section 3.4, we review the use of the structured singular value [Doy82] as a test
for robust performance. Since the interrelation among the plant, compensator,
uncertainty structure, and sise of the structured singular value is rather compli-
cated, we use the frequency dependent bounds upon the structured singular value
derived in Chapter 2 to provide useful insights into this interrelation. These
bounds are stated in terms of snteraction parameters; keeping these parameters
small is approximately equivalent to satisfying the goal of robust performance.
Furthermore, the interaction parameters are very closely related to the first-
and second-order effects of input uncertainty that were calculated in Section 3.3.
Next, in Section 3.5, we analyse the problem of keeping the interaction parame-
ters small, and show that the difficulty of this problem depends upon a robustness
sndicator which is a function of both the plant condition number and its input
directionality properties. In Section 3.6, we briefly discuss and compare the rel-
ative gain array to our new robustness indicator. Examples are given in Section
3.7, and concluding remarks are made in Section 3.8. The research described in
this chapter is discussed in [ChF89a).
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3.2 The Robust Performance Problem

Consider the linear time-invariant feedback system depicted in Figure 3.1. The
transfer functions P(s) and F(s) are those of the plant model and compensator,
respectively. We shall assume' that the plant has n inputs and outputs, and
that detP(s) # 0. The signals r(s), d(s), and y(s) are the reference input,
disturbance input, and system output, respectively. Define the input open-loop
transfer function, sensitivity function, and complementary sensitivity function:

Li(s) = F(s)P(s), Si(s) = [I + Le(s)]™", Tr(s) = Lr()[I + Le(s)]™"  (3.2.1)

and the output open-loop transfer function, sensitivity function, and complemen-

tary sensitivity function:

Lo(s) = P(s)F(s), So(s) = [I + Lo(s)]™*, To(s) = Lo(s)[I + Lo(s)]™? (3.2.2)

The following notation will be used. Let RH™ denote the set of proper
rational matrices that are stable, i.e. that have no poles in the closed right half
plane. Given G(s) € RH™, define |G|« = sup,3[G(jw)], where 3[:| denotes
the largest singular value of a matrix [GoV83]. Define also the set

D, ={G(s) € RH™: |Gllc <7} (3.2.3)

When we refer to a matrix in D, the dimensions will be clear from the context.

Finally, we suppress dependence upon frequency whenever convenient.

10ur results extend to nonsquare plants that satisfy the relevant assumption of left or right
invertibility.




r (s)

+]d@®

» P(s)

y(s)

F (s)

Figure 3.1: Feedback Configuration
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We now describe the design specifications that our system is to satisfy. Sup-
pose that the true plant is given by

P'(s) = P(s)[I + Ry(s)As(s)] (3.2.4)
The matrix A;(s) may lie anywhere in a set of form

A, = {disglAr, Ag] : Ay € C¥, A, € CB-¥XE-D), A, eD,, i=1,3}
(3.2.5)
where 0 < k < n. We say that each A; is an unstructured uncertainty. The
matrix Ry(s) = diag[ri(s)Is, ra(s)Is-a] is dimensioned compatibly with A;(s)
(Iy and I,_, are identi