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ABSTRACT

" Computing a shortest collision-free path connecting points s and t that vis-I

its a given set of obstacles in two dimensions is like the travelling salesman

problem and is NP-hard. We consider a restricted version of the above prob-

lem called the s-t-monotone visit problem that asks for a monotone path

connecting s and t that visits the maximum number of obstacles. We give

an O(n ) time algorithm to solve this problem, where n is the size of the

obstacle scene. -
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INTRODUCTION

Planning shortest collision-free paths connecting a start point s and a

target point t amidst a collection of obstacles has attracted the interest of

many researchers recently [SHS87,SY87,Mi86]. This problem is known as

the Find Path Problem ( or FPP) in the literature [SS86]. Polynomial

time algorithms for the two dimensional version of this problem have been

reported [SS86,Mi86]. The problem is shown to be NP-hard in general in

three dimension [CR87J. Several variations and generalizations of FPP have

been proposed and investigated (particularly in the two dimensions). One

variation of FPP is the watchman route problem introduced in [CN88a].

The watchman route problem asks for a shortest route that starts from a

point s back to itself such that each point on the free space is visible to

some point along the route. Finding a watchman route amidst a collection of

polygonal obstacles in two dimensions is NP-hard [CN88a]. An O(n 4loglogn)

time algorithm for computing a watchman route inside a simple polygon is

given in [CN88b]. If the polygon is restricted to be simple orthogonal then

the watchman route problem can be solved in O(nloglogn) time [CN88a]. A

generalization of the watchman route problem is the robber route prob-

lem. The robber route problem asks for a shortest route from s back to itself
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such that each point in the given set of goal points Q is visible to some point

along the route while the route itself is iiot visible to any of the given set of

threat points T. This problem also can be solved in O(n 4loglogn) time for

simple polygons [Nt90].

A problem closely related to the robber route problem is the Shortest

Visit Problem (or SVP). The SVP problem asks for a shortest collision-

free path connecting s and t that ,isits a specified set of objects (obstacles).

This problem is similar to the famous traveling salesman problem and can

be shown to be NP-hard easily. Some restricted versions of FPP have been

proposed. One such restricted version is obtained by requiring the path to

be monotone along a given direction [ACM89]. A path (polygonal chain) is

said to be monotone along a given line I if the projection of the segments of

the path along I do not overlap. An O(nlogn) time algorithm for computing

a monotone path (if it exists) along a given direction is reported in (ACM89].

In this paper we consider a restricted version of the shortest visit prob-

lem by requiring the path to be monotone. One motivation for looking into

this problem stems from the fact that monotone paths have important ap- G

plications in robotics for detecting the separability of obstacles. Another

motivation is the possibility of using its solution as an approximate solution
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tor the shortest visit problem which is a NP-hard problem.

In section II, we formally introduce the s-t-monotone visit problem and

develop an 0(n2 ) time algorithm for computing a monotone path connecting

given points s and t that visits a given set of obstacles. We conclude in

section III by discussing several extensions of the problem.

II. VISITING OBSTACLES BY A MONOTONE PATH

Consider a collection of polygonal obstacles and points s and t in two

dimensions. A path P connecting s and t is called a s-t-monotone path

if it is monotone along the direction s-t. Without the loss of generality we

assume that the x-coordinate of s is less than the x-coordinate of t. We are

interested in planning a s-t-monotone path connecting s and t that visits all

obstacles. However, it may not always be possible to visit all obstacles by

any s-t-monotone path. Let V, and V denote vertical lines passing through S

and t, respectively. It is clear that no s-t-monotone path can visit obstacles

lying completely to the left of V, or to the right of V. We can therefore

ignore such obstacles for computing s-t-monotone paths. Note that even if

all obstacles are completely lying within V, and Vt it may not be possible to
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visit all of them by any s-t monotone path. This motivates us to define a s-t

monotone path that visits the maximum number of obstacles.

The s-t Monotone Visit Problem (or MVP): Given a start point s, a

target point t, and a collection of polygonal obstacles, find a collision-free s-t

monotone path that visits the maximum number of obstacles.

Figure 1 shows a s-t-monotone path that visits the maximum number

of obstacles. Our approach to solve MVP can be briefly stated as follows:

We construct a directed acyclic planar graph G from the obstacle scene and

apply a Modified Longest Path Algorithm (or MLPA) to G such that

the path computed by MLPA is precisely the solution for MVP. We first con-

struct a Vertical Adjacency Graph (or VAG in short) similar to the one

described in [ACM89I. From each obstacle vertex (including points s and

t) vertical lines are extended above and below to hit the corresponding first

obstacle boundary (some lines may extend to infinity). This process results

in the trapezoidization of the free space (see Figure 2). The resulting graph is

clearly planar. Note that at most two new vertices are created corresponding

to each obstacle vertex and each obstacle vertex can increase the number of
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edges by at most three. Thus the size of the vertical adjacency graph is a

constant multiple of the size the original obstacle scene.

Let us call four edges of trapezoids as left-edge, right-edge, bottom-

edge, and top-edge with obvious meaning. Observe that in some degenerate

cases trapezoids could actually be triangles. Also, some trapezoids may have

their top-edges and/or bottom-edges at infinity. An infinite trapezoid is

the one that has both its bottom-edge and top-edge at infinity. Similarly a

semi-infinite trapezoid is defined to be the one that has either bottom-

edge or top-edge at infinity. Consider an infinite trapezoid T, (e.g., abcd in

Figure 5). Call the edge obtained by connecting obstacle vertices correspond-

ing to the left-edge and right-edge of T, as bridge edge. An augmented

vertical adjacency graph (AVAG) is obtained by adding bridge edges

corresponding to each infinite trapezoids (see Figure 3).

Lemma 1: [ACM89]: The vertical adjacency graph (and hence the aug-

mented vertical adjacency graph) can be constructed in O(nlogn) time.

Definition: Two trapezoids are said to be adjecent if they have a common

vertical edge.
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Fact 1: Any s-t-monotone path that goes through a sequence of trapezoids

TTi2I, .. -Ti is such that Ti, is to the left of Tim, for all I < m.

Definition: Two s-t-monotone paths are equivalent if they pass through

the same sequence of trapezoids.

Definition: A trapezoid Tk is said to be to the left of trapezoid T if the

x-coordinate of the left edge of Tk is less than the x-coordinate of the left

edge of T.

Lemma 3: Corresponding to every s-t-monotone path there is an equivalent

s-t-monotone path consisting of the edges in AVAG.

Proof: Let T,, T 2,..., T,, be the sequence of trapezoids through which

any s-t-monotone path goes. Replace the portion of the path passing through

each trapezoid by an equivalent sub-path consisting of left-edge, bottom-edge

(or top-edge), and right-edge one by one. All such edges are clearly in AVAG.

Q.E.D.

Construction of the Directed Acyclic Graph (or DAG):

In order to facilitate the search for a s-t-monotone path that visits the max-

imum number of obstacles we construct a DAG from AVAG as follows. We
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remove all vertical edges that have an end point at infinity. The remaining

edges will have exactly one end point at obstacle vertex and the other end

point at the interior of an obstacle edge. We replace each vertical edge by

two edges as shown in Figure 4. DAG is finally obtained by assigning left to

right direction to all edges (Figure 5).

Computation of the Longest path: We can find the longest

path (i.e., the path with the maximum number of segments or edges) connect-

ing s and t in the DAG by using the longest path algorithm which is similar to

topological sort (AHU741. The time complexity for computing longest path

between two nodes in a planar DAG is O(n). However, the longest path

between s and t may not correspond to the s-t-monotone path that visits

the maximum number of obstacles. The reason is that the path may visit

the same obstacle more than once. We can fix this problem by developing

a modified longest path algorithm (MLPA) as follows. MPLA starts

from s and proceeds to compute the longest path for new nodes one by one.

The length of the longest path to a newly visited node m is incremented only

when the obstacle corresponding to m was not visited by the path before.

This rule makes sure that an obstacle is counted only once even though the

path visits the same obstacle more than once. A precise description of the
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algorithm is given in Figure 6.

The time complexity of the modified longest path algorithm can be readily

analyzed. The in-degrees of all vertices can be initialized (line 3) in 0(n)

time by using depth first search algorithm in 0(n) time (since the graph

is planar). The while loop (line 5) executes at most 0(n) time. The time

complexity of function visited (line 10) is 0(n). Hence the total time is

0(n 2).

Theorem 1: The s-t-monotone visit problem can be solved in 0(n 2) time.

III. CONCLUDING REMARKS

We presented an 0(n 2 ) time algorithm for computing a s-t-monotone

path that visits the maximum number of obstacles. It would be interest-

ing to investigate a faster algorithm. The s-t-monotone path computed by

AlgorithmA is not the shortest such path. One may make it shorter by

stretching it tight ( by pulling it apart at s and t) without loosing its contact

with the obstacles that were visited by the path before. We call this prob-

lem the path stretching problem. We conjecture that this problem can

be handled by appropriately converting it to an instance of the zoo-keeper

problem [CN87] and we are currently working on it.



We computed the s-t-monotone visit path when s and t are fixed. It

would be interesting to compute it when s and t lie anywhere outside the

convex hull of the obstacle scene.
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1. Procedure ModifiedLongestP ath(D AG,vo);
LongDist(vt) is the distance of the longest path from vo to vt}

{PrevNode(vt) is the node before vt in the longest path from vo to vt}
2. create a stack; LongDist(vo) :-- 0; PrevNode(vo) := Vo
3. initialize in-degree for all vertices
4. push VO on stack
5. while stack not empty do
6. begin
7. Vt := pop(stack);
8. for each edge (vt, vj) do
9. begin
10. if visited(vj,PrevNode) then LD LongDist(vt)
11. else LD := LongDist(vt) + 1;
12. if LongDist(v,) < LD then
13. begin
14. PrevNode(vj :v;
15. LongDist(,,) LD
16. end;
17. in-degree(v,) := in-degree(v) - 1;
18. if in-degree(v,) = 0 then push vj
19. end;
20. end;
21. end; {while}
22. end. ModifiedLongestPath

function visited(vj, ,PrevNode): Boolean;
{ this function returns 'true' if the longest path from v0 to v1 }
{ contains at least two vertices belonging to the obstacle corresponding to v,
Let Q be the obstacle corresponding to v,
v := PrevNode(vj); visited := false;
while v <> s and (notvisited) do

begin
v := PrevNode(v);
if v belongs to Q then visited := true

end
end. {visited}

Figure 6: Algorithm-l
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Figure 1: A s-t-monotone path that visits the maximum number of obstacles
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Figure 2: Trapezoidization of the obstacle scene
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Figure 5: Directed acyclic graph of the obstacle scene
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