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THE INVISCID STABILITY OF SUPERSONIC
FLOW PAST A SHARP CONE

Peter W. Duck1 and Stephen J. Shaw
Department of Mathematics
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ABSTRACT

In this paper we consider the laminar boundary layer which forms on a sharp cone in a

supersonic freestream, where lateral curvature plays a key role in the physics of the problem.

This flow is then analysed from the point of view of linear, temporal, inviscid stability.

Indeed, the basic, non-axisymmetric disturbance equations are derived for general flows of

Ihi class, and a so called "triply generalised" inflexion condition is found for the existence of
'--'subson neutral modes of instability. This condition is analogous to the well-known gen-

eralised inflexion condition found in planar flows, although in the present case the condition

depends on both axial and aximuthal wavenumbers.

Extensive numerical results are presented for the stability problem at a freestream Mach

number of 3.8, for a range of streamwise locations. These results reveal that a new mode of

instability may occur, peculiar to flows of this type involving lateral curvature.

Additionally, asymptotic analyses valid close to the tip of the cone / far downstream of

the cone are presented, and these give a partial (asymptotic) description of this adllitklal/ - ,!esslon For

mode of instability. , y ,.... -o,
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1. Introduction and motivation

It is well known that unlike many of their incompressible counterparts,

supersonic boundary layers arc generally susceptible to inviscid forms of

instability; this comment, in particular, applies to Blasius-type boundary

layers. The paper which first tackled the problem of stability of

supersonic boundary layers, from any kind of rigorous mathematical

standpoint was that of Lees and Lin (1946), who presented some extremely

important results on the problem, including the importance of the quantity

dy* P U*J (where u* denotes velocity tangential to the surface, v*

the normal to the surface, and p* the fluid density), which plays the

same role as that of an inflexion point in incompressible flows. In

particular at the point where the above expression is zero (y* = yo , say),

then a neutral mode exists with wavespeed u*(yo*) (although see the

restriction (4.21) later in this paper). Lees and Lin also showed how

viscosity played a similar role at a critical layer as in analogous

incompressible flow situations. This two-dimensional work was later

extended to three-dimensions by Reshotko (1962).

The development of digital computers enabled accurate numerical

computations of the problem to be made. One of the earliest was that of

Brown (1962), and this was followed by a number of studies by Mack

(1963, 1964, 1965a,b, 1969, 1984, 1987a), both of an inviscid (large

Reynolds number) and viscous (finite Reynolds number) nature. These

computations revealed a further distinction between supersonic and

incompressible fNows, namely that in the latter case an infinite sequence of

modes is possible. These are important, because generally it is one of

these "higher" modes that exhibits the largest growth rate according to

inviscid, linear stability theory.

In spite of their great practical importance, flows of this type, but

involving lateral curvature have received scanty attention over the years.
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Duck and [fall (1989a) showed how in supersonic flows, curvature interacting

with viscosity could provoke additional instabilities (axisymmctric in

form), provided the body radius was below some critical value. Duck and

Hall (1989b) then went on to show how a similar effect occured with

non-axisymmetric modes (which, in fact, turn out to be generally more

unstable than corresponding ixisymmetric modes).

Recently, Duck (1989) (hereafter referred to as I) has shown the

influence of curvature on the axisymmetric inviscid stability of supersonic

boundary layers, in particular those that form on thin straight circular

cylinders. It was found that curvature has a profoundly stabilising effect

on these modes. Interestingly, it was shown how curvature altered the

generalised inflexion condition described above, and a modified (or "doubly

generalised") inflexion condition, involving the radius of curvature was

derived.

In the present paper we extend the work of I to non-axisymmetric-

disturbances which, indeed, turn out to be more important than axisymmetric

disturbances considered previously. Further, rather than studying/applying

our techniques to the thin straight circular cylinder, we consider a

somewhat more practical configuration, namely that of a sharp coqe.

To (considerably) facilitate already lengthy and complex computations,

following I we assume that the tip of the cone has a finite radius, and

that the associated boundary layer on the cone surface is planar at the cone

tip. (We expect that far downstream the flow will become planar once again,

having utilised the Mangler, 1948, transformation.) Following previous

studies in this area, we also ignore the presence of any shocks.

Mack (1987b) has performed some computations for the stability oi the

flow over a cone in supersonic flow, at finite Reynolds numbers, but found

little difference with corresponding planar results. Here, we deliberately

allow curvature to occur throughout the study, both in the equations

governing the basic flow, and in the disturbance equations.
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A few preliminary numerical results of this study have been presented by

Duck (1990). Here, we present additional numerical results, and also a

number of important asymptotic results related to these calculations.

2. Equations of motion and state

The gencral layout of the problem is shown in Fig. 1. The z* axis

lies along the cone axis, r* denotes the radial coordinate, and 0 the

azimuthal coordinate. The velocity vector v* has components Vl*, v2*

and v3* in the r*, 0 and z* directions respectively. Although we

shall be concerned with a basic flow which is independent of 0 (and with

v2 = 0), when we go on to consider the stability of the flow, we shall be

concerned with non-axisymmetric disturbances.

In the cylindrical polar coordinate system as defined above, the full

equations of continuity, momentum and energy take on the following forms

(Thompson 1972)

ap* a ,) i a•
d-*+ a (P* V) + I (p* v2*)

a P vi = O, (2.1)
+ *(P*v 3*) +az r

P Dvl* (v2*) 21 a r

7 Do=+ ~7 J ar ar*

+ lr*r* (2.2)
r

Dt [ r ar

+ ' _ ___r ao az

+ 2 Xr*6
(2.3)

r
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d r dr r

+ z* + . (2.4)
az r

• D Dp* r* + I Kr* 3T*

DL r Y
I a 3T*

+. a(2.5)

Here p* is the density of the fluid, p* the pressure, Cp the

specific heat (at constant pressure), and K* the coefficient of heat

conduction. The Eulerian operator is defined as

D a * av * a*aDta -3t V, + r Y30 + v3  '(2.5)

DL7 at*ar r YO- z'

and the viscous stress components. assuming Newtonian flow are defined

to be

211*--2 * + .* v.v* , (2.6)
dr

z 2 * [I Dv2 + . + X V. v (2.7)
0r DO r(2

av*

Xz*z* 2= + X* V.v (2.8)
az-

Ir*O 10r* = l + r .- 1--J (2.9)
r Do ar

[~z I* = av 1 (2.10)

lz*r* = lr*z* [ !r + " (2.11)

The dispersion function F* in (2.5) is given by



2 2 21z

+ 2 D2*0 + 2 D2*0 + 2 Dz*r*j

+ (X* - 2 g*) (V.v*) 2. (2.12)

Here the 'D' terms are the components of the' rate-of-deformation tensor,

for example

Do) + -i-,(2.13)
r ao r

Dz = + (2.14)
21 dz r ae

The coefficients J* and X* above denote the first coefficient of

viscosity and bulk viscosity respectively (which are expected to be

functions of temperature).

The equation of state is taken to be that pertaining to a perfect gas,

i.e.
* * *

p p R* T (2.15)

where R* is the gas constant.

With reference to Fig. 1, the surface of the cone is taken to lie

along r* = a* + XI z*, z * > 0, (later, important assumptions regarding

the size of the slope parameter will be made), and so on this surface we

require

vI* =v 2  = v3  = 0. (2.16)

If the surface of the cone is insulated then the following additional

boundary condition must be imposed

= 0 , (2.17)

(where n* denotes an outwards normal to the wall). In the case of heated/
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cooled walls, then the condition

T =T (2.18)w

must be imposed at the surface.

Conditions remain to be specified at z* = 0; for this we follow I

(precisely) by assuming that the boundary layer at this location has zero

thickness, enabling planar conditions to be imposed at this position.

Assuming the cone to be slender, then the far-field conditions are taken to

be uniform, with

vI = v2 = 0 (2.19)

v3 = U* (2.20)

T* =T*. (2.21)

(Indeed, in the case of non-slender cones, if the shock wave is attached,

downstream of the shock the external flow is irrotational, and there

is also a constant slip velocity at the surface of the cone.) We next go on

to derive the basic (boundary-layer) flow on the surface of the cone,

assuming curvature plays a key role in the physics of the problem.

3. The boundary layer flow

We define our Reynolds number on the tip radius of the cone, a*, as

follows

Re = U * a P.*,a , (3.1)

and this will be taken to be large throughout this paper. As noted

previously, the basic flow is taken to be independent of 0, and has no

azimuthal velocity component (i.e. v2* = 0).

It is now convenient to introduce non-dimensional parameters as follows

(v1 , v3, r, z, T, p, g) =

(-Re y1  r z T p

U. U,. aF 'ReaT T,,, W p, P (3.2)
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A key element of this paper (as in i) is the inclusion of curvature

terms in the governing equations to leading order. If this is to be the

case, then we must have that

,= Re-! I

where = 0(1), (3.3)

implying a.slender cone.

The leading order governing equations may then be written (assuming

p3

Re --4 -)

(v (3.4)

ap 0 (3.5)

VlI + v3 = 7[rIYar ] (3.6)

aT aT P. r-2

VI a " + v3 a " = Tal)[ J

+ T a9 rr T (3.7)

where the result

S= -(3.8)
T

has been used, a is the Prandtl number, namely

I*Cp (3.9)

K

(which is taken to be a constant in this paper), y denoting the ratio of

specific heats, and M is the freestream Mach number, namely

. = U** / (' R* T.*) . (3.10)

The boundary conditions to be applied to this system are

v1 = v3 = 0 on r = + 1z,

v3  1 1. T -- 1 as r -- * , (3.11)

together with a wall temperature condition; in the case of insulated walls,
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(to leading order)

FT= 0 on r = I + z, (3.12)

whilst in the case of heated/cooled surfaces

T = Tw  on r = I + Tz. (3.13)

To close the problem, a viscosity/temperature law is required. For the

purposes of this paper we take the linear Chapman law (Stewartson 1964),

namely

CT (3.14)

where C is taken to be constant (although as noted in I, there would be

no conceptual difficulties in taking more complex variations of viscosity

with temperature).

If we write

VI C V;--

-1
z=C 

= cx (3.15)

whilst retaining other terms, then the system (3.4) (3.7) becomes

ar[ 4I + 4r + [ IV =0, (3.16)

p 0 , (3.17)

av3 Dv3 T3 a D31
vi 3 + v3  a - r rT , (3.18)

aT + T T2 (y-l) q.2 kJ

Ta rTaT 1 (3.19)

whilst the wall boundary conditions are to be applied on

r= 1 + X .
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As described previously we assume planar conditions prevail at z = 0,

whcrc the boundary layer is taken to have zero thickness. The problem is

thus singular at z = 0, and consequently scaled variables must be

introduced in order to (numerically) solve the system (3.16) - (3.19)

accurately. Specifically we write

'I =  iVl ( , )

v3 =v 3 (0,4),

T T (TI ), (3.20)

where

= P , (3.21)

and 1 = (r - 1 -X 2)/. (3.22)

The quantities with a hat are then expected to behave regularly as

- 0. and indeed approach the planar solution. Equations (3.16)

(3.19) now take the following form

[v + + ~ ~~-[~~ 0, (3.23)

-= 0 , (3.24)

v 3v T3[~ a% [rT a] (3.25)VI .v av v +
+ IV,

= 2 (y-1)M 2 3J + a [r ] I (3.26)
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Ilcrc of cours-

r = I + X 2 + T . (3.27)

The boundary conditions in terms of these variables are

vI v 3 : 0 on il 0

v - 1, T -# I as i - . (3.28)

In the case of insulated walls, the additional surface condition is

a- = 0 on =0, (3.29)

whilst for heated/cooled walls,

T = Tw  on 11=0 (3.30)

Setting 4 = 0 reduces the system to an ordinary differential system

(corresponding to the planar case) as in I in the same limit (indeed,

setting X = 0 reduces (3.23) - (3.26) to the corresponding system

considered in I). The solution of the ordinary differential system at

= 0 then provides the initial conditions for a (straightforward)

Crank-Nicolson scheme in , identical to that used in I. For the

purposes of this paper, wz shall focus our attention on the insulated wall

case (although the heated/cooled case may be treated in exactly the same

manner). Distributions of wall temperature with axial coordinate 4(= ZI)

are shown in Fig. 2a (M. = 2.8) and Fig. 2b (M,. = 3.8), and the

corresponding distributions of wall shear v311h = 0 are shown in Fig. 3a

(M, = 2.8) and Fig. 3b (M. = 3.8).

In all cases, these distributions are quite different to the

corresponding X = 0 distributions (i.e. the distributions on a 3traight

circular cylinder) as found in I, where at both M. = 2.8 and 3.8

a monotonic decrease in values was found. It is also quite clear that the

results evolve from the planar case, to the far downstream limit, as

predicted by the Mangler Transformation (Mangler 1946, Stewartson 1964),

namely
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; 3 11 l l = O ,0 . - * ccV F v q = . 0

(3.31)

T j=O, T =O. 0 =0

In the following section we go on to investigate the stability of

flows of this class, subject to small amplitude inviscid disturbances.

4. Inviscid stability of the flow

4.1 Disturbance equations

In this section we derive the disturbance equations relevant to small

amplitude disturbances in iin, supersonic axisymmetric boundary layer type

flow. In I, just axisymmetric disturbances were considered; here we

consider the more general case of non-axisymmetric perturbations of the

flow.

We consider disturbances whose wavelength in the axial direction

(1/a) is comparable to the (tip) radius of the cone. Specifically, at a

fixed i station we write

v1
4 = 8 C U** 1 (r) E + 0(52)

v2  = 8 U** v2 (r) E + 0(5
2 )

v3*=u,* [wo (r) 3 (r) E] + 0(62,

T* = Tc.* [To (r) + 5 T (r) E] + 0(52)

P = P* [' (r) + 5 (r) E] + 0(82)

p = p.* R* T.* [I + 8p (r) E] + 0(82) , (4.1)

where E = exp [i a (z - ct) + in 0] , (4.2)

and 5 is the scale of the disturbance (taken to be diminishingly small),
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whi Ist

= (U.*/a*) t*

z = z */a*

Wo(r) = v3 (r,7)

To(r) = T (r,z) ,(4.3)

where v3  and T are found from the computations in the previous section.

Substituting (4.1) into (2.1) - (2.4) and taking the 0(5) terms of

leading order in Re yields the following linear system

I Vv v i. icp + -0 +r1 V1 + -0 + in

+ i Wo To 0 (4.4)

- ic - i WO*3 + pv3 + i + (4.5)
To To To (4.-)

- ic - i W 0' inp
To To M2.Ctr (4.6)

i-a2 c 1 + a2 Wo 't Pr
+ - ~= .- 47

To To 'M2 (

, [ ic T + iWo T + 1 Tor + (icp - iWop) = 0
(4.8)

The perturbation equation of state is

p = To p + 5 (4.9)

After some algebra, this system may be reduced to the following two

equations

I - Wor
vIr + r vI  - (Wo-c)Vl

iP To 1 + ] - M2.(Wo-C) 2  (4.10)7T7(oc) 7

i CL2
(W°-c) VI = 1 Pr (4.11)

ToI j Pr
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a result also to be found in tihe work on the stability of jets by Michalke

(1971). Writing

= = (4.12)

gives

I+X 2 q Wo-C

____ToI_+_n2 C2 -M.
2 (W0 -c)

2 1
SM2 (W-C) To[ X2 (1+X 2 + C) 2 I

(4.13)

together with

.2 (W0-C) P (4.14)
To Ymi

These equations may be combined to eliminate p to give

d (Wo-c) [ P + C - ] W0rpdl + ?, 2 + ~

dI To 1 + 2  2 + 1-)2 (Wo-c) 2
a(1A C2 + j

a2

'ro (Wo-c) p • (4.15)

Alternatively p may be eliminated to give

p (W0-c)
2 M2 , - To [ 2(1 2 n )2

{OT - (WO'c) } n To
I ~ + XC2 + q (x2 (Wo.C)

(WT-c) L} (4.16)

These equations reduce naturally to the system considered in I by

setting n = 0 (i.e. axisymmetric disturbances) and X = 0 (zero cone

angle).

The boundary conditions to be applied to the above systems are that
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= pY = 0 on 1 = 0 . (4.17)

together with

Y (P. K n+IM + Kin-liM)(.8

(- M2 .i ay (l-c) Kn  (N) (4 19)
[1 - M..2  (1-c) 2] (

where i = ± apl-M 2 (l-c)2]i (I + + ) (4.20)

here the appropriate sign is chosen to ensure that the real part of T

is positive as q --+ -, to ensure boundedness. Equations (4.15) together

with (4.17) and (4.18) (or (4.16) together with (4.17) and (4.19), or

(4.13), (4.14) together with (4.17), (4.18), (4.19)) constitute an

eigenvalue problem; here, we consider just the temporal problem, i.e. given

n and ( (real), to find c (generally complex). The problem was treated

numerically using a Runge-Kutta method based on (4.13) and (4.14), shooting

inwards from some suitably large value of TI, with contour indentation in

the manner described in I.

4.2 The "triply generalised inflexion condition"

In 1, a condition for the existence of so called inviscid, neutral,

axisymmetric mode, i.e. those for which

I-I/Mm < c < I + I/M , (4.21)

implying disturbances that decay as il --4 -, was derived. Here, we go on

to derive the corresponding condition for non-axisymmetric modes.

If we multiply (4.15) by p* (where an asterisk denotes a complex

conjugate), and subtract from the resulting equation its complex conjugate,

then the following equation is obtained
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p* d 1 (Wo-c) (q + I y) Woq (p

V d (Woc*) (T + 7 *) - Wol Y.
- * - (4.22)

Woc* dq x J

where we have written

X = To 1 + a 2  M2, (Wo-C)2 , (4.23)

and r = (1 + + n)/C. (4.24)

After some algebra, (4.22) can be written as

d +f pT 1 9*

Y r * - *

r~ {Wopci I* I Wyd11 I (4.25)=o- rj Xr Wo-c * dil X r

Writing c = Cr + i ci , (4.26)

then the neutral state corresponds to ci - 0.

In this limit, (4.25) may be written

d~~~ I~ ~~ -p q +I() ( (~ tq +7 ( Y
U9x

= 2i r2 1p12ci d { } (4.27)

77~2' dT xIWo C12 XF

Following the arguments used in 1, if the neutral mode is subsonic,

and satisfies the impermeability boundary condition on 'n = 0, then to

avoid any contradiction the right-hand-side must be zero at the critical

point where Wo = c namely r = 1i; this requires (recasting the equation

in terms of the original variables)
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d TWoT = 0 (4.28)U- n2  2
To [1g qjl I+]

a2 (I+X 2+in)2 1 i = i

This result represents a further gencralisation of the so-called

"doubly generalised inflexion condition" (or a "triply generali6ed inflexion

condition"!); setting n = X = 0 in (4.28) retrieves the corresponding

result found in I. Note that in the general result for any shape of cone

surface described by

r = 1 + Xf(?) , (4.29)

merely requires the ,X 2, in (4.28) to be replaced by "X f( )".

5. Numerical Results

There are clearly many choices of parameters to be made in this study.

The strategy here will be to carry out a detailed study for one choice of

Prandtl number (0.72), ratio of specific heats (1.4), .cone angle (X = 1)

and Mach number (M. = 3.8) for insulated wall conditions; results are

shown in Figs. 4-11. Results for ci are presented for a range of values

of n, at fixed values of C. Specifically results for = 0.01 (Fig. 4),

= 0.05 (Fig. 5), = 0.1 (Fig. 6), = 0.2 (Fig. 7), 1 = (Fig. 8),

= 5 (Fig. 9), C = 20 (Fig. 10) and 75 (Fig. 11). In these figures

we just concentrate on growing/neutral modes. All results may be regarded

as being independent of numerical grid. In a number of cases the

distributions are shown on two figures - this is to increase the resolution

of certain features of the distribution in regions of small growth rates.

In all these figures, the n = 0 results are delinerated by a solidus,

the n = I results by .... , n = 2 results by - -,

n = 3 results by and n = 4 results by ........

Neutral points are also marked on the axes.
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The corresponding planar results arc shown in Mack (1965, 1987a) and

1; the important feature in this case is thc existence of two primary

instability modes (and others, but of considerably smaller growth rate),

with the largest growth rate being associated with the so called "second

mode".

Figure 4 shows distributions at the location = 0.01, for

n = 0,1.2,3,4. The axisymmetric (n = 0) results are very similar to

Mack's planar results described above (and the axisymmetric results for

the circular cylinder case close to the leading edge, as considered in 1).

The first mode extends from close to a = 0 (where cr is approximately

I-1/M., up to a = 0.14 (terminating at a doubly generalised inflexion

point); we shall refer to modes of this general type as mode- I. A second

mode originates at a = 0.24 (where cr = 1, and hence may be regarded as

a generalised inflexional neutral mode, with the critical layer occuring in

the freestream) and terminates at around a = 0.4 (which corresponds to

a second doubly generalised inflexional neutral mode); we refer to modes

of this general type as mode II.

In some ways the corresponding n = I results for ci (also shown in

Fig. 4) are very similar to the axisymnnetric case. However a third mode is

seen to develop, not present in the corresponding axisymmetric (and indeed

planar) results. One important distinction'between the n = 0 results and

those for n * 0 emerges in the limit as a --4 0, for which ci 4-4 0 if

n # 0 (the limit as a --- 0, C = 0(1) is considered in Appendix A),

although of course the temporal growth/decay rate aci is nonetheless zero

at a = 0. We shall refer to this additional mode as mode IA . As a

increases, mode IA rapidly disappears, terminating at a supersonic neutral

point (i.e. where cr < l-l/M**). As a increases, a further neutral mode

soon emerges, at a second (supersonic) neutral point; this mode is of the

class I type described previously. Thereafter, as a is increased
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further, the n = I distribution closely resembles the n = 0 results.

The n = 2 distribution is qualitatively similar to those of n = 1;

however when n = 3, modes IA and 1 are seen to amalgamate, although

mode II remains quantitatively similar to the mode 1I results of the

previous n values. In the case of n = 4, mode I admits further

enhanced growth rates although it is still mode 11 that possesses the

largest growth rate (a ci).

It is not surprising that at = 0.01 results very similar to

corresponding planar results are obtained, since curvature, generally, will

play a minor role in the physics here; indeed a crude examination of (4.15)

suggests that as ---o 0, the corresponding planar Rayleigh equation is

attained. However.as x -4 0 and -* 0 a non-uniformity is present;

this aspect is taken up in some detail in the following section, where

further light is shed on the additional mode IA .

Figure 5 shows results for ci at C = 0.05. The axisymmetric mode

exhibits the same general features as the corresponding mode shown on

Fig. 4, although both modes I and II have diminished growth rates. In

the case of n = 1, it is to be noted that mode IA has (already)

amalgamated with mode I, whilst mode 1I has significantly reduced

growth rates compared to the = 0.01 value, although this remains the

more dangerous mode. In the case of n = 2, the combined modes I and IA

exhibit'an enhanced growth rate when compared with the C = 0.01 station,

whilst comparing corresponding mode Ils, we note that the growth rate is

diminished; indeed, for n = 2, the maximum growth rate of the two modes is

comparable. In the case of n = 3, the first mode again is more dangerous

compdreu to the corresponding mode at = 0.01. and this trend is repeated

by the n = 4 results, although this value of n indicates that an

increase in n is causing a decrease in growth rate.
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Figure 6 shows results at the = 0.10 location. These confirm the

trends observed previously, of a less unstable mode 11, whilst the

(combined) mode I has a maximum growth rate comparable to mode II:

although it appears that the n = 0 mode II remains the most unstable.

Figure 7a shows ci  versus a distribution at , = 0.20. In this case

mode I1 is barely visible, and so Fig. 7b shows these modes on a larger

scale. Interestingly, it seems to be the n = 2 mode I that exhibits the

largest growth rate and is consequently the most important.

Figure 8a shows ci distributions at C = 1. Again, because of the very

small growth rates, mode II is shown on an enhanced scale in Fig. 8b.

Note that at this axial location the n = 0 and n = 4 (and above) cases

do not possess an unstable mode I at all (whilst the n = 4 mode II has

such small growth rates that it is not visible even on the scale of

Fig. 8b). Overall, it is the n = I mode I which is the most dangerous.

Moving further downstream to = 5 (Figs. 9a, 9b) we see a "recovery"

in the maximum growth rate of mode II. Indeed, these results show some

resemblance to the C = 0.2 shown in Figs. 7a, 7b. This is not too

surprising, given that, on account of the Mangler transformation

(Mangler 1948, Stewartson 1964), results as C -- mirror those

as C -# 0 (except for a multiplicative factor of V' " in a).

This trend is confined in Fig. 10 for C = 20, which may be

compared directly to the C = 0.05 results of Fig. 5. Notice, in

particular, the re-emergence of mode IA for n = 1.

Figure 11 shows results at the furthest downstream location studied,

namely C = 75. The n = 0 modes now correspond closely with the planar

results of Mack (1984, 1987a for example), (with the factor V/3

multiplying a), whilst mode [A is visible for n = I and 2, and the

union of modes IA and I is clearly seen in the case of n = 3.
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Thus to summarise, these results, which will guide us in certain

asymptotic aspects in the following section, we observe the following

general features of the stability of the flow: (i) results as

mirror those as --4 0, except for a multiplication factor of

(ii) Lateral curvature has a strongly stabilising influence on mode II,

together with the axisymmetric mode I (this is in accord with the results

found in 1); (iii) there emerges a third mode, IA , as a --4 0, with

-4 0 or --+ -, in the case of n # 0.

In the following section we go on to consider various asymptotic limits

of the system (4.15) (or (4.16)), guided partly by the observations made

above.

6. Asymptotic Results

In this section we consider a number of asymptotic limits of the

stability problem, to give us a better understanding of the details of the

numerical results described in the previous section.

Perhaps the most intriging feature of these numerical results is the

emergence of an additional mode as --, 0 (or --- ) with a --, 0. We

investigate this feature first.

6.1 C --- 0. a = O(C) or C --, -. a =O (C-)

Since the problem as posed is basically equivalent as - 0 and

- -, we consider just the former limit, and later we describe, briefly,

how the results for the latter limit can be simply inferred.

As noted in Section 5, as --4 0, (4.15) is seen to generally reduce

to the planar system treated by Mack (1984, 1987a for example). However this

will no longer be the case if a = 0(g), since then the denominator on the

left-hand-side of (4.15) no longer reduces to the planar result.

Specifically, let us write (consistent with (4.12))

a = C , (6.1)
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where it is assumed O = 0(1) as --4 0. The results for mode IA

shown in thc previous section, together with other results obtained by the

authors indicate that as C --4 0, c --+ 0 also.

Partly guided by this, if j = 0(1) we set

c = cI + 
2C2 + C3c 3 + , (6.2)

= (po( +) + C(pj(,I) + 2 92() + 3 T3(0) + ... (6.3)

Wo = Woo( ) + Wol(TI) + 2Wo2(M) + 
3Wo3 (O) + .... (6.4)

To = Too(TI) + To1() + 
2To2 (l) + 

3To3(r) +
(6.5)

where W00() and Too(71) represent the planar values of the velocity

and temperature profiles repectively, and W0 1(j) and T0 1 (1) etc.

correspond to the porturbations to the basic flow caused through curvature.

To leading order, equation (4.15) reduces to

d Woo (PD " Wnoo 90 =0 (6.6)
Too (I + n2 ]  M002W 2

i.e. Woo Pol - Woor po = ko  Too I + n ] W0 oo2 }, (6.7)

where ko  is a constant. However we require that (po(T=0)= 0, whilst

TO is restricted not to grow exponentially as Ti ---. Consequently we

must have that

ko = 0 , (6.8)

and hence

Yo = Ao W0 () , (6.9)

where Ao  is an arbitrary constant (i.e. the unknown amplitude of the

eigensolution).

Equation (6.6) is not a uniformly valid approximation to (4.15), for all

TI; specifically a breakdown occurs when T = 0(-I). We define

= I + = 0(1) , (6.10)
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(i.e. q r e presents a scale comparable to the radius of the Lone), and

on this scale we expand 9 as follows

(P= (Po (71) +  O1 (1) +  .. .(6.11)

To leading order equation (4.15) reduces to

d Oon^ + (DO = C2 (O (6.12)([1+ 
n2

The solution to this, which matches on to (6.9) as 1 - i is

o= A0 K
n " [i a (M 2 - 1)i ffl (6.13)Kn" [(i (M 2  I)

where Kn(zl) is the Bessel function of order n, argument zI (the

Kn (zl) solution is chosen in preference to the Im (z1) solution in

order that disturbances are propagated along characteristics in the

downstream direction - see Ward 1955, Kluwick et al 1984, Duck and Hall

1989a,b).

Returning now to the q = 0(1) layer, the 0(c) correction to p is

given by

d Wol Yorl " Cl (Poll +  Woo (P l + Woo 90 - Woon (1 - Wol Yo 0.

dq Too [I + n2j .2 woo2

(6.14)

and so integrating this equation once we obtain

Wol Poq l- C1 (Pol + Woo Ylq + Woo Yo - Woo 91 - Wol0 To

= k, { Too [1 + n2 ] -t12 W00 2 }, (6.15)

where k, is an arbitrary constant. 91 must not be exponentially

large as q --4 -, and consequently we must have
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II+ Ao = k1 { - M2+ n2(6.16)

together with

- c1 Ao Wool(n = 0) = k I Too(O) [1 + n2] (6.17)

However in order to match correctly with (6.13)

TP-, I lI 1 (6.18)

Ao id (M2 1)' K1 '" [iC (yV2 - I

Kn "  i C( ( 1 2  - l)i]

Eliminating k1 , we obtain the following result for cl

CI  { 1 + i Cc (Moi - 1)i Kn'" [i (M_2  - i 1

Kn' [i0C (N 2  - I)ij

(6.19)

Too (fl=O)

Woo q (fl=0) [M 2 - I n2 ]

The asymptotic forms for this expression in the limit of large and small

Cc may be found readily. Firstly as C -.-4 we have

C1 -- i To (=) + 0(C 1 (6.20)
WooT (11=0)(M.

2 - 1)f

Secondly as Cc - 0

nToo (O=0) + 0(C.2 ) for n*l (6.21a)Cl--Woo] (N"=07

cI - To (=O) + 0 (a2 logct) for n=l. (6.21b)

Woo q (1=O)

In fact it is quite easy to show that as . --- 0,
. 2 n (M2- I)n Too (0) 22- 2n

hI (c1}-- [((6.11c2

Woor (0) (n-l)!](6.21c)

Equations (6.21) are precisely the (real) values found by Duck and Hall

(1989b) for the downstream limit of a non-axisymmetric viscous mode
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(taking into account the different scalings used in Duck and Hall's paper).

Consequently we expect that as - 0/, on a scale smaller/larger than

that of the cone radius, we expect this mode to become predominantly viscous

in nature, and to be described by triple-deck theory.

Distributinns of Im{c 1) with CL are shown in Fig. 12 for n = 1,2,3

(with (6.20) also shown). Unfortunately (perhaps) it is seen that

lm~c1) < 0 for all C (confirmed by (6.20)). From (6.21) we also have

that Im(c1) = 0(q) as --+ 0. Unfortunately, also, the 0( 2) and higher

correction to this mode would require a large amount of algebra. However we

are able to make progress. in particular obtain an estimate for

Im{c (a = 0)} by considering instead the limit as -+ 0 of equation

(A.2), pertainent to the a -4 0 case. (With a o() 'we consider this

aspect in the following subsection).

Finally, for this subsection, note that the 4 - results may be

simply inferred from these -4 0 results, simply be replacing the small

parameter ' ' in the various expansions by the small parameter 'l/A'.

More subtle differences between the < < I and > > 1 solutions only

appear at higher orders.

6.2 d = 0. C - O (or * @

The system (A.2) turns out to be rather easier to analyse as - 0

than does the corresponding finite C (= a " I) problem. We again utilise

expansions (6.2) - (6.5) (although see (6.48) for the 9 expansion).

To leading order, we have for r = 0(1) that

po = Ao Woo(f) , (6.22)

%khere Ao  is some (arbitrary) amplitude parameter.

At the next order we have the following system

Woo 917- Ao Wooq cl + Ao Woo 2

"Woo q p1 + Ao Wol Wooq - Ao Woif Woo = k, Too , (6.23)
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where kI  is a constant, and we have utilised (6.22). Setting T = 0 in

(6.23), assuming yljq= = 0 , then

-Ao c 1 Woo q (q =O) = k! Too (T=O) (6.24)

The boundary conditions as q -4 must be compatible with (A.3), together

with (6.22). Defining

f = 1 + q/ = 0(1) , (6.25)

then we must have an outer solution of the form

out -n-I
YO A F (6.26a)

where A = Ao + A ..... (6.26b)

and so we must also have

P1IT& ._, = (or = 1 = -(n+])A o  (6.27)

Substituting this into (6.23) yields

n Too ( = 0) (6.28)
C1 = (q = U) '

in accord with (6.21). In order to estimate complex values of c we must

proceed to higher orders in C.

At the next order in we obtain the following equation governing P2:

Woo (P2q + 2k Woo 0oT, + 2fl Woo lrl + Wo2 (POT]

-Wo2q Yo + Wol (P1q + T12 W00 Yor" C1 WITI

+2Wol I (porl + Wol yo - Woll pl- 2q Wolf 9o

-2l cl o - c2 (Poq Woo Y1 + 7 Woo Po

Cl WO oo P 92 - 2X Woo (po - 2TI y1 Woorl

.2 ooq (PO = k-_ Too + n2  Too f --T d9

+ kI Tol . (6.29)

We shall defer any consideration of this equation, and move to the next

order of C, which yields
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Woo T3I + 2 XWoo 'lq + 2 TWoo 92q + 2 X Woo 'POT,

+ 712 Wo 'Plq" Cl 92- 2Xcl Yon - 21 cl 'PiT

- 12 C Iori C2 (Pill 2q c2 Yorl - C3 or

+ Woo P2 + Woo go + ' Woo 91 - Cl 91

" Cl TI o " C2 Po - Wool 93 - 2 k Woorl y1

-1
2 Wolr Po - 21 T2 Wooll - f2 Woor TI

+ Wol 9211 + 2k Wol yor + 21 Wol YlP1

+ 112 Wo1 'Poq + Wo2 (ply + 21l Wo2 Yorl

+ Wo3 laoq + Wol T1 + Wol 11 'o + W02 Po

Wo 3 T 'o - 2T Wo271 'o - 2?, Wolri 'o

- 2XI Woo q To Wo21 91 - 2q Wol y!

" WoI 92 = k2 Tol + kl To2 + k3 Too

1
[I1Too T 'o Toll W00 - Cl Too go + Wol 'o Too

+ n2 Too I di

+ n2 f o Woo dri
+ n2Tol Toa (6.30)

Our main goal here is now to determine the leading order imaginary

component of the complex wavespeed c (we do, of course, already know the

leading order real term). Now since the above equations just contain real

coefficients, any imaginaries must, of necessity, only arise at a critical

point, where, c = WOO. Since c = 0(Q), this must occur when 7 = 0(Q).

We therefore consider a thin layer relative to the 1 = 0(1) scale, namely

= q/ = 0(1) (6.31)

On this scale, the expansion for y is expected to develop as

S= ro (1) + 2 (1 () + ;3 (2 (q) +.. ..... (6.32)

where the Di are expected to be normalised in such a way as to be

generally 0(1) quantities.



27

It is easy to show that

00(j) = AO Wool (l=0 ) 1 (6.33)

(wherc Ao  was introduced in (6.22)), and also

I (f1 ) = Al Wool (1=0) , (6.34)

where A, is a constant, linearly related to Ao , and we have used the

property that Wooqq (0=O) = 0).

After some algebra, the equation for V2() may be written

[Woor (0) eI - c1 i 2q" Wool (0) '2
-_3

=k 2 + 39 cI Ao Wool (0) + q Ao Wool (0) WooT1(0)

- [Woo (0)I 2 Ao 
2

-2

Woo n (0) Toon (0) c, A (6.35)2 TOO(0)

where here k2  is an (arbitrary) constant.

If we take (as we are quite at liberty to do) Ao  and k2  to be rea-l

constants (this is not essential for our arguments, but simplifies the

following argument), then we now consider just 02i (where here and

elsewhere a superscript i denotes an imaginary component). This quantity

is triggered by the well known + i it jump in the logarithm (Mack, 1984 for

example) across the critical layer. Specifically, here, this is caused by

the i dependancy on the right-hand-side of equation (6.35) (k2 plays no

role in this). If (6.35) is written symbolically as

[Wool (0) rl - c1] P2, Wool (0) D2 = R , (6.36)

then

R dq
P- = [Wool (0) " el] J W 11(0) 2 (6.37)

0
Evaluating this integral, taking just the imaginaries together with the

limit as f - - yields



28

(0 1{ I Woo71nri (0)

02 - 9 Ao [Woor (0) l-C] C Wo(0) + I [Woo( 3

T°°qq(0) c I

Too(0) [WooTI(O)]2

= Bi  [Woor(0) i - c 1] , (6.38)

where B nAo c I  + cI W ()

Wooql(O) [Woori(O)] 3

Too ln (0) c1  7 (6.39)

Too(O) [WooI(O)] 2

Equation (6.38) then provides the lower boundary conditions for the system

(6.29) and (6.30).

Since (6.29) contains just real coefficients (and taking c2  to be

real, an assumption that may be justified a posteriori), then we must have

2= B Woo (TI) , (6.40)

where Bi  is defined in (6.39).

If we take the imaginary part of (6.30) and allow 'q -- =, then

i Il + (2  = k3i (6.41)

However we require (on account of (A.3)) that

(n+l) (2
(6.41)

~ - (n+I) B'

and so k = -nB i. (6.42)

Setting q = 0 in (6.30) yields

el - 2i [T = 0 c Ao Wooq (0 ) Wooq(0) 3 [P = 0
nB 

(6.43)
= nB Too(O)
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lowcver from (6.38) we have

92Ti 'In = 0 -B Woon(O) (6.44)

i i

P3 I =T 0 = cl B . (6.45)

Consequently, (after substituting for cl),

i 2 Too(0)n I n To (0) Woo11 (0) T 11 (0)n

[woor 1 W00 1 (O) [WO01] 4  [WO0 1(O)]

(6.46)

Using the governing equations for the basic flow allows this expression to

be simplified slightly, to

c - [Woo(0)2 1 1 + 2a M 2 (y-l)n (6.47)

3 Woo() 31 WI

In fact the expansion for p in (6.5) is not quite complete as it

stands, since the analysis of the f = 0(1) layer above indicates the

presence of logarithmic terms; specifically we require

(p = (po(TI) + 9l(11) + 292(1) + 393(n) +...

+ log C [ ;2 921 (q) + 3 T31 (M) +... ] , (6.48)

where 921() = A21 Woo(l) , (6.49)

with A2 1  a constant.

A comparison of the fully numerical computation of Real { c (a = 0) }
with the asymptotic formula (6.28), as -* 0 is shown in Fig. 13. The

agreement is seen to be entirely satisfactory. Unfortunately the

correlation between the computed Im { c (a = 0) } and that obtained

using (6.47) is much less satisfactory. However, this poor correlation

is not unexpected for two reasons. Firstly accurate computations of

Im { c } in this limit become exceedingly difficult, as confirmed by the

quite complex asymptotic structure detailed above, with both thin
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(T1 = 0 (c)) and thick (q = 0 (1/ )) lcngthscales emerging.

Secondly the asymptotic form for Im { c1 } is achieved very slowly as

--4 0, at least in one particular configuration, where, with n = 1, the

imaginary wavespeed has a leading order coefficient of approximately

3.898 x 105  3. A comparison between ihe numerical and asymptotic results

is not shown in this case.

In the %a.e of - , we may just replace the small parameter '

in the above, by the small parameter 1/X ' In the following subsection,

we consider the behaviour of mode I, as _4 0.

6.3 C - 0. a = 0f(h)

The numerical results presented in the previous section strongly

suggest that for the most part, as -* 0 mode I has features very

similar to the planar case, for all values of n. However there is one

important exception to this, namely the behaviour of the lower neutral point

in this limit. The planar case has that c - 1 - I/M** as a --- 0,

corresponding to the so-called "sonic" mode. However in the case of our

numerical results, there is evidence of a shift in this neutral point,

along the positive real axis, and the neutral point becomes (slightly)

supersonic, with c < - I/M., as -- 0.

A (sensible) balancing of terms suggests that we might look for a

solution of the form

C = co + Cl +,,

= Po + Yl +

Wo = woo + Wol + .

To = Too + rTo +. T (6.50)

with

a a, cc = 0( 1 (6.51)
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To leading order, (4.15) yields

d (Woo" -co)po W %
d to = 0 (6.52)

where

to = Too M 2 (Woo co) 2  (6.53)

The solution to (6.52) which satisfies the impermeability condition on

t =0 is

I 0
90 = Ko (Woo - co) j- o-- 2dl (6.53)

(Woo-co)
0

where Ko  is some arbitrar) constant, and the integral is to be taken

underneath the critical point.

Since we require that Wo -4 constant as q -.4 (in order to match

with (4.18)) we must have that

co = ± I/. (6.54)

in order that the integral (6.53) remains bounded as -- . Further, we

take the negative sign to be consistent with the numerical results and

or comments above; indeed, this is simply a repeat of the planar calculation

(Lees and Lin 1946).

Curvature plays an important role at next order, namely 0( ). The

governing equation in this case is

S{- [ (Woo " co)(9lq + 'Po) - C 9oi1 Woor 91 + W0 1 
9 o9 - wolf 9

o[n 2 T-

+ 2% 2 (Yoo CO ) c 2N 2 ('0 - cO)WOI l

C 2 (Woo nCO) u(n ( 355)
TOO

Consequently, using (6.53),
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(Woo co) (9In + TO) - cl Por- Woorl 9I Wolq 9o

K 0  n2 Too~Q~ + T I + 2Mc 2 (Woo c- C,c 2M00
2 (Woo co) Wo]

(W[ 0 
o ) P0

KI To + d2 To 0 Too dr (6.56)

0

where K1  is a constant.

In order to match correctly at the outer edge (q -" ) with (4.18),

we must have that

= 1 K n() K 0 (6.57)
1T n -- Kn' (o) M

where iTo
- dr , (6.58)

(Woo - Co)2

and o aM (2cl)f (6.59)

Taking the 0(1) terms of (6.56) as q - c and using (6.57) yields

the following non-linear dispersion relationship for cl:

A2

+ fl= --,2  + 2M0  cI  (6.60)

The integral (6.58) was evaluated numerically, and for the conditions

prevailing in all our numerical results it was found I = -228.4-59.3i.

Equation (6.60) was solved using Newton iteration, and results for

Real { c1 } and Im { cI } foT various n are shown in Figs. 13a and 13b

respectively.

Notice that as a -- 0, (6.60) predicts that one family of solutions

has the property that

2 12
C I .... (X , (6.61)
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which is in agreement with the a << I expansion for c for the planar

case, namely

C = l-l/M, + a2 12  + O(a4)  (6.62)

2 M

Equation (6.61) is shown as an asymptotic on Figs. 14a and 14b. Note

that the (real) family of cI which also exist may be found as an exact

solution to (6.60), namely

cl = 2" (6.63)

2 M 0 x2

although the importance of this mode is not thought to be great. The

complex families of cl'S are seen to terminate at a finite value of a,

corresponding to the (lower) neutral point of mode I. Notice that in all

cases because Real I cl } < 0 at the termination point, these modes

correspond to supersonic neutral modes.

From the result shown in Fig. 14b, we are therefore able to offer an

estimate for the position of the lower neutral point of mode I as - 0.

In particular, for the freestream conditions considered throughout this

paper, for n = 0 this position is given by a.= 0.1 i, for n = I by

a = 0.20 i, and for n = 2 by a = 0.295 i. Comparing these asymptotic

results with figure 4 in particular reveals a fair degree of agreement.

In the case of >> 1, the above results may be easily transposed,

by the replacement of ' ' by I/XQ" the corresponding positions for

lower neutral point are then a = 0.1 (X)' for n = 0,

a = 0.20 (X )"  for n = 1, and a = 0.295 (X )"  for n = 2. These

results are seen to agree quite well with the = 75 results shown in

Fig. 11.
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_ Conclusion

In this paper we have studied the supersonic boundary layer flow, and

the inviscid stability thereof, over a sharp cone with adiabatic wall

conditions. The basic flow is seen to evolve from one planar state, to a

second, as predicted by the Mangler (1946) Transform.

The "triply gcncralised inflexion condition" is derived, this being the

necessary condi tion for subsonic ncut ral modes, and is a (second)

gcneralisation of the well known generalised inflexion condition.

Significantly, the numerical results point to the occurence of a third

mode of instability, not found in similar planar and (more recently)

axisymnetric studies. An c symptotic study of this mode shows this mode to

be linked to a viscous mode found by Duck and Hall (1989b), a study based on

triple-deck- theory.

The "sonic" neutral mode is found to be altered by curvature (and in

fact becomes a supersonic neutral mode as revealed by the asymptotic

analysis valid as 0 and

Slgnificant!,,, our results show that the so called second mode (mode II)

is not always the most unstable, at least in the case of non-axisymmetric

mode s.
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Appendix A The zero number limit

In the case of axisymmetric modes (and indeed of planar modes, as

considered by Lees and Lin 1946, Mack 1965a, b, 1984, 1987 for example),

as ax --4 0, the wavespeed c approaches the sonic limit, i.e.

c ---4 1 l/.Mf. . (A.1)

In the case of non-axisymmetric modes, however, this is no longer the case.

As clearly illustrated in the results, when n ;a 0, c i  4- 0 as ax -- 0.

The explanation is as follows.

If we (simply) allow a -4 0 (assuming n t 0), then (4.15) reduces

to

d (W0-c) [1+i4 2 + T]L[wXC2 + ;n) (N + (p]

drq To

- Wrl[1.4X 2 + ;n]2

To

n2- ( WOC (A.2)

As T j , this system clearly admits solutions of the form

T n (A.3)

(together with y = 0 on rl = 0), which is completely compatible with

the outer solution, where , = 0(1), (rI  defined by (4.19)) namely (4.18).

Equation (A.2) then represents a reduced problem as a ---b 0, and indeed

a reduced form of the triply generalised inflexion point condition (4.28)

exists in this limit, namely

d I WOl (l+ r2 + q)2 = 0 (A.4)U-lTo

The system (A.2) - (A.3) was solved in a number of cases (in an

identical manner to the ax = 0(1) eigenvalue system) and its correctness

was confirmed. Notice, however, since the actual temporal growth rate is

aci, then this still reduces to zero as a --- 0.
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