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Conservative Parallel Simulation of Priority Class
Queueing Networks

David Nicol *

College of William and Mary

Abstract

This paper describes a conservative synchronization protocol for the parallel simula-
tion of queueing networks having C job priority classes, where a job's class is fixed. This
problem has long vexed designers of conservative synchronization protocols because of
its seemingly poor ability to compute lookahead: the time of the next departure. For,
a job in service having low priority can be preempted at any time by an arrival having
higher priority and an arbitrarily small service time. Our solution is to skew the event
generation activity so that events for higher priority jobs are generated farther ahead
in simulated time than lower priority jobs. Thus, when a lower priority job enters
service for the first time, all the higher priority jobs that may preempt it are already
known and the job's departure time can be exactly predicted. Finally, we analyze the
protocol and demonstrate that good performance can be expected on the simulation
of large queueing networks.

'[his research was supported in part, by NASA grant NA(,- 1-1132, in part by NASA grant NAS-1- 18605,

and in part by NSF (rant. ASC 8819373.



1 Introduction

We are interested in using a parallel computer to execute a discrete-event simulation of an

open queueing network with the following properties.

e Each job in the network belongs to one of C priority classes; a job never changes its
class as it moves between queues. We adopt the nomenclature that a job from class j
has lower priority than one from class k > j.

e A job in service is immediately preempted by the arrival of one with a higher priority.

e Once a class k job enters service for the first time, it must complete its service before
any other class k job is serviced.

* At the time a class k job joins a queue, its eventual service requirement at the queue

is known.

e Once a class k job enters service for the first time, its next destination queue can be
determined. That destination is not permitted to depend on any information about

jobs from lower priority classes.

The third assumption is satisfied by any non-preemptive priority discipline where priorities
depend only on the original arrival time, e.g., FCFS, or LCFS. We do permit a preempted

job to "lose" the service it received before preemption. This is useful in a context where
a preempted job has to start over. This phenomenon has been described in the context

of a simulation where the jobs correspond to messages being sent )etween processors in

a simulated multiprocessor system [3]; a message is successfully sent only after it receives
enough time to complete a transmission without interruption. Each transmission attempt

has the same service time, as it would if the service time were (leterinined by message length.
The last two assumptions are trivially satisfied in the most comion tvpe of stochastic

simulation, where service times and (lestiMations are chosen ran(lomnl" in accordaice with

class-specific l)roba)ility (list ribut ions. hitra-class priority discilplines that are explicitly ex-
chided from our approach include any that depend oii service time requiremenits, for example,

processor-sharing, shortest-job-first, or longest-job-first. Nevertheless. the simuilation model
we assmnie is fairly standard for the stochastic simulation of comnminication networks where

messages (i.e. jobs) have different priorities. It is also important to note that while tie math-
ematical aialysis of (pieici ng networks has progressed far, thiis particilar class of (piel 1(ig

networks (hoes riot admii to all exact sol utioln even m muder t ie most henigmi assiilltions [7].
Sinimlat ion reiains an import amlt tool for tlie performnaine analYsis of tliese I yies of net works.



A principle issue in parallelizing a discrete-event simulation is synchronization. One

generally assumes that each processor maintains its own simulation clock, which is advanced

each time the processor evaluates an event. Evaluation of an event on a processor may cause
an event which must be evaluated on another processor. The results of the parallelized

simulation are equivalent to a serially execute(] simulation if each processor evaluates its

events in monotone non-decreasing time-stamp order. Synchronization protocols that ensure
this monotonicity are sometimes called conservative. Optimistic methods have also been

developed to permit processors to evaluate events in non-monotonic order. The end result
of an optimistic simulation is still the same, as a processor "rolls back" in simulation time

whenever it is called upon to evaluate an event at a time strictly less than the processor's

simulation clock. Fujimoto [4] gives an excellent survey of the current state-of-the-art in

parallel simulation.

The present paper presents a conservative algorithm for simulating priority class queueing
networks. With a single possible exception, an efficient solution of this problem has long

eluded conservative methods, Lecause they require lookahead-an ability to predict future
behavior. As applied to a queue, lookahead is the ability to predict when next a job will

depart the queue. The conservative conditional-event approach of Chandy and Sherman [2]

may provide the exception; while they do not present any performance measurements or

analysis of priority class networks, they do show how their method deals with a two-class

network. Otherwise, the lookahead properties of priority class queueing networks have been

thought to be poor [3], owing to the fact that at any time a highest priority job with an
arbitrarily small service time may arrive at a queue servicing a lower priority job, preempt

it, immediately receive service, and depart. We will show that lookahead properties can

actually be quite good, provided that one concurrently simulates different job classes in

different non-overlapping regions of simulation time. This is possible because the behavior
of a job from a high priority class is completely unaffected by jobs from lower priority classes.

Higher priority classes can therefore be correctly simulated far enough alWad in simulated

time so that when a lower priority job enters service, the existence and behavior of higher

priority jobs that will affect, it are already known. The independence of higher priority jobs

from lower priority ones was first noted and exploited by Sevcik in proposing the "shadow

CPU" algorithm for approximating the performance characteristics of priority class net works

[7].

The protocol we propose and analyze is an extension of one analyzed in [10] and [11].

Like its predecessors, it is a synlchronous protocol, nincaiiig t hat it repeate(dly deiecs global

syrnchronization l)oirlts in suchi a way tlhat processors are free to execute couiihlI'ly in plaral-

lel betweenl two sYnchirouizat iM poilt s. Selectiou of Ohe 5 ,iihirollizat ionf ioit.s d('epe'lds on a



run-time analvsis of the simulation model state. At issue is whet her enouigh events are found

between synchronization points for one to achieve good performiance. WVe answer thiis quies-

tion analytically, showing that in "homogeneous- net works (mniigi t hat queuies cannlot be

distinguished topologically) the average number of events processed lbet ween svyiclironizat ion

points is Q( D-1 + Alwhere .11 is the number of queuies andl D is a lower lbollild oil a

job's service requirement. Thus, the number of events prtocessed lbet weeni s ' ncliroiiizat ions

increases withbout bound as the number of queuies Increases wvitholit lbotiiid: fun lier-inore. tIl(e

increase is super-li near in .11 when D > 0. We also analyze thle inernorv requirelinelit s of ouir

approach. showing that the average memo rv required for our approach Is O((.X1Ilog .A1).

This p~aper is organizedl as follows. j2 defines the events in I l Ie, siniulat ion itiodel. and ourII

assumptions concerning their meaning and ordiering. j3 dlescribies our earlicr proti k);. wji Ic

l int rodluces its extension to priority class networks. Yj5 pres (lit 5 our perf ormnce anal xi>

and §6 summarizes this work.

2 The Discrete Event View

The p~arallel algorithim we pr~opose is dlesc ribled InI termn s of iianii pi Ia t loll ald anlv sof

event lists. WVe assume that each queue has its own event list. org~anized ats a linearly oid(ered

douiv linked list. T his simplifies the logic of the svnichroiiizat ionl protoc'ol. anld pertiiit s easy

run-time analysis of the pening events for a givyen qn1euie. Sintce thle list Is for a sinleI qiileuie.

its length should not get so long as to make th li inea -ti tue insert ionl cost t oo greatt. T'his

sect ion gives a brief sitninia rv of tlie events. thiei r nnleauiing al d o lel ii g.

We will assume t hat ant event's represetitat ion1 itieludes I lie evenit tvlpe. t ie evett hue.1

the idlenitity of thie job. and thle job's priori ty c(lass.

Obviously, the first event for at gi yen Job) a tid quietie Is t lie job arrival, anl evei it wedlmn t e

as Arrival. The Job miay have bet sent froni antiher queue orI It Iinav be H ie result of anl

external arrival pr~cess. .At somle pointi Ihle job entIers ihe server, for IeI( firnst 1 in 1uc. all vti

we detiot e by FirstServiceEntry. It liec job eti ters service iii II tedIia telY we wIll place Ilie

FirstServiceEntry event dilrect lv after tlie Arrival evetit iii t ie evetit list: of' (uirsc. ])t III

events hat\ye thle samne timle-st anil. On tce a joh l eiit rs service It Iuly~ v)( re i'i ij e I I te

atrrival of a job wvith higher priorityv. Shiould t his occur, aI LeaveService evefiu Is uuiscrtedl

immediately pior to the preenipt ive Arr'ival evn.Again,. hot i oft luiese eve -I I xil ave thle

samne t ime-st ant p. The dhepa rt tire of a johi front t he q uet ie is rep reseit tet' wit Ii a Depart tire

event. T[le (lefa r1 tire of a Ilii Prionyjo Il O! ia.%v pel)('ni t a reeuuyl ed tde I ( cnli it,1 1 (t seriWCe.0

InI is case ati ReenterService evetit will iiiinediatelv follmw thc D~epartutre ('\(tit .i aId

have the Salie t iile-staiil).

Availablilty Codes

vail Mad/or

Dist jSpeoia.



If two job arrivals have the same time-stamp we will order them by priority class, with

the higher priority jol) occurring first.

The arrangement we describe has the useful property that one can easily analyze the

event list to determine whether an Arrival ought to place its Job immediately into service-

one need only examine the event just prior to the Arrival. Obviously the server is busy

if the prior event is a FirstServiceEntry or ReenterService event for a job of equal or

higher priority, because every departure from service is marked with a LeaveService or

Departure event. However, the arrival may enter service if the prior event relates to a

lower priority job or is a Departure event for any priority. It may be that the Arrival

has no prior event in the event list. We will assume the existence of a qii(u i-statc record

to describe the queue state at. the time of the first event in the list. The queue state will

indicate whether the server is bisv, and what class of job is receiving service, if any.

It, is also easy to determine the next time a class k job may enter service, relative to any

event in the list. Given a pointer to the reference event we need only scan forward looking for

the first Departure event (which may be the event initially pointed at.) whose immediate

successor either has a time-stamp strictly larger than the Departure, or is an event for a

job with priority lower than k. Once we determine the next time t a class k job may receive

service it is a simple matter to compute the length of time the job may receive service before

being preempted: we scan forward looking for the first Arrival event f.,r a job of highei

priority. The class k job may receive service time ui) to the difference between the Arrival

event s time-stamp and I.

Our algorithbms will make frequent, use of these abilities to determine the server's status.

find the next time a class k job may enter service, and determine maximal service intervals.

3 Single Class Protocol

The synchronization method we develop here is the conic urrent a1plication to (ifferent jol)

classes of a protocol we have (eveloped and analyzed elsewhere [10]. The earlier protocol is

now reviewed.

Imagine a queneing network tfhat satisfies the assumptions outlined in 1, save that

there is only one job class. The queui)g discipline is no-preenptive; whenever a jolt) enters

service we ca ii exactly predict when the job leaves service, and the queue to which it departs.

Parallelism is eniihanced if. whenever a job enters service. we immediately report its future

arrival to the next que' t lie job will visit. \'e call this the pr -s(tidin of tlie delpartur

job-t ( S. a (. Ih I ii('-stn) i ) Oil t lie )re-se( t miessage is th(' a Irivial ti iclw of t Ile jolb-nri'ssage.

not lie clock va llue of t ie( send Iling (jlieile. l'lne iion-pree'lpt ive(less of t i' qnimu('i nIg disciplime



provides us with the needed lookahead.

We assume an implementation where each queue has its own event list. We assume that
the M queues in the network have been distributed among P processors in a multiprocessor
system. A description of a testbed implementing this protocol is found in [9]: performance
measurements from various problems are reported in [10].

Suppose the entire simulation has advanced up to time t, so that all job-maessages caused
by jobs entering service before t have already been sent and received. From among t lie jobs
in queue at t and the jobs known to arrive at Qi after t we can identify the next job .1 to
enter service, provided that no further jobs arrive at Qi before .1 does enter service. Because
we are able to select a job's service time upon receipt of the job-message reporting its arrival.
we are able to predict the time bi(t) when J would complete service: t + max{ri, ai - t} + s5,
where ri is the residual service time of any job receiving service at t, a is ,J's arrival t inie. and

si is J's service requirement. 85i(t) is defined to be cc if there are no known jobs enquened or
in the list of job-arrivals. Because we pre-send job departures. 3Si(t) is a lower bound on the

time of the next, job-message Qi will send, provided it receives no further job arrivals before
J enters service.

Finally, define

6(t)= min {(()}. (1)
all queues Q,

'I he protocol is very simple, and is given in Figure 1. Its net effect is to define a window
of glolal simulation time, [w, ,(w,)). The window is defined so that all queues may be
simulated completely in parallel over this range of time. Once all queues have been so
simulated the protocol is engaged again to define a new window.

The synchronization is implemented by having each processor deternine t ie minimal
6i(t) among all queues for which the processor 7s responsi01ie. The processors then engage
in a global rin-reduction, which can be accomplished in O(log J) parallel steps oI any
parallel architectures.

In [101 we have proved that the protocol is "safe". inanirig that no job-imessage will
be received with a time-stamp less than a. processor's simulation clock.

Theorem 1 LO [w, ,( u,)) b a window, cstablishd by th protocol. AT b ( ,'..ob- m ..nq
sent darilg the proccssing of[n,,,( , )) has a 1imr-sta?ip (it haos as larg( as ( w,,
C

A nother result which will )rove to be useful is that a job ent ering service at (2, diring

the nth window has cornpletion timn c,(u,

Lemma 2 .Suppos that (t tim I E [nc,. 6( c,,))job J1 n(rs s, rric at qa, It Q,. b1 it, .1
d(par s srric, (it tim(i(u',,)



1. Define iv, = 0, n = 1.

2. Given wn, the processors cooperatively determine 5(zv,).

3. Each queue may be simulated in parallel with all others until the time of

the event with least time-stamp at the queue is as large as 6(iwa). The

processing of any event which puts a job into service must include pre-

sending the associated departure's job-message to the job's next destination

queue.

4. Queues receive the job-messages sent during the processing of [w, 6(w,)),

select, service times for the arriving jobs, and insert events into their event

lists.

.5. 71 = 71 + 1. Set w," = (,- ). Goto step 2.

Figure 1: Synchronization protocol for single class network

Proof: 6i(wv,) is the completion time of the next job, say .1'. to enter service at

Qi. By Theorem 1 we know that no further jobs arrive at Qi before time 6(w,,) > t.

Furthermore, a job that enters service within a window cannot depart within that

same window. Hence the job that was foreseen to have highest priority to receive

service next after time iv, is the same job that enters service, i.e., Y = ,1.

4 Priority Class Protocol

We now extend the technique of §3 to priority class networks. The key observat ion is that the

behavior of a job in one class is completely unaffected by jobs in a lower priority class. This

permits is to correctly generate the events for high priority jobs farther ahead in simulation

timie than lower priority jobs. \Ve will do so in such a way that whenever we generate the

event that a job ,1 first enters service at Q, lhe events at. (, for ali Jobs of higher priority

will have already lbeen generated past /s conpletion 1 ime. say t,-. This mii'ams that we are

6



able to exactly cornput~e t~, an1 so iniiediat ely, generate J's depart tire event. andl slulsequtii

arrival event at another queue. As withI the earlier protocol. we have thle albilitYv to pred ict

job completion times, at least, if we c-an push i lie generaltion of high p~rior'ity job eveiits

sufficiently far ahead of lower priority job events. Since we are also able (by assumiption-) to

determine a job's service requirement upon receipt of thle job-mnessage report ii i thle arrival,

we will be able to compute 6i(t)-type values for each class at each queue, and( so employ the

protocol described in §3 to each individual job class. InI fact, we will apply that protocol

simultaneously to dlifferent, classes, each class will have its owni window. andl the iiidi vid nal

class windows will be sufficiently far apart in simulation time to ensure the necessary abilit v

t~o priedict departunre times.

Our protocol maintains separate windows for dliff'erent classes. Ani individual window IS

defined just as it wvas for single class (lueniing not works .At, thle O/h synchronization polit

suppose we have generated all class k events upl through timie it ';,k. for k =1, 2.. .

Recalling that class C has highest priority, we will always ensure that

1"7,1 11n,2 < < IV,,C-

At each queueC Qi, for each class Ak, we canl i(lelit ify th l ext job .1 to en1ter service (ha rri iig,

furt her a rrivalIs to the queue). WVe then estimate J's com plet ion tinme, , (k, u1',,k ) . -ii.; ti

a meth1)0( to be dlescribed in §11.Withlin c ach class k we may theni take thleinniu i

estimate over all queues. Tis niinim is denoted 6(k (A'. k). AJplying this ruIle to each

class, we dlefine a set of windows [Wnk, A'. wvnk)) for Ak =- 1,. .,C. Unless ot herwise noted'(.

the (discussion to follow will assume that the windows are separa ted enough to yield the

pr'opert ies we exploit. Later we develop inethlodls that. ei ure thle separation.
A useful w~av' to view on r a pproachnI to thn of a quieuie's simul a tion timie- iilie. A

discrete-event, simulation p~laces event s onl the t inie-linle; ouir p~rotocol (lefilies iioii-overla ppi iig

windows onl the time-line, one window for each class. kWithlin the window for class A- one(

finds Job aririval and job dlepartunre events (deposit ed there b)'y thle p)rocessilqg of previous

windlows. As we scan through the events in a wvindiow we will (.rJ)lfld cert ain ones, fu rt her

fleshing out the event -list. For example, within thle class A, winidow we will expanid a class

Ak Arrival event int~o a. (frs-tmei-srvce teet (FirstServiceEntry) if thle arrivinig

job goes lnm'-'diatlvl into service. Likewise, we expa nil a Departure event fromn aili'v class

to include a class A' FirstServiceEntry event, if lie departuire permits a (class A job .1

to enteri service. The Fi rstServiceEntry event is in t n ii expanuded liutto various service1

(depa rtunre (LeaveService), ser"vice rlent u (ReenterService), a nd finallY q uiete dhep~arturei

(Departure) evetits to reflect, thle effects of picem upt ioi onl .1. Thle proces, of scan ili ig

thirough a window's evenits iii increasing t ille-stanilp order and expaiiliig. Iheml is called a

11,1'11(10117 xpaiflsio ti. Ill t he (c0urse( of a vi tidow cx pal rioli no0 CVeiit is" ever refin(ved from t ilie



event list. One should think of it as building up the correct sequence of queue events, rather

than as an execution of known events. Event execution will occur in the lowest priority
window, where we know that all events have been generated.

One special problem arises if the network is open. At every queue where external jobs
may arrive we maintain separate arrival processes for each job class. The processing of an

external arrival for class k includes the generation of the next external class k arrival. This

arrangment permits a queue Qi to correctly incorporate the external arrivals when computing

the 6i(k, W,,k) values.

'We would like to expand exery priority class window once between each pair of global

synchronization points. This is not always possible, but we do make every effort to permit the

concurrent expansion of different class windows. This improves performance by amortizing
the synchronization cost over more computation. Following a synchronization the edges of

newly expanded windows are moved forward to cover a new region. A separation test is

applied to determine which windows may be safely expanded. Following these expansions
the synchronization protocol is engaged once again. Eventually every simulation time instant

will have been contained within a window once for every class.

The complete state of a queue at simulation time t is not known until after the window
for each class has encompassed t. Thus, the actual simulation with its attendant statistics

collection and system measurement (presumably the point of the simulation) is performed on

events within the lowest priority window, after the lowest priority window is fully, expanded.

These ideas are illustrated in Figure 2.

The scheme described above requires the solution of three inter-related problems.

1. For each queue Qi, class k, and lower window edge w,k we must be able to comt)ute

the departure tirne 5i(k, W,k,) of the next Job J to enter service at Qi, barring further

arrivals. This computation must consider all the preemptions that may interrupt J's

service: it must consider the value of J's residual service following a preempt ion.

2. \Ve Must design a schene for expanding events and populating a queue's sinitilation

time-line.

3. W\e must ensiire that before we expand the FirstServiceEntry event for job .J, we

have already generated all events at Qi for jobs of higher priority, up through t he time
of J's departire from Q,. That is, if .1 has priority A- we must entsure that the class

A- + I wiudow is sufliciently separated f'orli the class k, window.

'h'iese p)rollems are now addressed in t urn.

8



Class 1 Event Class 2 Event Class 3 Event

Class 1 Class 2 Class 3
Window Window Window

100 103 105 111113 115

"~ lip-"

Expand Class events ExpandClass2 Expand Class3
in [100,103). Execute events in [105,111) events in [113,115)
all events in [100,103)

Global Simulation Time, Step n

Class 1 Class 2 Class 3
Window Window Window

103 106 111 112 115 118

Expand Class 1 events Expand Class 2 Expand Class 3
in (103,106). Execute events in (11,112J events in [t15,118)
all events in [103,106)

Global Simulation Time, Step n + 1

Figure 2: Class windows on simulation time-line

4.1 Computing a lower bound on departure time

The computation of a, lower bound on a job's departure tinle is straightforward. We provide

each quiieue with its own event list, maint-tned in increasing tinic-staniup order as a doulv

linked list. This single data structure will serve all priority classes. \Ve also need a queue
status record that records the statis of the server (is the server idle or blisy, what class of

job is in service) jtust prior to the time of the first event il lhe list. For each prioritv (lass

we maintain a Start pointer into the list, reflecting the point 1i) to which all (v('nlts for that

class have already been expanded. Tlhis arrangement, is illustrated in l" g'iire 3. il addition,

for each prioritv class at each queue we maintain a ql( u (d-1i of Ji hs whih have not vet



Queue Status
Record

Linear Event List, Doubly Linked

Start Class 3

figurie 3: D~at a st ructuires for- coiiciii rrent class si muia t ion

h~ad t 11(11' service an d1(1 l- t III-( eents genlerl fed. Eachi such ilist for eachi class Is 1iia ut ai rie

II a fprority hea p b)asedl onl th linia-class piorit s chleme. [or examiple. a I . :S pir

schlii will order, thle Jobs by (lecrecasing arriv-al t ilnI.

Let J.1 ii class A, 1 c the nexiit 'obI at Qj to e(i servic e aftr (,I- i I~ I ~ I rr Iig fiirI hI. crlass

k arriv'als to alteri TIs doinianit, priority wit hiii (lass k. For. t lie sake of litist ratll ](' let s

suppose t hat each tim Jn .1Is preemipted it nmurst, start over withl thle samne Service recqmui reIieit

.s. Let t be J's arriv'al t TI ne. Our first. problem is to det ermni ie when J en t ers ,etwice. T herec

arie t w() cases t~o consider-, depeni iig on whet her t. > ?',,1 k If so. lien T's Arrival ev-eiit Ila

not. vet, b eeni expanded. W\e eiiter tHie eeit list following. thle (lass A- S/ad/ pointerl. aiill scall

for-wa id nii tif we finid .1 s Arrival event . W\e thl (let erinli ie whet her t he server. Is h is at

thiat point, iisi tig the iulet'lod (lescri bed III 2. If J (foes iiot iliiiedlia tely eii tcer serv ice we

scanl forward searching for, thli server.s first idle pcferiodl (againl using a Iiiet hiod (escri ed iH

~2 . hesecond case to considler is when t < Wn . Th le fact thiat .1 has a I rea l a ri-nve andI

is nlot. Mi Service i inl ies tla, thle server. Is busy, We mia V thl rfore hegiii a sc(a It for-waiid frowi

lie class A- .5/ar (eent, to Ii ud tW l Cie C res ne(xt idlIc perilod.

I alaiiig deterired whenl .1 first. goes liitIservice we.( rliius now dcterni e whenl It hcpa is

lihe queuie. Asuet hat oiu' scailni1lig point cI. Is piosit ioilech at an 1 ('veiit whose t ihue t, is equal

I10



to J's first etitry int service (this event will not be J's FirstServiceEnitry eventl, ats that
event. has not vet b.een genecratedI). . w ill finishl service at. time t, + s if the next Arrival
event in the list, for a higher priori ty vJob occ-urs after t, + s. Ot herwvise J is preemnpt ed before
completing its service, and we must scan forward to find the next idle p~eriodl where J1 might

reenter service. Tis process continues until wve findl a long enough service periodl. an 111so

comNput e J's -olipiet ion t imeN.

If we scan past thle end of the event list we'll assume that J starts its servi e at thle t imen
of the last (event inl the list.

It may happen that t hiis p~roced ure is usedl to priedlict J1's departuiire time /,, before all events

for Ii iglie p~riorityv jobs have b~een generated p~ast 1,. We cani eas ily (ltect thIiis occ urrene by
(determnininig whet her Q~ exceedls rI',kfl+ (the lowver window edge of thle next highest p)rio)rityv

class). \ote that, an erroneous comp~let ion time is still a lower bound on J' s coinplethi

time -a ny uniaccount ed for Id gher priority jobs cain only serve,( to dlelay J by preemipt ion.
Usi ng i( k. 1,.k ) =t, Still provides a lowerl hound onl tilie timel Of t le xt jol)-ilessage Q,
will sendl: we may thbus coinltute b(k Ax w,,k ) type xwinidows withi t he ass i anrce that Theorem I
st ill holds.

4.2 Window Expansion

Sumppose we have j ist established( thle next class k window [ 1 ,'k,6( k, Wn,.k ) ). A s the first Step.

for every q ueiie we move the ('lass Ak M5ait pointer tip to p~oi nt at the qjuieue's first eveiit

in thle window. T~he xxindoxx eiiconpassts anii t erva of simulation lime whliichi may* have
class k Arrival andi(/or Departure events (lelosited there by thle prIocessinig of previous

wind~ows. It maY also ha ye comnpletely exp)anded events for jobs from higher priority c(lasses.

Thle Wvindo(w expansion process scanus forwarid th rough thle list of all events iii [(u, . ( ( k. 1 'r)

expanding any class k event that it can according to thle rules (lescrile below.

Every class k Arrival, Departure, and FirstServiceEntry event is exp~andled, as fol-
lows. TO expand anl Arrival event for Qi we first (let ermine whet her the arrixal goes iinilliei-
at clx in to service. MV (can (let ermin e whethem' thle serxer is busy at tilie time of thle a rril xaIas

described in j. We know that if the server is busy, it is serx'icing a Job with p~riorityv at least

as hiighi as thle a rri valI. Ini thIiis case thle jol is p~lacedl in the class k cluetied-list at, Q,. and tile
exvenit list rema ins unaiiaInrd. If thle job is to ci et'ervice, we generate a FirstServiceEntry
event for it at the arr'ival time, andl insert that event dIiredtly fol loxx ng the Arrival event.

TIYli Fi rstServiceEntry exveint wx'ill Ie ecxpa nded as thle ntext Step of'I ilie'i ilow exp a nsioii.

If xwe encounter at class A, Departure exvent we k ow that it is possible to put anothler'
(class k job) inito Serv'ice. ITle hiighe(st priority jo ill) iiitlie class A' quieuled -list is ireiimoxved . a 11(

a Fi rstServiceEnt ry event for it is insiise ('I(i rec t l fol loxxwing lie Departuire exveint, wxith

I I



the same time-stamp. The only possible hindrance is if a higher priority job just happens

to arrive at the same instant as the class Departure departure-a situation which is easily

detected.

The expansion of a FirstServiceEntry event for a class k job, say J, is closely related

to the departure time prediction procedure. Suppose that the FirstServiceEntry event has

time-stamp I and that J requires s units of service. We must determine the maximal service

burst available to J. We do so by scanning forward until we either reach the end of the list.

or encounter an Arrival event for a higher priority job. If the gap of time between I and tlh

preempting arrival is greater than s we simply generate a Departure event for J at time

t + s, and send a job-message reporting a new arrival at time I + s to J's next destination.

If J cannot complete service we must, record the time it spent in service. We generate a

LeaveService event with the same time-stamp as the preempting Arrival event, and insert

it, directly prior to the preempting event. Then we scan forward looking for the server's next

idle period. Once it is identified we generate an ReenterService event for J, and insert

it directly following the Departure event which frees the server. Again we test to see if

J receives sufficient service before preemption. If not, we generate another LeaveService

event and repeat the process; if so, wc -enerate a Departure event and send a job-nessage.

4.3 Keeping Windows Separated

The correctness of the expansion for a class k Window [1,,k, 6(k, Wv,k)) depends on having

already expanded all higher priority jobs sufflciently far into the future. In this section we

determine how to ensure sufficient separation between class windows. The expansion of a

class k window will be correct if, during the expansion of a FirstServiceEntry event for

job J, all events for higher priority jobs have already been expanded past the time of i's

completion, say t,. In other words, we must have I. < wn.k+l.

Recalling equal ion (1), 6(k, w,,k) is the minimum "next-served-job-completion-t line'" for

class k. Now suppose that in addition to computing this minimum we compute the ma.rimn1m

value

r(k, Wn~k)= max ",- ,k)I. (2)
all queues Q,

The following lemma uses this value to define a test for sufficient separability.

Lemma 3 Suppos(. that r(k,w,,,k) < Wnk+l for some class ; < C. LI J b any class k job

tlhat cinris service at Q, for thec first time during [wk, 6(,k, 1',,,,k)). 71b e/ lb, e.,,.ion, ()f

J1's FirstServiceEntry evcnt is correct, meaning that the class k windowr is cxpaidaIl(.

12



Proof: By Lemma 2 we know that J's estimated completion time defines the

value bi(k, wnk) computed during the construction of 6(k, l,,.k). That estimate

is constructed using the departure time prediction mechanism described in §4.1.

The estimate is exact if at the point it is made all higher priority events have

already been generated past time 6i(k, ',,',k). We know that all higher priority

events up through time 6(k + 1, Vnl,k+l) - .'nk+1 have already been generated.

Furthermore, Wn.k+l > r(k, w, ,,) _> 6i(k, w, ,k). Thus all higher priority events are

accounted for in the expansion of J, so that the expansion is correct.

0

Lemma 3 tells us whether the window for a given class can safely be expanded. Given

U'n,k, 65(k, W,,k)) and r(k,wnk) for each class k we may identify all expandable windows

between two synchronization steps. These windows are expanded, and new windows for the

expanded classes are positioned. We adopt the notional convention that n',,+1,k = Wn,k for

any class k whose window is not expanded during the nth step. The expansions at step n

may permit the expansion during step n + 1 of windows which failed to satisfy Lemma 3 at

step n. However, a certain amount of recalculation of 7 values is unavoidable, as we now

illustrate.

Suppose the class k window fails to satisfy the hypothesis of Lemma 3, and so is not

expanded during the nth step. As part of defining the (n + 1)st step we must recompute

6i(k, U'n+1,k) for any queue Qj where during step n we observed 6i(k, w,,k) > wn,k+l. The

need for recomputation follows from the fact that &i(k, tvk) is then only a lower bound,

whereas if 6j(k, wn,k) < 'n,k+1 we would know it to be exact by Lemma 2. Consequently.

the job whose estimated completion time defined r(k, w,k) may actually complete at a later

time-possibly later than t,,+lk+l. We can only safely expand class k after recomputing

r(k, WZn+l.k), and observing that its new value is less than l+1',t+,k+l.

These observations lead us to a statement of the complete priority class algorithm, given

in Figure 4.

Observe that the highest priority class window will always be expandable. However, the

algorithm above does nothing to prohibit the highest priority class from moving its window

arbitrarily far into the future. Eventually memory constraints will prohibit unconstrained

advances. This problem is easily fore-stalled by including a n .ritual separability check. For

example, to keep the class k window from advancing too far we might require 11',,k - r(k -

1, 1,,,k-l ) < Ak, for some Ak > 0 as a further requirement for the expandability of t he class

k window. The inclusion of this constraint does not affect the fact that at every step. at

least one window is expandable.

13



1. t 1 ,1 . ti,c = 0, and n = 1.

2. Given Wn,k for k = 1,... , C the processors cooperatively determine 6(k, 71n,k)

and r(k, wn,k) for k = 1,. . , C. Each r(k, Wu,) value is explicitly recom-

puted regardless of whether the class window was expanded during step

n - 1. 6(k',wn,k,) need not (but may) be recomputed for a class k' whose

window was not expanded at step n - 1.

3. Identify each expandable class: any class k for which r(k, W,k) < Wn,k+1.

4. For every expandable class, say k, the class k events for each queue may be

expanded, in parallel with all other queues.

5. If the lowest priority class (class 1) was expanded, then execute all events for

all classes in [v,,6(1,w,,)). Release the memory used to represent these

events.

6. Queues receive the job-messages sent during the window expansions, select
service times for the arriving jobs, and insert Arrival events into their event

lists.

7. n = n + 1. For every expanded class k set wn,k = 6(k,wk.,_l). For every

non-expanded class k' set w,,,k, = w,1k,. Goto step 2.

Figure 4: Synchronization protocol for priority class networks

Lemma 4 For every n, at least one window is expandable at step n.

Proof: If class C is expandable we are done. If class C is not expandable, it

is constrained by having w,,,c - r(C - I,w,c-1) > Ac. This implies that class

C - 1 is expandable, unless it is constrained by wC-1 - r(C - 2, w,c-2) > AC-1 .

We can repeat the argument backwards through classes until either we find an

expandable window k > 1, or we reach class 1. In the latter case, class I has no

maximal separability constraint on a lower class, and so must be expandable.

1



It is also straightforward to modify the algorithm in order to support the "rolling back"

of a window. This would be needed if midway through the expansion of a window we

discover that dynamic memory is exhausted. It is straightforward to "ufndo" events in Ilie

list, provided we can accurately reconstruct them when more memory is available.
We need only three additional activities in order to support rollback. The first is purely

notational. Recall that we defined Wn+l,k = 7 Z,,,k whenever the class A" window was not
expandable. This convention must change, because we need the ability to rollback only
some subset of windows in order to free up memory. Thus. we define a synchronization
step numlber nk for each class ', and advance it only for those steps where the class k
window is expandable. The second activity is to stamp every event with the identity of the
synchronization step (now localized to class) during which the event was inserted into the

list. Then if we decide to roll the class k window back front its step 71k position to its step

nk - J position, we simply scan through the list backwards, releasing the space for any event
inserted during and after step nk -- j. The last activity is to periodically checkpoint the state

of class k activity. When one rolls back one must rollback to a checkpoint. Once the state
is restored, the simulation proceeds as before with the assurance that exactly the same set
of events will be regenerated. One does presume that the sequence of window expansions
is somehow modified so that the memory is not exhausted again. For example. following a
rollback of the class k window we might tighten the separation constraint -Ak.

There is an important difference between this style of rollback, and the rollback used
in optimistic systems [5]. Our rollbacks reclaim the space used to store correct events: the
exact same set of events will later be regenerated. A queue therefore never sends a false
job-message which will have to be undone. Thus, message cancellation is not needed, and
rollback in one class will not directly cause a rollback in another class.

5 Analysis

In this section we develop an analysis of our method. \\e show that as the simulation model
increases in size-all other things being constant-the average number of events executed or
expanded between two synchronizat ions is (.ID + v'il-), where D is a minimal service time
and Al is the number of queues. This demonstrates that on sufficiently large prol)lenlis tlhere

will be enough parallel workload to achieve good performance on coarse or medium grained
parallel architectures. \Ve also show that the algorithm's expected nenory requiremeiit is

O(C'A log 11).
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5.1 Events Processed Per Window

Our analysis is based on results developed for the single-class model in [10]. To simplify the

notation and description over that in [10] we will assume that inI each class. each (juelie inI

the network has precisely tie same characteristics, and thal as t ie net work size, is increased

these characteristics remain unaltered. This situat ion occurs when t he net work is copt)let ('lv

homogeneous-no queue can be distinguished topologically from any other. For example.

toroidal and hypercube networks satisfy this assumption. \We let Ak he the arrival rate of

class k jobs at each queue, regardless of the number of queues in Ill( n(,twork. Ak iclu-1des

external and internal arrivals--consequently its value will not be known prior to ruining

the simulation, because the internal arrival rate depends on the simulation's behavior. \We

assume that the service requirement of a class k lob is (list ribtied as )k + exp){/,kA}: a

constant Dk plus an exponential with mean /1k. Our discussion of single-class networks will

drop the class subscript.

We have the following result, adapted from [10]. for a homogeneous single class net work

with 11 queues:

Theorem 5 The limiting value lim,-, E[(u,,,) - w,,] is approximat(ly boiindl from b1ou'

by D + I/ VT.

This theorem makes a statement about the mean width of a sviichronization window. In

order to hound the mean number of events processed we must consider t lie delisit y of events

on the simulation time line. If jobs arrive at rate A, an(l each job requires at least two events.

then the density of events is at least 2A per unit simulat ion time. \We can I lherfore hound

the equilibrium mean number of events processed in a window by inultiplying the (lelsitv

times the window width: 2MA(D + /J/K-) = Q(AID + V/11). Thus, as Al increases the
average number of events processed in a window increases at least as VA!. Futhierniore. if

the service times have a miimal strictly l)ositive component then the iMcrease is super-1ihear.

It is straightforward to modify this result for priority classes. Let us now make a dis-

tinction between a class k job's service requirement, and its so-called s(rricr-lag, lhe total

time between when a job enters service for the first time and when it departs the queiue.
A Job's service-lag is always at least as large as its service requirement. Ihie (distribution

of the service-lags comprising the 6,(11',,k) values are all stochastically larger [121 than the

service requirement distribution. This means that probathilisticaliv a raidoni varia)le from

service-lag distribution tends to be larger than a randoin varablc from the service require-

ment dist ri bution. lence, a "window" built on the basis of service requifrell i its will be

always be smaller than the real window whiich is tbased on service-lags. This imiplies the
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extended result:

Theorem 6 For every class k = 1,.. , C, the limiting talbit lim.. E[6 (?V,,k) - w1n.k] is

approximattly bounded from belou' by Dk + tlk/V/'I.

El

Since class k jobs arrive at a queue at rate Ak, and each job generates at least 2 events.

the equilibrium mean number of events falling within a class k window is Q(AID + v/M).

Lemma .1 shows that at least one window is expandable every step. It follows that the

limiting average number of events processed per step is Q(MDmnin + V7!), where Dmin n

mink { Dk }.
The practical importance of Theorem 5 has been verified empirically, as reported in [10].

On large models of several different types of problems (infinite server queueing networks,

logic networks, Game of Life, timed petri nets) we have achieved excellent speedups on a 32-

nodle Intel iPSC/2 [1]. We may have confidence then that the proposed protocol for priority

class networks will achieve good performance on sufficiently large queueing networks.

5.2 Memory Requirements

Our simulation technique obviously requires more memory than an equivalent serial simula-

tion. because more of a queue's event list is retained in memory than is necessary in the serial
case. A natural question asks how much memory is required, and how those requirements

change as the simulation model increases in size. Under the assumption that service times

are composed of a constant plus an exponential, we will show that memory requirements are

O(C'1 log 11).
Consider again the situation where we increase the number of queues in such a way

that all essential queueing characteristics remain the same. In particular. the overall rate

that events appear at a queue per unit simulation time, say AQ, does not change. Now

consider an implementation of our protocol. Ideally the windows are sufficiently separated.

meaning that r(k - 1, w,k-1) < w,,k for k = 2, .. , C. Let us also assume that we restrain a

window from advancing more than A units of simulation tirne past its predecessor. I)efining

, n.k = r(k, Wnk) - w70,k, the span of simulation time represented in the queue is thus no
more than (C - 1)A -- Z,. ,k . The mean number of events in the event list is then no

larger than AQ(C - 1 )A + Z~- E[S,,k]. Recall the definition of the r funcion, given as

equat.ion (2). We are interested in the behavior of an expected maximum, as Al increases.

Iirst. consider the highest priority class. Each 6i value involved in 7((', u,,c) is t he sum

of the residual time of a job in service, plus the full service time of another job. Now the

residlual is stochastically dominated by the full service distribution. Thus the dist rihut ion of
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each 6S(C, 11',c) - w,.c- value is stochastically dominated by the sun of 2DC. plus all Erlaug-
2 with parameter It(- (i.e., the sum of two exponenttials, each with mean /uc). Assuining
independence among the 6, values i5',. is stochastically (ominated by 2D plus tile maximum
of 11 identically distributed Erlang-2's.

Analysis of hazard rate functions [12] helps to quantify a bound on 5,,.c. Let f(t) and F'(t)
respectively be the probability density function aiid one in us the cumulative distrihutioA

function for some probability distribution. The distribution's hazard rate function is defined
to be h(t) = f(t)/(t): informally, Ih(t) is the probability that a random variable from the
given (list ribution achieves value t, given that it is at least as large as 1. For example, an

exponential with mean ji has a hazard rate function h(t) = l/I: this is Jlst, anot ller statnement
of the exponential's memoryless property.

\Ve will use the fact that if (i) mi is the maximum of 11 independent and identically
distributed (lid) random variables having hazard rate function h(l), (ii) U?2 is the maximum

of .1 iid random variables having hazard rate function g(t). and (iii) h(t) > g(t) for all
t, then in 2 stochasticallv dominates ml. In order to bound E[,5,.c] from above we seek a
random variable with a smaller hazard rate than an Erlang-2.

The hazard rate function for an Erlang-2 increases monotonically, reaching an asymptote

at 1/pc. [13]. This is not surprising, given the intuitive understanding of the hazard rate
function. We can view an Erlang-2 as the "lifetime" of a serial system with two stages, each

of whose !ifetimes are exponential. As t increases, the probability that tile first stage has
already completed increases. If the system is into the second stage. then its liazard rate

funct ion is that of the second exponential- -ie constant function I/lc. So the longer the

svst em life is known to be. the more likely it is that the remaining life is that of ail exponential.
Let h(l) be the hazard rate function for the Erlang-2 distribution with parameter tt(.. It
turns out that th(0) = 0, and h(t) increases monotonically to approach i/pc'. \Ve may
therefor,- ,hmoore a value t, such that h(to) = 1/( 2 lic). Let X be an Erlang-2, and define a
random variable Z as follows. If X < to then Z = to. Otherwise, choose ani independent
exponentially distributed random variable with rnean 2 pic. The hazard rate function g(t) for

Z's distribution is 0 for I < to, and is 1/(2iic) for t > to; thus li(t) > g(t) for all 1. We can
therefore bound the expected maximum of M l id Erlang-2's with tile expected maximum of

A! iid random variables ZI ... , ZA, having Z's distribut ion. Clearly the latter expectation
is no larger than to plus the expected maximum of .11 d(I ex)onient ials wit Ii neai 2ti . Tlls

latter expectation is commonly known [6] to be no greater than 2pc- log.l. Thus we have

shown that E[,s,,.c] < 2 1'c log M.

Lower priority classes are treated siriilarly, at, least approximately. Let Pk be t lie average

'lhis is not rigorously true, hut suffices for these coinpl,'xity approximations.
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server tilization For (class k Jobs5. iTe sha'do w CP I[ ee i itiqute pioneered 1y )Vevcik [7] for

the quantitative analysis of priority class networks approxiates the service-lag of a class

k < C job as an exponential with~ mean (D fk /( 11l_ ES Zk±l P?) . akiiig the samne

apIroximtion.,k heconies a const ant p' ti the n ia xhin i of 011 IVrla ngc- 9 s as before. b achI

Srkiav therefore be bounded byv a contstaint tiiiies log.1l.
'hte dliscussion abIove shows t hat i neinory reqliri reets at each q ttie are O( ( log,1l). so

that the overall memnory requtirc-inents are ((CAl log Al1).

6 Summary

It has long been thloughit that, good performance coiit not be ac hieved usinig a conservativ

syntchtronizat ion inlecltaliiit for t lie- simuttlat ion of priority class (fietiing net1works. This

conclusion followed froiii thle observat ion that such niet works fail to providle imtich lookalicad.

li poi whtich all contseirvativye mnet Iods relyv. III t his pa per wved(evelol) a coniserva t ive techiqu t~te

that finds lookaljead iii a siimple. 'vet obvious wvay. The behavior of a high priorityv job is

completely untaffect ed by all\, lower priority jobs5. We muay t heref ore simiulate htigh priorily

jobs fart her ahead in siminnlat ion t inie than low: priori tyvjoh)5. \Vle dlet erm inling t lhe (depa rt urie

hne of a low priority job we will already have thle complete history of all higher priority jol)

that, affect it.

Usiing this observa tion we dlescrib~e and a na lyze a s 'ynch ron izat ion protocol For t lhe parallel

si-nin a tion of riwritv class qi udneiig neorkns. Thle aniiavi shows tIial thle a verage rittitwr

of events that niav be procexsel i parallel is Q( .1[1) +-j--1l). where 1) is a intiliitial service

tunle, alid 1l is th flie lmiber of (jilies. Th'iis implies that onl suifficienily a~ net works

we can expect good perfornianlce oii a coarse or lili i gra iiied Iinullti proce'ssor. as t lie

x nc ftroiiizatIion oivrliea(Ix are aiortizeol over a great deal of parallel mwkloa I. Mea iso) xl ow

.2 CX PCC efl r ,C v or reqiuiremeinlts to be O( ( A log 31). an ho"Aw~ idi a skntple meciaui ni

fiat, piliutt onle to recover froml exhalust ing fiiteiior -v. at the( expense of re-colltiult infg evenits.

Our svriclroitizat on protocol iiav be- overly comiservativye iii thle seiithrfat ito t opologicalI

imiformat itn about thle inetwork is used to inlcrease thle widthI of' lie class windows. Our

protocol esseintially assuinlex, that anyv (ji1lue cani receive t lie job whose comipletijun delinles

Q w,). Other s itlihioi oils purotocols, such as thle bolinide(I-lag, protocol [SI ('xJ)IiCitlv' Iise

tojpological imfrnuat ion. ant(I ntigft 1w slibst it ited for (till. own witet definbing (hiss winidows.

[lie add itioital issue of' eitsiring separalilit v would hat\ye to be t teat ed.
F'lie c lass of' oleueinrg net works we( addrless is Jpract caWil a mu inmport anlt. BI he coltt rihi

jolt of I ftis pa per ext ('ids Invoitd jw tistt ia of' (f tier i(i etwrk. \\Q ha ye ill wI atI a uI=~

way inl whticht oie Iuigit finid lookaltead for esxploitat ion by coniservative mtfbuds. Siiilar
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ideas can be applied to the simulation of any physical system w\here there is some sense of

priorit v, or noII-sylflntric independence between subclasses of components.
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