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ESTIMATION OF TIME-OF-ARRIVAL
OF UNDERWATER ACOUSTIC SIGNALS
BY SPLINE FUNCTIONS

INTRODUCTION

An important problem in underwater signal processing research is the determination
of the signal onset (or time-of-arrival) of an acoustic signal from possibly noisy discrete
data. Once an accurate estimation of this value is obtained, the transducer and panel
transfer function identification techniques can be applied. In the report [1], the underwa-
ter acoustic signal is represented by a spline curve with equally spaced knots such that
the initial knot that lies in the interior of the time interval clearly indicates when the
curve “takes off” to the right, and hence, can be used to define the signal onset. In par-
ticular, if the signal arrives fairly sharply a linear spline curve :an be used to model the
sigral. However, if the signal arrives and increases in magnitude smoothly and slowly, a
higher order spline curve such as a cubic spline is recommended. In a recent report [2],
it was pointed out with several interesting examples that, indeed, a cubic spline curve
does not give an accurate estimation of the signal onset when the signal function rep-
resentation has nonzero first or second derivatives at the time-of- arrival. Sir .e a cu-
bic spline curve provides a better model than its linear counterpart to curve ritting, and
hence, to representing an acoustic signal, we will modify the cubic spline model in Ref.

1 by using “stacked knots” at the initial knot position. As a consequence, the B-spline
series is increased by two terms which may both drop out when the arriving signal has
zero first and second derivatives at the signal onset, so that the approximation procedure
1s adaptive in nature.

The main objective of this report is to provide useful algorithms for determining
the signal onset from discrete measurement of the acoustic signal which is contaminated
with noise. The method of penalized least-squares discussed in the report [1{] will be
studied in great details. In particular, all relevant matrices for the setting of this partic-
ular problem will be analyzed so that the method of generalized cross-validation (GCV),
(See [3-5]), can be modified and extended for our stugy. A global search procedure will
then be used to determine a good estimation of the signal onset. For the sake of com-
parisons, algorithms based on SVD (singular valued decomposition) and tridiagonization
will both be proposed. In addition, whenever it is appropriate, flow charts will be given
to illustrate the algorithms.

SPLINE REPRESENTATIONS OF ACOUSTIC SIGNALS

Let [0, d] denote the time interval on which an underwater acoustic signal is mea-
sured, and let ¢ = #9.0 < ¢ < d, represent the signal onset (or time-of-arrnval) which is
to be determined. Then the acoustic signal is represented by @ spline curve with initial
knot at fo. The knot sequence of this spline curve was given on page 7 of Ref. 1 by

th: to <t <"'<fn:d<fn+l << gk

where 0 < ty = ¢ < d. Note that &k knots ...+t 41 are tacked on to the right
of the measurement interval [0.(1] to allow us to represent the last & B-splines in the

1
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B-spline series representation of the spline curve with degree k. Recall that a B-spline
with degree k 1s supported on k + 2 knots, so that the last B-spline has support given
by [tn—1,tn4x] which overlaps with the time interval [0,d]. As suggested by George and
Muise [2], it is quite possible that the arrival of an underwater acoustic signal is not at

all smooth in the sense that some of the initial derivative values, f'(#g). . f" 7D (¢,
of the function f(t) which represents the signal do not vauish. H(nco in oxdex to use a
k-th degree spline curve to represent the acoustic signal, we recommend in this report to
extend the B- spline series to the left by stacking & — 1 knots at the initial knot so that,

on one hand, non-zero initial derivative values f(/)(tg),1 < j < k — 1, are allowed, and
on the other hand. the spline curve still takes off at the initial knot t;. That is, we now
consider the knot sequence

the tokpr ==t =to<t1 < - <th < < tnik (1)
where, again, 0 <t = ¢ < d and t,, = d. For the distinct knots tg.- - . f,, 41, we will still
assume that they are equally spaced as in Ref. 1; that is, for j = 1.---.n 4+ k. we set

d—c
tp=tisith h=—,

sinice there is nothing to gain by making the problem more complicated.

B-Splines With Non-Zero Initial Derivatives

To construct the B-splines with the new knot sequence tj, we return to Eq. (9) on
page 5 of Ref. 1 by setting

Bes(t) = By o) = N (= ) = j) (2)

where j = 0,---.n — 1 and Ni(t) denotes the B-spline with degree & and knots at the
integers ha\mg support given by the interval [0,k + 1]. (Sec Fig. 1 below and on page 5

of Ref. 1).

No N; N, N3
1 1
L /\ /\\\ /\
0 1 0 1 9 [ I | P T T l T 1
0 1 2 3 0 4
Fig. 1 - B-Splines of orders 1 - 4
For the knots t 4. - #x which are no longer equally spaced. we must compute
the B-splines By j(#). ) = —k + 1.+ 1 withont relving on Nyiti. For this purpose,

the method described on page 12 of R(f 6 works quite well, since Bernstein coetlicients
nmst he obtained for later purposes. In this report, we will only consider lincar and cn-
bic splines (1.e.. & = 1 and 3. respectively). Sinee no stacked knots are necessary for

2
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linear splines, only cubic B-splines Bj j(t),j = —2,—1, will be given. [For convenience,
we will use the notation Bj(t) = B; ;(t).]
Using Bernstein representations as in Ref. 1, we have (for k = 3):

~ /1
Boa(t) = Bas, -2(t) = Mo (3(t - o)) (3)
and
~ r1
Bi(t) = Bagy—a(t) = No(3(¢ - 0)), (4)
where the Bernstein coefficients of N3 and N3 are given in Fig. 2.
ﬁg ]’\}3
01 43 3 000 003 5 ¢ 2 1000
0 1 2 0 1 2 3
Fig. 2 - Bernstein coefficients of Ng and ]V;,
Of course, as mentioned in Eq. (2), for j =0,1,---,n — 1, we have
1 .
Bj(t) = Buss(t) = Ns (3(t = ) =), (5)

and the Bernstein representation of N3(t) was already computed on page 6 of Ref. 1 as
shown in Fig. 3 below.

1 2 4 4 4 2 1
o 0 0 § § 5§ § § & s 0 0 0
L i | I J
0 1 2 3 4
N3(z)
Fig. 3 - Bernstein representation of N;(t)
In the usual Cartesian formulation. we may also write:
J1—t)2t+3(1—)? + 18 if 0<t <1
Na(t) = (21 if 1<t <2

0 otherwise
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S(1-Hr+ 588 if 0<t<1
~ HR2 =P +22 -t (- 1)+ (2-1)(t - 1) + Lt —1)" if 1<t<?
hm:ﬁ 13-t} if 2<4<3

0 otherwise
and

(313 if 0<t<1
é(2—1)3+(2—t)2(t—1)+2(2~f)(f~1)3+§(f—1)3 if 1<t <2
Ny() =< 23— +2(3~1)2(t = 2) + (3~ t)(t — 2)? + (=2 of 2<t<3
é(4—f)3 if 3<t<d

L 0 otherwise.

Using the notation in Egs. (3) to (5), any cubic spline function S;(t) that represents the
underwater acoustic signal f(¢) with signal onset at ¢ty = ¢ and possibly nonzero values
of f'(to) and f"(ty) is given by the cubic spline series

n—1
Ss(t)= ) ¢;By(1] (6)
=2
with knot sequence
thit_zzt_l'—'t0<"'<tn<"'<t71+3 (7)

where 0 <ty = ¢ < d, t, = d.and h = (d - ¢)/n. Observe that Eq. (6) differs from
Eq. (11) on page 7 of Ref. 1 in that two extra terms have been introduced to allow an
adaptive curve fitting scheme by this new cubic spline representation.

The Coefficient Matrices in L? Approximation

©) 9 . . . . . .
For L° = L‘{O. d] least-squares estimation of underwater acoustic signals, it is essen-
tial to compute the coctlicient matrices

Arp = [l)f]}

where = +1 <77 <n—1and

l{
k ; , ;
[)'] == / Bk,th,](”Bk.th Pt PN

JO

Henee, for linear splines, where & = 1. the coetficient miatrix
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2]

.“11‘}1 =

O

given in Eq. (39) on page 15 in Ref. 1 is unchanged. For cubic splines. where & = 3.
however. the dimension of the matrix Aj , is increased by 2, becoming an (n+2)x(n+2)

matrix. In the next subsection, we will show that

1B D1 O
h
Azn = DT Cns D (10)
O DT E
[compare with Eq. (40) on page 15 of Ref. 1], where
2232 1575
Er "{1575 3294} (b
is a 2 x 2 block,
_[348 3 00 0 .
Dy = [2264 239 2 0 0] (12)
is a 2 x (n — 3) block,
r2416 1191 120 1 7
1191 2416 1191 - . O
120 1191 -, . et
1 . L T e Te
Cr_z = S T T (13)
oo Lo 1191
O . . . . .
I 1 120 1191 2416

is an (n — 3) x (n — 3) banded Toplitz symmetric matrix as Eq. (41) on page 15 of Ref.

1.
.

0
D = 1 0 (14
120 1 OJ
1191 120 1
is an (n — 3) x 3 Toeplitz matrix as in Eq. (42) on page 15 of Ref. 1. and
2396 1062 GO
[].':'l

Ey = (1062 1208 129
60 129 20
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is a 3x 3 block as in Eq. (43) on page 15 of Ref. 1. Of course, D] denotes the transpose
of D, in Eq. (12) and D7 the transpose of D in Eq. (14).

Derivation of the Coefficient Matrix A;

To derive the coefficient matrix A3 , in Eq. (10), the Bernstein representations of
N3 (1) N5(t) , and N3(t) shown in Figs. 2 and 3 are used together with the relationships
in Eqgs. (3) to (5) in the integral in Eq. (8) for b?j (with £ = 3). After a change of van-

ables from By 4, (1) to &3(1‘), 4”\\’3(1‘). or Nj(t), the integrals can be evaluated by using a
formula in Eq. (37) on page 12 in Ref. 1, namely:

r+1 (112 E+p)m+q) . .
[ro=gtl v s Wity g

21 ! tmnlag!
(2k 4+ 1)! ek ik Cim!ple!

where k = 3 is used for cubic splines. In the following, the superscript & for cé‘m and (llk,'q
will be dropped for convenience.

(a) For b2, _,, we use N3(#) so that

{cem} = (0,1.%,%), {dyy} = (%,0,0.0). (17)
vielding:
1)3_2_2~(37!!)2 [20 %)2+12+9- %)+4(%)
@ @) o () 0
+4-(%)+10 (%) %)+20 (é Q}h
:% 2239,

(b) For 1)3_2._1 = 1)3_1‘__2, we use both z\~."3(f) and ;7/\\';;(1) so that in addition to Eq. (17),
we also need

6

——,

~

~

3

———

il
N

o

s
1o —
—
lvl‘l
~——

r—,

~
\‘\-
=

——

!
N
»—-AI -]
|8V
(oIS
[N I IV

vielding:
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(3!)?

7!
+ 4(c21803 + da1dos) + (caofos + dsodoz) + 10(coscy2 + dosdyz)
+12(c12612 + di2di2) + 9(c21 €12 + d21di2) + 4(ez0¢12 + dyod,y)
+ 4(co3Ca1 + doada ) + Her2621 + diadar) + 12(c2162) + dyydyy)
+ 10(c30¢21 + doda1) + (co3€30 + dozdso) + 4(c12¢30 + diadao)
+ 10( 21630 + da1d30) + 20(c30¢30 + d3odz0)]h

h
= 5T 1575.

(¢) For 63, _,, we also need the Bernstein coefficients

bs—z,-x = b:}-—l,—Z = [20(co3co3 + doados) + 10(c126p3 + d12dos)

{egm}_( 0.0,0)

in addition to Eq. (18) for ﬁ;}(t), yielding:

o =S p((m) + (@) +0(s ) G w)

(6 12) (12 6) () 9('%)
+4(55) +4(155) +0 (5-5) 2((G) + (5))
a3 T304 (D) ) )
HO}El 5tee) () + ()]

Combining the results in (a)-(c), we have obtained the blocks E; and E} in Eq.

(11). We will next verify the correctness of the blocks D, and DT.
(d) For b%, o = b} _;, we need the Bernstein coefficients

)= (0002). 161~ (341
of V3(1) in addition to those in Eq. (17) of _\~'_-;(t)~ vielding:
0=t B () () ) () () )
(1)) +1(5) r o g) (g o)l

I

-1

(19)
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(e) For b, , = "’?,~2- we only necd the Berustein coefficients {¢em } of N3(t) in Eq. (20)

as well as those of K"g(t) in Eq. (17), yielding:

(f) Since the supports of .ng(t) and N3(t— ), for j > 2, do not overlap. we have /'3_'_;.] =
()";‘_.2 =0forall ) >2

(g) For b3—|,0 = bg‘_,. we need the Bernstein coefhcients of _\A'g(f) in Eqs. (18) and (19).
and those of N3(#) in Eq. (20) and

= (2420

vielding:

32 S o (4 !6—[— 1
bx—l,():bg.—lz( ) ZZ( p)( P [4[C,,+(((] —}—([(p]}

= 5= (2264),

where the second subscripts m and q in égm, ¢pq. ete. have been deleted for convenience.
(h) For 8%, = b} _,. we need {Jpq} in Eq. (18), {¢em} in Eq. (19), and {éem}. {d,,} in
Eq. (20). vielding

=8 =5 05 5) + 105 )
#4(55) (535 55) 4G 0)
105 5) +20(5 )]
= h - 239.
2. 7!

(1) For b2, , = b} _,. we only need {€,,} and {é¢n }. yiclding:

oL,
6 6 2.7

=

b 12—1’2—1—

(j) For j > 3. we have b S = b?,—] = 0, since the supports of the two B-splines .\A';;(t)
and N3(t — j). where j > 3, do not overlap.

Combmmg the results in (d)-(j), we have obtained the blocks Dy and DY in Eq.
(12) as well as the two zero blocks of Aj , at the upper-right and lower-left corners in

Eq. (10). Since the other blocks C,,_s.D. D . and E4 of 4, have been verified in Ref.
1. we have now obtained the formulation of Eq. (10) for 5 4.
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Estimation by Cubic Splines

For noise-free or very low noise signals, we may use L? = L*[0,d] approximation as
suggested in Ref. 1. Let (7, fi),e = 1,...,N,and 0 < 7y < --- < 7y < d, denote the
data measurement, where the number ‘N of sample points is usually much ldrgcx than
the number n of knots of the cubic B-spline series Eq. (6). As in Ref. 1, let f(#) denote
the piecewise linear continuous function on [0.d], linear on each interval [r;, T,+1] such
that f(r, = fi. This continuous model of the discrete 51gna {7i, fi} 1s recommended
only in a noise-free or low-noise environment. As in Ref. 1 (pages 12-13), we consider

the L? = L?[0,d] estimation of f(t) by a cubic spline curve given by the spline series
53( ) in Eq. (6). Fix the number n of knots (n << N), and for the time being also let

= (d — ¢)/n) be fixed The L? model with “smoothing parameter” A considered in
Ref 1 is to minimize the functional

d
K3(h,c) = /
0

n—1
fity=">" ¢;Bi(t)

j=—2

2
dt

over all ¢c_;,...,cn—1, where

Cn—1

We will discuss this model in details in the section entitled Penalized Least-Squares Esti-
mation. Here, the B-splines B;(t) are given by Egs. (3) to (5). Let

n—1
Si(t) = Ss(t; M by = Y &B;(1) (23)
j=—2
be the (unique) minimum solution; that is,

E3(h) := K3(h,¢) = min K3(h,c) (24)
where ¢ = [c_2,... ,én_l]T depends on A and h. Then ¢ = é(A, k) can be determined by
solving the normal equations

Zbé,+/\c,_f,“ i=-2....n-1 (231

j=-2

where

£ / I3 : X 261
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In matrix form. Eq. (24) becouies
(Az.p + Mug2)C = £ (27)

where A3 j is the coefficient matrix given by Eq. (10). I,,42 is the (n+2)x(n+2) identity
matrix, and

fr
fr = :
f;z).n—l

is the (n + 2)-dimensional data vector. To compute f;, a change of variables in Eq. (25)
yields:

2
fh—2 =h/ f(h(t—n)-{—d)f(t)dt, (28)
0
3 ~ o~
fr—1 =h/ fOh(t —n) + d).N(t)dt, (29)
0
and for: =0,...,n —1,
fri= h/ ) f(h(t —n+1)+d)N(t)dt. (30)
0

Note that in Fq. (30) the integral is taken over the interval [0,4] fori = 0,....n — 4,
but is taken over a smaller interval for : = n —3,n — 2, n — 1. According to page 32 and
Theorem 4 on page 25 in Ref. 1, to determine the signal onset ¢y, we must determine

the set H = {h} such that cach / satisfies:

E5(h) = min E3(h 31
3(h) i 3(h) (31)
where E3(h) = N3(h,é(A, h)) is defined in Eq. (24). Here. since only noise-free or low-
noisc environment is considered, A is fixed and in fact may be set to be zero for noise-
frec signals or a very small positive number for signals with low-noise contamination.
Then the signal onset (or time-of-arrival) is given by

to Zd——nh* (32)

where h* is the smallest number in H = {A}.

In Ref. 1 (pages 25-26), to determine the set H = {h}. we set B = (1/h)Ay ;, and
b = (1/h)f°; i.c..

b= [I_lzb?j}~2<.'.,<n—1
1 - (33)
b= [}-zf‘p] ~2<i<n—1
[which is essentially Eq. (74) in Ref. 1], and writc
B = pPAPT (34)

10
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where

Al O

O ’\n+2
with Ay > -+ > A,42 > 0 being the eigenvalues of B and
P = [ll] ...Un+2] (36)
with u; being the eigenvector of B corresponding to A; and having unit length. Also, set
h
hXi+ A O
r— (37)
h
O 3V
and
by
b=Pb=| : (38)
i)n+2

where b is defined in Eq. (33). Then E3(h) in Eq. (24) becomes

n+2 2

Ex(h) = / fo)Rdt - ZhA % (39)

where b; is the i-th component of b in Eq. (38). Hence, each h is obtained by finding an
absolute mazimum of the expression

n+2
d?
T3(h) = - (40)
p hA, + A
where
d; = di(h) = hb;. (41)

We summarize the above discussion as follows.

Algorithm I (Cubic Spline Estimation of Signal Onset in Noise-Free or Low-
Noise Situations)

(1°) Choose A = 0 Qf the signal is noise-free) or a positive but small value of A (for low-
noise signal). (In the next two sections, we will discuss procedures for mtmlatme; A

when the signal is fairly noisy.) Also, choose a positive integer n such as n = 10 or
anything larger. (The dimension of the matrix will be (n + 2) by (n + 2).)
(2°) Compute the eigenvalue-eigenvector pairs (A, u;), 1 = 1,..., n + 2, of the matnx

B in Eq. (33) using the entries b3J of Azp given by Egs. (10) to (15). where u, is

normalized to have unit length. Note that the variable h does not appear at this
stage.

11
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(3°) Form the matrices P and I'.

(4°) Compute the data vector £ = [f°,, ..., f3_,]7 in Eqgs. (28) to (30) and
dy f2,
d= =pT . (43)
dnys 2.—1

(5°) Plot the curve for T3(h) in Eq. (40) and determine its set of absolute maxima
(6°) Determine the smallest value h* in H. Then the signal onsct is tg = d — nh*.
)

(7°) Compute
¢ = PIb (44)
where € = [¢_,. ... .én_l]T.
(8°) Plot the cubic spline curve
n—1
Sa(t)= Y &Bi(t) (45)
i=—2
where
~ 71
B_y(t)= N, (-}—l—*(t - t0)>
~ 71
B_i(t)=N; (ﬁ:(t - to))
and

B;(t) = N3 (711—*(15 — o) —j)

forj=0,...,n— 2. [See Egs. (3) to (5)]. Then Ss(t) is the cubic spline estimate of
the underwater acoustic signal with signal onset at ¢,.

PENALIZED LEAST-SQUARES ESTIMATION

We are interested in fitting a set of noisy data gr,-, filoe = 1.....] NV, where
0<rn < - < ry < d bya “smooth” curve ¢g(t) on [c,d]. which is continuous on
(0.d] such that g(t) = 0 for 0 € t < ¢ but is not identically zero on [0, c'] for any ' > ¢.
Hence. ¢ = to represents the signal onset of the underwater acoustic signal. We assume
that the actual signal is given by a function f*(t) in the sense that

fi=f(n)+e (46)

where ¢,'s are uncorrelated noise processes with zero mean and positive variances: that
is.

E(¢i) =0 and 5(5;1‘5_,) =alb,

12
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where o, > 0,6,; is the Kronecker delta (which is defined to be 1 for : = j and 0 for
! # j), and £ is the expectation operator. Our choice of the “smoothing” data-fitting
curve g(t) is motivated by considering nonparametric regressions in the sense that no

mathematical model of the smooth function g(t) is a priori assumed. Here, “smooth-

ness” means that g(¢) belongs to the class

W =1{9 € C™" e, d]: g(c) = 0,4 ™ (t) square integrable} (47)

of functions on [c, d], having zero extension to the whole interval [0, dg, where 0 < ¢ = ty.
The subscripts 2 and 0 indicate that least-squares measurement will be used and the
functions all vanish at ¢ = tg, respectively, and m is any preassigned non-negative in-
teger of our choice of the order smoothness. Of course, C™ ~![c, d] denotes, as usual, the
collection of all functions g(¢) such that g(t), ¢'(¢),..., g™ (¢) are all continuous on
[c.d]. Note that W} is a proper subspace of the so-called Sobolev space W' on [c. d]
where the condition g(c) = 0 is not assumed. It must be emphasized that any function
g(t) in WJ% is extended to [0,d] by setting g(t) = 0 for 0 <t < ¢ to represent the under-
water acoustic signal. (We remark that our algorithms in this report can be modified to
study parametric regressions using sinusoidal “wave” functions although the calculations
would have to become much more complicated.)

Since the data (7, fi) are noisy, no reliable way is available to model the data by a

continuous function f() as before, so that the L? norm cannot be used. Instead, we will
use the (2(w) norm defined by

L X 1/2

lgllz = ligllezqwy = {ﬁ ;(gi)zwi} (48)
where each w; is strictly positive with wy +--- + wy = N and g = {¢:}. If gi = g(7:)
for some function g(t), we will simply use the notation ||g||2 = ||g|l2- The sequence w =
{w,} is called the weight of the ¢ = fz(w) norm. When the variances %’s are all non-
zero as we have assumed here, the optimal weight is

No[?
wi =~ (49)

—2
01 +...+0N

the reciprocals of the variances so normalized that wy +---+wy = N. (See [7], page 18).
Hence, if the variances can be measured and each o? is nonzero we will always choose w;
as in Eq. (49); but if they cannot be estimated, we will simply set w; = 1 for all z. In
the case when Nqg,1 < Ng < N, of the 0?’s are zero, then the weights corresponding to
the zero 0?'s are all equal to NN, !, while the weight 0 is assigned to the remaining ones
corresponding to nonzero o?’s. This weight assignment is simply a consequence of the
limiting process from Eq. (49).

Given a data sequence {7, f,}, we are interested in studying the minimization of the
functional:

d
Culg.A) = Ha—fII%H/ (g"™ (1)) dt
1 c d (50)
B NZ(Q(T')‘-fx)zlf’v+/\/ ('™ ()2t
1=1 -

13
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where A > 0 is called the smoothing parameter. Note that A = 0 corresponds to strictly
least-squares data fitting. but for very large values of A, the term |jg — fl[ﬁ becomes neg-
ligible, so that the functional G ﬁg, X) is dominated by the * ‘smoothing™ operator defined
by the square of the m-th order derivative. Our objective is to find the best data fitting
curve while guaranteeing certain degree of smoothness governed by me and A: that is. we
are interested in obrdlmng a curve g(t) that minimizes the functional Gr(g. ). or some
modified formulations of 1t, over all functions g(#) in W'y and all smoothing parameters

A

Since functions from 1157, are used, they have continuous extensions from [c.d] to

[0, d] such that the extended values are identically zero. Hence, an “extremal fun(n(m
i the above discussion represents the acoustic signal with signal onset at ¢ = #,. Conse-

quently. determining the set H = {h} such that cach h > 0 satisfies

1 Gj(g,A") = mi G At 51
geg‘l/n (9,A7) i gg;x}" r(g. A7), (51)

where A* is characterized by minimization of the weighted mean-squares error in approx-
imating the given data (or some modification of it) vields the signal onset ¢y = d — nh*.

where h* is the minimum value among all & in H (Sce [1], pages 23-26. See subscction
entitled The Generalized Cross-Validation Function in this report for a more precise no-
tion of A*).

Spline Solution of the Minimization Problem

In the following we will motivate our approach to the study of our extremal prob-
lems using splines by studying the minimization problem:

En(h,X) = min Ga(g,))

9 2,0

()]
o

for any fixed positive values of h and A. Here the data {7, f;} are to be estimated. We
first remark that it is a standard mathematical argument (using the completeness of
1W)%) that a function g*(t) in WJ7, exists, such that

Gh(g*, \) = Em(h,\). (53)

Next. we will sce that any extremal function ¢*(t) [satisfying Eq. (53)] must also satisfy
the condition:

d
/g*(’")(t)f(’")( ydt = 0, all £(t) € V", (54)

where V "}, is defined by

"»n {fet‘ [(T,):O l_—.l_‘\'}

To verify this fact, let us consider the new data

Tt
ot

5129'(71) {

and the corresponding subcollection
W ={geWyy g(r) =z, 1=1....N}

14
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of functions in W7, that interpolate the same data as g*(t). Hence, we have

0<Gh ga ) Gh(g ’\)

d 56
.._/\{/ (g(m) /(gt(m)( )) (lf} (56)

for all ¢ € W), In particular, for any ¢ € V, and any real number s. since ¢* + sl 1s1n
g 2.0 P Y 2.0 3 g

W7, the function

F(s)= / (g*™)(t) + s€(™)(¢))? (57)

which is a real-valued differentiable function in s, has a relative minimum at s = 0. so
that F'(0) = 0. In other words, we have verified Eq. (54).

Next. we will verify that ¢*(t) is essentially unique if the number N of 7,'s that lie
in the interval [c,d] is at least m, in the sense that for any g(¢) in fv‘gno that also satisfies
Eq. (54) as g*(t) does, we have g(t) = g*(t). Indeed, if g(t) is in W'}, then ¢(t)—g¢*(t) is
in f’z’.’}, and can be used as a function ¢(t) in Eq. (54). Hence, since both ¢(t) and ¢*(t)
satisfy Eq. (54), their difference also satisfies Eq. (54), so that

d
0= [t = g

d
= [ - gy

which implies that ¢{™)(t) — ¢*(™)(t) = 0, or ¢(t) — ¢*(t) is a polynomial with degree at
most m on [c,d]. But since this polynomial has N zeros and N > m, we may conclude
that g(t) — g*(t) = 0.

The above observation allows us to characterize ¢g*(t) as follows. Let S(¢) be a func-

. : 2m-2 =
tion in C (c, d] whose restriction to each of the intervals [c,‘rN N+1] (r NeN+1’

TN_N+2], ...+ [TN=1.7n], and [Tn,d] is a polynomial with degree at most 2m—1; i.e., S(¢)
is a spline of degree 2m — 1 in [c,d]. Let us first assume that ¢ # Ty_f4 and d# 7. s0

that there aie precisely N interior knots: T ,Tn 1n [c,d], and this implies that

N-Rar

S(t) has 2m + N free parameters, 2m from the polynomial picce on |[c, TN_Q_H]. and 1
from each of the N interior knots in [c, d]. (The argument will be similar if one or both
of Tn_ N4l and 7x should become non-interior.) Hence, we may construct the {unique)
spline S(t) that satisfies the interpolatory conditions:
(1) S(e) =0,
) S(ry) =z fori=N-N+1,... N,

(i) S™(e)y=--- = §@m=D(¢) =0, and

(1v) S("')(d) == 5(2"'_')(11) =0;
atotal of 1 + N +(m-=1)+m=2m+ N conditoins. If To Y4 = then the condition
(1) is not necessary since it 1s included 1n (i1); and if 7x = d. then it will be seen late

15
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that the condition S®™=1(d) = 0in (iv) can be deleted. In any case, the spline S(#)
satisfying (i)-(iv) (or the corresponding ones if Ta = d) exists and is actually unique,
By setting S(t) = 0for 0 < t < ¢, it follows from condition (1) that S(#) 1s in 117},
(Actually it is somchwat smoother, being in C?™~2[c.d], since 2m—=2 > —1 for 1 > 1.)
We will now verify that, i fact, g*(¢ ) = S(t) by showing that S(t) satisfies Eq. (04) as
g*(t) does. [Observe that S(t) is in W ™ by the mterpolatory condition (i1).] We remark
that S(¢) is not a natural spline, since the condition S©P™~H(¢) = 0 must be dropped
and an interpolation condition S(d) = zxn4 is required for it to qualify as a natural
spline of order 2m.

To verify Eq. (54). let €(t) be any function in V,’;. Then in addition to the interpo-

latory conditions {(1,) = 0, we also have {(¢) = 0. For notational convenicnce, we sct
C=L0 Ty Gy =Tl TN =15, and d = Ty SO that
((r,)=0, =0...... \Y (58)

and

S(r,) =z, i =0,..... AV

S(m)(-'l' )= = 5(2"1_2)(1'0) =0, (59)

(m) — .= (2m—1), .. _
S N+1) =5 “N-H)_O'

By applying integration by parts, we then have, for any ((f) in lz"(’,'

N+l
/ S m) [(m) 1{ _ Z / S(m) ((m)( )1
=1 Y Ti
N+l
— Z{S(m) (1(m-1 ( x) _ S(m)(fx—l)((m_”(fx—-l)
1=1
_ / S(m+”(f)[(m—”(t)dt} — ...

N41 m—1
- Z { Z(_1)J[S(mﬂ)(r‘.)[(m—j*l)(J.!) _ 5ﬁn+1)(1.l~l )((m—j_”(.r,_,)]

=1 =0
_+_(__1)"1/ 5(2"1)( ) ( )dt}
m—1
— Z( ) [S(m+])( \+1)(~(m—1—l)(lr§+1}__ S(m+”(.1'())(“”—‘7_1)(.1‘0)]
1=0
N1
) _ m Z / S(Zm) (f){]f = 0.
=1 Tron

by telescoping, applying Eqs. (58) and (59). and using the fact that S© () = 0 on
each [r,_1..r,]. respectively. This complets the proof of the claim that ¢*(#) = S(t).

16
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Modification of the Extremal Problem

We have just proved that spline functions with knots given by the sample
points {r;} where the data {f,} arc taken must be used to yield optimal penalized
estimation of the noisy data {7, f;} in nonparametric regression. However. since the
points {r,} are chosen without any knowledge of the signal onset ¢y, they cannot be
used as knots to estimate ty. Note that ¢ is a variable in our mathematical niodel.
In addition. the munber NV of measurements is usually much larger than the realistic
number n of knots. In order not to get too far away from nonparametric optimal pe-

nalized estimation, we therefore restrict our attention to the subspace $¢,  with basis
{Bity ~k+1s---+yBrty.n-1} of W)y where k = 2m — 1. That is. every spline subspace

. . k . . .
function in B¢, , is a spline series

n—1
Si(t) = z cjBr.e, 5(1) (60)
J=—k+1
at discussed before. Here,
th: togpy = - =t =t <t <0 < gk, (61)

with 0 < tg = ¢ < d and t,, = d, is the knot sequence of the space Sf,,,oa as discussed
in the Introduction. Observe the cffect that if n is chosen to be N + 1 and the 7;'s are
also equally spaced, then the best choice of t; will enable us to reproduce the nonpara-
metric optimal penalized estimation. It must be emphasized that only odd degree splines
should be used to retain the spirit of nonparametric optimization; hence, corresponding
tom = 1,2, degrees & = 1 and 3 (i.e. linear and cubic splines) will be most useful. For
g(t) = Sk(t) given by the spline series in Eq. (60), the functional Gx(g,A) in Eq. (50)
that we are interested in minimizing becomes

Gr(Sk. )

d
IS = 113 + A [ (5P

1 n—1 2
= -ﬁZ[f.'— Z CjBk.th.j(Ti)J wi (62)

1=1 j=—k+1
n—1 n—1

d
+2 >y c(cj/ B ()BT (t)dt.
[

t=—k+1j=—k+1

The only difference of this from the minimization problem Eq. (52) is that we now mini-
mize over all Si(t) in the subspace th o instead of over all g(t) the entire space 117: in

other words, the minimization is over all coefficients c_g41.....cn—1. Hence, as in Ref. 1
(pages 9-10). to find the spline series

n-1
Sk(t) = Z ¢; Bk ¢, (1) (63)
1=+
that satisfies
Gh(S5.A) = Ex(h.2). (G4)
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where
Ek(h,/\) = min Gu(Sc. A). (65)
SkEth‘o
we sunply differentiate Gr(Sk, A) in Eq. (62) with respect to cachhof e_pyp.. ... Cou—1 tO
vield the normal equations:
n—1
> (akay + NG = fr. i=—h+1...., n— 1. (GG)
Jj=—k+1
where
N
Tk,i; = Z Bien i(Te) Bk ty ,(Te e, (G7)
=1
om) (
m m)
bk,ij :/ Bk,th,i(t)Bk.th.j(t)(H’ (68)
o
and
N
fri= Z feBi g, i(Te)we. (69)
=1
By setting
Ak = [akij]—rgr1<ig<n—1 (70)
Bg,h = [bk.ij]—k+l§i.]§n—l (71)
and
Cik+1 fh,—k+1
¢t = ) f‘h = . (72)
C:l—l fh.n—l

the matrix formulation of the normal equations in Eq. (66) becomes:

(Aen + NABY,)c* =T 3

In computation. we first determine the N x (n + k — 1) matrix
Bk,h = [Bk,t,,,J(Tz)] 1<i< N . (74)
—k+1<y<n~1

Then sctting

wi O fi

O wy f \

18
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where {f;} is the noisy data taken at {r;}, the normal equations in Eq. (66), or cquiva-
lently Eq. (73), become

(BT, WBix + NABY )" = B, W, (76)

It should be remarked that the (n+k—1) x (n+k — 1) matrix B} , can be pre-computed
as what we will do in the next sub-section. There, we will sce that in general this matrix
Bg.h is fairly complicated. Since it has to be multiplied by the smoothing parameter A
which still has to be estimated, inverting the coefficient matrix of the unkuown vector

c* in Eq. (76) to find ¢* causes some complication. For this reason, we proposed [Eq.
(27) on pagel0 of Ref. 1] to replace the matrix BY , by the identity matrix [; that is, the
modification ‘

(BT W Bip + NXI)e* = B, W (

-1
-1
—

of Eq. (76) will also be considered.
Computation of the Matrix B,‘z,h
If we wish to use the original normal equations in Eq. (66), or equivalently (76), we

must pre-compute the matrix BY ,. For linear splines (i.e m = & = 1), this can be done

easily. Indeed, by Eq. (2) for k = 1, we have B} ,, ;(t) = (1/R)N{[(1/h)(t — ¢) — j] where

1,th,)

1 for O<txl
N'(t)y={ -1 for 1<t<?2,
0 otherwise

so that

d
bii; = / 1.t,.i(t)B1y, j(t)dt

1 (" o Art .
=E/0 N'(t = )N'(t —j)dt

(78)
2 for 1 =7, 0<e<n—2
_ % for i‘:j., i =n-—1,
—¢ for i -7 =
0 otherwise.
That is. the matrix B?,h in Eq. (76) for k = 1 is given by
r 2 -1 ]
) -1 2 . 0O
Biw=7 . (79)
O -1 2 -1
L -1 1]
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For cubic splines (i.e. ¥ = 3,m = 2), the computation is much more involved. We
will again use Bernstein representations. Hence, from Figs. 2 and 3, and the correspond-
ing expressions that follow the figures, the Bernstein representations of Ni'(#), Nj'(#).
and Nj'(t) are piecewise linear polynomials given by the Bernstein representations in

Fig. 4 below:

-9 3 0
\N/" ! . j i
<73
0 1 2
_ 3 -3 1 0
‘\r:’;’ | - i - "
0 1 2 3
0 1 -2 1 0
‘/\7:;, — i L 1 4
0 1 2 3 4

Fig. 4 - Bernstein representations of X/é’(t), ﬁé'(t), and Vj'(t)

Hence, by applying the integration formula in Eq. (16). we have the following re-
sults:
(a) For: =) = -2, we have

1 [~
b3,—2,-2 = ﬁ/ (NB(t))Zdt

0
24 288
h3 2 x 33’

(b) Fori=-2j7=~-lori=~-1,j = -2,

1 o, &
by.—2 -1 =b3._1 2 = Eg/ N3 (4N (t)dt
0
21 sl
4R T 2 x 3h3
(c) Fori=-2;3=00r7=0,j = —2. we have
1 [* s
by,—20 =b30. -2 = 7 N (N3 (#)dt
0
11
E 2 % 3h?
(d)y Forv = -2 j37=1ori =1 = -2, we have

20
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1 [? <
b3;—2,] = b3;l.—2 = F/ N:;’(t)]v:}(f - 1)dt
1
_ 1 3
T4k T 2% 3R
Fori=-27>2 ori>2 ;= -2 we have
by;—2; = b3,i —2 = 0.
For: = ~1,7 = ~1, we have
b _ L[ 2d
enon = o3 [ (R ()2t
0
9 54
213 T 2 x 3IK3°
Fori= -1, =00ri=9,j = —1, we have

1 -
b3;-—1,0 = b3;0,—l = 71?/ Né’(t)Né,(t)dt
0
4 16

T 3hR3 T T2 x 3RS

Fori=~1,j=1ori=1,7 = -1, we have

1 3.
b1 = baar = 5 [ RN~ 1)t
1
1 1

T O12R3 T T2 x 3R

Fori=-1,j=20ri=2j=—1, we have

1 3 AT '
b3;_]'2 = b3;2‘_1 = —};?\/2 N:; (t)Nsl(t - Q)dt
_ 1 2
T Bh3 T 2x 3IR%

Fori=-1,7>30r:>3,j = -1, we have

by.~15 = b3, 1 = 0.

Fori=jandi=0,...,n -4 we have
1 [t , 8 32
bi::— ]V,Hlef:*:;__‘
BT s /0 (NNt = 505 = 55 33
For i = j = n — 3, we have
1 [ , 7 28
b'-n— n—-3 — 77 Ny ()2dt = _——
hn=dn= h“/(;( L T T
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= j = n — 2, we have

4 16

1 : rit 2
bl};n-—«‘.’.n—‘l = 'h‘g/(; (1\’3“)) dt = 3}13 = 2 x 3!}1.‘1 .

= j =n— 1. we have

1 4

|
b.’l;n—l‘n—l = '}F/O (.\/é(f)) dt = Z}F = m‘ﬁ

=0.....n—4,j=it+1l,ori=j+1.)=0,...,n—4. we have

1t o
b;;;,"z'+1 = bg;j.;)'j = 7;-‘-/; ‘\';;,(f)l\/.«; (f — 1)(1f
3 18

203 2 x 3R

=n-3,j=i+1=n-=-2ort=n—-2j=n-1, we have

1t )
[)3;71—3,72-2 = 1’3;71—2,11—3 ~ / A\;I(t)A';’(t - l)dt
J1

h®
112
h3 2 x 3h3°
=n-2j=1t+1l=n=1ori=n- .., =n -2 wehave
1 [?
bain=2.0-1 = byin—t.n-2 = 73 1 N3 (H)NG (¢ = 1)dt
1 ¢
TR T T ax 3
=0..... n—4dand j=i+2ori=j+2andjy=0,...,n -4, we have

1 4
by.i, = W), N (N (t = 2)dt

:6’—113(2-2+2—2):0.
=n-3and j=n—-1l.ori=n—~1andj =n—3, we have
1 1
by, = 7[—;/‘; NSNS (t = 2)dt = m(? - 2)=0.
= 0...., n—4and j=i+3.ori=j+3and ) =0..... n — 4. we have
1 ,
by = h—l‘/z NN = St = G}r‘ T3 ><23!1,-'*'

(u) For |1 — j| > 4. we have by, = 0.
Hencee, summarizing the results in (a)-(u). we have obtained the (o + 23 by oo
matrix
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BY? . 221 Z?’z bg (80
3h T 53 | Y2 Vs )
0 b3, b3
where
0 [ 288 -81 wo_[-12 300 .0
e85 27016 -1 2 0 ... 0
- 32 -18 0 2 . 7
~18 L0
0 "9
=] o el
O - —18
i 270 —18  32]
, 9] 28 -12 0
bs=| o o OJ’ by == —13 16 —2
-18 0 2 =6

are 2x2,2x(n -3),(n-3)x(n—3),(n—3)x3, and 3 x 3 blocks and 53, = 87,89, = 631"
In general, to compute Bg‘h for k = 5,7,..., one has first to determlne the corre-
sponding B-splines N ¢(t) with € stacked knots at the origin, ¢ = 2,...,k — 1 [where

Nia(t) = Ni(t)], then compute their mth derivatives where m = (k + 1)/2, and finally
evaluate the integrals:

1 k+1 m
bei, = F/0 NN () (81)

for -k +1<7,j < —1;

b.i; = hk/ N{ _|+1(t)N,£m)(t_]’)dt (82)

for - k+1<i<-land0<j<n—-lor0<i<n—-1land -k +1<; < —-1:and

1 n m . {m .
bri; = F/(, N™ = DHN (= e (83)

for 0 < 7.5 € n - 1. Of course, the formula in Eq. (16) should be used to facilitate the
integration procedures.

The Generalized Cross-Validation Function

Let us now return to the normal equations m Eq. (76) and the modification in
Eq. (77) with BY, replaced by he identity matrix I Note that the matrix By,
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[Bkt, (7)) is simple to evaluate and the weight matrix W™ and data vector f are alrecady
predetermined and given. Hence, it is simple to determine ¢* = ¢*(h, A) for any fixed
values of h and A by using the Moore-Penrose pscudoinverse in Ref. 1 (pages 16-20). We
will always fix A > 0 in the following discussion. The objective is to determine an opti-
mal value of the smoothing parameter A in terms of the noise variances of the given data
f = {fi}. Let c* = c*(A) = [¢*,, ...¢x_1]7 be the solution of Eq. (76) or Eq. (77)
using the Moore-Penrose pseudoinverse

(Ezh I/ng,h + N’\Bg,h)+ for Eq. (76)

ol - 84)
B W B, + NA)* for Eq. (77) (
k.h .

M\ = {
in the sense that c¢*(A) = AI(/\)E,Z:hﬂ’f 1s the unique solution of Eq. (76) or (77) with
minimum ¢2-norm. (See page 16 in Ref. 1). In other words,

n—1

SN = Y (A Br,(t) (85)

J=—k+1

is the (optimal) penalized least-squares estimator of the noisy data £ = {f;} taken at the
sample nodes {7;}. To estimate the optimal smoothing parameter A, we investigate how
well S*(¢: A) - pproximates the actual (unknown) signal {f*(7;)} [when the noise {s;} is

removed from the measured data {f;}; sce Eq. (46) for the definition of f*(7;)]: that is,

we arc interested in the size of the quantity 4

N
1 .
Te(A) = A—vz;wi(s*(ﬁ;/\)—f*(Tz‘))')- (86)
1=
Since T¢(A) depends on the noisy data f, we must, in fact, investigate i1ts mathematical

expectation ET¢(A). 1. seems then very reasonable to characterize the optimal smoovthing
parameter A* = A%, as one that minimizes ET¢(A), namely:

(V6]
-1

ETr(AX) = min £T(A). (

However, this is an impossible task since the actual signal {f*(7,)} in the definition of
T¢(A) is unknown. For this reason, the alternative quantity

N
- 1 )
Te(A) = 5 D_widS™(rid) = fi)? (88)
‘ 1=1
which measure the crror in approximating the data [ = {f,] by the optimal penalized

least-squares estimator S*(#; A) must be taken into consideration. In fact, it will be seen
that a weighted quantity of Tg(A) given by

, Te())
Vv(A) = —m———— R9)
VA =TT o ‘
where
1 - -~
Ly(\) =+ Trace[ By y M(N)BL, 11 (090

24




NRL Memorandum Report 6573

with M/(A) defined in Eq. (84), shall give some information on the optimal A%.. The util-

ity of the weight (1 — Ly(A))~? will be clear later. The function V() is called the gen-
eralized cross-validation function for the data f, and the matrix

J(\) = BeaM(N)BL W (91)

in Eq. (90) is called the influence matriz. (See [3-5,8]).

Let A = Ay be the A that minimizes the generalized cross-validation function in the
sense that

ol X n ) = mi 2
Vv(Av) = minViy(A). (92)

In the following we will show that for large data samples (i.e. when N is a very large

value). Ax can be used as a good estimate of the optimal smoothing parameter Ay, in
the sense that the error in approzimating the actual signal { f*(7;)} by using the optimal

least-squares estimator S*(t; An ) is asymptotically the same as that by using S*(#; AY)
with the optimal Ay, namely:

. ETe(On) _
NSO (93)

(Note that the limit actually exists.)

Before we attempt to prove Eq. (93), we need a better understanding of ET¢(A).
First. by using the notations

S*(11; )
S =] (94)
5*(TN; /\)

and

fH(m)
=1 1, (95)
fr(~)

we have, from Eq. (86),

N
.\'Tf(A) = ZIU,‘(S'(T,‘. /\) — f‘(‘,"‘\,)z
1

(0N = 97100 — ).

But since s”(A) = By pc*(A) = Baa MNBL,WE = J(A0f [see Eqs. (841 and (911, we

have

o
(e ]
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NTr (M) = (TN = P)TW(T (N - £7)
= [T + &)= E)TW[TONE +¢) — 7]
= [TJTNf* = £ ]TW[T (M - 7] (97)
+"TTOWIT(VE = £+ [TOOF = £)TVT(A)e
+ T MW I (N)z

where ¢ = [¢; .. .EN]T. Hence, it follows from the assumptions E(¢,) = 0 and &(z,7;) =
afé,j on the noise that

1 ; * *
ETe(N) = 7V-[j(A)f* — T[T - £
1 .
+ 5 Trace[ T T (M)W 2T (A)] (98
N —1
= T« (M) + (Zai_2) Trace[J T(M) T (N)]
=1
where £? = diag(s?,...,02) has been combined with the weight matrix " by using

N

the choice of W in Eq. (49) to yield the constant factor ( 3 o7 %) ' of the trace. and
1=1

Ty~ differs from T¢ in Eq. (86) in that the optimal estimator S*(7;, A) in Eq. (86) must

now be replaced by the corresponding one that estimates the noiscless signal £*. On the
other hand, by the same derivation as above, we also have

Eﬁ-()\) = ETr(A) + %(Trace WE2 - 2 Trace I’VE2J(/\)>

N -1 (99)
=ET(N) + <20:2) [V — 2 Trace JA)];
=1
so that
1 2
ETe(M) = (1 - 5 Trace ;7(,\)) EVa(A)
N (100)

-1
+ (Z”z—z) [2 Trace J(A) - V]

1=1

In the following estimates. in order to clarify the presentation. we will use the abbrevia-
tions:

AY —1
a = —%— Trace J(A). b= Trac'v[j‘l.( MTNL e = (5_‘ fTI—')> ) (10
: =1

Henee, by using Eqs. (98) and (100), we have
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ng(/\) - EVP\/(/\) + cN
ETy
_Tee(A) + be — (1 — a) "2 [Tge(A) + bc — 2acN + cN| + ¢V {
ch(A)'*‘bC (109)
| —2a+ a? + (2aeN —cN) + (eN — 2acN + ca2N) l -
(1 -a)? (Tr+ (X) + be)(1 —~ a)?
cNa lal
=|a—2 . .
¢ +T,-.+bc (1 —a)?
By setting
| l
(A 2 — 103
B¥(N) = s (12— el + Nl (103)
and observing that Tg-(A) > 0. we have
Te(A) = EV, /

ETe(N)

Now, by the definition of A = Ay, we have VN(/\ < Vn(A*), so that £V () < EVN(AT).
and hence Eq. (104) implies:

(ETr(N)(1 = 6n(1)) < EVN(X) = eN
< EVN(A*) —cN (105)
< (ET(A*)(1+ 8n(N)).

In addition, by the definition of A* = A}, we have ETp(A*) < ET;(S\). Therefore, it
follows that

L < ETr(AN) - 1+ 6n(AN)

< — S —. 106
ETe(AN) ~ 1= 6n(An) oo
These inequalities will yield the limit result in Eq. (93) once we establish (S‘\,'(;\“\’) — 0
but in view of its definition in Eq. (103) and the definition of a in Eq. (101). we in-
deed have d5(A) — 0 uniformly in A > 0 if we can show that Trace J( ) is uniformly
bounded. This fact will be verified in the next section. We emphasize once again that

Eq. (93) assures us that A = AN provides a good estimate for the optimal smoothing
parameter A* = A},

ALGORITHMS FOR NEAR-OPTIMAL ESTIMATION

In estimation of the signal onset of an underwater acoustic signal f* = {f*(7,)}
from the noisy data f = {f,} where f, = f*(r,)+ .0 = 1...... N. by applyving the
method of penalized least-squares regression as discussed in the section entitled Penal-
ized Least-Squares Estimation, one of the main difficulties is the determination of the
optimal smoothing parameter A. For a large quantity .V of data sample-.a good esti
mate of the optimal A = A* s given by A = Ay which minimizes the generalized cross.

validation function Vy(A) defined in Eq. (Q‘)) Sinee the error functional 7f \) can be
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easily computed for each fixed value of A (and of h) by first computing the psuedoinverse
AM(X) in Eq. (81). the only factor of Vy(A) that remains to be computed is the trace of
the influence matrix J(A) defined in Eq. (91). In the following, we will simplify Vv ()

so that T¢(A) and Trace J(A) can be computed simultaucously, so that A = Ay can be
determined more efficiently.

Two Formulations of the Generalized Cross-Validation Function

We will first write the genceralized cross-validation function Va(A) in a more man-
ageable form. To do so, we need some notations. First, we can assume, without loss of
generality, that ecach weight w, is non-zero, since the data information f, for the zero
weight w, can be dropped. Hence, we may use the notations:

1 L -
[ 2 1 3
iy Fll‘l

O O
s = R 1 Ak A : (107
O O

wy, | L Wy " J

=

=

<z

The positive definite banded symmetric matrix BY , defined in Eqs. (71) and (68) can
also be treated in the same fashion by first diagonalizing the matrix and then taking
the positive square roots of its eigenvalues. Hence. (B} , )1/2 is also positive definite and
- 0 \1/2, R0 \1/2 _ Ro . . e N e
symmetric and (B ) / (Bi x) 1?2 = B} - Recall that by using Eq. (84), the influence
matrix J(A) can be transformed to a nonnegative definite symmetric matrix

TN =W =1

e e o S (108)
= W2Bx 4 [B{ W Bkw + NABR 4 )T B, 112

where the matrix By , shonld be replaced by the identity matrix if the modification Eq.

(77) of the normal equation in Eq. (76) is to be studied (to simplify the computational
procedure). In any case, by setting

(109)

. {IV% Ek,h(Bz‘h)_% for Eq. (76)
Ir%l}k,h for Eq. (77)

we may write

TN =X XTX + NantxT 110

[We remark that the matrix b , may be singular. In this case, we recommend the model
in Eq. (77) over the model in Eq. (76).] On the other hand. by setting

[N

f=1f 111

and noting

[

Trace j( Ny = Trace T\ |

We inay write
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%(j(,\\f — f)TW’(j(/\)f —f)

"N(/\) = (1 — -}'lv Trace J(’\))2 (113)
_ ®IWHIG) - DI
‘N—],g(Trace[I -T2
or equivalently.
1 T 2

5 (Trace[I — J(A)])?

where the non-weighted €2 norm [i.e. ||(ry,... ,.1'1\')“?2 =ri4-- +.r?'\v] is used. (Note the
similarity with the GCV function studied in Golub, Heath. and Wahba [8]). Let s >

coe 2> 8 > S¢p1 = -+ = sy = 0 be the singular values of .X: that is,
st>>stisst = =54=0 (115)

arc the eigenvalucs of X7 X. Then by using the normalized eigenvectors of X7.X corre-
sponding to these eigenvalues, we can form two unitary matrices U and V" (ie. UUT =
UTU = In and VVT = VTV = I,,,4_, where Iy and I,4x_, are identity matrices) such
that

xX=yurv? (116)
where
[-31 O
r= ' I _ 117
O s 10O (117)
. O . Ol
Note that sgy = - = sy =0and
- .
1 O
It = - . (118
O '*{‘ O
g O O

(See [1]. pages 18-22). Henee,




(XTY + Nt =V

L

and

s

L

1+'\'\'

O
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R}

TIAN

Therefore. by using the transformation:

17

(119}

(120)

(123
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In addition, it is clear that if D is diagonal and U is unitary, then the eigenvalues of
UDUT are the same as those of D, namely: the diagonal elements of D. Since the trace
of a square matrix is the sum of all its eigenvalues, we have, from Eq. (121). that

4 -
~ AN

1=1

Putting Eqs. (123) and (124) into Eq. (114), we have

14 F £ 2
_ f,' 2 ]. ]. ]V——f ar
VN(/\)—;(S?+N)\) /(F[;l TI NN T NA } ) (125)

This formula is also similar to Eq. (2.3) given in Ref. 8.
Both formulations of Eqs. 114) and 120) of Vi (/\) using the two different trans-

formations of the noisy data f=Wifandf = UTIW3S, re spectively, will be useful for

computing the near optimal smoothing parameter A=y

For the moment, let us apply Eq. (120) to study the truth of Eq. (93). From Egs.
(106) and (108), we have already noted that Eq. (93) 1s a consequence of the uniform
boundedness of Trace J(\) as a function of N for A > Ay > 0 where Ag is arbitrary. By
Eq. (120), we have

- ¢ 2
Trace (M) = Y sTj-_,\_zV (126)
=1 !

Hence, for any fixed Ao > 0, if we can show that s? < M foralli = 1,...,¢and all N,
then

NAM 2M
0 < Trace J(/\) SV < 3 < 00 (127)
odV — . 0

for all large N. However, since

s? are the eigenvalues of XTX ., it follows from Gersch-
gorin’s theorem, that

i
N
2
max s, < m!axz lai;] (128)
=1
where X7 X = [a;;]. The boundedness of the sum of the absolute values along each row
can be verificd by using the properties of B-splines and Eq. (109): this is easily scen if

the modified normal equation in Eq. (77) is used since XTX = BMH B“, is banded
and all nonzero entries are positive. A (hfferont but much more complicated proof can be
found in Refs. 5 and 9.

Formulation of the Error Functional

In determining the time-of-arrival te = d — nh*. we must determine A* which s
the minimum number in the set H = {h}, where each h minimizes the error functional

Ei(h. ) for cach fixed value of A > 0. Recall that Ek(h. A) 1s the error of optimal pe-
nalized estimation of any given noisy data f from the spline space th o as defined in Eq.
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(63). We must now give a computationally feasible formulation of Eh(h. A). Our aim 1s

to arrive at a formula which allows us to determine i without getting into the trouble of
computing ¢* that uniquely determine the last estimator S; = S;(-: A k).
From Eq. (76) or Eq. (77) and by using Eqs. (109) and (111). we have

¢ = (BE,WBy, + NABY )VF BT,

N - (129)
=B, A (XTX+NADTX'S
where B} , is to be replaced by I if Eq. (77) is used. Hence, we have
*TBY e = fTX[(XTX + NAD*PXTT, (130)
so that an application of Eqs. (116) and (119) vields
r 32 ~ . 1
sf-f/\N ~
C*TB,?,,IC* =fTU ' o2 : UTE
O a2+ AN :
L O J
B 82 . h
2+ AN O : (131)
T , i
O TN O
M O -4

Again, B‘z‘h is to be replaced by Iif Eq. (77) is used. Consequently. by u<ing the for-
mulation in Eq. (162) where Si(t) and ¢ are to be replaced by Sp(t) and ¢ respectively,
and following the same argument as the one that vields Eq. {123). we have

Ek(h,,\):Gh(SZ.,\)
1~
= _\—-H”’ SBene” — flff + Ac "By et

1 ’ B
= SINIX ANDEXTE Bl 4 AetT B e 1132

4

¢ ‘ . f 2
X () O () 0w
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An Algorithm for Determining the Signal Onset: Algorithm II

We are now ready to give an algorithm for estimating the signal onset of an under-
water acoustic signal f = {f;} where f; = f*(7;) + ¢; with £¢; = 0 and &(g,¢;) = 0248,,.

First. we must choose the interval [0, d] for signal measurement. For more signal
information, we should choose a large enough d that by inspection the signal onset #g to
be determined should lie in the first half of the window; that is, 0 <t < d/2.

Let N be the number of samples taken at 71,..., 7y where 0 < 7, < --- < 7y < d.
We could use equally spaced 7;’s say:

i = —,  =1,...,N. 134
T N 1 ( )
Usually. .V is a fairly large number, say N = 50 to 100. In addition to the sampling
quantity .N. we must also decide on the number n of knots of the spline space, the dis-
cretization of the h values in determining H = {h}, and the initial choice as well as rate
of decrease in estimating A from Vn(A).
We will choose 10 < n < 50,h = A7, where
- d jd :
h! = — — , =0,...,M, 135
n  2Mn J (135)

(M being the number of discretization samples for finding h and typically we may
choose M = ¢N), where h° and h™ correspond to the signal onset at 0 and d/2. respec-
tively. For a global search of A to minimize Vy(A), we pick an upper bound A? and work
our way down to arrive at an optimal A. Typically this upper bound A° should depend
on the signal-to-noise ratio “S/N”; the smaller this ratio the larger A° should be. since
the signal {fi;} would be fairly noisy. In the engineering literature, “*S/N" may be de-

fined as the ratio of the expectation of the signal over the standard derivation o, of the
noise. For computational simplicity, we may define

N
1
HlEfl _ LERY

bZer AR

“SIN” = (136)

In underwater acoustic, this number. which is also called the signal-power/noise-power
ratio. is usually in the neighborhood of 40 db. We recommend choosing

0 _ s/u “ -
= ¢/"S/N 1137

since the noisier the signal, the larger the smoothing parameter is requured. The chioree

of the constant ¢ must depend on the experiment. Following Craven and Walihia 50 we

pick
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M=MN"110"5, j=12...,
for the search of A = . (Note that M) — 0 asj — oc, and A is supposed to be an

upper bound of ;\.)

The computational procedure can be summarized as follows:

Algorithm II (Spline Estimation of Signal Onset in Noisy Environment)

(1°)

(12°)
{13°)

Determine 67, ¢ = 1,.... N, aud apply the formula in Eq. (49) to find the weights
wior =1,...,.N. Form the weight matrix
wy O
W = (138)

and its square root

JTT O

W3 = . (139)
O VN
Input values h = h?, j =0,..... M. [See Eq. (135))].

For cach h = 17 compute {by ,;} in Eq. (63) to form the positive definite symmetric
matrix BY , in Eq. (71). For k = 1,3, this has been doue. [See Eq. (80) for k = 3].

Compute the inverse of the positive square-root (B}, )72 of By ,.

[Note that if the modification Ec«. (77) of Eq. (76} is used, skip (3°) and (1°) and
proceed to (5°). replacing (B} , )"z by 1.]

Compute By, in Eq. (74).

Compute X = X, in Eq. (109).

Determine the SVD (singular value decomposition) of X: UTV ! where U = U, and
V' =V} are unitary matrices and I' = Iy depends on h. [Sce Eqs. (116) and (1171].
Compute the transformed data f = UTTV 3,

Input values A = M N = A~1107 J = L.20..., by using an appropriate ¢ i Eq.
(137) to give an initial value A°,

) Compute Va(A) in Eq. (66) by using (6°) and (7°) for A = A 1 (9°).

Determine A = Ay among {A’} so that

Va(A) = min V(M) (139,
=01

Compute Eh(h. 5\) mEq. (133)for h =17, ) =0.... .. \VE

Determine i among b7 so that

Ek.(ir.i): min I:T‘():’.,\). 1140

=0 Y
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(14°) Select the smallest h* from H = {h} in (13°).
(15°) Evaluate the signal onset

t() =d—nh".
(This 1s the required answer).

To plot the spline curve, proceed to the next two steps.
(16°) Compute c* by using the formula

s?i/\N O
¢ = (B ) Ve o )
s?—{-/\N
L O

and write c'.‘ =" gpqe---rCnog)l
(17°) Plot the spline curve of

n—1

Si(t)= Y & Brane(t)

j=-k+1

-y

(141)

(143)

which gives a smooth approximant of the noisy signal with the “optimal” signal on-

set {y.
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A flow-chart of this algorithm is given below.

" INPUT
e>0,dn M N I,
arrays T,f, W, B} ,

l

e+—0,L<—Q,K*—O

|

h —d/n

(Note A)

-_

)
B~'/2 — (B} ,)~/?

l

B,’j — JV(TI —-j - %(d—- t,‘))

X — wV2gp-1/2

X=Uurvr

f — UTW!/2f

36

(Note A)

(Note B)

(Note C)
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Pe—0

|

A\

)

Vi — (NETTETH)/(eTTe)? | (Note D)

P = min(P,Vy) Pre

B

PV,
g=2A
No 1
A<e Ae—=)-10"7
L—L+1
Yes
Ae—gq
3
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E'k 4—/\?Tff'

|

Yes e = min(e, Ey)
B
h CFEk
qe—nh
q
No
h—-—I<e
es
g
to =d-—nh
sl!iAN O W
¢* — B~1V, . f
O TTHAN O
L O OF
STOP

38
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Note A:

€ — a given small positive number,

d - an upper bound,

I - search width, can be selected to be 2—‘f; (as suggested in the algorithm).

n - number of knots, can be selected as large as 50,
M - search density, can be selected as M = ¢V for some suitable constant c.

N - the number of observation points,
T = [r1,...,7~]T - ordinate vector of observation points,

f = [f1,...,f~n]T - noisy data set at sample T,

w0 O
W = [ } ~  the matrix of weights with square root W*'/2,
O wN

B'/? « (BY,)~1? - inverse of the positive square-root of BY ,.

Note B: For k£ = 3 (cubic splines), B= ﬁk'h can be easily computed as follows:
Set B = [B;).
(1°) Fori =1,...,N; 7 =3,...,n+ 2, do the following:
Let H=n+3—j— ¢(d—t;).
If 0 < H <1then B;; = 1H3,
if 1< H<2then By — 12— HP+(2-H)(H-1) 22~ H)(H -1)* + 3(H - 1)*,
if2< H<3then Bjj=2(3—-H)*+ 28— H)*(H-2)+(3—-H)(H -2)> + L(H -2)%.
if 3< H < 4 then B;j; = }(4 — H)%;
otherwise E,‘j =0.
(2°) Fort=1,...,N;j = 2, do the following:
Let H = 3(t; — to).
If0< H <1then B;; = $(1 - H)H? + LH?,
if 1< H<2then Bij=5(2-H)*+22-H)*H-1)+(2-H)H - 1)? + L(H - 1)}
if 2 < H < 3 then B;j = (3 - H)*;
otherwise EU = 0.
(3°) Fori=1,...,N,5 =1, do the following:
Let H = +(ti — to).
If0< H <1,then B;; =3(1 — H)*H + 3(1 - H)H* + L H®,
if 1 < H <2then Bij = 12— H):

-~

otherwise, B;; = 0.

Note C: Determine SVD of X = UTVT; where U and V are unitary matrices and T is
given in Eq. (117).

Note D: The matriz formulations of V(M) and Ep(h. N):
Write
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321+1AN O
T = 1 (144)
O s[!+/\N
i O d
and
1
1
e=|. (145)
1
Then
NETTITE
V() = — , (146)
(eT(FFT)l/ze)2
and
Ex(h,A) = MT(ITT)/2¢. (147)

Another Algorithim for Determining the Signal Onset: Algorithm III

Instead of finding the SVD of the N x (n+%k—1) matrix X as in Eq. (116) to obtain
a diagonization of XTX + VX1, it is more efficient to tridiagonalize the symmetric square
matrix X X7 (sec Golub and Van Loan [10]),

xxT =0UT0T (148)

where U is unitary and T is nonnegative symmetric and tridiagonal. Note that U can be
stored in factored form in the strict lower triangle of X X T (see [10]. pages 276-277, and

Gu and Wahba [9], page 8). In addition, since T is tridiagonal, it 1s easy to find the CD
(Cholesky decomposition) of NAI + T, namely:

N +T=YTy (149)
where
a; b
Y = o 0. (150)
O anN-—1 b.’\'—l
ax

Note that since T is symmetric and nonnegative definite, NAI + T 1~ nvertible for all
A > 0. so that a;....,ax are all nonzero.

40




NRL Memorandum Report 6573

We can now study the generalized cross-validation function V() as expressed in
the form Eq. (114) as follows. From Egs. (121) and (116). consecutively, we have

I-J\) = ANUTTT + ANDTUT
= ANU(UTXXTU 4+ ANITUT (151)
= AN(XXT + ANI)*.
so that Eq. (114) becomes

(XXT + ANI)*f|2,
4 [Trace(XXT + ANT)}?

Vn(A) =

We now use the unitary matrix U in Eq. (148) to make another data transformation:

x=UTf=UTwif, (153)
so that by using Eqs. (148) and (149), Eq. (152) can be written as
Ty )+ xi|2
VN(/\) = ~ ”(Y ) Tx”(2 =
~ [ Trace(YTY)*]

As mentioned above, for A > 0 (which will be assumed in the following discussion), YTy
is invertible, so that (YY)t = (YTY)™!, and Vn()) takes on the form:

(154)

le(YTY -2x
V() = e S
(% Trace(YTY)"1)

To discuss the computational procedure in minimizing Eq. (155), let us use the no-
tation

(155)

YN =y Ynor -V

where y, _,,, denotes the i*" column vector of (Y ~!)7. This yields

a,
I=Y HTYT=[y,...y,] b O (157)
B aN—l
O by ay
which is equivalent to
( 1
yl_’g;-e)v
y2 = 1 (e by 1Y)
! 7 T, (158)
1
[yvz—(e|_bly\-1)
ay
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where

(159)

o
il

0

L -

with the value 1 in the i*" component, denotes the i*" standard unit vector in R
Next, since (Y =1)7 is a lower triangular matrix, its (: + 1) column yy_, is orthogonal

to e;. Hence, Eq. (158) yields:
1y Iz = a3’
Iyl = an®, (1 + b4y liy, 7)

Iy nllE = a7 (1 + 8y, I172)-

The importance of Eq. (160) is that it yields an efficient computational procedure of the
denomination of Vy(A) in Eq. (155) since

{160)

rT
j_ Trace(Y ' Y)™ =% ; Iy, 7. (161)

Computation of the numerator of Vn(A) in Eq. (155) simply involves four matrix-vector
multiplications followed by a vector-vector multiplication:

fl .= Wif

£2 .= Te

2 .= (YT)~1f? (162)
£ .=y e

1 1

1 .
TiyvTy\—2 4 pd ANT o4
x (YY) x=—=f -1 = () .
(YY) ix =+ S
Here, W* is a diagonal matrix, and (¥7)~! and ¥~ are triangular matrices given by
Eq. (158).

The final formula we need is one concerning the error functional Ey(h.A). For com-
puting this error functional in terms of the information given by the new decomposition
(i.e. U, T, etc.), we also need the pseudo-inverse Y5 of ¥y where

T =Y,Y,. 1163)
[Here, 1t should be noted that Yo can be identified as ¥ in Eq. (150) by taking the hunt
as A — 0. See Eqs. (149) and (150)]. So. Yy may be singular. Fortunately. the bi
diagonal matnix Yy is independent of A, so that for each value of h.h = A7, the peondo-
inverse can be computed and stored without any reference to the changes of X For nota-
tional consistency, we write
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- T
Y, = [y?\,yi,+l y?] (161)
where y9, _ | is the M column vector of (YT,

We are now ready to derive a formula for Ek(h. A). For this purpose, we need the
results from the SVD of X in Eq. (116) as intermediate steps. (Of course. the final for-
mula must not depend on the SVD of X.) First. observe that

I = NAXXT + MDD XX - v xxlh + v07)
= [T - NXXXT + NAD" U (T UT [T - NMXXT + NA)7Y
=TT+ NaD'trTuTyerT)yruTo(rr? + ManTirrte (165)
= U(TT + NADTITTUT = UD(DTT + Nan~2rip”
= X(XTX + NAD2XT,

Hence, it follows that

By et = fTX(XTX + NADT2XTE
=TI = NAXXT + NAD) T YX XTI - NAXXT + NN HE
= 1[I = NNOTUT + NAD)™YUTOT)* I - NNUTUT + NAI) ™| (166)
= fTO[I - NXT + NAD) ™ THI - NXT + N~ TE
= xT[I - NXYTY) (Y Yo) M [T — NAYTY) 7 ')x,

where Eqs. (148), (149), and (163) have been used. Hence, by using the numerator of
Eq. (155) [see Eqs. (114) and (152)], we have

—~

1 . _ . g . _
Ex(h,A) = %Y TY) xllf + MY T = NAYTY) x|z, (167)
In computation, we may write

- 1

Ek(h,/\) = N

where 2 and f* have been computed in Eq. (162) and Yt is taken from Eq. (164).

After A = A and A = h* arc determined, we may wish to plot the spline curve.
Hence, a formula for the B-spline coefficients ¢* = [¢*,,, ... c;_l]T is required. Since

(EOTE 4+ A[(Y,H)T (2 — NAEY T[T (£ — NAfY)) (168)

A and h are already fixed (to be A and h* respectively). computational efficiency is not
as important. In any case, we will use as much known information as possible. However,
the SVD of X for determining X'* does not seem to be avoidable. First note that since
X = UTVT, we have
X**X(xXTxY + NanTx T’

= vt + Nan~ire’?

=VITT + NAD)T'TUT

= (XTX + M) 'x T

(169}
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It should be emphasized that in the above derivation TV is not necessarily the identity
mutrix. Fortunately, the zero block 1 its lower right corner matches that of I' which also
occurs in the same expression above. Next, as betore, we also have

X(XTX + NADT'XTE -
~ { !
= [[ - NMXXT + NADE. '

Hence, from Eq. (76) or Eq. (77) and by using Eqs. (109) and (111). we have

= (B )XY+ NANTIXTE
=(BY ) IXTX(XTX + NADTIXTE
=(BY ) X - NAXXT 4 NADTIE (171)
= (BY ) XU = NXT + NI 0T
= (BY) 7 IXYU[I - NAYTY ) Y x.
In computation. by using Eq. (162), this 1s equivalent to

¢* = (BY,) tXtTU{f* - NAf'), (172)

Of course, when the modified penalized factor Ac”c in place of Ac” (B, Ii)c is used.
then we have

¢t = XtTU{f? — Naf'}, (173)

Sumimarizing the above discussions, we have the following computational procedure:

Algorithm III (Spline Estimation of Signal Onset in Noisy Environment II)

(1°) Same as (1°) in Algorithm IL

(2°) Same as (2°) in Algorithm IL

(3°) Same as (3°) in Algorithm IL

(4°) Samne as (4°) in Algorithm II.
[Note that if the modification in Eq. (77) of Eq. (76) is used, skip (3°) and (4°) and
proceed to (5°), replacing (Bg.h)—% by 1]

(5°) Same as (5°) in Algorithm II.

(6°) Same as (6°) in Algorithn I1.

(7°) Compute tridiagonal matrix T and unitary matrix U such that XXT = UCTCT

(8°) Same as (9°) in Algorithm II.

(9°) Compute CD (Cholesky decomposition):

NM+T=YTY, Y as given in Eq. (1350). (174
(10°) Compute yy..... YN l’)_y using Eq. (158).

Compute L\/ Trace(YTY)~! in Eq. (161) by using Eq. (160) and (10°).

Compute f' f2, f3 and f'. and

—_ —
o —

[+] ©
—_— -

1 4., T ¢t
‘,\r(f) f'.
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(13°) Compute Vy(A) =
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_{'(ra)'rfq
(T’;'I‘race(YTY)‘1 )

» by using (11°) and (12°).

(14°) Same as (11°) in Algorithm IL

D S =
— O OWw=10

[Sv]
(8]

—

15°) Compute CD (Cholesky decomposition) T = YTy [le. (9°) with A = 0] and
compute SVD to form Y;* as in Eq. (164).

°) Compute E(h.A) in Eq. (168) by using A from (14°) for h =1/ j =0.... .. /.

°) Same as (13°) in Algorithm II.

°) Same as (14°) in Algorithm IL

°) Same as (15°) in Algorithm II.

°) Compute Xt using A from (14°) and h* from (19°).

°) Compute ¢* by using Eq. (172) or Eq. (173) depending on the mathematical model

for penalized estimation.
®) Same as step (17°) in Algorithm II

A flow-chart for this algorithm is given below.
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INPUT
e>0,dn, M/ N T (Note A)
arrays T, f.1V. B}

h

reF—O.LHO.K«—O

h —d/n
0
B~ — (BY,)"1 (Note A)

Bi; — N(n—-j - %(d —ti))| (Note B)

i

O
o
3
N~

X —Ww

UT(XXT)J =T
f2 —UTWif

LV e <y 7y

|
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7

Iy I? « ay’

”y2“2 - a;'z—l(l + b?v_;llyl ”2)

Iy ll? = a7 21+ 83lyn_,[I*)
f4 — Y~1(YT)—1f2
N
tr — lely;ll2
1=
Vi e T

1 2
[W"]

P = min(P, Vy)-Yes

No

P—Vy

q A

No
A< e A — 2103
L—~L+1

Yes '
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B (0T + AT (£ = VA T[T (12 — N AFY)

A

Yes e = min(e, E’k)
___.&__
e — Fy
L qe——h
d
he—h-
h—-I<e| Nol| = "7 2Mn
K~ K+1
Yes
he—gq
A
to—d—nh
A 4

c* — (B ) T XHU[f? — NAfY)

Lstor,
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