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" Balas and Saltzman {1 identified several classes of facet i ‘ucing inequalities for the three-index assign-
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ment polytope, and gave O(n*) separation algorithms for two of them. We give O(n?) separation algorithms
for these two classes of facets, and also for a third class. Since the three-index assignment problem has n

variables, these algorithms are linear-time and their complexity is best possible.
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1. Introduction

Consider three disjoint n-sets and the collection of ali weighted triplets with one element in each n-
set. The three-index assignment (or three-dimensional matching) problem asks for a minimum-weight set
of triplets that partitions the union of the three n-sets. It can be stated as the following 0-1 programming
problem:

min Y {cijezije i€ 1,j € ]k € K},

s.t.Z{zg“ jel ke K} =1, Viel,
Y {zije:iceLkeK)=1, Vi€, (1.1)
Y {zii:i€ljel}=1, VkeK,

zijk € {011}! Vi)j1k7

where I, J and K are disjoint sets with |I] = |J| = |K| = n. Let A be the coeflicient matrix of the constraint
set of (1.1). Then R = IUJ UK is the row index set of A. Let S be the column index set of A. Let G4 be

the intersection graph of A. Then S is the node set of G4. Let
P={z€§R"J:Az=e,:20},
where e = (1,...,1)T € ®3". Then
Pr = conv{z € {0, 1}"3 1z € P}

is the three-index assignment polytope of order n.

Balas and Saltzman [1] described the cliques of G4 as belonging to three distinct classes and showed
that cliques in two of the three classes induce inequalities that define facets of P;. Furthermore, they gave
an O(n*) procedure for finding a facet-defining clique-inequality violated by a given noninteger z € P, or
showing that no such inequality exists. They also described in [1] the odd holes of G4 and identified two
classes of facets associated with odd holes that are easy to generate. One class has coefficients of 0 and 1,

the other class coefficients of 0, 1 and 2.

In Section 2 of this paper, we give two O(n3) separation algorithms for the above mentioned two classes
of facet defining clique-inequalities. In Section 3, we give an O(n3) separation algorithm for facet inducing
inequalities attributed with lifted odd holes of length 5, having coefficients equal to 0 or 1. Since the number
of variables of the three-index assignment problem is n3, the complexity of these procedures is of the lowest

possible order. Our procedures can be used to speed up the performance of the branch and bound algorithm
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for the three-index assignment problem developed in [2], which uses facet inducing inequalities as ingredients
of a Lagrangian relaxation to obtain strong lower bounds. Our procedures can be extended to more general
cases. In Section 4, we present an O(n*!) procedure for detecting a violated facet-defining inequality of
Py, which is associated with a 2h + 1-hole of G4 and belongs to a subclass of the first odd-hole-associated

class of facets of [1].

We use the same notation as [1]. Especially, @’ means a column of A associated with s € S. We may
specify s = {i,j,k}forie I, je J, k € K. Foraset Q C R, we use Qr,Qs and Qx to denote the parts of
Q in I,J and K respectively.

For literature on the three-index assignment problem, also see [3], ..., [8].

2. Facets Induced by Cliques

For every s € S, let
C(s)={teS:a’-a">2}.

Then the node set C(s) induces a clique of size 3n — 2 in G4 [1, Proposition 2.2]. Such a clique is called a

clique of class 2. Furthermore, for n > 3, the inequality

z(C(s)) =Y {zi:te€C(s)} <1 (2.1)

defines a facet of Py for every s € S [1, Theorem 3.3]. Given a noninteger z € P, an O(n*) procedure was
presented in [1, Section 4] to detect whether any inequality induced by a clique of class 2 is violated. We

now present an O(n3) procedure to do this.

Algorithm 2.1. Suppose that z is a noninteger point in P. Let v be an integer greater than or equal

to 4.
Step 1. Let d, =0 forall s S.

Step 2. Check z; forallt € S. If

1
> —, 2.2)

vn
then set d, := d, + z; for all s € C(t). If d, > 1, then stop: (2.1) is violated by z with this s. Otherwise,

continue.

Step 3. Fors € S, if
d, > , (2.3)

then check whether the inequality (2.1) associated with s is violated and if so, then stop. Else continue. &
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Theorem 2.2. Algorithm 2.1 determines in O(n3) steps whether a given z € P violates a facet defining
inequalily induced by a clique of class 2. The value of v which minimizes the complexity of the algorithn. is

6.

To prove this theorem we need two lemmas. The first lemma is essentially Lemma 4.1 of [1]. We repeat

it here for convenience:

Lemma 2.3. For any z € P and any positive number A, the number of components with value > X is

<nfi. s

Lemma 4.1 of [1] states this for 1/) integer, but the result holds for reals as well. The proof in [1] is
somewhat indirect. In fact, the sum of components of z € P is always n, and all the components of z are

nonnegative. The conclusion thus follows.

Lemma 2.4. For any r € P and any positive number A, the number of s € S such ‘at z(C(s)) > A 1s

< n(3n-2)/A.

Proof: Consider
2 _{z(C(s) : s € 8},

For each t € S, the number of distinct s such that t € C(s) is 3n — 2. Thus,
Z{z(C(s)) :5€S8}=8rn-2) Z{z, :te S} =(3n—-2)n.
Since z{C(s)) > 0 for each s, the conclusion follows. u

Proof of Theorem 2.2: We first show that Algorithm 2.1 works. By Proposition 2.2 of [1], |C(s)| = 3n—2

for every s € S. Suppose that (2.1) is violated for an s € S. Then

d, := E{z, :teC(s),ze 2 ul—n}

>1-) {2 :t€C(s), 2 < #}

3n—22u—3’

21-
vn v

i.e., (2.3) holds and the violation is discovered in Step 3. Therefore, Algorithm 2.1 determines whether a

given z € P violates a facet defining inequality induced by a clique of class 2.
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We now consider the complexity of the algorithm. The complexity of Step 1 is n®. According to Lemma
2.3, there are at most ¥n’ components of z satisfying (2.2). For each t, the number of s in C(t) is 3n — 2.

Hence, the complexity of Step 2 is vn?(3n — 2). Finaily, if (2.3) holds, then

v—-3

z(C(s)) > d, = E{z; :teC(s),z¢ 2> ;—1;} > .

v

By Lemma 2.4, the number of s such that (2.3) holds is not greater than 2&‘3_"-5—22 The number of basic
operations to check (2.1) is 3n — 2. We also need to use n? basic steps to check (2.3). Therefore, the
complexity of Step 3 is n3+ 5&3'_'—;2)—’ Hence, the overall complexity of Algorithm 2.1 is O(n®). The value of
v that minimizes the maximum of the two polynomials expressing the complexity of Steps 2 and 3 is easily

seen to be 6. &
We now consider facets induced by cliques of class 3 [1]. Suppose that s,t € S such that
a*-a'=0. (2.4)
Let s = (iy, js, ks), t = (it, J¢, ke), t1 = (is, Jo, kt), t2 = (it Jo, ke), t3 = (i, jt, ks ), and
C(s,t) = {s,t1,t3,ta}.

Then the node set C(s,t) induces a (4-)clique in G4 [1, Proposition 2.3]. Such a clique is called a clique
of class 3. The number of cliques of class 3 is $n%(n — 1) [1, Corollary 2.5]. Furthermore, for n > 4, the
inequality

z(C(s,t) =Y {zi:t€C(s,t)} <1 (2.5)

defines a facet of P; for every s,t € S satisfying (2.4) {1, Theorem 3.7). Given a noninteger z € P, an O(n%)
procedure was also presented in {1, Section 4] to detect whether any inequality induced by a clique of class

3 is violated. We now present an O(n?) procedure to do this.

Algorithm 2.5. Suppose that z is a noninteger point in P. Check z, for s € S. If

% <z, <1, (2.6)
then check z, for p € S satisfying
a’-af =1. (2.7)
If
l1-=2,
7> 2, (2.8)




then for t € S such that a' - @’ = 0 and
at.a® =2, (2.9)

check whether (2.5) is violated or not. ®

Theorem 2.6. Algorithm 2.5 determines in O(n3) steps whether a given z € P violates a facet defining

inequality induced by a clique of class 3.

Proof: We first show that Algorithm 2.5 works. Let C(s,t) be the node set of a clique of class 3. Since
|C(s,t)| = 4, if z € P violates (2.5), then z has at least one component > L. By Proposition 2.4 of [1], there
is no loss of generality in assuming that this happens for the components indexed by s, i.e., that z, > %.

Since z € P, we have

Y {eijr:j€keK} =1, (2.10)
Y {ziju:i€Lke K} =1, (2.11)
Y {zie.:i€ljel}=1 (2.12)

If z, = 1, then z, = 0 for any p such that a? -a* = 1, by (2.10), (2.11) and (2.12). In this case, for any ¢ such
that at - a®> = 0, the left hand side of (2.5) is 1. Thus, if z € P violates (2.5), z, < 1. This justifies (2.6).
Since |C(s,t)] = 4, if (2.5) is violated, then (2.8) must hold for at least one p € C(s,t), p # s. Therefore,
this algorithm determines whether a given = € P violates a facet defining inequality induced by a clique of

class 3.

We now consider the complexity issue. The complexity to check all s is O(n3). According to Lemma
2.3, there are at most 4n components of z satisfying (2.6). For each such component z,, there are (n — 1)?
components z, satisfying (2.7). So the complexity to find all pairs s,p € S satisfying (2.6) and (2.7) is
O(n3). By (2.10), (2.11) and (2.12), for given z, satisfying (2.6), there are at most 6 p such that (2.7) and
(2.8) hold. When s and p are fixed and (2.7) is satisfied, there are n — 1 ¢ satisfying (2.4) and (2.9). One
needs 3 additions and one comparison to check (2.5). Therefore, the complexity of the remaining part of the
algorithm is O(n?). Hence, the overall complexity of Algorithm 2.5 is O(n?). m

In the proof, we see that the mair work is to check all s € S. This work cannot be reduced. So this

order cannot be further improved. Similarly, the order in Theorem 2.2 is also the minimum.

By [1], only these two classes of cliques induce facets of P;. Combining Theorems 2.2 and 2.6, we have

Theorem 2.7. One can determine in O(n3) steps whether a given z € P violates a facet defining

inequalily induced by a cligue of G4. W




3. Facets Associated with Five-Holes

Assume that n > 3. Let Q C R, |Q| = 2h + 1 for some positive integer h with h < n—-1,1<{QL[ <
h,L=1,J,K, and let
5Q)={s€5:) {a):q€Q}>2}. 3.1)
Then the inequality
(s s€S@Q)<h (3.2)

defines a facet of Py (1, Theorem 6.1]. These facets can be regarded as lifted from odd hole inequalities. The
number of distinct inequalities (3.2) is O(23") [1, Proposition 6.5]. In particular, facet defining inequalities

(2.1) are special cases of (3.2) with h=1.

Denote the set of Q satisfying the above requirements with a fixed h by S*. Let &, = {S(Q) : Q € S*},
where S(Q) is defined by (3.1). Thus, Algorithm 2.1 is an O(n3) algorithm to detect violated facets induced
by sets in ®,. In this section, we present an O(n3) procedure to detect whether there exists a facet induced
by a set in ®;, which is violated by a given noninteger £ € P. Notice that the number of facets defined by
(3.2) with h = 2 is O(n®). Without loss of generality, we may assume that such an z does not violate any

inequality (2.1), i.e., assume that Algorithm 2.1 was applied to z first.

Suppose that z € P. Forie I,j € J, k € K, we will denote

z(i,j, K) := Z{z,-,-;,: k' € K}, (3.3)
z(i, k) =Y {zijn 1§ € J}, (3.4)
(LG, k)= {ziju i €1} (3.5)

In the following, we establish some formulas to calculate z(S(Q)) for Q € S2. We consider two cases.

First, suppose that s,t € S satisfy

cat = 1.

Then
Q=suUte S

Assume that s = (i,, J,, k,),t = (i, Ji, ke). It is not difficult to see that if k, = k,, then
z(S(Q)) = z(C(s)) + 2(C(t)) + z(is, jo, K) + z(ity jor K) = Ti,j b, — Tij ke (3.6)
if j, = j¢, then

2(S(Q)) = z(C(8)) + z(C(t)) + x(is, J, ke) + z(it, J ko) = i joky — Zisjokys 3.7
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and if i, = %, then
2(S(Q)) = 2(C(s)) + =(C(t)) + z(4, Ju, ko) + (I, e, ko) = Ti,j ke — Liyjok,- (3.8)

Next, suppose that s, ¢ € S satisfy
a’-a' =2 (3.9)

Again assume that s = (i,, j,. k,),t = (is, ji, k¢). Then define for the ordered pair (s,1),

z(s,t) = 2(ig, J, k;) + Z(ig,jg, K) - 2.1:,'.",'.*“ (3.10)

(s, t) ;= z(ie, Jo, K) + 2(1, jo ko) — 224, 5, koo (3.11)
if js # Ji;

(s, t) :=z(1, ju, ko) + 2(ie, J, ke) — 225, 50k (3.12)

if k, # k. Notice that in (3.10) j: = j, and k¢ = k,, in (3.11) i, = ¢, and k; = k,, and in (3.12) ¢, = i,
and j, = j.. Thus, (3.10) can be written with j, and k, substituted for j; and k;, and there are similar

expressions for (3.11) and (3.12).

In the case that (3.9) holds, we may expand s Ut to a set Q € S? by adding an adequate element. For

example, if i; # i;, we may add j # j, and let
Ql:'{ihif}le={ja’j},QK={ka}' (3.13)

or we may add k # k, and let

Qr = {isvit}, Qs = {i,}, Qk = {ks, k}. (3.14)

Notice that there are 2(n — 1) ways to expand a given pair of s and ¢ satisfying (3.9) to a set Q € S?. We
may also calculate z(S(Q)) by expressions similar to (3.6)-(3.8). For example, in case (3.13), one can check

that
:(S(Q)) = I(C(S)) + z(slt) + Z(i,,j, K) + z(ihj)K) + I(I,j, kl) - 2zi,jk. - 2zi¢jk,» (315)

where z(s,t) is given by (3.10). Note that if i, # #;, there are two possibilities, namely, (3.13) and (3.14).
Therefore, there are six cases totally, i.e., two cases for i, # i, two cases for j, # j;, and two cases for
k, # k.. In each of these six cases, there is an expression of type (3.15) to calculate z(S(Q)). Later, we will

refer to these as “expressions of type (3.15)".




We are now ready to describe our algorithm:

Algorithm 3.1. Suppose that z is a noninteger point in P. Suppose (2.1) holds for all s € S.
Step 1. Letd, =0forallse S.

Step 2. Check z; forallt € S. If

1
> —_— .
x> Ton’ (3.16)
then let d, := d, + z; for all s € S satisfying
a, -ag > 2.
Step 3. Foralls € S, if
1
dy > —, A7
21 (3.17)

then set d, := z(C(s)).
Step 4. Forallie€ I,j € J,k € K, calculate z(4, j, K}, z(i, J, k) and z(/, j, k) by (3.3), (3.4) and (3.5).

Step 5. Foralli€l,j € J. k € K, form the sets

L(i,JJRK) ={s€S:d, > %,i, =i},

|
LljK)y:={s€S:d, >z, js =]}

3
and
LI, J k) ={s€S:d, > %.k, =k}
Store them.

Step 6. For each s = (4,,j,.k,) € S such that d, > %, check dy for each t € L(s), where
L(s) := (L(1,,J, K)U L(1.j,, K)YU L(1,J, k) \ {s}. (3.18)

Ifa'-a*=1andd > (2-d,)/3 calculate z(S(Q)) by the appropriate expression (3.6), (3.7) or (3.8).
with d, substituted for £(C(p)),p = s,t.

If a' - @’ = 2 and z(s,t) > (2 - d,)/3, calculate z(S(Q)) by the appropriate expression of type (3.15),
with dp substituted for z(C(p)),p = s,t, for every Q € S? such that sUt C Q.

If z(S(Q)) > 2 for some Q, stop: the corresponding inequality (3.2) is violated by z. Otherwise,

continue. ®




Theorem 3.2. Algorithm 3.1 determines in O(n3) steps whether a given z € P violates a facet defining
tnequality (3.2) with h = 2.

We prove several auxiliary results.

Lemma 3.3. After Step 8 of Algorithm 3.1, for all s € S,
d, < z(C(s)). (3.19)
If 2(C(s)) > &, then d, = 2(C(s)).
Proof: Tt is obvious that (3.19) holds. Suppose that z(C(s)) > }. Then

d, = Z{z,:teC(s)‘n > %—} > ——Z{z. teC(s),z: < 12%}

In-2

>
- 12n

> L
=12’

SO +—

i.e,, d, > 75 holds and in this case d, is set equal to z(C(t) in Step 3. ®

Lemma 3.4. At Step 6,
|L(s)| < 27n, (3.20)

1
[{t € L(s) :a’*-a* =2,z(s,t) > §}|§ 18, (3.21)
where L(s) is defined by (3.18) and z(s,t) 1s defined by (3.10), (3.11) and (3.12).

Proof: Suppose that s = (i,, j,, k).

On the one hand, by Lemma 3.3 and the definition of L(i,.J. K) at Step 5,
SC) : t € L4, K)) 2 5ILG KL

On the other hand,
Y {z(Ct)) : t € L(iy, J, K)}

= Z{’(C(‘) U= (i, Joo ki) }

Jeke

< Z[Z Tijok, + Z T,k + Z 17:,].&]

Je.ke

= Z z Tijk, +EZ-‘B. jke + Zzllmk]

i ek v Juke ke jok
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=Zl+Zl+Zl=3n.
i Jt k¢

Thus, |L(is, J, K)| < 9n. Similarly, we can show that |L(], j,, K)| < 9n and |L(I, j,, K)| < 9n. From the
definition of L(s), we then have (3.20).

It is also seen that

E{x(s,t) :t€S,a’-a* =2}
< 222.’,5;‘ +2Ez.‘j.k +2Ez‘i,‘k. = 6.
ik

i,k [

Hence, (3.21) holds. a

Lemma 3.5. Suppose that Q € S%. Let

HQ):={s€S5:) {aj:9€Q}=3}.

If the inequality (3.2) with h = 2 is violated by z, then there are s,t € H(Q), s # t such that

(). z(C(s)) > 3/
(i1). either @’ -a* =1 and z(C(t)) > (2 — 2(C(s)))/3, or a® -a* =2 and z(s,t) > (2 — z(C(s)))/3.

Proof: Without loss of generality, assume that Qr = {i1,12}, Qs = {j1,J2}, @k = {k}. Then H(Q) =
{(il yjly k)y (ilyj21 k)r (i2rjl; k)l (i2vj27 k)}: and

2 < 2(5(Q)) £ z(C((3, 41, k))) + z(C((31, 52, ) + 2(C((i2, 41, k)))} + z(C((32, J2, k)))-

Then at least one term on the right hand side of the above inequality is greater than % Without loss of

generality, assume it is the first term. Let s = (i1, /1, &£). Then (i) holds.

Denote tl = (i2,j2, k),tz = (il,jz, k),ia = (iz,jl,k). Then
2<z(5(Q))
< z(C(s) + z(C(t1)) + z(i1, J2, K) + z(32, j1, K) = T juk — Zigjie,  (by (3.6))

< 2(C(s)) + z(C(t1)) + z(s,t2) + z(s,13).  (by (3.11) and (3.10))

Notice that a* - a'* and a* - a'? = a® . a** = 2. Thus,

2 - z(C(8)) < z(C(t1) + z(s,t2) + z(s,t3).

10




At least one term at the right hand side of above inequality is greater than one third of the left hand side of

this inequality. Hence, (ii) holds. m

Proof of Theorem 3.2: By Lemmas 3.5 and 3.3, if the inequality (3.2) with h = 2 is violated by z for
some ), there are s,¢ € S such that d, > -;—, and either @’ -a* =1 and d; > (2 - d,)/3, or a’ - a* = 2 and
z(s,t) > (2-4d,)/3.

Thus if t € L(s), i.e.,if d; > %, then Step 6 will detect the violation. To see that this is the case. notice
that if a® - a* = 1, then

4> (2-d)/3= (- =(CE)/32 3,

(since z(C(s)) < 1 for all s € S), and if a* - a* = 2, then
dy = z(C(t)) > z(s,t)  (from the definitions)

>(2-d)/3= (2= 2(CEN/32 3,

Thus in both cases t € L(s).

Consider now the complexity of Algorithm 3.1. Steps 1 and 2 are obviously O(n3). In Step 3, the
number of s € S such that d, > 5 is < 12n(3n — 2) (From Lemma 2.4 and the fact that d, < z(C(s));
and for each number s, calculating z(C(s)) requires 3n — 3 additions; thus the complexity of Step 3 is also

O(n®). Further, each of Steps 4 and 5 again requires O(n®) operations.

Finally, consider the complexity of Step 6. By Lemmas 3.3 and 2.4, the number of s such that d, > %
is O(n?). From Lemma 3.4, the cardinality of L(s) is O(n). Forming L(s) itself is O(1), since its constituent
sets have been calculated and stored in Step 5. Thus, checking d; for each t € L(s) for all s such that d, > }
is O(n3). Ifa*-a* = 1and d; > (2 - d,)/3, calculating z(S(Q)) is O(1), since the expressions z(C(s)),
z(C(t)) and z(¢,j, K), z(i, J, k), (1, j, k) have been calculated in Step 3 and Step 4 respectively. On the
other hand, from Lemma 3.4 the number of those ¢ € L(s) (for given s) such that a* -a* = 2 and z(s,t) > }
is O(1). For each such ¢, there are 2(n — 1) ways to expand the pair (s,t) to a set Q € S?, and for each
such set Q, calculating z(S(Q)) is again O(1), since the constituent terms of the expressions of type (3.15)
needed for this have already been calculated. Thus, the complexity of dealing with all pairs (s,t) satisfying

a* -a' = 2 is agein O(n3), which leaves the total complexity of Step 6 at O(n3). »

4. Facets Associated with Other Odd Holes

It is somewhat more complicated to detect violated facets defined by (3.2) with h > 2. We first discuss

some subclasses of S* and ®,. Assume that n > 3. Let 5* be the subcollection of S* such that for any

1




Q € S there exists an L = I, J, or K such that |Qr| = 1. Note that in this case |Qz:| = hfor L' € {I,J, K},
L' # L. Let 3, = {S(Q) : Q@ € 5*}. Clearly, 5! = S, §? = S?, but 5" is a proper subset of S* for h > 2.

Assume that A > 3. We will show that

Theorem 4.1. For a given z € P, it is possible in O(n*+!) steps to detect whether there exists a facet

of Py, which is defined by (3.2) with Q € S* and violated by z.

Again, we prove several auxiliary results.

Suppose that £ € P does not violate any inequr'"*+

z(S(@) < (4.1)

with Q€ S",r =1,2,....,h— 1, but violates (4.1) with A = r and a set Q € 5*. Suppose that h is fixed, not

dependent on n.

Lemma 4.2. Let H(Q) be defined as in Lemma 3.5. Then there ezists an s € H(Q) such that

#(C(s) > 7. (4.2)

Proof: Clearly,
h < z(S(Q)) < D _{z(C(s)) : s € H(Q)}.

However, for Q € 5*, |[H(Q)| < h?. The conclusion thus follows. &

Since @ € S, without loss of generality, assume that Qx = {k}. Then |Q;| = [Qs] = h. Suppose now
that s; = (41, j1, k) € H(Q) and (4.2) holds for s = s;.

Lemma 4.3. One of the following claims holds.

(i). Qi = {i1,12,...,in}, where iy, iq,....in are distinct, and Qs 2O {j1,j2,...jr}, where v < h,
J1:J25 ey jr are distinct, such that

z(C(sy)) > §h—l_—1‘, (4.3)

forv=2,...h, where s, = (i, j,, k), and j, € {j1,....jr} for T < j < h;

(i) Qr 2 {i1,ia,....,ir}, where v < h, iy,i2,...,i, are distinct, and Qs = {j1,J2,...,Ja}, where
J1,J2,---1 Jn are distinct, such that (4.3) holds, for v = 2,...,h, where 5, = (i,,j, k), and i, € {i1,...,is} for
r<i<h
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Proof: Suppose that (4.3) holds for s,, v = 2, ..., 7 such that there are no repetitions in {i,...,i.} and

{1, ..., jr}. Suppose that such a collection is maximal, i.e., for any i € Q;\{é1,...,3-} and j € Qs\ {51, ... Jr}.

z(C((i,5,k)) <

1
TY (4.4)

If the conclusion of this lemma does not hold, then there exists io € Q; \ {i1,...,i-} and jo € Qs \ {71, ..., Jr}

such that

(4.5)

S(Cl(io o F)) € s

2(C(in o BD) € g (4.6)

for v = 1,..., 7. However,
2(S(Q)) < =(S@)) + D _{x(Clio,j k) : 5 € Qy, j # jo} + I_{=(C(i.jo. k) : j € Qs}, (4.7

where Q' is defined by QF = Qs \ {io}, @5 = Qs \ {jo}, Qk = @k = {k}. By (4.4), (4.5) and (4.6), each
term in the right hand side of (4.7), except the first term, is not greater than 2—,;1_—1 The number of such
terms is 2h — 1. Clearly, Q' € S*~!. Thus, z(S(Q')) < h — 1 by our assumption. Thus, the right hand side
of (4.7) is not great than h. This forms a contradiction with our assumptions on z and Q. Therefore, this

lemma holds. =
The following is a brief proof of Theorem 4.1. Cumbersome details are omitted.

Proof of Theorem 4.1: By changing 12 to 4(2h—1) in (3.16), and (3.17), we may calculate all z(C(s)) >
55— in O(n?) steps. Check s € § with 2(C(s)) > #. The number of such s is O(n?). Let sy = s = (i1, j1, k1)
We first check Q € S* such that s C Q and Q has a structure as described in Lemma 4.3 (i).

Let k = k). For 7 = 2, ..., A, find all possible s, = (i,,j,,k) for v = 2, ..., 7 such that (4.3) holds and

there are no repetitions in {iy,...,i-} and {j1,...,j-}. (We may find s, ..., s, sequentially.) Similarly to

Lemma 3.4, one may see that the number of ¢ = (¢, j', k) such that

z(C(t)) > 2h1_ 1

is O(n). Thus, the number of such (s2,...,s,) is O(n"!). Then we find all possible s, = (i,,j,,k) for
v =7 +1,..., hsuch either (i) or (ii) of Lemnma 4.3 holds. With an argument similar to Lemma 3.4, one may
see that the number of such s, is O(1). In order to expand 3; U...U s, toaset Q € Sh . we need to add it
with

{Jr41,nin} € I\ i1y ondr}
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Therefore, the number of expansion ways is O(n""). For each @ produced in this way, we may use formulas

simiiar to (3.6)-(3.8), (3.15) to calculate z(S(Q)) and check whether

z(5(Q)) < h. (4.8)

The complexity of such formulas are O(1). Summing up the above discussion, one see that the complexity
of check (4.8) for all @ € S* such that s C Q and Q has a structure as described in Lemma 4.3 (i), for a
fixed s, is O(n*~1).

The case of Lemma 4.3 (ii) and the cases, where i, or j; in s is fixed, are simil.r. Sirce the number
of such s is O(n?), the overall complexity of such a procedure is O(n*+!). This completes the proof of this

theorem. ®

In general, the order of procedures to detect violated facets induced by sets in ¢, for A > 3 may be
higher than O(n?*!). For example, let h = 4. We may find O(n®) triples of (s,t,p) such that s,t,p € S,
z(C(s)), 2(C(t)), 2(C(p)) > §, and

a’-at=0,a"-a"=0,a"-a" =0.
Then Q :=sUtUp € S*. We need to check whether

z(5(Q)) < 4

or not. Thus, the complexity of such a procedure is at least O(n®). But 6 > h+1 = 5. Hence, the complexity
for detecting violated facets induced by sets in @, may be higher than the complexity corresponding to &5

for h > 3.
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