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FOREWORD

The Air Force Geophysics Laboratory awarded contract number F19628-83-C-0056

to the Center for Space Engineering at Utah State University to assist in

their infrared measurement program. °Experiments supporting this program

measure and characterize infrared emissions from earth, earth limb, upper at-

mosphere, and deep-space sources. The knowledge gained from these studies

increases the understanding of upper atmosphere radiative chemistry and phy-

sics and helps to improve surveillance techniques and predictive modeling

capabilities.

One program in this contract, the Laboratory Simulation Program, produces a

controlled environment data base of molecular interaction infrared emissions

from which engineers and planners can refine and improve nuclear and atmos-

pheric predictive codes. An infrared survey experiment conducted under this

program involves adapting or fabricating cryogenic infrared sensors to inter-

face with AFGL's LABCEDE facility in support of the overall laboratory sim-

ulation program goals.

Yap Analytics, Inc., was awarded Subcontract SC-86-513 obligating them to pro-

vide technical support for the LABCEDE program. This support includes inves-

tigating the capabilities and limitations of the Maximum Entropy Method (MEM)

on interferometric data and using sample laboratory interferometric data to

substantiate the results of the investigation.

This document is the final report of their efforts. It summarizes the find-

ings of an investigation into the capabilities and limitations of using the

Maximum Entropy Method to process synthetic and laboratory obtained interfero-

grams. Unless otherwise specified, Yap Analytics, Inc., performed the work

described in this report. Accesion For

NTIS CRA&I
DTIC TAB LJ

G U.,announced
Justification .............................

By ... ..................................

Dit ibution I
Availabliity Co,.es

iii Av..i. - -.
Di ' t

AVvl



This page intentionally left blank.

iv



SUMMARY

Yap Analytics, Inc., investigated the use of the Maximum Entropy Method (MEM)

in processing synthetic and laboratory-obtained interferograms. The Burg and

Y-W MEM algorithms were used in the investigation. The capabilities and

limitations of the MEM technique were evaluated and compared to the conven-

tioial Fast Fourier Transform (FFT) technique of recovering spectrum from data

containing discrete spectral lines.

In this study, the Burg MEM algorithm required a longer computation time than

the Y-W MEM algorithm, but provided better spectral resolution and was there-

fore emphasized in the investigations. The recovered spectral line width ob-

tained with the Burg MEM algorithm was dependent on the line signal-to-noise

ratio, the separation of the neighboring lines, and the number of coefficients

used. The line width was not a constant function of these parameters when

multiple lines, unresolved in the spectral inversion, were present. The line

shape, however, was consistently a Lorentzian function.

The MEM spectral resolution was approximately a factor of two better than the

conventional FFT when both correct line strength and line resolution were con-

sidered. A higher factor of improvement may be realized if only line resolu-

tion is desired. However, data interpretation in such an instance may be sub-

ject to errors if extreme care is not exercised.

The use of the MEM algorithm necessitates the computation of coefficients in

addition to a final FFT inversion. Improper choice of these coefficients can

lead to poor resolution, inaccuracies in estimating line strengths, and ap-

parent line splitting as well as additional false lines. The time required to

compute the coefficients may be prohibitive for some applications where near

real time recovery of the spectrum is required. A search technique may also

be required to locate the spectral line peaks after which an integration of

the area under the spectral line profiles is necessary to obtain the line

strengths. Therefore, the importance of data measurement time versus spectral

recovery computational time must be considered for each application of the MEM

technique in spectral recovery.

v
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1.0 INTRODUCTION

The Maximum Entropy Method (MEM) has been widely applied in areas where super-

resolution of measured data spectrum is required. Super-resolution refers to

obtaining a much higher resolution of the data than permitted by the conven-

tional Fast Fourier Transform (FFT) technique because of the limited measured

data length. Numerous articlesl-4  on the topic, including comparisons of

various MEM algorithms, may be found in the open literature. However, the

theoretical capabilities and limits of the MEM technique in processing data

known to contain closely spaced spectral lines of variable line spacings have

not been reported. Such results are important to spectroscopic data pro-

cessing. This investigation was therefore directed to the behavior of the MEM

algorithm, its capabilities and improvements over the conventional FFT method,

and its limitations in processing this special class of data.

One prime advantage of the MEM technique over t..e conventional FFT method in

recovering the spectrum is the absence of lobes in the wings of the recovered

spectrum that often accompany FFT processing due to the mathematical artifact

of data 'windowing'. This reduces the chances of error in data spectral

analysis and misinterpretation of false lines, as well as the chances of

losing lines due to the camouflage by the wings of neighboring lines of much

higher intensity. However, this advantage holds only if the proper number of

MEM coefficients, consistent with the data resolution, are used in the pro-

cessing. Improper choice of the MEM coefficients often leads to poor resolu-

tion, inaccuracies in estimating line strengths, and the apparent line split-

ting as well as additional false lines.

The interferogram is the autocorrelation of the input source radiation because

of the square law behavior of the detector. As such, the Yule-Walker (Y-W)

MEM algorithm would be particularly suited to its application. The Y-W in

general requires less computation time. However, the Burg algorithm generally

provides better spectral resolution. With the Burg algorithm, the interfero-

gram is treated as the time series rather than an autocorrelation. A longer

computation time is required with the Burg than with the Y-W.

....1 ..
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In this study, the MEM technique was used to process synthetic and laboratory-

obtained data. Both sources of data contained spectral lines of varying

signal-to-noise ratios (SNR) arid varying line spectral separations. The re-

sults of the MEM technique were compared to results obtained with the FFT

technique, and the capabilities and limitations of the MEM technique were

evaluated. Both the Burg and the Y-W MEM algorithms were used in the invest-

igations.
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2.0 SYNTHETIC DATA STUDIES

The MEM algorithm was first applied to synthetic line data to investigate its

capabilities and limitations. The generation of the synthetic data and the

results of the investigation are described in the following sections.

2.1 SYNTHETIC DATA AND NOISE

A pseudo-random white Gaussian noise was produced from an algorithm. The

following algorithm generates a set of uniformly distributed white spectral

random numbers from a recursive equation:

Xn+1 = (aXn + c) mod m (1)

where,

X0 = seed

a = 24298

c = 99991

m = 199017

The generated numbers, Xn, range from 0 to 1 and if pairs of these numbers are

used in the following equation,

X = Sqrt(-2 ln U1) cos (20U2) (2)

where U1 and U2 are pairs of random numbers generated from Equation (1), a

Gaussian distributed white noise of unit standard deviation and zero mean

results. An array of 512 points of noise was created by this algorithm.

A 512 point interferogram of artificial data lines was then theoretically

created. Each line was represented by a cosine waveform to simulate the out-

put of an interferometer. Each line may be scaled individually for signal

strength, and lines at various spectral frequencies and line spacings may be

generated. The unit standard deviation Gaussian white noise was then added to
the interferogram. A sample of the synthetic line data with noise is illus-

trated in Figure 1. The sample spacing was arbitrarily chosen to be 0.0001953

second. The interferogram contained two lines of frequencies 1260.00 and

1280.00 and SNRs of 6 and 12, respectively.
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2.2 FFT SPECTRAL RECOVERY

The interferogram of Figure 1 has a 'window' width of 0.1 second. The spec-

tral resolution afforded by the conventional FFT method of recovery is 20.0

Hz, i.e., the first zero crossing of the spectral line profile is 10.0 Hz and

two lines must be separated by 20.0 Hz to be unambiguously resolved. To dem-

onstrate the integrity of the FFT technique of recovering the line strengths,

a 1024 point interferogram was used for the inversion (corresponding to spec-

tral resolution of 10.0 Hz). The interferogram was further 'zero padded' for

finer spectral computaticnal resolution. The recovered power spectrum, shown

in Figure 2, preserved the proper line strength ratios of 0.25:1 in power

(0.5:1 in input radiance). Had the original 512 point interferogram been used

instead, there would have been a small amount of spectral cross-talk affecting

both the locations as well as the peaks of both lines, more strongly for the

lower amplitude line.

2.3 BURG VS Y-W

This quick comparison was exercised to justify the use of the Burg instead of

the Y-W algorithm. Two equal intensity lines with a spacing of 20.0 Hz were

recovered using the Burg and the Y-W algorithms and the results are shown in

Figures 3 and 4. In each case, 64 coefficients were computed and used in the

spectral inversion. In the Power Spectral Density (PSD) plot of Figure 3, re-

covered with the Burg algorithm, the two lines were distinctly resolved but in

the PSD plot of Figure 4, recovered with the Y-W algorithm, the two lines were

not distinctly separated. The area under each line in the PSD curve was found

to be consistently equal to the corresponding input line power for both al-

gorithms as long as the lines were distinctly separate. The Burg algorithm

was thus selected for the major portion of the investigation.

2.4 LINE PROFILE

The interferogram of a single line was used to quantitatively evaluate the

line profile obtained with the Burg algorithm. The line frequency was chosen

to be approximately in the mid range of the computed spectral display. For

the 512 point interferogram, the normalized output Nyquist frequency was 256.

The line frequency was set at 126.
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Figure 1. Synthetic Interferogram and Noise.
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Figure 2. FFT Recovered PSO of Synthetic Interferogram.
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Using 64 coefficients for the inversion, the area under the PSD curve was

integrated between symmetric points of the line peak. Figure 5 shows plots of

the integrated PSD area versus the limits of integration as a fraction of the

PSD peak value. The integrated areas were normalized by 100 and only the

positive frequency line was used. Three SNRs (18, 12, and 6) were used. The

top curve shows the integrated area for a theoretical Lorentzian function for

comparison. It appeared that the MEM line profile was approximately a

Lorentzian independent of SNR.

1.0-

L5

0.0 0.2 0.4 0. 0.8l 1.0

'-t fiTHEORETICAL .
LORENTZIAN. "'___ ..

I RAINORMALIZED. AREA

FgrIN =15ea

- :SIN,- 1

.. O

0 '
Z ,"'1

0.01
0.0 0.2 0.4 o.6 0.8 1.0

INTEGRATION LIMITS NORM. TO PSD PEAK

Figure 5. MEM Recovered PSD Area.
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2.5 LINE WIDTH

The line width for a single line obtained with the Burg algorithm was next in-

vestigated. The line width was arbitrarily determined by locating the 10%

points of the PSD line peak. Figures 6 through 8 illustrate the behavior of

the line width as the number of coefficients as well as the SNR were varied.

Three normalized frequencies at 240, 128, and 32 are shown in the respective

figures. The plotted line widths were normalized to the conventional FFT line

width consistent with the interferogram length. For small numbers of coeffi-

cients, the line width was inversely proportional to the square of the SNR and

rather independent of line frequency. The line width appeared to be linearly

proportional to the inverse of the number of coefficients for small number of

coefficients and low SNRs.

The above observations were qualitatively found to be true for multiple lines

as long as the lines were sufficiently separated to be distinctly resolved.

However, the linearity fell apart when two or more lines were not distinctly

resolved.

2.6 LINE PEAK SHIFT

The effect of line peak shifting, reported by Chen et a15 , was investigated.

The line frequency was decreased and the PSO line peak was found using a

search routine. For this investigation, 64 coefficients were used in the in-

version. The results of Chen were duplicated (Figure 9) except for the phase

reversal (probably due to the difference in shift definition). When the

interferogram contained an integer number of quarter cycles of the waveform,

the normalized line shift was zero. The sinusoidal interferogram must also

begin either at the peak or zero, as Chen observed, for the above to be true.

The normalized line shift increased as the frequency decreased becoming very

severe when the interferogram contained less than one cycle of the waveform.

The area under the PSD curve varied with the frequency corresponding to the

input line power (i.e., power was preserved).
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Figure 6. MEM Recovered PSD Line Width.
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12
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Figure 9. PSD Line Peak Shift Recovered with MEM.

The effect also manifested itself for interferograms with two spectral lines.

Whenever the 'beat' frequency of the two lines were not equal to an integer

number of quarter cycles in the interferogram, an error in line locations re-

sulted. The effect became less severe (i.e., the fractional shift decreased)

as the line frequencies increased far beyond the 'beat' frequency. Corre-

lating with the line shifts were errors in estimating line strength ratios,

although the sum of the output power of the lines was always equal to the in-

put power of the lines.

2.7 TWO-LINE RESOLUTION

The all-important question of the ultimate resolution of the MEM for two spec-

tral lines was investigated next. The rules were that the two-output line

strength ratio should be recovered to within 90% of the input line ratio with-

out spurious lines being created. A SNR of 6 for each line was used in this

study. The two-line 'beat' frequency was held constant as the number of MEM

coefficients was varied to find the optimum. The 'beat' frequency was then

decreased and the optimum number of coefficients again located. It was found

that the ultimate resolution of the Burg MEM was a factor of two better than

the conventional FFT. In order to resolve two lines separated by one wave-

number and preserve the line strength ratios, an interferogram of one centi-

meter retardation was necessary.



13

2.8 MULTIPLE LINE RESOLUTION

An interferogram of five lines with equal SNR of 12 was synthesized as de-

scribed previously. A spectrum recovered with the conventional FFT algorithm

on a 1024 point interferogram (corresponding to a normalized resolution of 1

point in the spectrum) is shown in Figure 10. The spectrum recovered with the

Burg algorithm on a 512 point interferogram is shown in Figure 11. Here the

area under each PSD spectral line curve was searched and integrated. The PSD

was then replaced by the integrated areas at the frequencies where the peaks

were found. The recovered spectra of Figures 10 and 11 were comparable in

line ratio variation, showing again that the Burg algorithm was a factor of

two better than the FFT algorithm even for multiple line spectra.

2.9 RECTANGULAR AND TRIANGULAR SPECTRA

An interferogram of two rectangular spectra of unequal SNR was synthesized.

The FFT and the Burg algorithms were used to recover the spectra. Figures 12

and 13 show the spectra recovered. Figures 14 and I5 now the recovered spec-

tra of two unequal SNR triangular input spectra recovered with the FFT and

Burg algorithm. Figures 13 and 15 appear to indicate that the MEM algorithm

may not be suitable for these types of spectra.
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Figure 11. Five Equal Strength Lines Recovered with MEM and Integrated.
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3.0 LABORATORY DATA

The investigation was then extended to the LABCEDE measured laboratory data.

The 32nd scan of the interferogram labelled '4d19d' (Figure 16) was used for

the study. The interferogram contained 2350 points of data sampled at 0.6328

micrometers. If the full interferogram was used in the conventional FFT tech-

nique, the first zero crossing of the line profile would be 6.7 wavenumbers.

The instrument's conventional resolution is therefore 13.5 wavenumbers. A

spectrum, recovered with a 'zero padded' 8K FFT on the 2350 point interfero-

gram, is shown in Figure 17 containing multiple lines. Two spectral regions

were selected for further investigation: 1800 to 2000 wavenumbers and 2700 to

2800 wavenumbers, shown expanded in Figures 18 and 19, respectively. The

first spectral band contained four strong lines at approximately 1727, 1809,

1890 and 1955 wavenumbers. The other band contained two strong lines at

approximately 2738 and 2778 wavenumbers. The closest line spacing in each

band was approximately 31 wavenumbers.

3.1 FFT RESULTS

The interferogram length was truncated symmetrically around its peak and its

spectrum magnitude was obtained using the conventional FFT technique. No

apodization on the interferogram was used. Table 1 shows the six line peaks

obtained as the interferogram length was shortened. The second column in-

dicates the theoretical first zero crossing of the FFT algorithm. The third

column shows the peak value of the line at 1809 wavenumbers. The next three

columns are the line peaks of the first band normalized to the line peak at

1809 wavenumbers. The line peak at 2778 wavenumbers is shown in the next

column. The last column shows the 2738 wavenumber line peak normalized to the

peak at 2778 wavenumbers.

Table 1 shows the basic limitations of the FFT algorithm. The line strengths

were preserved until the interferogram length was shortened to the point where

the lines were not resolved. Figure 20 illustrates this point - when the

interferogram was shortened to 800 points corresponding to 40 wavenumber

resolution with the conventional FFT algorithm, errors in the output spectral

amplitudes were observed for the two closely spaced lines in both bands.
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Figure 16. LABCEDE Interferogram '4d19d'
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Figure 17. LABCEDE Interferogram Recovered with FFT.
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Figure 18. LABCEDE Interferogram Recovered with FFT - Band 1
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Figure 19. LABCEDE Interferogram Recovered with FFT - Band 2
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TABLE 1 Summary of FFT Results

__________(Squarercot PSD( 0 ))________
I IF 1st Zero Line Peak Norm. Line Peak Line Peak Norm. Line Peak
Points Crossing 1809 1727 1890 1955 2778 2738

____(cm- ) (cm 1 I) (cm-1 ) (cm-1
2350 6.7 0.00844 0.49 0.37 - 07111 0.0045 0.687
1000 15.8 0.005689 0.47 0.37 0.111 0.0037 0.668
800 .20.0 0.005025 0.54 0.37 0.106 0.00324 0.509
600 26.0 0.00436 0.52 0.39 0.08 0.00257 unresolved
400 40.0 0.00371 0.56 0.51 0.21 0.00285
300G 53.0 0.002775 unresolved 0.0027751 U

SPECTRUM(B-T)4,D I 9D
PLOT r.FXImUm= 5025 1E -9 HORM. UNITS 20A8 Data Points

1.275-

1.081- 5.025 10-3
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(0 54.Rt112.509

(0.37)7 -
S. 0G. -- 4 (033

-(0.106
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Figure 20. 800 Points of LABCEDE Interferogram Recovered with FFT.
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3.2 BURG MEM RESULTS

The procedure of Section 3.1 was then repeated with the Burg algorithm. For

each symmetrically truncated interferogram, a set of MEM coefficients were

computed. The PSDs were then inverted from the coefficients with a FFT rou-

tine. A sample of the recovered spectrum (square root of the PSD) using 240

coefficients on the 600 point symmetric interferogram is shown in Figure 21.

Notice the line PSD peak ratios at this stage are generally not equal to the

input line ratios. The PSDs were then searched in the two bands to locate

spectral peaks. An integration of the line power was then performed after

which its square root was obtained. The PSD curve was then replaced by the

integrated values at the locations of the peaks. The final spectra of the two

bands are shown in Figures 22 and 23. This is a common practice and sometimes

presents the wrong impression of the infinite resolution of MEM processing.

One must, however, bear in mind that the spectra of Figures 22 and 23 were not

the results of merely utilizing the MEM algorithm but that they had been fur-

ther processed. Table 2 tabulates the results obtained. The format is the

same as Table 1 except for the insertion of an extra column indicating the

number of coefficients used in the inversion. Notice the PSO line areas in

Table 2 are approximately equal to the spectral peaks in Table 1 times the

square root of the indicated first zero crossings, as theoretically expected.

Comparison of Tables 1 and 2 leads to the conclusion that the Burg MEM re-

quired half the interferogram length to achieve the same resolution as the

conventional FFT algorithm.

It was found that the optimum number of coefficients was consistently approxi-

mately 40-60% of the interferogram length. As the number of coefficients were

increased, spurious lines began to appear as shown in Figure 24.
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TABLE 2 Summary of Burg Results

.(SquarerootfpSD(f
0)df)

# IF 1st Zero # Coef. Line Area Norm. Line Area Area Norm. Area

Points Crossing 1809 1727 1890 2778 2738

(cm- 1 (cm- 1  (cm-1 1  (cm- 1)

1000 15.8 400 0.0126 0.623

600 0.01329 0.574

800 Line Splitting

800 20.0 320 0.0205 0.507 0.36

600 26.0 240 0.02016 0.530 0.39 0.01225 0.585

360 0.01225 0.582

500 31.6 250 0.0218 0.5 0.394 0.01197 0.80

300 0.01195 0.0798

400 40.0 160 0.02073 0.49 0.455

240 0.02058 0.48 0.456 0.01629 0.35

320 0.01652 0.345

200 79.0 100 0.0189 0.735 0.467

140 0.0206 0.74 0.47 0.0194 0.1155

150 105.0 120 0.0245 0.32 0.74 0.02035 unresolved

BURC MEM . 240 4DfSD SPECTRUJI.

PLOT MAXIMUM 1826 E -5 NORM. UNITS 4096 Data Points
I I iI
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1.275
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-0.45- I! ! ! L I
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Figure 21. 600 Points of LABCEDE Interferogram Recovered with MEM.
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Figure 22. 60' 'cints of LABCEDE Interferogram Recovered with MEM
and Integrated - Band 1.
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Figure 23. 600 Points of LABCEDE Interferogram Recovered with MEM
and Integrated - Band 2.
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3.3 Y-W MEM RESULTS

The Y-W MEM algorithm was then used to process the '4d19d' interferogram using

the same procedure as the previous sectiot. -Basically the same results as the

Burg MEM were obtained, i.e., a factor of two improvement over the conven-

tional FFT algorithm.

Figure 25 is a spectrum of the 600 point interferogram recovered with 240 co-

efficients using the Y-W algorithm. One should compare this with Figure 21

recovered with the Burg algorithm with the same number of interferogram points

and the same number of coefficients. A slightly better resolution was ob-

tained with the Burg as concluded earlier. Table 3 lists the results of the

Y-W MEM algorithm.

TABLE 3 Summary of Y-W Results

(Squareroot PSD(f 0 )df)

I IF ist Zero I Coef. Line Area Norm. Line Area Area Norm. Area

Points Crossing 1809 1727 1890 2778 2738

(cm- I) (cm- ) (cm- ) (cm- I )

1000 15.8 600 0.01314 0.629

600 0.01238 0.674

800 20.0 320 0.02084 0.491 0.371 0.00978* 0.607*

480 0.01061** 0.521t*

600 26.0 240 0.01957* 0.511* 0.401* Barely Resolved

500 31.6 250 0.02148* 0.496* 0.422*

400 40.0 240 0.02079* 0.466* 0.427*

0.0188"* 0.43** 0.399** l

* Integrated between 20% power points

** Integrated between 50% power points
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BURC ~MEM - 600 4Di9D SPECTRUM
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Figure 24. 1000 Points of LABCEDE Interferogram Recovered with MEM.
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Figure 25. 600 Points of LABCEDE Interferogram Recovered with Y-W MEM.
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4.0 SUMMARY AND CONCLUSIONS

A systematic tradeoff was conducted on the FFT, Burg MEM, and the Y-W MEM al-

gorithms in recovering spectral line data. The study was first conducted on

synthe ic data comprising of a cosine interferogram of spectral lines plus

pseudo-random Gaussian white noise. Single and multiple spectra lines were

used. The tradeoff was then performed on LABCEDE laboratory-measured data.

The following summarizes the results:

(a) The Burg and Y-W MEM indicated a factor of two improvement over the FFT

algorithm.

(b) The PSD line profile obtained with the MEM was Lorentzian.

(c) The MEM PSD line profile appeared independent of SNR.

(d) The MEM PSD lin2 width was linearly inversely proportional to the SNR for

low SNRs.

(e) The MEM PSD line width was linearly inversely proportional to the number

of coefficients for small number of coefficients.

(f) The linear relationship did not necessarily hold for multiple lines.

(g) There was a line location error when the interferogram did not contain an

integer number of quarter cycles of the waveform of a single line or two-

line 'beat' frequency.

(h) Individual line powers and power ratios were preserved when the lines

were distinctly resolved.

(i) Powers are preserved even when line power ratios were not.
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(j) An additional step was required for the MEM algorithms to compute the co-
efficients. The computational time required may be prohibitive for near
real time applications.

(k) A further search routine was necessary- to locate the PSD line peaks and

then to perform the area integration.

In summary, the pros and cons of the MEM technique in spectral recovery must
be weighed for each application. It perhaps boils down to a tradeoff between
data measurement time versus spectral recovery computational time. The choice
therefore must be weighed for each application.
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