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I. Introduction

In this report, multichannel, one-dimensional linear prediction is
considered where the zero-mean observation processes are assumed to be
generated by a multivariate autoregressive model with a white noise driving
vector u(n) that is partially correlated over the channels. It is proposed here that
this white noise driving vector can be modeled in terms of a temporally and

'spatially’ (ie., over the channels) causal vector z(n) uncorrelated across channels
such that u(n)=L, z(n) where L, is unit diagonal lower triangular. A one-

dimensional multichannel prediction error filter of order p is initially considered
with coefficients of the form Ag(K), k=0,1,....p where Ap (k) is the kth matrix

coefficient obtained from the multichannel normal equation. The output error
vector §p(n) of this filter has a non-diagonal forward error covariance matrix

H
pReg(O)z[Zf]p which is decomposed by an LYpDYpLYp decomposition. It is shown

-1 1 -1
that LYp i1s an estimate of Lu and that a filter with coefficients LypAgI (k),

k=0,1,...,p yields an output y,(n) which equals z(n) when the coefficient estimates
are minimum mean-square error (MMSE). Thus, a two stage filtering operatio:
is implemented first to obtain the coefficients A?(k), k=0,1,...,p and [Ef]p

H -1 _

followed by the LYpDYpLYp decomposition of [Zf]p to obtain L‘Yp° Finally, it is
-1

shown that the coefficients of the form l/YpA;{(k), k=0,1,...,p and p=0,1,...,P are

-1 H
contained in the block rows of Lﬁ where LﬁDﬁLﬁ is a decomposition of the

multichannel correlation matrix Ryy written in index ordered form, Lg is unit
diagonal lower triangular and Dg is strictly diagonal (ie., with 1x1 diagonal

-1
elements). Thus, the pth block row of L& contains the coefficients of the pth

order multichannel prediction error filter. This result implies that a set of




_l H
coefficients equivalent to those of LYpAP (k), k=0,1,...,p could be obtained in a

single stage of computation.

In [1,14], a model-based multichannel likelihood ratio is presented which
considers the detection of a signal vector in an additive non-white noise vector
disturbance process. The implementation of this detection scheme utilizes
prediction error filters to whiten the observation processes in time and across
channels and provides a practical framework to utilize the coefficient estimates.
In addition, the whitening operation in time and across channels provides a
generalization of the innovations-based likelihood ratio suggested in {11,12] to the
mutichannel case. As noted in [13], this approach provides a generalization of
several detection problems as well as a practical implementation architecture.

It is anticipated that recognition of the result presented here will motivate
the development of computationally efficient methods to obtain the multichannel
prediction error coefficients. Furthermore, the similarity of the processing
methods discussed here to those used in two dimensional image processing is
noted in [9]. A




I1. Autoregressive Process Models

In this analysis, the observation processes are assumed to be multichannel
autoregressive. The order M autoregressive (AR) model for a Jx1 vector process
x(n) is

x@) = - ¥ AmKxm-k) + u(n) 2.1)
k=1

where A;(k) is the kth JxJ matrix coefficient for the AR process and H denotes

the Hermitian operation (ie., the complex conjugate transpose operation). We
H . . . . .
note that Ap(k) is expressed in terms of the Hermitian operation for notational

convenience, but is not necessarily a Hermitian natrix. The vector u(n) is a Jx1
white noise driving vector which, in general, has an arbitrary correlation across
the J channels so that

(0] I #0
E{u(muf(n - D] = Ry, (0)=[Z¢]m | = 0. (2.2)

where Ryu(0)=[2f]p is the JxJ positive semi-definite covariance matrix of the

forward white noise driving vector u(n) and may have off-diagonal components.
Since u(n) is uncorrelated in time, but retains an arbitrary correlation across
channels, then with wide-sense joint stationarity of the channel processes assumed,
we can consider

u(n) = C,v(n) (2.3)

where the J x J matrix C,, is a constant matrix, and v(n) is a white noise vector

uncorrelated both in time and across channels such that

[0] I #0
E(.v.(n)xH<n-l)1={Dv -0, (2.4)




The elcments of the diagonal matrix Dy are the variance terms associated
with the white noise driving term on each channel. And so, from eq (2.3) we can
obtain the zero-lag correlation matrix

Ruu(0) = E [u(n)uH(n)] \ (2.5a)
= E [C,x(n) yH@)Cy ] (2.5b)
= C,DyCy. (2.5¢)

We could assume unit variance on all elements of Dy without loss of
generality; ie., Dy=I, the JxJ identity matnx, so that eq(2.5¢) is the Cholesky

decomposition Ruu(O)=CVC5I when C, 1is lower triangular. Since Ryu(0)

expressed in eq(2.5) is HermitianT | positive semi-definite, we could also consider
an LDLH decomposition* of Ryu(0) such that

H
Ruu(0) = L DL, (2.6)

where Ly is unit diagonal lower triangular and Dy, is strictly diagonal with non-
negative entries only. Assuming Dy=I, the matrices L, and C, are related as

C,Ch =L,D,Ly 2.7)
so that
C, =L,D,". (2.8)

Solving eq(2.6) for D, we obtain

" It is noted that in general the correlation matrix Ryy (1) is not Hermitian for 1#0.

* The motivation for considering the LpLH decomposition stems from its relation 1o
lincar prediction [3] and thc dcsirc to determinc both temporal and cross-channel
whitcning with a single stage of decomposition,




Dy = Ly Ryu(@)(LHH (2.9a)

- E (L umuHm@H (2.9b)
- E [z(n)zH()] 2.9¢)

where
2(n) = L}, u(n) 2.10)

is a J x 1 vector containing uncorrelated elements. Note that from eqs(2.3), (2.8)
and (2.10), we can obtain

2(n) = L, C, v(n) < (2.11a)
1/2

= Dy v(n) (2.11b)

when D =I. Thus z(n) represents a temporally and "spatially-causal” white noise
-1 .

driving term to the multichannel AR model. Since L, is also lower triangular

unit diagonal, it is invertible so that from eq(2.10)

u(n) = L z(n). (2.12)

Eq (2.12) indicates that u(n), originally defined in eq(2.3), could identically be
generated by the z(n) process through the transformation matrix L,; i.e., eq(2.1)

can be written in the equivalent form

My
x(n) = - ¥ Amk)x(n-k) + L, z(n) (2.13)
k=1

In chapter III, a two stage multichannel prediction error filter is
considered which uses estimates of the Ap(k) coefficients to obtain u(n) in the

. e . -1 .
first stage of filtering and an estimate of L, to obtain the temporally and

spatially uncorrelated process z(n) in the second stage.




Finally, we note that the relationship between the matrix cocfficients

Asl(k), the covariance matrix [Z¢]yq of the forward AR driving noise vector and

the correlation matrix Ry, is expressed by the multichannel Yule-Walker

equation; 1e.,

H ~ H

AMIRxx] = {{ZfIm (01 ...[01} (2.14)
where u { { H

A=A Ag(@) . AL (2.152)

Rxx = ElXq n-M —l-:\l,n-M 1 (2.15b)

J.n-m = [xT(n) xT(n-1)..xT(n-M)] (2.15¢)
and ]

xT(k) = [x7(K) x5(K)...x;(K)]. (2.15d)

The matrix [ﬁxx] is the reversed order correlation matrix of [Rxx]; i.e.,
the corrclation matrix obtained with the time order of the vector x, ,.p from

eq(2.15c¢) reversed [10].




[I1. Multichannel Prediction Error Filtering
The output of a multichannel linear prediction error filter of order p i€
expressed as

g,(n) = x(n) - &(nin-1) (3.1a)
—xm+ ¥ AT® x0k) (3.1)
k=1
H
= i Ap(k) x(n-k) (3.1¢)
k=0

H
where Ap (k) is the kth matrix coefficient of the linear predictor with k=1,2,....p

and Ap (0)=I, the JxJ identity matrix. The subscript p distinguishes the matrix

coefficients and the error output as those from a filter of order p. In Appendix
A, it is shown that when the matrix coefficients in eq(3.1) satisfy the multichannel
normal equatious,

E (g, g, Hn k)l =[0] k>0, (3.2)

where the output vector process §p(n) is the MMSE prediction error. The

multichannel normal equations for a prediction error filter of order p are
expressed as

Ab [Ryy) = (IZlp (0] ... [0]) (3.3a)
where o i b u
Ap = (I Ap(l) Ap (2) Ap (Pl (3.3b)
~ H
[Rx_)g] = E[Zn,n—p Zn,n-p] = E[én—p,n :—’E—n-p,n] (3.3¢)
and
7




[Zflp = Elgy(me,n)] = PReg(0). (3.3d)

[Rxx] is the reversed order correlation matrix defined in the previous section.

We also note that eqs (3.3a) and (2.14) are identical in form. This equality
implies that the MMSE estimate of the AR observation process is obtained when
the prediction error filter coefficients are identically equal to the AR process
coefficients. Assuming the applicability of the AR process as a representative

. . .. H
model of the observation process, then as the coefficients Ap(k) k=1,2,....p

approach the AR coefficients of the model; ie., for p>M and

H
Am(k) k<M
A”(k): Mm(k) k< (3.4)
p
[0] k>M

we have from eqs(2.1) and (3.1a)

£n(n) = u (n). (3.5)

Figure 3.1 shows the synthesis and analysis procedure. Under the condition
that the prediction error coefficients are identical to the coefficients of the AR
model process and under the assumption that the AR process is the exact model of
the observed process, the prediction error filter outpr . §p(n) is a white noise
vector equivalent to the AR model white noise driving vector. However, it must
be emphasized that the use of an AR process with a white noise driving function
is usually an approximate representation; i.e. it is not used to describe the
underlying physical mechanisms which give rise to the random processes.
Rather, it 1s an approximate model representation for these processes. We must
thercfore make a distinction between the model of the processes (synthesis) and
the estimation process (analysis) [10]. In general, the output _e_p(n) of the linear
predictor is not a white noise vector output due to the approximate representation
of physical processes by an AR model as well as the fact that we often do not have
"a priori’ knowledge regarding the values of the coefficients of this approximate
model.  As a result, we must estimate the filter coefficients from the observation
data as we obtain it. With a limited amount of data, the filter coefficients are




only estimates of the AR process coefficients. Furthermore, assumptions such as
the ergodic approximation are often made in the estimation of process
parameters. In [2], the validity of this approximation is considered in terms of
basic parameters of the observation processes. These results provide a clearer
understanding as well as a means of determining the processing requirements
needed to achieve parameter estimates with high confidence limits.

u(n) & ? X(n) > (n-1) X (n-2) x (n-p)

TZ-1I T . 2-11
z'1I '1

AR (2) Ay (p)

AS(1)
é'r)(— AR (1) x (n-1) g g
—=>»(+ —>> : '—)'%—)g(n)

? An@) <y 22

| S N

SYNTHESIS ANALYSIS

Figure 3.1

For stationary processes, these coefficients could be determined through
estimates of the multichannel correlation matrix and the Levinson-Wiggins-
Robinson algorithm [4]. Other methods proposed by Strand-Nuttall and Morf-
Vieira have been developed [5,6,7,8] with improved performance with limited
data. For non-stationary processes, adaptive schemes must be considered. We
will address this topic in a subsequent report.




At this point, we note that eq(3.5) resulted from the analysis procedure [via
a linear prediction error filter with coefficients given by eq(3.4)] of the process

synthesized by eq (2.1). If u(n) is assumed to be uncorrelated across channels,
the resulting gp(n) is also uncorrelated in time and space (i.e., channels). In

general, however, u(n) may possess arbitrary correlation between the J channel
elements. Therefore, the vector _e_p(n) will retain a residual correlation over the

channels due to the spatial correlation of u(n).
Since the matrix PReeg(0) = E [gp(n)gg(n)] is Hermitian® , and positive

semi-definite, we can perform an LDLH decom osition™ of PRee(0) such that
P

H
PRee (0) = L’YP DYP LYP. (3.6)

Solving for Dy

-1 -1

Dy = Ly, Ree(@)(Ly (3.72)

-1 1
= Ly E[g,(n) g (m)] (Ly )M (3.75)

-1 H -1
=E [Ly, £5(n) £ () (Ly ] (3.70)
=E [7,(0) %p () (3.7d)
where
By

Yp(n) = Lyp g,(n) (3.8)

so that the vector yp(n) contains uncorrelated elements. Also,

' It is noted that in general the correlation matrix Rgge (1) is not Hermitian for 120.
* Other decompositions could be used such as Cholesky or unitary forms. However, as

noted previously, the motivation for using the LpLH deccomposition is to notc its
rclation to lincar prediction,

-




E [e(ne, ()] = (0] nxw (3.9)

from the orthogonality principle. Then, using eq(3.8) to solve for §p(n) and

substituting this result in (3.9), we obtain

H
E [Ly %) Y () Ly | =[0] n#n' (3.10)

so that i
Ly E (%M %®) ] Ly =[0] n#n' 3.11)

Finally, since [,YP 1s non-singular,

E [%,(n) 3 (1) ] = [0] n . (3.12)

Eq (3.12) implies that xp(n) retains its temporal decorrelation while eq(3.7d)

denotes its spatial decorrelation. When

H
AR k) keM

Ag(k)z mk) ks (3.13)
(0] k>M

the output of the first filter stage converges toward u(n), so that eq (3.8) becomes
(noting that Rgg(0) = Ryy(0) and the uniqueness of the LDLH decomposition)

-1 _
Yp(n) =Ly gy(n) = Lul.u_(n) (3.14a)
= L.ulLu_z_(n) (3.14b)
=~ z(n) (3.14¢)

where eq(2.12) was used to obtain eq(3.14b). Thus, as the filter coefficients
converge to the coefficients of the AR process, yp(n) approximates the spatially

11




and temporally whitened process z(n). In addition, xp(n) has been obtained

through a causal and causally invertible transformation of the original

observation process x(n); ie., the input vector x(n) could be recovered through an
inverse filter operation on yp(n).

The estimate (\'u could be obtained by first estimating the correlation

matrix of PRge(0); ie., pﬁgg(O). An LU decomposition of this matrix would
1

) . ) ) -1
rovide . The inverse matnx L would then be the required estimate f, )
p Y q
p P u

Using eq(3.1b) in (3.8), we have

-1 -1
%p(m) = Ly g(n) = Ly [ x(m) + $ A xnb) (3.152)
k=1

-1
- éOL Y, A x(n - K). (3.15b)

The block diagram for the filter implementation of eq(3.15a) is shown in

Fig 3.2 as a two stage process with the first stage consisting of the conventional

prediction error filter used to obtain gp(n) while the second stage consists of the
-1

operation on g,(n) with LYP to yield the temporally and spatially uncorrelated

process xp(n). The equivalent filter realization of eq(3.15b) is shown in Fig 3.2.

From this viewpoint, the MMSE multichannel filter output which is both
-1 H

temporally whitened and 'spatially’ whitened consists of coefficients LYp Ap (k)

k=0,1,....p. In the next section, it is shown that these coefficients are contained in

-1 H
the matrix elements of Lﬁ where Lg is used in the LgDg LQ decomposition of

[Ryx]. Thus, the motivation for considering the LLDLH decomposition is based on
the anticipation of utilizing a single stage recursive procedure to obtain the filter

-1 H : , :
cocfficients byp Ap (k) required to estimate yy(n). In [1.14], the process ¥,(n) 1s

12

——




used in the development of a multichannel likelihood ratio for the detection of
partially correlated random signals in noise.

13
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IV. Relation of Linear Prediction to Matrix Decomposition

In this section, it is shown that the coefficients of linear prediction for a
multichannel random process are related to the multichannel correlation matrix
through triangular decomposition. The discussion presented here represents a
generalization of the scalar case noted in [3].

The JNxJN covariance matrix Ry, for a set of N zero-mean, stationary
random Jx1 vector processes x(n) n=1,2,...,N can be expressed using the form of
eqs(2.15b) through (2.15d) with x, \ replacing eq(2.15¢) and J indicating the
number of channels. Since R4, is Hermitian and positive semi-definite, we can

express it in terms of a unique factorization such that

Rg(_)i = LﬁDﬁ Lﬁ (4.1)

where Lgis a JNxJN unit diagonal lower triangular matrix and Dg is a real,

strictly diagonal JNxJN matrix (ie., with 1x1 diagonal elements). Solving eq(4.1)
for Dﬁ , wWe obtain

-1 1y
-1 -1
=E[Lg xnxin (Lg)H] (4.2b)
=E| QI,NQETN} (4.2¢)
where
-1
Bin=Lg XN (4.3)

contains uncorrelated elements in time and across channels. Writing eq(4.3) in
expanded form

B8] [ Bu 1 x(D7]
B(2) By By (0] x(2)
Bin={ B3) |=| B3; B3; B33 x(3) (4.4a)
Lﬁ(N)- L Bni BN2 Bz - BN Lx(N)
where
15




BT (k) = (B;(X) Bo(K) ... By(k)] k=12..N (4.4b)

-1
and By, ; 1s a JxJ matrix with 1 < m,n < N and m> n. Lﬁ is represented by the
matrix in eq(4.4a). The matrices Bm,n are full, in general, when m>n, but are

lower triangular, unit diagonal when m=n [ie., when B, | lies along the block
diagonal of the matrix in eq(4.4a)]. It will be shown that each Jx(p+1)J block
1

row of the matrix Lﬁ contains the prediction error filter coefficients for a

multichannel linear predictor of order p (for orders p=0 through N-I,
respectively) which decorrelate the process in time and across channels.

It is now shown that these coefficients are equivalent to those obtained in
the two stage whitening process developed in the previous section resulting in the
temporally and spatially decorrelated error vector process, y(n). This will be
achieved by considering a two stage LpLH decomposition of Ryy. For stationary

processes, we can write eq(4.1) in block form as

Ryx(0) Ryy(-1) ... Ryy(-N+1)

B Ryy (1)  Ryg(0) ...Ryy(-N+2
Ryx =Ryx =| - xx(1) xx(0) xx( ) 4.5)
Ryx(N-1) Ry 4 (N-2) ... Ryx(0)
where the JxJ correlation matrices on the RHS of eq(4.5) are expressed as
Rxx() = Elx(m)xH(n - )] (4.6)

and the superscript B denotes block form. We note that although each Ry (l) in

B
eq (4.5) is not Hermitian, Rxx

is block Hermitian and positive semi-definite so

that a block LDLH decomposition of eq(4.5) can be made. We therefore consider

B H
RZL =L¢ Dg L§ (4.7)

where Lg is a lower triangular matrix with JxJ identity matrices along the block
diagonal and Dyg is block diagonal. Solving for D¢ ,

16




-1 B -1

Dg =Lg Ry, (Lg H (4.82)

-1 H -1
=Lg E[xnxinl L) (4.8b)

-1 H -1
=E[Lg xpn&in (L)) (4.8¢)

H
= E [g, nE 1 N] (4.8d)
where
-1

gin=Le XN (4.9)

In Appendix B, the block rows of L;.‘1 are shown to contain the multichannel
coefficients for forward linear prediction for filters of order p=N-1; ie.,

1 ]
Aty [0]

AN(2) Ay I

L. = (4.10)
£l Af3®) Al AYa)y 1

AP Al Ap(p2) .. AR T

From eq(4.8d)

(T e) [ eH@) ... eHMN )[R .(0) o] ]
£(2) 1
= J 3 = REE(O)
Dg = E g.(...) =l o
ey J L NIR£(0)
“4.11)
where
17




PRe:(0) =E [e p(n)§p (n)] = [Zf]Ep n=12,..N p=N-I (4.12)

is the JxJ Hermitian covariance matrix of the error vector for the forward
prediction error filter of order p.

We now perform an LDLH decomposition of D¢ as,
H
D¢ = LX DLLx (4.13)

where LZY is a JNxJN unit diagonal lower triangular matrix and Dr is strictly
diagonal (ie., with 1x1 diagonal elements). Solving for D,

Dr = L; Dg (L;)H. (4.14)
From eq(4. 8d)

Dr —L E[elelN] (L ) (4.15a)
=B [Ly g1n€) n Ly (4.15b)
=E| XI,NI?,N] (4.15¢)

where

XI,N=L-11 _§_1N—Ly L§ 4N (4.16)

and the RHS of eq(4.16) follows from (4.9). We will now expand the mamx
form of the RHS of eq(4.14). First, consider the form of L {the form of L

derived in Appendix B and noted in eq(4.10)]. Using the JxJ matrices Gy, , m2n

-1
for the off-diagonal block matrices of Ly ,

18




TGy 00 0 .. 0 [ R.(0) 0 |
GZ,I G2,2 [0] IR&(O)
DL =
[0] [0]
| Gn1 Gn2 - Gy GO L PRee(0) _
- H _H H -
Gl,l G2,1 GN,I
H H
0] G ... G
. 2.2 N2 4.17)
H
o .. 0 Gy |

where p=N-1. In order to yield a strictly diagonal matrix D, we must have

Gm’n =[0] forallm#n (4.18a)

and

(Gp+1,p+1] PRee(0) [Gpy1 par] =Dy (4.18b)

where DYp is the diagonal matrix for the pth block row of Dr. Since [G, ;41]
is lower triangular, unit diagonal, and since eq(4.18b) implies [Gp+1,p+1]§p(n) is

spatially uncorrelated, then

-1
(Gp1pr] = Ly, (4.19)

-1
where Ly is lower triangular, unit diagonal. Eqs(4.18a) and (4.18b) imply that
P

the first matrix in eq(4.17) can be written as
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| o L:Yp

Therefore,
— _10 H 7
Ly, Ree( Ly, o
_1] -H
LYl Ree(O)Lyl
D = (4.21a)
-1p -H
i [0] LYp Ree(o)l’Yp ]
"Dy [0] ]
D
_ Y (4.21b)
0 D
| (0] Y,
and from eq(4.16)
— 1 ar I —‘—_(1)-
Ly (0] H ) |
0 Ar(l) 1 [0] x(2) |
1 Ly AYQ) AYD) T 1)
IN = 4
A3y Alle) Ay 1 K
-1
L[()] L Yp_ _AE(P) AE(P-])AS(P’2) \g(l) I A x(Ny
(4.223)
so that
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-l T x(H)7]

LYo
1y -1
Al Ly [0] x(2)
_| oy 1y -1 x(3)
1IN LyzAz(Z) LyzAz(l ) LYz %S

T L A
Ly Ap(P) Ly Ap(P-1) Ly Ap(P-2) .. Ly Ap(1) Ly

L A x(N)
(4.22b)
-1
=Lp X (4.22¢)

-1
where Lp is the matrix described in eq(4.22b). From the equality of eqs(4.16)
and (4.22¢), it follows that

Lp =Ly Lg. (4.23)

: -1 oo . N i
Since LX is unit diagonal lower triangular, each JxJ matrix LYp is also unit

-1
diagonal lower triangular [see eq(4.20)]. And so, L is unit diagonal lower

triangular. Substituting eq(4.8a) into (4.14), we obtain

1 -1 B -1 -1
Dp =Ly Lg Ryy (Lg )H(Ly yH (4.242)
—Lx Lg Ry (Lg ) (L ) (4.24b)

Using eq(4.23) in (4.24b),

D

-]
I
-
ML
%
o
~
c
ML
N’
=
—_
FeY
9
<




From the uniqueness of the LDLH decomposition, it follows from
eqs(4.2a) and (4.24) that

-1 -1 v
Lr = Lﬁ (4.26a)

and
Dr= Dﬁ- (4.26b)

And so, L~ contains the multichannel coefficients of linear prediction for filters

of order p=0 to N-1. Furthermore, these coefficients can be estimated either
from an LDLH decomposition of Ry, or in a two stage operation as denoted by

eq(4.16).
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V. Summary

In this report, we discussed the relationship of multichannel linear
prediction to triangular matrix decomposition. Initially, a two stage prediction
error filter is described which whitens the observation processes both in time and
across channels. This filtering operation is such that it retains a causal form

assuciated with linear prediction in both dimensions. For a filter of order p,
-1

these coefficients are Ly Aj(k) k=0,1,..,p where A,(0)=I, the JxJ identity
p

matrix. Next, these coefficients are shown to be equivalent to those obtained
through an LDLH decomposition of the multichannel correlation matrix.
Specifically, the matrix coefficients contained in the matrix of eq(4.22b) are

identical to those in eq(4.4a). The block rows of L—I‘ and Lh contain the

multichannel coefficients for linear prediction filters of orders zero through
p=N-1 required to 'whiten' the observation process both in time and space (ie.,
across channels). It was shown that the prediction error process that is both
temporally and spatially white can be obtained in one stage using the blocks from

Lﬁ. The coefficient matrices L;pAS(k), k=0,1,...,p of the one-stage filter can

also be obtained recursively by suitably modifying standard fast algorithms such
as Levinson-Wiggins-Robinson, Nuttall-Strand and Morf-Vieira algorithms.

It is anticipated that recognition of the result derived in this report may
lead to alternative processing methods involving recursive algorithms for
multichannel signal processing applications as well as for two dimensional image
processing [9].
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APPENDIX A
In this section, we determine the conditions under which gp(n) as expressed

in eq(3-1) is a temporal white noise MMSE output of a linear prediction error
filter. The linear prediction error of x(n) as defined in eq (3.1a) is

gp(n) = x(n) - R(nin-1) (A.1)

A . . .
where X(nIn-1) represents the estimated vector of x(n) using past data values with
the initial condition x(110) = 0. Using a linear predictor with p past values, we
define

Rain-1) = - 3 A ()x(n-k) (A2)
K=1

H . . . .
where Ap (k), k = 1,2,...,p are JxJ matrices representing the coefficients of the

linear predictor. Substituting eq (A-2) in (A-1)

e m=xm+ 3 ATt (A-3a)
k=1
P H
= > Ap(k)x(n-k) (A-3b)
k=0

H
where A, (0) = 1. Let the concatenated column vector of p+1 vectors (each of

dimension J) be defined as

T
Xnn-p = [T £T(0-1)..xT(n-p). (A.4)
H
Post multiplying eq (A-3) by x n,n-p and taking the expected value
; H H H
Ele(n)x n-pl = E[Ap Xn n-pXn n-p! (A.5a)
H H
= Ap E[én’n_pé_n,n_p] (A.5b)
H ~
=Ap [Rxx] (A.5¢)
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H . . = . .
where A, and the reversed order correlation matrix [Rxx] are defined in

eq(2.12a) and the discussion following (2.12b), respectively. Eq (A.5) can also
be written such that

H
Eley(mxn npl = E { £, [ xHm) xH@-1) xHm-2) ... xHn-p)] } (A.6)
We now determine the coefficients of A? subject to the condition that g(n)

i1s a MMSE vector. Under this condition,

E [g,(n) xH(n-k)] = (0] k>0. (A7)

Eq (A.7) 1s the orthogonality condition which states that the error vector is
orthogonal to past observation values. Using this condition, eq (A.6) becomes

H
Eley (M n.pl = { E [egmatm)] (0} (0] ... (0] } (A8)
From eq (A.3a)
xm =g, - 3 A¥Goxh) (A.9)
k=1
so that taking the Hermitian transpose
xH(n) = gp () - élﬁ*m-k)Apm. (A.10)

Using eq (A.10) in the RHS of eq (A.8)

Elep ()t -p) ={ [ E[g,,(n)g?(n)l-élﬁlgp(nmﬂ(n-k)JAp<k)] [0]...{0] }

(A.11a)
={[2f]gp [0][0]...{01} (A.11b)

27




where we have again used eq (A.7) to yield eq (A.11) and [Zflep 1s the forward

prediction error covariance matrix for the filter of order p. Combining eq (A-5)
and (A-11), we have

Ap IRl = ([Zle 0110]..{01) (A-12)

Eq (A.12) 1s the multichannel AR Yule-Walker normal equation in augmented
form. It provides a set of JP linear equations to solve for the values of the matrix
coefficients which minimize the mean square error vector. Although eq (A-12)
has often been presented in the literature, the reversed order form of the
correlation matrix has not often been noted [10]. We will utilize this feature in

Appendix B.
We now show that the vector process gp(n) 1S uncorrelated in time. At an

arbitrary time (n-1) where 1>0, eq (A-10) becomes

xH(n-h) = §s(n-|) - i;”(n-k-l)Ap(k). I> 0. (A.13)
k=1
Using eq (A.13) in eq (A.7)

Ele,(mxH(n-N] = Elgy(nep (n-))] - 5 Elg,(mxHmn-k-DIA,K) = [0 (A.14)
k=1
From eq (A7), we have

E [gp(n)x_H(n-k-l) = (0] k>0. . (A.15)

And so, the summation term in eq(A.14) is zero so that

E [gp(n)_e_s(n-l)] =[0] 1>0. (A.16)

Thus, the sequence of vector outputs from the MMSE prediction error filter are
orthogonal. Since g,(n) is a zero mean Gaussian process, its sequence of values

{ep(n)} arc mutually independent so that {gp(n)] is a white, Gaussian noise

sequence. However, these processes arc, in general, correlated across the
channels.
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APPENDIX B

In this appendix, we show that the matrix coefficients of multichannel
linear prediction for a multichannel random process and the prediction error
covariance matrices are related to the covariance matrix through a block
triangular decomposition. The procedure is a straight forward generalization of

[3]. In this discussion, we are considering the first stage of processing as noted in
sections IIT and 1V. This stage results in the gp(n) vector output. Therefore, we

only consider the Ap(k) matrix coefficients here. A treatment which includes the
second stage of processing using the matrix [,YP to obtain yp(n) is developed in
Section IV.

B
XX

Recognizing that R, . defined in eq(4.5) is Hermitian positive semi-definite,

we can obtain

B H
RXX = lug D§ (Lg) (B.])

where Lg is lower block triangular with the identity matrix I forming the block
diagonal matrices and Dg is a real block diagonal matrix. Solving eq(B.1) for
De

-1 B -1
D¢ = Le Ryx (L§ H (B.2)
[f we consider
-1
EinTLh AN (B.3)

we can easily show that

De=Elg, yEIN] (B.4)
where N

£1 n = 1€T(1) €T(2)...£TN)] (B.5a)
and ‘

Q,N = xT(1) xT(2)..xT(N)] (B.5b)

29




Since Lg is lower block triangular with unit diagonal elements, Le  has the same

form so that eq (B.3) is a causal and causally invertible transformation of the
data. We now consider the normal equations for a multichannel predictor of
order p such that

H ~ H
ApRyx] = [Ele, IT (B-6)
where | ﬁ&]p is the reversed order multichannel covariance matrix,

H H H H
Ap =T Ap(1) Ap(2)...Ap (p)] (B.7)
and
IT= {10101 ..[O}) . (B.8)
where I is a JxJ identity matrix. The vector of matrices A, is the vector of

multichannel pth order linear prediction coefficients and [Z¢]. is the Hermitian,
p

pth order, multichannel forward prediction error covariance matrix. Post
multiplying eq (B.6) by Ap, and recognizing that [Zf]. is Hermitian, we obtain

E’p
[1Ap(1) Ap @) Ap @R T 7
A(D)
Ay 2) |7 1*Me, (B-9)
| AP _
Using the relation
Gp Gp =1 (B.10)

where Gp is the block reflection matrix (i.e., the square J(p+1) x J(p+1) matrix
with yxJ identity matrices along the block cross diagonal), we have

(1 Ap(1) Ap(2)...Ap ()] G = [Ap(p)..Ap(2) Ap (1)1 ] (B.11a)

and
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Gp [RyyJGB = [Ryyl (B.11b)

Using these expressions in (B.9), we have

[Ap 0)--Ap @) Ap(D TRgg A ()
C=1[Z) B.12)
ALD) 2fle, (
A1)
1 -
We now write eq (B.12) for p =0, 1, ..., N-1 in the combined form as
[ 1 I Rxx(©@ Ryx(-1) ... Ryy(-N+1)7]
Al 1 (0]
Ryx(1)  Ryx(0) ... Ryx(-N+2)

AS@) AY) 1

Ryy(2) Ryy(1) R,y (0
A3y All2) Ay 1 xx(2)  Ryx(1) Ryy(0)

| A (AL (P-DAL(P-2) ... Ay(1)

JLRGIN-DRy(N-2) ... Ry (0) |
1 A(DADAB) ... Ap) | [ [2g ]
[ AyDA32) ... Ay(p-1) [Zfle, [0]
. I Az(D)... Ay(p-2) | = (Zfle,
L [0] | (R L [zf]eN_l_
(B.13)

Eq (B.13) is of the same form as eq (B.2). Since the causal decomposition in

-1
eq(B.2) i1s unique? , then L§ can be identified with the lower triangular matrix in

-1
eq (B.13). Thus the block rows of Le are the multichannel coefficients for

* The uniqueness of this decomposition is based upon the specificd block form Rxx

defincd using the concatenated vector in cq(B.5b).  However, other block forms of
Rxx could have becen made which still rctain thc Hermitian property.
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linear predictive filters of orders zero through p=N-1 and the block diagonal
matrix elements of Dg are the prediction error variances associated with the

multichannel filter orders.
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