TE SCATTERING FROM A DIELECTRIC
COATED CONDUCTING STRIP

THESIS

William D. Wood, Jr.
Captain, USAYF

AFIT/GE/ENG/90D-67

DISPABUION STATEMENT A ¢
ROV Y o1 ‘U-,‘.D'licl relecset ‘
ipune Unbmsted

DEPARTMENT OF THE AIRFORCE
AIR UNIVERSITY

AIR FORCE INSTITUTE OF TECHNOLOGY

3eSt Ava”ab!e Copy Wrigiht-Patterson Air Force Base, Ohio
271 8 9929

S —



AFIT/GE/ENG/80D-67

DTIC

ELECTE %
JAN 08 1931 §

D

TE SCATTERING FROM A DIELECTRIC
COATED CONDUCTING STRIP

THESIS

William D. Wood, Ir.
Captain, USAF

AFIT/GE/ENG/90D-67

Approved for public release, distribution unlimited




AFIT/GE/ENG/90D-67

TE SCATTERING FROM A DIELECTRIC COATED CONDUCTING STRIP

THESIS

Presented to the Faculty of the School of Engireering
of the Air Force Institute of Technology
Air University
In Partial fulfillment of the
Requirements for the Degree of

Master of Science in Electrical Engineering

[Fecsian 'T""'J"""

NS one
;
i

[P

Ut

LI'-‘«- .
PR

Juanenare,

By . ..
. Cshis.u. o
Captain, USAF

William D. Wood, Jr., BSE.E.

L

Avazs
s o

Dyst 3

el

Al |

1
B

December, 1990

Approved for public release; distribution unlimited




Preface

When { began this research effort 12 months ago, I saw 1t as merely an obstacle between
myself ané graduation; somewhere along the way it became much more than that Would 1 have

believed four quarters ago that I would be sorry when 1t anded?

Far from being an individual effort, many people provided invaluable assistance and their
names deserve to appear on this document as much as mine First and foremost, I would like
to thank Maj Harry Barksdale, my advisor, for his expert technical help and, more importantly,
always taking the time to listen to even my most foolish ideas. He also originated the change
of vatiables upon which this thesis centrally relies The members of my thesis committee, Capts
Phiitp Joseph and Byron Welsh, deserve thanks for providing much-needed feedback and techarcal
advice I would also ike to thank Dr Fred Tokarz, ASD/ENAMA, for sponsonng this thess, I only

hope that some of his questions bave been znswered.

T owe a special debt of gratitude to Dr Bill Kent of Mission Research Corporation (MRC) His
enthusiasm and technical insights into the nature of physical basis functions were of inestimable
help. T am alse indebted o Dt Kon Rischers and Mr Adam Berning of MRC for their mathematical

insights and computer expertise.

Wilham D. Wood, Jr.




Table of Contents

Preface

Table of Contents

List of Figures

List of Tables

Abstract

Introduction
1.1 Background

1.2 Statement of the Problem

II.  Literature Review
2.1 Integral Equations
2.1.1 Equivalent Currents . . .
2.1.2 Integral Equation Formulation
Method of Moments
2.2.1 Subsestional Basis Functions
2.2.2 Entite-Domain Basis Functions
2.2.3 Hybrid Basis Funciions

Implications to Problem at Hand

Scattering Geometry

Integral Equations




Equivalent Currents

Vector Potentials

Scattered Fields in Terms of Vector Potentials
Vector Potential in Terms of Current Densities
The Scattered Fields . . .

The Final Integral Equations .

3.3 Two-Dimensional Scattering Width

IV.  Moment Method Solution Using Physical Basis Functions
4.1 Basis Functions
42 Testing Functions and Match Points . . . .
4.3 System of Linear Equations . . . .
4.4 Impedance Matrix Z*¥+*

4.5 Two-Dimensional Scattering Width

V.  Results and Conclusions . . .

5.1 The Run Matrix . . .

5.2 Convergence of the Solution for Various Match Poirt Configurations . . .

53 Accuracy of the Solution

5.4 Execution Times

5.5 Components of the Far-Field
5.6 Conclusions

5.7 Recommendations

Appendix A. Physical Basis Functions
A.1 Forced Wave
A.2 Surface Waves

A.3 Phase Constants f and ¢




Page

Appendix B. Calculation of Imped Matrix El 8 . L .. 54
B1 Impedance Matrix Element 25, .. ......... e e e 54
B.2 Impedance Matrix Element 2%, . ... ..... e e 60
B.3 Impedance MatrixElement 23, .......... ........... 62
Appendix C Integration in the Neighborhood of the Singularity . .. .. P |
C.1 Match Point Inside the Dielectric. . . . ... e e . 65
C.2 Match Point on the Conductor . . ....... e e e e 67
Append:ix D. Some Useful Senes Expansions .. . . ... ...... 69
D1 Bessel Functions of Order ZeroandOne . . .. .. .. ........ 69
D.2 Hanke! Functions Multiplied by Exponentials . . . . . . e 70
Appendix E Derivatives of the Two-Dimensional Green’s Function . . . ... ... .. 72
Bibliography .. ... . ... ... e e P
2L ki4




Last of Figures

Two-Dimensional Scattering Geometry .

Equivalent Currents

The Scattered Field

Match Point Locations Within Dielectric Slab

Case 0. &, = 500, w = 5.0, h=0.05%,0=-30° . ...
Case 1. ¢ = 2.00, w = 5.0, b =005, 8 = =30° . .
Case 2: €, = 8.28, w = 5.00, A =0.05)9,0=-30" . ...
Case 3: ¢, = 5.00, w = 3.0)p, h = 0.05)9, § = ~30°
Case 4: 6, =500, w =100, h=005)9, 8 =-30°. . ..
Case 5: &, = 5.00, w = 5.0Aq, A = 0.025X¢, § = ~30°

Case 6 ¢, = 5.00, w =5 0Ag, h = 0.10), 8 = -30°

Case 7. &, =5.00, w =50Ag, h =0.05)0,8=0° . .

Case 8. & = 5.00, w = 5.0), h = 0.05), 8 = —60°

Case 9: ¢, = 5.00, w = 5.0A9, h = 005}, 8 = ~~85°
Baseline Case, 5 Match Points ¢, = 500, w = 5.00g, h = 0.05)g, § = =30° . .
Dielectric-Covered Ground Plane

“Forced” Wave in Dielectric-Covered Ground Plane . .
Integration Regions in uv-space

Region of Integration About the Singularity




List of Tables

Run Matnx
Baseline Case Results for Various Match Peint Configurations . . .
Run Times: Physical Basis Functicn va Pulse-Galerkin Solutions

Coeflicients for Bessel and Neumann Function Expansions, Order Zero

Coefficients fer Bessel and Neumann Function Expansions, Order One . .




AFIT/GE/ENG/90D-67

Abstract

4 Jret f

Consider a plane wave i t on a g strip of te length coated on one side

with a thin, uniform coating of lossless dielectric, and let the incident magnetic field vector be
parallel to the edges of the strip. From first principles we develop the integral equations relating
the total, incident, and scattered fields in the dielectric We expand the fields in the dielectne slab
as the sum of three plane waves (the “forced” wave and two oppositely-directed surface waves)

The phase constants in the X and § directions are known and the wave amplitudes are found using

t-sq d-error point-matching.

The far-zone scattered field is found by letting the polarization and conduction currents

radiate in free space.

Data are presented showing the bistatic scattering characteristics of the dielectric-coated

conducting strip as a function of dielectric permittivity, slab width and thickness, and angle of

incidence Results show ble ag) t with ¢ tional moment method solution using

pulse bases and Galerkin testing functions.




TE SCATTERING FROM A DIELECTRIC COATED CONDUCTING STRIP

L Introduction

1.1 Background

Today's military envi i ingly requires tactical and strategic aircraft to possess
some measure of “stealth,” or low-observable, capability The logic is intuitive if an aireraft cannot

be detected, then it cannot be shot down, and hence is more effective than a conventional aircraft

The most potent threat an aircraft faces is acquisition/tracking radar in concert with either
an infrared- or radar-guided mismle Accordingly, most of the emphasis in the low-observables

community has been aimed at reducing the radar cross section (RCS) of aircraft. The RCS of an

arcraft is a measure of how much electromaguetic (EM) energy is reflected (scattered) back at

an :lluminating radar. Reducing an aircraft’s RCS reduces the range at which a radar can detect
it. Although actual RCS measurements for current military aurcrait are classified, a reasonable
estimate is that the RCS of newly-developed low-observable aircraft is comparable to that of a

metal sphere that is 10 centimeters in diameter (very small indeed?) (13-22-23).

Reducing an aircraft’s RCS is best approached using a “divide and conquer” approach An
aircraft may be thought of as a collection of sections, each of which has an RCS associated with
it The RCS of the total aircraft 15 then the coberent combination of the individual RCS’s This

partitioning has two advantages.

First, if one section of an aircraft has 2n RCS that dominates the RCS of all other sections,
then the most benefit can be attained by concentrating efforts to reducing the RCS of that cne

dominant section.




ceansform
Second, ming the probl

from the analysis of an extremely complex structure such

as an aircraft to that of a relatively simple shape greatly reduces the difficulty of the problem In
most cases, only a few canonical shapes (e.g , cylinders, plates, und spheroids) are necessary to

adequately model an aircraft of arbitrary configuration

In the same manner that ap zircraft 1 decomposed into canonical shapes. the RCS of the

canonical shapes may be d d into various physical ph called scattering mech

nisms. Tu general, the scattering mechanisms of any object are dependent on the size, shape, and

material properties of the object.

1.2 Statement of the Problem

d

One ¢ ical shape of

able interest 1s a conducting strip covered on one side with a
thin material coating of known electnical properties For example, such a geometry can be used to
model an aircraft section covered by radar-absorbing materiat (RAM), or even an airfoil covered

with ice (6:3-4)

The specific problem (14 194-202) to be ana:yzed in this thesis is the electromagnetic scat-

tering from a dielectric-coated conducting strip of infinite length, as shown in Figure 1 The strp
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Figure 1. Two-Dimensional Scattering Geometry

is atbitrarily thin, has infinite conductivity o, and finite width w. Tke dielectric coat.ng has width

w, thickness A, permittivity ¢4 = ¢,£0 and permeability pg =y, o The incident field is a hnearly




polatized, uniform plane wave of unit amplitude having the electric field vector transverse to the

z-axis, 1.e., 1n the transverse electric (TE) sense (E in the zy-plane, H aligned with the z-axis)

1.8 Approach

The first task consists of reviewing the available literature concerning electromagnetic scat-

tering from coated objects The results are compiled in Chapter 11

The d task ists of developing the integral equations relating the scattered field to

the incident field The total field quantities must satisfy the Helmholtz equation as well as the

classical boundary conditions of ET =0 at y = -4 and ET and HT continuous across y = 4 (Fg

1) The results comprise Chapter 11l

The third task is to develop a moment method solution to the integral equations using physical

basis functions. The physical basis functions will consist of a forced wave and forward and reverse

z-directed surface wave components (19). Testing funct will be o pled point-matching
Dirac delta functions, creating an over-determined linear system of equations and a non-square

ped matnx. Computer algonithms will be developed to generate the impedance matrix

elements, which will be line and surface dimensional integrals involving Hankel functions of the
second kind of order 0 The integrals will contain singularities which must be evaluated in the

pnncipal-value sense The over-determined system will be solved in the least-square-error sense

4 h

using matrix p inversion t iques. The resuits may be found in Chapter IV.

The fourth task is to compare the output of the moment method algorithms developed in

the second task to the cutput from a standard moment method program using pulse basis/point-

anTnt

matching. The criteria for parison will be accuracy of the solution, computer ren time,

aad puter storage requi ts If physical bams functions work as anticipated, the accuracies
will be nearly identical, but the physical basis function solution will require much less computer

time aud storage than the standard moment method solution.




II. Literatuve Review

Much work has been done in the areas of “high-frequency” scattering theory —~ Geometrical
Optics (GO), the Geometrical and Uniforin Theories of Diffraction (GTD & UTD), Physical Optics
(PO}, and the Physical Theory of Diffraction (PTD) ave the most prevalent. These methcds
are called “high-frequency” because they are derived from asymptotic solutions to the scattering
equations mn the k. t as the wavelength of incident radiation becomes small compared to the
dimensions of scatterer. In this thesis, however, the scatter is on the order of a wavelength (a
few to tens of wavelengths in width) so the “bigh-frequency” methods are uot strictly apphcable

Therefore, only material deahing with the method of ts impl tation will be reviewed

The review divides into two distinct porticns material dealing with developing the exact scattering

integral equations, and that dealing with approximating the solution to the integral equation.

2.1 Integral Equations

The integes) equations relating the scattered elactric field E* to the incident electric field E*
may be derived ucing several techniquss; all are based on fundamental EM thecry and are exact.

In general, developing the integral equation is a two-step process

2.1.1 Eguvalent Currents As a first step, we may remove the conducting portion of the
scattering body and replace it with fres space and equivalent electric and magnetic surface currents,
J and M, oo the external boundaries of the body (2, 10, 14, 21). This is a direct application of the

surface equivalence thecrem (3:329-333).

The surfacs currerts are such that they radiate E* outside the conducting seattering body

and ~E' within it. This creates (necessarily) s vanishing field iside the conducting body, the
technique is sometimes tsferred to a3 the *pull field” approach (28) In addition, ths Relds radiated

by the surface currents must satieiy the sppropriate boundary conditions:




1. Continuity of the tangential electric and magnetic fields at a dielectric interface.

2. Vanishing tangential electric fizld at the surface of s perfect conductor.

In a simi , we may replace the dielectric portion of the scatterer by free space and
equivalent volumetric current densities. These volumetric currents muet satisfy the same boundary

conditions a3 the surfzce currents. Once the surface and volume currents are specified, the scattered

fields £’ may be easily found (21, 22). Tke problem 13 thus converted into finding the equivalent

surface cusrents J and M in terms of the incidert field E'

2 1.2 Integral Equation Formulatien The d step is to formulate the mntegral equations
for equivalent currents J and M. There are many ways to write the integral equations; the method
used is influenced by the nature of the scattering body, the polarization of the incident field B, or

even the personal whims of the author.

Kent (14) uses Rumsey’z Reaction Integral Equation for the specific cases of a finite-length di-
electric-coated wire, ar infinite dielectric slab, and a dielectric-coated conducting strip. Rogers (21)
uses the dyadic free-space Green’s function to write an integral equation defining the surface cur-

rents J and M. Use of dyadics is dictated by the arbitrary polarization of the incident field E'.

Rogers asserts that the resutting equation is general and csn be manipulated into Mitschang’s vector
and scalar potential function, the electric field integral equation (EFIE), the magnetic field integral
cquation {MFIE), ard the combined field integral equaticn (CFIE}. Huddleston (10) uses a CFiE
formulation in which the scattered field E* is expressed in terms of integrodifferential operators

involving dyadic free-space Green’s functions. Rojes (22 the inhomog dielectric

sylindrical scattarer; he uses the volume equival th (3:327-329) to define volumetric cur-

rent densities within the cy'.ader in a manner analogous to that involving surface current densities.
Again, Rojas’ zolution uses the dyadic free-space Green’s function in the final integral equation.

Arvas (2} uses the standard EFIE solution for the scattering from muliiple perfectly conducting and

loasy dieleciric cylinders of arbitrary crose-section, iacluding dielectric-coated conducting cylinders




2.2 Method of Moments

Once the integral equation is written, we mast solve it to find the scattered field E* in terms

of the incident field E' . As stated ezthier, no analytic, closed-form solution exists in general,

and we mus* «ploy numerical techniques to imate a solution. The preferred techmque,

Py

called the Method of M ts (9), is to transform the integra! equation into a system of linear
algebraic equations This is done by expanding the unknown currents in basis functions and then
introducing testing functions. Commonly, the same expansion functions are used as both basis and

testing functions; this is known as Gaierkin’s method.

2.2.1 Subsectional Basis Funct Basis functioas which exist only on discrete positional

subsections are known as subsectional basis functions (3-683) Examples include puises and piece-

wise si ids for ¢two-di ional z tries, and square and triangular patches for three-dimen-
sional geometries. Subsectional basis functions provide the flexibility necessary to analyze arbitrary
geometries where the nature of J and M is not known. However, solutions using subsectional basis
functions typically require a large number of them to achieve & given level of accuracy in the

solution.

Huddleston (10) uses two-dimensional triangular basis functicns and Grlerkin testing func-
tions to expand the surface currents for coated and uncoated sphezes, closed circular cylinders, and
flat-back circular cones. Rogers (21) uses bi-triangular basis functions for the case of coated and
uncoated flat square plates Arvas (2) and Rojas (22) use pulse basis/point matching to analyze

several varied two-dimensional geometries involving dielectric and/or conducting cylinders

Mont authors are eager to report agreement with measured and/or other published data but

seem less enthusiastic to discuss the number of sub-domain basis functions N or the computer time

and stozage requirements y to achieve their results. Only Rojas (22) states the number of

expansion functicns N and the p run-time needed to run his code. For example, he relates

that for a circular-shell dielectric cylinder, the system of linear tions to be solved is of order

4




N = 246 and the puter code requi tes to rux on a VAX 11/780.

2.2.2 Entire-Domain Basis Funciions Basis functions which expand the unknown surface
currents J and M into “modes” which exist over the entire scattering body are known as entize-
domain basis functions Examples include Fourier series and Chebyskev polynomials Entire-
domain basis functions require knowledge of the nature of unknown J and M, but can greatly

reduce the order N of the aystem to be solved (3.685).

Kent (14) uses a special form of the entire-domain basis function called the physical basis

function (PBF), introduced by Richmond in 1983 (18). PBFs can be used to

analyze particular structures which may be large in one dimension but which will require
only a small number of expansion functions for the unknown currents. The method will
have the additional property that most or all of the current components have specific
physical interpretations. ..

Specifically, Kent models the equivalent polarization and conduction currents

23 being composed of a ‘forced’ wave (which is similar o the classical physical optics
(PO) current) and two oppositely directed surface waves.

Using PBFs and Galerkin testing functions, the order of the system of equations is N=3, a very

small number indeed compared to subsectional basis functions. The price paid is the increased

complexity of the numerical integrations which must be performed to fili the 3 x 3 impedance

matrix.

For the dielectric-coated wire, Kent states that the PBF solution agrees well with the standard

moment method solution using tional piecewise-sinusoidal (PWS) expansion functions for

scatterer length greater than two lengths Some disagr t exists for shorter lengths; Kent
suggests that a traveling wave current exists on the structure which is not accounted for in the

PBF solution.




For the dielectric slab, the author reports that the PBF solution shows excellent agreement

with the PWS solution. Kent notes that the reverse surface wave component provides the dominant

scattered field B’ at near-grazing angles

2.23 Hybrid Basis Functionz Several attempts have been made to use basis functions that

take the form of asymptotic solutions to high-frequency scattering probl The goal is to reduce

the number of unknowns sufficiently so that the method of moments can be zpplied to electrically

large scatterers. This technique seems limited to perfectly electrically conducting {PEC) scatterers

Blue (5) ines a two-di ional (PEC) strip. He hypothesizes that the strip currents

may be well approximated by physical optics in the center of the strip, and by the Geometrical
Theory of Diffraction (GTD) near the edges. He thus expands the unknown currents as several
physical-optics components and several oppositely-directed diffraction components He allows the
PO currents to exist only away from the edges, but allows the GTD currents to exist everywhere
on the strip. He then solves for the unknown amphtudes of these components by forcing the total
current to satisfy (in a least-squared-error sense) the integral equation at M match peints, where
M is greater than or equal to the number of unknown coefficients. For a PEC strip that is 200

wavelengths wide, Blue achieves good results with just 17 basis functions and 17 match points.

Another hybrid technique involves using GTD cutrents where the scatterer is smeoth and
subdomain pulses near edges and other discontinuities. Burnside (7} analyzes a 24 PEC square

cyhinder using 16 pulses at the four corners and ¢ight diffracted currents, for a total of 24 unknowns

The unknowas are found using least-sq point matching. The results agree very well with a

standard rmoment methods using straight pulse/point hing with 56 unknowns,

Thiele and Newhouse (26) modify the generalized impedance matrix to include contributions
from GTD currents, with an emphasis on near-field interactions. Specifically, they investigate a
monopole on a PEC wedge, a monopole on a PEC circular disc, and a monopole near a PEC step

Inclusion of GTD effects allows Thicle and Newhaouse to reduce the size of the impedance matnx




ining good ag rd with d data They suggests that

.. a potential advantage of such an approach is that in many problems the impedance
matrix may be small enough to caiculate data at sufficiently many frequencies to obtain
time domain solutions via Fourier transformation...

Sahalos and Thiele: {23) extend the techniques to three di ions by analyzing the scattering
from a three-sided PEC pyramid After achieving encouraging results, the authors suggest that the
GTD-MM technique may be applied to 2 PEC pyramid with a dielectric coating on one or more

faces.

The hybrid techmques are similar to physical basic functions in that both approaches attempt
to exploit the expected form of the scattered fields. The two approaches differ in two important
respects, however. First, hybrid techniques use functions from the asymptotic high-frequency so-
lutions of GTD and PO while physical basis functions use functions from the correspondiag one-

dimensional scatt Second, hybrid techniques tend to be subsectional in that they use different

basis functions over different parts of the scatterer based on p ity to di inuities. On the

other hand, physical basis functions are entire basis functions and exist over the entire scatterer,

even near the edges.

2.8 Imphicattons to Problem ot Hand

Much work has been done in the analysis of the low-frequency EM scattering from two-

dimensional dielectric-coated conducting cylinders of arbitrary cross-section. The standard meshod

is to replace the unknown scattered field E* with unkncwn equivalent surface and volumetric current

densities J aad M, write integral equations for J and M, and find approximate solutions to the

integral equations using the moment method.

The dielectric-coated conducting strip is & specific case of the dielectric-coated conducting

cylinder of arbitrary croes-section. It may be replaced by the equivalent surface and volume current




(X}

p , and integral equations written to relate J and M to the incident field E'. We suspect

that currents are dominated by the “forced” wave and two surface waves that comprise the physical
basis functions, and that a moment method solution using PBFs should yield an accurate solution

while minimizi ter time and st i i

-3 P 5 q
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II. Theory

81 Scatiering Geomelry

Consider a perfectly conducting thin strip of finite width w and infinite length, coated on
one side with a material slab of width w and thickness h, as shown in Figure 1. The material
is charactetized by permeability ug = p.po and permittivity €4 = e,€0, where po and ¢p are
the permeability and permittivity of free space, respectively. u, and ¢, are, in general, complex

quantities with real parts greater than unity. If g, and ¢, are real, then the material is lossless

The time-harmonic incident wave is a transverse-electric (TE) polarized uniform plane wave,

with the electric field vector E in the zy-plane and the tic field vector H parallel to the

4

2-axis. The time dependence &% is d and d

1 4%

3.2 Integral Equations

The total electric and magaetic fields are composed of incident and scattered components

ET = E+E (Vfm) )

/T i+ 8 [A/m) ?

We define the incident field (Ef and Bt) to be that which would eztst if the scatterer were not
present and the total field (ITJT and ﬁr) to be that which exists in the presence of the scatterer.

The scattered field (E* and F*) is the thus the difference between the incident and total fields.

All fields must satisfy Maxwell’s equations for time-harmonic electromagnetic waves. Addi-
tionally, the scattering geometry dictates that certain boundary conditions must be met. The first

boundary condition requires the total tangential electric field to vanish at the conductor (8:34), or

mathematically, & x ET = 0 for |z] < Ladys= -%, where fi is the unit vector normal to the




conductor surface. The second boundary condition requi ity of the tangential electric

and magnetic fields acioss the material/frec-space interface (3:14-15)

3.2.1 Egusvalent Currents The surface and volume equivalence theorems {3, 8) allow us to
repiace the scatterer with free space and equivalent electric and magnetic currents which radiate

the scattered fields as shown in Figure 2. A conduction surface current density (8:34)

¥

Figure 2. Equivalent Currents

%J:

ax BT *HT [A/m) 3)

exists on the conductor (jz} < %,y = --;l) while equivalent polanzation electnic and magnetic

current densities (3:328)

Ju o= sIegip

jwes(e, — DET
M

Jwpe(pr = 1)HT




exist within the material (jz] < %,[y] < -;*) Notice the difference in units between the conduction
and equivalent current densities. 5‘, 5", and M*f radiate the scattered fields E* and H? in free

space.

3.2.2 Veclor Potentsals We may define a magnetic vector potential A 2s the integration of

the electric current density J against a kernel function (8:80):

/ / i@ :kah T df d7’

TX+yy+z2 M

Viz =P+ (y-y)P+ (-2 (8)
wy/Foto ©

The scatterer is two-dimensional, so T is not a function of 2’ (sec Eqs 3 and 4) and the
integration in 2’ may be evaluated analytically using the identity (3:581)

00 g=yaVEIe

—\/‘-z__z—-l-_i_zdt = —jrll‘(,z)(az) (10)
-0

where H‘(,z) is the Hankel function of the second kind of order 0 Furthermore, the currents exist
only on the strip and within the material (jz} < ¥ and |y] < %), so the magnetic vector potential

is then

- LIS \
Kew= [ [ 560 50 (oGP HG=v7) aay

The integration kernel
1y ~ ') ~)?
75 (lo/G=2F+ = 7F) (:2)

is the two-dimensional free-space Green's function (3.902), G(z.y;2', /), s0 we may equivalently

write




- L 2 I
A(:,y):/_*/_’ I, )Gz, y, 7',y )dz" dy (13)

The electric current density Jis composed of two parts, the one-dimensional conduction
current density J° {Equation 3) and the two-dimensional equivalent polarization current density
Jes (Equation 4). Thus, by superposition, the magnetic vector potential may be writien as the

sum of two integrals

Kew = [ i F() e, i 33"
LIS I
+ J&\¥) Gz i v) de' dy
L[, 3 nsteme e

Notice that ¢ = —3- in the line integral of Equation 14.

By duality (8:98-100), an electric vector potential F can be defined as a function of the
equivalent magnetic current density M = M

F(z,y) = /i /i M (2, ) G(z,p, 2, ) d=' dyf

i R

Notice that there is no o; | magnetic current on the strip.

823 Scattered Fields n Terms of Vecior Polentials The scattered fields (E* and H) are

related to the vector potentials (A’ and F*) and current densities (J and M) by (8:99)

1, - =
-vx!‘+’.w°\vxva.—J) (16)

- 1 -~ -
X A4 =—=(7 x F-M 17
v +on(v vx ) (17)

Equations 16 and 17 may be simplified by noting that the electric and magnetic vector potentials

satisfy the inh Helmholtz equations (8:77)

(5

VA+BA

V*F + B3F




and making use of the vector identity ¥ x ¥ X ¥ = V(¥ ¥)— U°¥ (3:927) We may then recast

Equations 16 and 17 as

=y _ a_ - 1 3
E T xF = jupoA + Tore v(v-A)

= - - 1 ~
H’ X A = jwegF + —— F 21
v Jweo JUIIOV(V ) en

To make use of Equations 20 and 21, we will need to define the the gradient of the divergence
(V{7 - ¥]) and the curl (V x ¥) operators acting or A and F Noting that £ =0, the elementary
operators (gradient, divergence, and curl) acting on arbitrary scalar and vector functions ¢ and
b= ek + $p§ + Vi, respectively, are given by (3:925)

8
o + 9_

s 8&”
v w*‘#
v

vy

£9¢:

(o)
8y 8:

8z 8y

We construct the gradient of the divergence operator using Equations 22 and 23 as

™ d 8'!’:
V(- ¥) a,,) (8: + ;yl)
8¢, | 8%, 8y, , 9%
i{ st F"ay} + 9{&@ + Ty’l} (25)

3.2.4 Veclor Potentsal in Terms of Cxrrent Densities It is convenient to think of the vector

potentials as being posed of three comp ts, each radiated by one of the three current

densities 5‘, 5". or N1, Then

A(z,y) = RAizy)

¥
= ij Ji(2") G2,y x’.-ﬁ)dz’
-5 2

Azy) = R41(Y) + $4K(2.)




./-ij_i {i]:'(z', V) + 91,"(:’, V’)} G(z,y,«',y)dz' dyf @

Fe(z,y) 2F(z,y)

= i./.i[-i M:'(z"’/)G(I,y,z’,!/)dz,d‘/ (28)

In Equations 26, 27, and 26, the current densities are functions of pruned vanables, and the Green’s
function, G, (see Equation 12) i» a function of pnmed and unprimed cocrdinates In the following

development, the arguments of the current densities and G are suppressed for brevity.
To use Equations 20 and 21, we need the curl and the divergence of the gradient of the three

vector potential components. Noting that A = A = A{f = F7! = FJ? = 0 and using Equations

24, 25, 26, 27, and 28, we wnite

ok (e - )

vxf = {s5 - ’a:}F" (30)
v(v-A) = {8 A+ ofa A‘}

+y{8:8y . afau“' z;z""} @n

w(v-F) =0 (32)

‘We may now substitute Equations 26, 27,and 28 into Equations 29-32 to yield

[

Sy J.x

- L
IxA i{—-&— J’de'-r—/ / IPGde'dy

2 / . j_*J:'Gd:'ds/} (39)
ot = (s8] [} s
Q{E"—,/_’J:Gd:’ + F/_%/ JNGardy
o o)

v(v-4)




g2 /g JiGdy' + / / JAGd'dyf
y 928y J_x M 8z8y
—— pad !
B /_g/é}, Gdz dg/} (35)

v(w-F) = (36)

3.8.5 The Scattered Fields Equations 33-36 can be decomposed 1nto parts associated with
JE, JEt, Jgt, and Mt We can then find the scattered electric field E* as a function of JZ, J¢,

JJ1, and M1 using Equations 20, 34, 14, and 35. This gives

B E'(JS) + E'(J) + B + E(MY)

5
—jupoi/ JEG 2!
-%

= ii‘/? JEGds + "9—2/% JGds
jweo | "8z Jox £ y&z&y - Chdt

- 3 s
BUM = gt [ j JNGdr'dy

TNLEO{ w/ / I g 8y/ / J"Gd:dy}(ss)

ﬁ'(],") —jw;toj'r/ / J1Gdz'dy

+jjlc;{‘8x8y/ _/ z Gd:dd+yay,j / J"ded,/}(w)

5

E(MY) = -xggi_/ M Gds ’dJ+ya/ / M Gdz'dy 41)

(2)

Equivalent expressions for the scattered magrnetic field A’ are considerably simpler since
v(v: i‘.) =0, and may be found using Equations 21, 33, 5, and 36

B = -in

"Iz ~ip- / f JUGdz' dy
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~ DI ]
e i% /_ \ /_ (e (45)

BMY) = et / : ] ZM;'Gd:’d;/ (46)

We can restructure Equations 38-41 to find the z and y components of E Noting that

k3 = wppeo, we find

E %E} + JE;

iy %
B FLEO{&“;—}/*J:GM
2

P ,-%co{"“ } / / G dy

IACH)] = j / JHGd'dy

Jweo 0zBy

EMY) = - / \ / AL

J € l 82 ? € !
EUD = e 8y / JEGdx

B = —— / / JHGde'dy (53)

Jweo 8:8y

B3ty Jmq{ W} / j JGde'dy (54)

EM) = & /_ \ /_ Mrcea (55)

3.2.6 The Final Integral Eguations The material coating of intezest in this thesis is a non-
magnetic dielectric. Then g, = 1 and by Equation 5 no eguivalent magnetic current M exists and
the scattered fields 2re given by Equations 4345 (for H}), 48-50 (for EZ), and 52-54 (for E}) We

now wish lo write a set of integral equations in which the only unknowns are the current densities




Jet and J¢. This set is

= 1 _ger / / ot
E juco(;..-l)"’ szo{[ 3:2] i Gdz'dy
et 2 3 ’
+8:8y_/ / 5 Gdzdg/-i-[l: ,]/ J,Gdz}
1 1 .

Foroler =Y zwco{ozoy/ / G ady
+ e+ 2 /% J/* I Gdrady + —-/ I G

0T 3y? y 828y J_y "

"+—/ / JHGd'dy

8t 0 aut 8 (¥ o
—EL%]_*J’ Gdr'dy + 87[§J,Gdz (58)

Equations 56-58 are three coupled integral equations with unknown quantities J£f, J¢¢, and

J£, and agree with Kent’s development (15). In Chapter IV, we apply the method of moments to

find the unknown currents.

8.9 Two-Dimensional Scattering Width

We are interested in finding the two-dimensional scattering width ozp of the dielectric-coated
conducting s'rip, both monostatically (in the direction of the incident wavs) and bistatically {not in

the direction of the incident wave), as shown in Figure 3 The scattering width iz given by (3.577)

- 2
. E*
ozp = lim [ | I (59)
00 Il‘l

If we let the iacident plane wave have umt amplitude, |§‘{ = 1, then Equation 59 becomes simply
o2p = lim 2xplE) (60
2p = Hm

Using Equations 47-55, and assuming the choervation point {z,y) hes outside the scatterer,

we may move the derivatives inside the integrals (This iz valid ince the singulanty of the Green’s




§ Observation Point(z,y)

R

Figure 3 The Scattered Field

function 1s not in the region of integration.) Substituting expressions for %;?—, -g;{,, and L,— (see

Appendix E), we find the scattered electric field is given by

3 (2), Ay2
Ezy) = 2 {/.;, I5(=) [——” L H§”(kok)] @

irx , H®O(koR —)? ,
+f [ e [—'—‘—) - (”—Ri’—)ﬂﬁ’(kom] de'df

kR
Ary — ')y -
+f [ et ”’Hé”(kon)dz'dx/} (o1

-z A
= {/f 75 E=E D oy
+/§-/§ J:'(z', d) (8 - z')(zv - !/) ng)(koﬂ) dr' d!/
)
+f, ] ) [” Pl (-2 H&”(koﬂ)] dz'dsf}(sz)

where R= /(z -2} +(y - ¥)°.

We are interested in the scattered field far from the scaiterer, i.e., in the hmit as p — oo,
We may then replace the Hankel functions by their lazge-argument asymptotic forms (17.364). For
amplitude terms, we may replace R with p, (z — 2") with pcosd, and (v ~ /) with psing. For
phase terms, we may replace R with p — ' cos$ ~ 1/ sin . We also see that as p ~ oo, the terms

contaning Ilf’)(l:oR) become subdominant to terms containing H?)(boR) and may be neglected




We may then write

Elzyy) = “% ;:o_ﬂ e ker=37/4) gn g 1 (63)
Eyzy) = ":Ilo ";%op enilbor=3v/4) (g4 | (64)

1= {sin¢ / ¥ Ji(2',yf) erbole" cosd=bund) gyt
-%
+s;n¢/i/i J( o) efalz’ congdy’ mnd) gt dy

3 : ,
~eoss | J ) e ""')d:'ds/} (65)
If we express the scattered electric field in cylindncal coordinates (3 922), we find

E, = cos¢E; + singE, =0 (65)
E} = ~tindE} + cos$E}

—wpg 2 e~ilkap=37/4) (67

4 xkop

As expected, the scattered field has no radial component in the far field

Plugging Equation 67 into Equation 60, we now write the two-dimensional scattering width

WhoTlo ] Ilz

op =
2D 3

(68)

Once the currents J£, J£¥, and Jg! are found, Equetions 65 and 68 may be used to find the

scattering width of the dielectric-coated conducting strip for any observation angle ¢.
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IV. Moment Method Solution Using Physical Basis Functions

Equations 56-58 define the unknown current densities J;*, J;¥, and J{ in terms of the known
incident field components E}, E}, and H}. Unfortunately, these integral equations cannot be solved

analytically. We apply the method of ts (9) and transform the integral equations into a set

of linear algebraic equations which can be solved numerically.

4.1 Basis Functions

The first step in the method of moments is to select a set of basis functions in which to expand

the urknown quantities.

N
Izy) = Y anfa*(2.3) (69)

n=1

N
J;'(z, v) 2 bn fn.(zr )] (70)

n=]

N
Hea) = 3 k@) )
n=)

We choose to use “physical basis functions” as defined by Richmond (19, 20} and Kent (14) The
physical basis functions consist of a “forced” wave and two oppositely-directed surface waves (25)
The forced wave is the field that would exist in the dielectric if it were infinitely wide (w ~ o0)
The surface waves are the dominant zero-order TM* surface waves which have a cutoff frequency
of zero. The forced wave and surface waves are developed in detail in Appendix A In terms of the

three physical basis functions, the field and curzent components in the dielectric may be written as

(e, )= ke E An Cen 8in [f.. (v+ %)] einns @2

Joe, (e, ~ 1) &

Jes(z, 2
Ez'(z,y) = j_urt':((t—i:-v-)l—) = "Eﬂ Ap cyn cOS [f.. (y+ g)] e~ites (13)

H (=)= 23: An 50 co8 [I» (v+ 2)] eins {74)

ne=l
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Jiz)=HT (:.--’23) = 23: Ap Cinei00E (75)

n=l
The terms A, describe the amplitudes of the physical basis functions relative to each other The
“field amplitudes” czp, cyn, 80d ¢sn describe the relative amplitudes of the individual field compo-
nents of the physica! basis functions. The field amplitudes are defined by the form of the physical

basis functioas; they are developed in Appendix A and given by

€1 Cez Cs3 Jeosfy

1 C2 &3 | T | sinbg ot

€1 G2 63 Velne -1 -1
An important property of the physical basis functions, and one that sets them apart from pulse
bases, piecewise-simsoids, etc., is that they serve to couple the z—, y— and z—directed field com-
ponents Because the physical basie functions individually satisfy Maxwell’s equations, if we krow
ET then we automatically know E’{ and HT. So instead of needing to solve for the 3N unknowns

of Equations 69~ 71 (ay, a3, ..., ¢n), we need only solve for the three wave amplitudes A,.

Propagstion constants f, and g, are chosen such that n = 1 represents the forced wave, n =2

rep ts the +z-directed surface wave, and n = 3 represents the —z-directed surface wave f,

and g, are real and functions of the relative permittivity ¢, and thickness & of the dielectric, and

the angle of incid 8 and frequency w of the incident wave. Specific equations for f, and gn are

given in Appendix A; in this chapter they are treated as known const

Expanding the currents in Equations 56~58, we find

Ei(z,y) = z’: An Cen 8in [f,. (y+ .g.)] eitnr
n=1

(e =1) I:}+-£;][/s i A,.c...-in[f,. (;/*;)] I Gd dy

n=1

-(tr-l)gg%//s i An Cyn €08 [In (:/+%)] et G dz' dy

n=1




_ch., [ 8:7]_/ Z Ancinei ¥ G dx
Efzy) = 2 An Cyn COS [j,. (y+—)] e nT

n=1

0 [[ X dnceasn [ (4 5)] v Gavay

n=1

(1) [&g+:v,] // Z An cyn co8 [f,. (,/+§)] T G dr' dyf

n=1

1 & e

Hizy) = "; An Can <08 [fn (”+§)] .
;98-// i An Czn tin [f.. (x/+-g)] 17 G dy' dy
/j Z Ancyn cos[f.. (;/-;— )] eI G dy

n-l

d '
—— ~feaz ! 7
+8v./c ,.E=1 AnCine Gds (79)

where G = -Lh',(,’)(k,\/(z - 2/)2 4 {y — ¢)?), region S is the cross-sectional area of the dielectnc

slab (|z'] € %,1¥/] £ £) and contour C lies along the conducting strip (Jz'] < 2,y =-4)

4.2 Testing Functions and Match Ponls

In order to obtain a system of linear equations to solve for the three unknown wave amplitudes,
we must define a set of testing functions. We choose to use M (where M >3) Dirac delta functions
which “fire” at the points {(z,1)m}¥., as the testing functions; this is sometimes referred to
as “point matching® where the points {z,y)m are called “match points” This is equivalent to

enforcing, in & Jeast-squares sense, ﬁr(z, Yim = ﬁ'(z, YIm+ f:’(z, Ym, m=1L M.

The M wmatch points may lie either on the conductor or within the dielectric slab. No
guidelines exist to tell us where to place the match points, 8o we must write the moment method

algorithms to allow many different configurations of match points and then look for convergence




to a common solution. However, we must enforce some order in the match point location, so we
partition the dieleciric slab into a grid of rectangles, as shown 1n Figure 4, with each rectangle of
size Az x Ay. We pick Az, Ay = Ag = /57 Ao such that an integral nurmber of rectangular cells

will fit inside the dielectric. Then we may write

f—Az—]

(/zz,m)

Figure 4. Match Point Locations Withir Dielectric Slab

(1+1)Az (89)

(J+Day (81)

We then pick IxJ match points in the interior ¢ f the dielectric and I match points on the conductor,
for a total of M = I(J + 1) match points. Wr may then codify the location of the m** match point

33

(tr V)M = (21,![,)

whete = —% +iAz,

h .
u=-3 +JjAy,

m=(a-1)J+1+j+1




For example, if J = 2 and I = 4, then there are M = 4 x (2 + 1) = 12 match points, and the fifth

match point is given by (z,9)s = (z2,11) = (- % +24z,-% + Ay).

4.3 System of Linear Egsuat

The systems of linear equations given by Equations 77~ 79 may be written in matrix form as
VEYE o goaeg (86)

The voltage matrix V=7+* 15 a M x1 vector whoee elements are defined by

Ez,9)m
EYz,¥)m (87)
Hi(z,¥)m

The current matrix I is 8 3x 1 vector composed of the unknown wave amplitudes defined by

{I» = As)3.,. The impedance matrix 2%+ is & M x3 matrix whose elements are defined by

Zon €zn iR [fn (v, + g)] edans
{(Cr -1 [kE + %] / | Cen sin [f.. (:/ + g)] eI G dz' dy
+(er - l)af_;;// Cyn €08 [I., (x/ + 5)] 195" G dz' dy
TR
€yn €08 [fn (W + -g)] e~item
{(c, -1) 5?8—;///5 Cen 8in [f,. (g/+ %)] i Gdrdy
=) [+ 2] [ ameosfn (v+ D) reroarw

I 1 % on cos{fn (V,,_ )] e-i:-g'Gdzl}
jwe, 8z y (zy)=(2.y,)

C4n €OB [!n (VJ + g)] einTiy

{jwto(zr - l)cm%]/sﬁn [[,. (1/ + g)] G d2' dy
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~jweg{er = l)c,,.-g-// cos [I,. (x/ + -’1)] eI Gz dy
8z s 2
+c,,,oi‘/ eIn'G dz'} (90)
vie (=m=tees)

A col ional t method solut tes a square impedance matrix, and the unknown

&

vector I is found by inverting the impedance matrix Z. Here, hcwever, we have a non-square

4

imp matrix, ind

ting an t of t (This 18 anal. to the

9 S

problem of finding a “best fit” line given more than two points 1n a plane.) As suggested by
Sarkar (24), we will solve for I in a least-squared-error sense by multiplying the matrix equations

by the conjugate transpose of Z, 2°7, yielding
2'TV = 2°TZ1

2°TZ is a 3 x 3 matrix which can be inverted (f non-singular) and I is given by
iZTZ 2TV =1

The “goodness of fit” of the solution is determined by the residual r, given by
r=V-21

We may define an error metric as the average relative error, which is given by

Tm

AvgRelError = v

L
i

m=1

4.4 Impedance Matriz Z5¥*

The elements of 25¥* zre given by Equations 88-90. Unfortunately, all of the surtace inte-
grands are singular at the match point (z, ¥)m and must be integrated with great care. Additionally,

the integrards are functions of = and y, which create probl when we attempt to differentiste

them.




The solution is to first define a region Sy (where the subscript m indicates dependence on
match point location) about the singular match point such that the integrands in region S—Sim

are not affected by the singularity.

Then we can exploit symmetry and small-acg polynomial exp to analytically

evaluate integrals in region Sy and numerically integrate in region S=Sim.

Second, Barksdale (4) suggests the change of vanables u = z'—z and v = y'—y to move
the singular match point to the origin, allowing us to move the z and y dependence out of the
integrand. While the limits of integration are still functions of z and y, this dependence is moved
from the inner region to the outer region; instead of integrating over regions S—Sym and Sim in

zy-coordinates, we now integrate over regions 5, — 5, and $; m uv-coordinates

A more complete and detailed devel t of i d matrices Z25¥*, as well as their

P P

rather complicated form, is p ted in Appendix B.

45 Two-Dimensional Scattering Widih

Once the amplitudes of the three physical basis functions are found, we know the equivalent
polatization and conduction currents and can use Equations 68 and 65 to find the bistatic two-

dimensional scattering width o3p as a function of the observation angle phs, as depicted in Figure 3

The form of the current expressions, given by Equations 72-75, allows us to evaluate the

integrals of Equation 65 analytically (the evaluations are very simple), so that g2p is proportional

to the magnitude squared of the sum of three algebraic expressions corresponding to the three
physical basis functions. This sum is
3 i I"-z (kocosd — )l
I - ~jkekung A an 0 In
¢ "’:2“ "TE(kcosb—gn)
jweg(er ~ 1) ,
m [c2nle 8in d — eyndy \‘Mﬂ} (95)
whete (= PPN [k sin dain(fah) = fa cos(fuh)) + fa

{c.,. sind +
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Gy = fHoAn e ko sin gain(fah) + fn cos(fnh)] — skosin 6 (%6)

Note the sin(z)/z envelope which is dependent on the strip width w An advantageous feature 1s
that we can isolate the contribution of each of the three physical basis functions to the overall o2p.
For instance, we expect the scattered fields due to the “forced” wave to be maximal in the specular

direction.




V. Results and Conclusions

The equations developed in the Chapter IV were coded in standard FORTRAN and compiled
and executed on a mictoVAX 3+ computer using the VMS version 5 3 operating system ‘The
program, called PBFSTRIP, reads geometry and material parameters from an input file, generates
the impedance and voltage matrices, solves for the unknown current vector (using Irvin’s matrix
inversion routine (11)), and writes the surface wave parameters, solution errore, strip and dielectric
currents, and bistatic scattering width to output files A description and source-code listing of

PBFSTRIP may be found in the supplement to this thesis.

In this chapter, we present some results from running PBFSTRIP and evaluate its perfor-
mance We investigate the convergence of the solution as the number and configuration of match
points is varied We compare the accuracy of the results and execution time to data provided by Dr

Kent of Mission Research Corporation, using a pulse-Galerkin t method mmpl tation

P

We expect the physical basis functions to accurately represent the conduction and polariza-
tion currents near the middle of the scatterer, but not near the edges where the scatterer docs
a0t resemble an infinite structure. Additionally, the physical basis functions do not mode! ...

diffractions from the corners of the diclectric slab and the edges of the conducting strip.

We found that only the Z% imped matnix needed to be included in PBFSTRIP and
that 2%, and Z7,, contributed nothing to the correct solution. We surmise thie is because the

most important boundary condition that must be met is that of vanishing tangential electric fietd

on the conductor, ET(z,—2) = 0, which only the Z%,, impedance matrix add directiy.
= 2

P

5.1 The Run Matriz

We wish to observe the behavior of the results as the input parameters vary. The input
parameters consist of relative permittivity ¢,, slab width w and thickness A, and angle of incidence

6, measured counterclockwise from the positive y-axis. We thus generate a run matnx by defining




Case | e | w/do [ A/Do [ 6 {deg) | Comment
0 5 5 0.85 -30 Baselhine
1 2 5 0.05 -30 Small ¢,
2 8.28 5 0.05 -30 Large ¢,
3 5 3 0.05 -30 Small w
) 4 | 5| 10 loos| -30 |Largew
' 5 5 5 0.025 -30 Small b
R 6 5 5 0.10 -30 | Lurgeh
7 5 5 0.05 0 Normal Incidence
.o 8 5 5 0.05 -60 Near Grazing Incidence
- 9 5 ) 0.05 -85 | Grazing Incidence
ST Table 1. Run Matrix
;.. . ' a bascline configuration and perturbing the input parameters individually about the baseline value
L The run matrix is shown ir Table 5.1.
i .
. i 5.2 Convergesce of the Solution for Various Metch Posnt Confiqurations
. . L2y
N Although PBFSTRIP is wntten to accept match points both within the dielectric and on
) the conductor, we find experimentally that only the match points on the conductor aze sigmificant
Do This 1s probably due to the dominance of the strict boundary condition on the strip {vanishing
ﬁf) The guestioz remains as to low many match painte to take on the conductor, and how they
: should be distnbuted
, We ran several cases at normal incidence, 6 = 0%, a geometry that will give us forward and

reverse surface waves (FSW and RSW, respectively) of equal amplitude To achieve this, we find
we must have a symmetric match pornt distribution with respect to the left and right edges of the

strip. This is equivalent to weighting the FSW and RSW equally.

Using symmetnie distnibutious, we wish to determine the effects of different rumbers of matck

points, and how close to the edges we may place them. We repeated each case in the run matzix

with 5, 9, 17, and 21 match points on the conductor to test for convergence of the solution. The
. . results for the baseline Case 0 are presented in Table 5.2; the other cascs show similar trends

“Range” refers to the portion of the strip over which the match points are distributed and CN 1s
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Range Wave Amplitude CN | Avg Rel Error
Forced Wave FSW RSW
0.3-0.7 | 10674 —22.4° | 0.000646£ — 59.6° | 0.001341£106.8° 1 46.3 0 000542
0.3-0.7 | 1.067Z - 22.3° | 0.000310Z — 86.1° | 0.001045Z 95.1° | 15.3 0.002667
0.2.0.8 | 1.067Z — 22.4° | 0.000309Z — 88.4° | 0.001163£100.4° | 196 0.005103
0.1-0.9 | 1.070Z ~ 22 4% | 00004714 — 78 6° | 0.001491£116.1° | 17.7 0 012775

Table 2. Baseline Case Results for Various Match Point Configurations

the condition ber of the normalized 3x3 i d matrix

P

Several conclusions may be drawn from Table 5 2. First, the forced wave amphtude is insensi-
tive to macch point configuration, but the FSW and RSW amplitudes fluctuate moderately. Second,
the RSW amphtude is greater than the FSW amplitude, which is not surprising if we think of the
mcident wave “feeding” the RSW at the right edge of the slab more strongly than the FSW at the
ieft edge. Third, the normalized impedance matrix is numerically stable (low condition number)
for all match point configurations Fourth, the average relative error (see Equation 94) increases
with the number of match points, but does not become unacceptably large The overall conclusion

is that the physical basis function solution converges even for relatively few match points

5.8 Accuracy of the Solulion

Convergence of the solution is only desirable if it converges to the correct values. We use

data provided by Dr. Kent from a pulse-Galetkin code as truth data, and look for agreement

both in the currents and in the scattered far-fields. All cases defined in Table 5 1 were run for
M =5,9,17, and 21, and the currents and far-fields for the PBF and pulse-Galerkir solutions

overlaid in a common format. We compare PBFSTRIP and pulse-Galerkin results for the extremes

of M =5 and M =21, these results are shown in Figures 5 through 14. Each figure is organized
as fellows The upper left graph shows the conduction current J. along the conducting strip. The
upper right and lower left graphs show the z-directed and y-directed polarization curreats, J7; and
J1, respectively, along the middle of the dielectzic slab. The lower right graph shows the bistatic

scattering width oap where the bistatic angie ¢ is measured counterclockwise from the pos:tive
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Figure 5. Case 0: ¢, = 5.00, w=50Xq, h = 005X, 6 = ~30°
z-axis.

In Figure 5 we see that the conduction cusrent J. predicted by the PBF and pulse-Galerkin

solutions grossly agree, but there ate differences on the crder of 10% at five places on the strip.
Additionally, the pulse-Galerkin J. correctly vanishes at the strip edges while the PBF J. does
not. The pulse-Galerkin J7, is an almost constant 10-20% below the PBF JZ,, but the Jocations
of the “hills and valleys” agtee well. Again, the pulse-Gaierkin J7, disappears at the edges while
PBFSTRIP {ails to predict this. The pulse-Galerkin J2, and PBF JJ, agree very closely. The
bistatic scattenng widths predicted by the two solutions agree very closely in the number, locations,

and widths of the main and side lobes. Both methods predict the main lobe in the specular direction
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Figurs 6. Case 1: ¢, =200, w = 50g, h = 0053, 6 = ~30°

of ¢ = 120*. The two solutions overlay almost exactly (within 1-2 dB)) for ¢ between 30° and

150°, aad are within 3 dB for the near-grazing bistatic angles 0° < ¢ < 30° and 150° < ¢ < 180°

Notice that for Case 0, M =5 agrees more closely with the pulse-Gazletkin code than M =211n

predicting the far-fields.

Case 1 is illustrated in Figure 6. Permittivity ¢, is small, and the polarization currents are

correspondingly lower than in Case 0. The strip

tion current J. predicted by the PBF

and pulse-Galerkin solutions show the same rough equivalence as seen in Case 0 The scattering

widths predicted by the two methods overlay almost exactly, although the far-field PBFSTRIP

rulls are deeper than the pulse-Galerkin nulls QOtherwise, the largest disagreement is about 5 dBX
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Figure 7 Case 2: &, = 8.28, w = 5.040, h = 0 052, § = -30°

at ¢ = 20°

Case 2 is illustrated in Figure 7. Permittivity ¢, is large, and the polanzation currents are
much higher than iz Case 0. The strip and polarization currents predicted by the two methods
show the same charzacteristics as noted for Cases 0 and 1. The far-field disagreement 1s about 4 dBA
for 0° < ¢ < 45° and 150° < ¢ < 180° and the outermost nulls are displaced about 4°: otherwise
the far-fields overlay almost exactly.

Case 3 is depicted in Figute 8. Strip width w is small, ang the far-field lobes are corre-

spondingly w.der than in Case 0. The PBFSTRIP and pulse-Galeskin conduction and polatization

currents show qualitatively poorer agresmert than for the orevious cases, although A =21 agrees
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Figure 8. Case 3: ¢, =5.00, w= 30X, h = 0.05)y, 6 = —30*

more ¢losely than M = 5. The far-fields agree very weil, for M =21 the maximum disagreement 15
less than 2 dB) over the entire 0° < ¢ < 180* bistatic range. When M =5, however, the far-fields

disageee by s much as 10 dBA for 0° < ¢ < 35°,

Case 4 is shown in Figure 9 Strip width w is large and the far-field lobes are correspondingly
niarrower than in Case 0. The PBFSTRIP and pulse-Galerkin currents are roughly the same. The
far-ficlds overlay almost exactly except near grazing (0* < ¢ < 45°, 155° < ¢ < 180°). However,
there sy be a problem with the pulse-Galerkin solution in this case, as evidenced by the very
deep null at ¢ = 8°%; all other cases have a nearly constant scattening width when 0° < ¢ < 30°

This null is suspect because, due to the large width of the slab, the pulse-Galerkin cell size had to
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Figure 9 Case 4: ¢, = 5.00, w = 10.0A0, h = 0.05X¢, 6 = —30¢°

be raised above the convergence threshold of A4/10 to A4/9.

Case § is illustrated in Figure 10. The slab is half as thick as in Case 0. As before, the
PBFSTRIP and pulse-Galerkin currents are roughly equivalent, although the PBFSTRIP J7, is
neatly twice as large as the pulse-Galerhin J7,. The far-fields overlay almost exactly except for
0° < ¢ < 50°, where the PBFSTRIP scattering width 1s 2s much as 5§ dBX lower than the pulse-
Galerkin scattering width. Also, the PBFSTRIP nulls are 10-15 dBA below the pulse-Galerkin

nulls.

Case 6 is shown in Figure 11. The dielectric slab is twice as thick as in Case 0, although rot

thick enough to allow higher-order surface wave modes to cut on (;\L' < W}-‘-'T) For the puise-
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Figure 10. Case 5: ¢, = 5.00, w = 5.0), h = 0.025), § = -30°

Galerkin solution, we are forced into using a cell size of Ay/5, so the pulse-Galerkin results are
suspect Stll, the currents predicted by the two methods agree fairly well, although the currents
appear to be “shifted” spatially on the z-axis by about 0.25A9 The far-fields agree fairly closely,
except in the region 25° < ¢ < 50° where the PBFSTRIP scattering width is 10 to 15 dB beloew

the pulse-Galerkin prediction

Case 7 is depicted in Figure 12. The slab is illuminated at pormal incid (6 = 0°), and
the main lobe is in the backscatter (¢ = 96°) direction. Both PBFSTRIP and the pulse-Galerkin
solution show the expected left-to-right symmetry in the currents. This geometry allows us to

clearly see the effects of the three physical basis functions; the forced wave currents are exclusively

38




100 y

80

4]
Y
1
4 2 ’g\ ;
60 \
40 kit Y

20

N (mA/m)

Q
—02.5 ~-1.5 -05 05 15 25 -25 =15 -05 05 15
X (h) X (A)
Bistatic Scattering Width

80 M

60

40

20

-15 -05 05 1.5 2 90
X (%) ¢ (%)

Figure 11. Case 6: ¢, = 5.00, w = 5.0X9, h = 0.10, 6 = -30°

z-directed and their phase 1s constant with respect to z, and the surface waves form a pure sinusoid

pattern “riding” on the forced wave.

Another current component 1s evident in the pulse-Galerkin J,, probably due to diffraction
effects from the strip edges. The far-fields agree for 45° < ¢ < 135° but differ significantly for
bistatic angies closer to grazing. PBFSTRIP predicts two nulls in the angular region 0° < ¢ < 45°

while the pulse-Galerkin solution predicts —5:: 2 dB) for 0° < ¢ < 40°.

Case 8 is shown in Figure 13. The slab is illuminated at 60° from normal (6 = —60°) The
PBFSTRIP and pulse-Galetkin methods both predict a current distribution consisting of a low

spatial frequency component with a “ripple” riding on it. This can be explained by a strong reverse
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surface wave “beating against” the forced wave, and the iow spatial frequency is determined by the

difference in their r-directed phase co! . This corresponds to a “beat” wavelength of 5 7620,
corresponding fairly closely to the peak-to-valley distance of about 1,749 shown in Figure 13 The
far-fields agree faxrly well except for 0° < ¢ < 45* where the two solutions disagree by as much as

10 dBA for 0° < ¢ < 35°.

Case 9 is illustrated in Figure 14, The slab is illuminated at very near grazing incidence,
§ = —85°. We sce the same “beat” phenomenon as in Case 8, but now the “beat” wavelength
is 23.3)¢, much longer than the stnip width The PBFSTRIP and pulse-Galerkin currents are

roughly equivalent except for a large, but uniform, disagteement in the J¥, The two scattering
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width predictions show the same trends and lobing patterns, but the PBFSTRIP scattening width

prediction is I to 10 dB below the pulse-Galerkin prediction.

&4 Ezecution Times

The real advantage of using a physical basis function solution is the reduced puter time

and y required when pared to subsectional solutions, such as the pulse-Galerkin tech-

nique considered here. The execution times for the ten test cases given in Table 5.1, as well as the
dimension N of the pulse-Galerkin impedance metrix, are shown in Table 54 Foth codes were

run on a microVAX 3+.
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Figure 14 Case 9: ¢, = 5.00, w = 5019, h = 005X, § = ~85°

The PBF solution execites about 10 times faster than the pulse-Galerkin solutions More
importantly, the PBF solution does not depend strongly on the size of the scatterer, while the
pulse-Galerkin solution execution time increases greatly with scatterer size.

The pulse-Galerkin solution uses most its execution time in solving the N x N impedance
matrix by Gaussian elimination As reported by Woodworth (27), this time is proportional to
N3, The pulse size should be no larger than 1¢/10, where Ay = Ao/\/z; is the wavelength in the
dielectric, so N is proportional to the size of the scatterer. Additionally, “heavy” dielectrics (large

¢-) Tequire more pulses than light dielectrics, so N also increases with increasing e,.

The PBF solution expends most of its execution time in petforming numerical integrations
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PBF Pulse-Galerkin
CPU (sec) | N | CPU (sec)
23.5 300 286.4
24.1 300 285.3
231 300 281.4
14.7 180 838
25.0 540 1617.5
23.7 300 2851
24.3 420 799.8
212 300 203.8
239 300 204.6
23.8 300 296.4

Qwﬂﬁa‘hbﬁwb‘oz

Table 3. Run Times: Physical Basis Function ve Pulse-Galerkin Solutions

to fill the 3x M impedance matrix. Neglhgib'e time is spent “normalizing” the impedance matrix
{multiplying by its conjugate transpose) and solving the resultant 3x 3 system of equations. The
integration time 1ncreases with scatterer width, which is evident in Case 3 but not in Case 4, where

the PBFSTRIP’s integration algorithm increased the Gaussian quadrature node spacing rather

than the number of nodes.

55 Components of the Far-Field

The use of physical basis functions allows us to gain some insight about how the different
scattering mechanisms contribute to the total scattering width as a function of bistatic angle ¢
Figure 15 shows the total scattering width ar . the contributions from the forced wave, FSW, and
RSW for the baseline Case 0, M'=5 We see that the forced wave strongly doininates the scattering

width for 35° < ¢ < 150°, being nearly 30 dB above the surface wave contributions at the main

lobe. The surface wave contributions dominate the scattering width at near-grazing angles; the

FSW dominates for 0° < ¢ < 35° while the RSW dominates for 150° < ¢ < 18G°. Another effect of

the surface waves is to counter the deep forced wave nulls at 25°, 46%, 59°, and 154°.




Figure 15. Baseline Case, 5 Match Points: ¢, = 5.00, w = 5.0%, h = 0.054,, § = —30°

5.6 Conclusions

The physical basis functions provide a reasonably complete and very effici:nt set in which to

expand the currents and predict the far-fields for the dielectric-coated conducting stnp

The PBF solution is relatively insensitive to the number of match points M so long as M >3
Match points on the conductor work best, match points inside the dielectric slab do not contribute

sigmficantly to the solution A set of match points chosen symmetrically gives the best results

The PBF solution yields only roughly correct currents on the conductor and in the dielectric

slab, but gives very accurate far-field predictions for incident and bistatic angles away from grazing

At grazing bistatic angles, diffractions from the slab corners and stnp edges become significant,

and these contributions are nct contained in the physical basis functions

The PBF solution runs an order of magnitude faster than a standard pulse-Galerkin moment
method sciution for scatterers of even modest dimensions (5A¢ wide x 005Xy thick). The PBF

solution can be applied to large scatterers where the pulse-Galerkin solution simply c2nnot be used




’

If used with care, the speed of the PBF soluticn could aliow us to find the far-fields for a range of

different frequencies and apply Fourer analysis to precict s time-domain response of the scatterer

5.7 Recommendat.ons

While the PBF solution and softwar: developed in this thesis effort predicted the two-
dimensional scattering width of a dielectric-coated conducting strip fairly well, it did not work
well when the incident or bistatic angle was near grazing Unfortunately, agreement with the
pulse-Galerkin currents was less than 1deal In short, it was not perfect and can certainly be im-
proved upon; additionally, its scope could be extended. Several aieas where future research could

explore follow

First, PBFSTRIP could be extended to include lossy and/or magnetic material. Lossy ma-
terial would be relatively easy to incorporate; the only difficulty would be finding the surface wave
phase constants from the transcendental equation (Equation 124) when ¢, is complex Miiller's
algonthm (16), as implemented by the IMSL subroutine ZANLY, could be used for this task The
inclusion of a magnetic material (ug # pio) would be slightly more difficult to implement as the
integral equations would then ipclude an additional surface integration of the equivalent magnetic

polarization current M;,, as given by Equations 46, 51, and 5.

Sucond, the boundary conditions at the vertical edges of the dielectric slab and conducting
stnp are not satisfied; remember that the physical basis functions come from infinste structures
that have no vertical boundaries The results clearly show that PBFSTRIP does not predict the
necessary vanishing z- directed currents a¢ the vertical boundaries. It would certainly be valid
to devise a hybrid solution in which physical bases are usad in the middle of the structure and
a few rationally chosen subsectional basis functions are used at the edges. An example could be
oce-dimensional piecewise sinusoids on the strip and/or two-dimensional zooftop functions near the

edges of the diclectric slab. Dr. Kent used this technique effectively for the simular problem of 2
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dielectric slab on an infinite ground plane illuminated by a TM* plane wave.

Third, physical models of a dielectric-coated conducting strip could be fabricated and its
bistatic scattering width could be measured in an anechoic chamber. Since a true two-dimensional

model obviously 13 not physically realizable, a three-di ional strip of length L could be made

and its three- dimensional radar cross section o3p measured Then the two-dimensional scattering

width ¢3p 18 given by (3.578)

02D = 'A_DUSD
— 2L




Appendix A. Physical Basis Functions

The pbysical basis functions are those wave components which exist on a dielectric-coated

conducting strip of infinite width. In the limit as w— o0, the two-dimensional scattering geometry of

into a di

Figure 1 deg 1 dielectric-covered ground plane, as shown in Figure 16.

Ho) €0

o T T TTTTNTTTTITTT
LTI

g =-r 00

Figure 16 Dielectric-Covered Ground Plane

A.1 Forced VWare

Consider the geometry formed by a ground plane covared with a dielectric slzb of beight h
Let a TE* uniform plane wave be incident on the dielectric, as shown in Figure 17, which sets up

two uniform plane waves within the dielectric 2nd a reflected uniform plane wave

The clectnic fields in free space are composed of incident (E') and reflected (l-}') comp t
The fields ia the dielectric are composed of “downward” (E¥'} and “upward” (E“) components.
By Snell's Laws (3:191), 8 = &, 04y = 843, and kysinbs = k,3in8 or /e, a1n8; = 8in8. We choose
a reference point at (0, %) and arbitrarily force the fields to have zero phase at that point. We then

write the electric fields explicitly as

E=y)

Eeblennt-(-3)c0)(2 006 4 § 3ind) ©8)

Ef(z.y) = Ae-itelzunttlr-$en)z 000 94ind) 99)
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O = 00 /

Figure 17. “Forced” Wave in Dielectric-Covered Ground Plane

E%az,y) = Be~tke(znunta=(y-4)cnd)(3 co5 0, + § sin 04)

E?(2,y) Cekazuntetly=4)omba)(2 cosf, — § sin 84)

‘Without loss of generality, we let £, = 1.

The magnetic fields are related to the electric fields through the imped

medium, and are given by

ﬁ'(z.y) i';_._c-jk.(zunl-(’-g)ml) (102)
Hi(sy) = -iehicantso-emn (103)
ﬁ‘"(:’y) - i%e-ih(tun’l-ﬂ'%)m'l) (l04)

A%(ey) = —soesbuemntiso-bients (105)

where 7, = Vi feo and ng = /pafed = ne/\fér. We are interested in the fields within the

dielecuric, which are given by

E4=,y) E(z,p) + E®(2,1)
(106)
f4z,y) = A%y +H%y)

We now apply the boundary conditions and solve for the unknown constants A, B, and C The

first boundary condition requires that the total tangential electric field vanish along the dielec-




tric/conductor boundary. We arbitrarily choose the point (0, —!,‘-) and see that

E® (0, -g) +E®# (0--'%) = Beteboosbe coq s 4 Cetrheheoste coggy =2 0

or equivalently

B+ Cetiikahoosds — g (107)

The second boundary condition requires that the total tangential clectric and magnetic fields be

continucus across the free space/dielectric boundary. We arbitrarily choose the point (0, g-) and

see that

5 (12)+5(08) - 57 ()7 (o2

h A h A
o B e (o B afoh afo b
H (0,2)+H, (0,2) HY (0,2)+H, (0,2)

Plugging into Equations 98-105, we can rewrite this as

fl

cosf+ Acos@ = Rcosfa+ Ceosby
1 A B C

N Mo ™ m
or
cosfy cosfs
A-B g Cos = ! (108)
A+BR_ck -, (103)
n N4

We put Equations 107, 108, and 109 into moatrix form

0 1 ehhbens [A [ 0
1 emy —mte |lef=]a (10)
RN -z c [ 1
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From Equation 106, we only need to find B and C. Solving Equation 110, letting £ = kshcoeby,

and noting that n,/n4 = /€7, we find the following expressions for the B and C

cosf ef€
VZr cosfcos + j cosbysing
—cosf e3¢
fZr cosf cos§ + j cosfysiné

(111)

(112)

We can now find expressions for the total electric field within the dielectnic using Equations 100,

101, and 106. First, let us ider the z-comp t. Taking advantage of cancellations and

remembering Snell’s Law of Refraction, we find

Bi(z,y) = [Berftuteuntito-Bemtn) 4 gemibalemotattr-Heostol] cosg,

[e:h(ﬂ&)mh_c-ih(ﬂ&)mla] ow‘a;.:‘_o‘ — i__-:hnml
er cos 8 cosé + jcosfyg8in

sin [l'd cosfe (y+ g)] e=tkennts (113)

2ecosd
/&r cosBcos€ + jeoadysin€

Jeosby
Similarly, we find the y-component of the electnc field to be given by
E‘:(z, ) [Bc"i‘(’ unti-(y-4)cosbs) _ o -jhelsuntat(y- })“‘“c)] sinfs

2c¢osd sinfy
VEr cosBcos 4 jcosbysing

cos [ kg cos By (y+ g)] s=ttounts (114)

The z-directed total magnetic field in the dielectric may be found using Equations 104, 105, and 106

and is given by

Hi(z.y) = B tiuntim(r=B)eonts) _ C —jlalenntitly-3)conts)

e L4

& 2co8f A\] —iteenee
Ne \/z—,cosﬂcosf+jc050nin€m[k‘cow‘ (y+ 2)]c (115)




A.2 Surface Waves

Consider the waveguide formed by 2 ground plane covered with a dielectric slab of height
h, as shown in Figure 16. By applying the appropriate boundary conditione, we find that TAf*
(odd) and TE* (even) modes will propagate, but that the TM§ mode 1s dominant and has a cutoft
frequency of zero  For thin dielectric slabs (f; < W’c‘:-—x)' only the dominant TM§ mode will

propagate unattenuated, and the electric fields within the dielectric are given by (8:163-164)

Ee(z,y) = ;—.‘Jgsin [f (v+-"2-)]e-"'= (116)
Eyfz,y) = -%—g—cos[! (y+g)]e‘“‘ 1)
Eyz,y) = 0 (118)

By Faraday’s Law, H = < -y x E, the TM§ magnetic field is given by

Jwie

H. = H, =0 (119}

~af el (y+5)]erer (120)

il

H,

The propagation constants f and g may be found using {3:164)

(FW)tan(7h) = ahe, (121)
P+ = B = e,kg (122)
~a? 4+ = B = o, (123)

Equations 121-123 may be combined into
(FB)tan(fB) = ech/(e, ~ 1)k2 ~ 3 (124)

Equation 124 is a transcendental equation in the phase constant f whose solution(s) must be found

numerically, although Richmond gives a graphical technique for real ¢, that is accurate to about
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three figures (18). f is defined to be positive, but if f is negative the fields are unchanged except
for a sign reversal of wave amplitude A. y is defined to be positive for a surface wave propagating

:n the 4z-direction.

Furthermore, if A < w‘:-fﬂ, then only one solution for f exists and lies within the range
0 < f £ % Once the phase constant f is found, phase constant g may be found using Equation 122

and the fields may be found using Equations 116-120.

‘The reverse surface wave has the same form as the forward surface wave. Phase constant g

is negative, however, while phase constant f remains positive.

A.3 Phase Constants f and g

The surface waves and forced wave have the same form except for the amphitudes of the

individual field comp ts and phase constants in the z and y directions. We may compactly

write expressions for the three types of waves as

Een(z,y) = Ancensin [f.. (y+ g)] eIter (125)

Eyn(z,9) = Ancyncos [fn (y+ g)] emine (126)

Hin(z,4) = Anecn cos [fn (y-l- g)] enites (127)

where n = 1 represents the forced wave, n = 2 represents the forward surface wave, and n = 3
represents the reverse surface wave. The unknown constant A, is the amplitude of the n®™ wave
Phase constants f, and g, are given by Equation 113 for n = 1, and by Equations 122 and 124 for

n=2and3.

The known constants ¢;, ¢yn, and ¢,q define the relative amplitudes of the E;, E,, snd H,
components of the n** wave and are defined by Equations 116, 117, 120, 113, 114, and 115. Written

in convenient matnx form, they are givea by




€z €2 Ce3 Jcosdy
Gt C2 &Ga | = | sinfy 2 &2 (128)

Cz1 C:2 €13 \/z_,/r)a -1 -1

where 04 = arcsin(sin 0/,/¢;). Maxwell’s equations (specifically, Amperc’s and Gauss’ Laws) allow

us to relate the field amphtudes by

Cenfn + jcyngn Jwpocan = jkonotss

Cynfn+ jtzngn = 0




Appendix B. Calculation of Impedance Matriz Elements

To fill the impedance matrix we must evaluate expressions involving the derivatives of surface

and line integrals. We will find that the results are combinations of surface ntegrals over the

dielectric slab cross-section, line integrals along the edges of the slab and along the conductor, and

integrand evaluations at the corners of the slab and edges of the strip.

B.1 Impedance Matriz Element 2%,

Z%,,, i3 given by (see Equation 88)

Zha = Cop tin(§y)emitn"

e [L’ 2] [t n® (km) dz'dy

r—l 82 7y —ggas’ .
_5_":'"%-// cos(£} )e 19s H‘(’i) (l‘o (zi-2)2+ (3 _vv)z) dz’ dy

c,,. [kz a 2] / ~1pat H(:)( °‘/m) dr'
& = Jn (5+v’)
& = 5 (5+n)
& =5 (—-w)

We introduce the change of variables u = z/ — z and v = y/ - y and re-write Equation 131 as

Zmn = Censin(§y)eninT

_( -41)Csn [ B4+ 8:1] //5__5. ‘/-/l
sin({4) cos(fnv) .Ic.j,.(:lvlm)ﬂgn (k,\/im) dudv

+cos{$s) sin(fav)

2w )l

(131)
(132)
{133)

(139)
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Figure 18. Integration Regions in uv-space
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The regions of integration are depicted in Figure 18. The tilde on the regions of integration indicate
integration over uv-space and the m subscript indicates dependence on the match point, (z,,y,)

Region 5, is a disk of radius R and is constant with respect to z, and .
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£
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Fi(uw)
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&=l 2, & e ~Iga%:
o e (124 555 ) o) = ey ilEn)] 0o x
Fa(u,)

. ~igau g (3) 2 4 o2 )
.//5..—5 sin(fpv)e I Hy (l-.\/u + v ) du dr
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Fy(uyy)

Czn [k’ = -u.:.‘[‘ c-u.uH‘()z) (kd /uz +(y + %)2 ) du (136)

denotes the surface integral over the circular, or semicircular if y, = —%, region §; that

uny

surrounds the singular origin in uw-space. I};,,, is denived in detail in Appendix C.

When we evaluate the derivatives of the functions outside the integrals we find we can wnte

Zon = con sin(gy) et

e =1
-641 e~9% sin(£y) [C:n (kz - g’IZ) +JCynfn§n] g

L Ll YENTIPR

4j

[cen(kf = 9a2) + eynfagn] [0(€s) [ Fi(u,v) dudv + cos(€y) ff Fa(u,v) dudy]
= [eynfa + 32engo] [s0(€4 ) Jf Fi(u,v) dudv + cos(€4) i ff Fa(u,v) dudo]
~scyngn [cos(€s) & [1 Fi(u,v) dudv = sin(€s) & J Fa(u,v) duds]

tegn [cos(€4) 3855 J1 Fi(w,v) dudv = sin(€4 )25 JI Fa(w,) dudd]

+een [0(Es) s f) Fi(u,) dudv+cos(e ) f] Fa(u,v) dud]

Sin_—ygasi |p2 g2 8 _01/ -
oe [’:o gn 129:-824'8:, cﬁFs(l&)du (137)

In Equation 137, functions F; and F; are integrated over region S —5). We evaluate the derivatives
of the integrals using a simplified form of Leibnitz’ Rule, applicable when the integrand is not a
functicn of z (1:478)

8
(s}

“ Floydo = Fla(al o) - FUEIE 1)

and find we can wnite

% / A sF,(u,v) dudy = oI0e%i [ — IR, ] (138)
=91

%/L-_glj‘,(u,v) dudv

RN TS JRRPCTY Y (139)
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8
5% [, Fatws) s

d
E//g__gl:';(u,v) dudv

8 [f
8—11‘./]5,._51:"(“’”) dudy
8
5;/6,. Fs(u,y)du

8
m//s._;l‘l(u,v) dudy

82
—_828y J[Lu_s{';(u,v) dudv

o
5257 JFotws) ds
el // Fl(u,v) dudy
ol /j Fa(u v) dudy

2 Jpstwaas

g;;j‘é-_slj';(u,v) dudv

eitnes [0 % HD(ko(+)) = €71+ B ko(—+)] (140)
08(E+ Mmnt — €08(€-)Imnt (141)

= (€4 Mmnt — sin(€-)Imnt (142)

i3 HO (ko(++4) ]

cos(€4)
eires: =it B (ko(~+)

sin(4) [
—eitnts

RYS H‘,”éie!#‘#n
vt LA ko( +V;) [ ++

0% [Jgnlmnz - ko(" + Ig)Imn;l ] (147)

—eite¥ [JgnImM + ko(“ - z-)Imnh]
ey [Jgnlmnd ko(! + ’c)lmm]

(148)
—e19e ¥ [Jgnlmn[ + ko(! - zl)Imn;]

:g..HE,”(ko(++)) ]

HO kol 44
«ko(’,‘ +z) )

—fu [80{E+ Y mnt + 8in(€=) Imni)

~ko [cos(€+)mnm + c03(€-)man} (150)

(143)

(141)
e EHD (ko(+-))
e S B (ko(~~) ]
5 B (ko(++4))
e % (ko)) ]

(145)
i1 F D (ko(+-))
—e 2 B (kof~-))

N (146)
—eitn % ﬂ._g_:&)—_ﬂl

(149)
ionHE (ka(~+))

(3)
HEo(2 — 5, ) fhelcd
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&

Imna

Imns
Imne
Innd
Inne
Imng
Inng
Imnh
Imn
Tonny
Innr
Imm

Imnm

Irann

(++)

/ jg P dudy = —folcos€4)lm = coolé- ]

+ko [8in(£+)lmnm - sin({-)l,,.,.,.]

n

0

//5 s Fy(u,v) dudy

//5‘..-3. Fi(u,v) dudv
%' »

/:%.:' cos{fnv) H‘(,z) (ko‘ /(% +z,)2 402 ) dv

/%-h sin(f,,v)ng) (l—o (E +2,)24v2) dv
-3y, 'AP) )
%' |

/ ycmMMHP(hmg—ny+ﬁ)h
~4-n 2

/Q-y, sm(f,.v)Hsz) (l-o‘,(2 - z,)% +v? , dv
-%-y, 2

[ ot o/ EERTE)
-4y, Vg +z) +o?

4-y, (2) w_
/ cos(f,.v)”‘ ko o) 4o dv

Aoy, ,/(’; TP 402

A-y (2) X
/”ﬁdhﬂm (koy/(F + =, £ 4
-4-y, (F+z)+v

-y, H? (ko E=ziF T 19)
sin(fv)—L 2 dv
/ e ey =

3oz
/ P ] Hf,” koy/u? + (ﬁ +3,)?)| du
-$-z, 2
t-s, (“"""“')
/ e'""‘Hsz) (ko ul+ ('{1 ~y)?) du
- Y-z, &
¥z, A
/ e'jl-u_ZiL_[lgz) (*o\ fa2 4 (g ) ’ du
%=z \}u’+(%+y,)’

¥z, h_

/ PLCI hat /R 1 (koi fur 4 (’2_' -y ’ du
-¥-= Vit -u)?

J& 2yt 2

V(G +aP+(3+y)
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(153)

(154)

(155)

{156)

(157)

(158)

(159)

(160)

(161)

(162)

(163)

(164)

(165)
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) = \GHai+Gony (167)
=+ \/(i._f- =)+ (g +y)? (168)
o = &-pedoyy (169)

1]

--)

Surface integrals Iruna and Innp and iine integrals Inp. through I, may be evaluated numerically
except that when the match point lies on the conductor, line integral Imn: must be integrated

analytically in the interval ju] < R and Impm must be evaluated in the hmut as y, ~ -g

Employing the same methods as used to calculate l,’"'"' tn Appendix C and requining R < h

we may write

3= ) " )
Imntly=-y e 8 He® (ko) du + 2/0 cos(gnu)Hy ' (kou) du

n

[,
-R
/ / =192 HD(kou) du
5-s
LR ” d = (=1)'(gn/ko)* 2
-3 (2+k)
k‘,/ ._“—o @) 3% |} ~ jB; Inuju du

~R -z,
/ +/ c'"'“lit(,z)(kcu) du
~-%-2z. /R

N
(=1 g R)™ < (& R/3)"
HRY 05 Z T

{ax ~ jB [In(koR) — fract2i + 2k + 1]} (170)

[

Evaluating Inam when the match point hes on the conductor must be done in the Lt as

4 3y, ——2 We find the only contribution comes from the neighbothood of the singular point and i
given by
] i Tmam = —ja (am
e mam = Jka

When we plug Equatioas 138-151 into Equation 137, we find that 27, is given by

Zon = Cen sin($+)e'“"'
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-1 .
-;_jc-"':'c.mkg [COS(E+) Linne + sm(&») Inns + I:‘m,}

e —1
+'r4—5-""'cyn§n [Imnk - Cos(fnh)lﬂmll

et ) [ HO ko4 - et HPD o))

B - coottah) [e8 BO o)) - e19+3 B ko ~-))
e —1 sin(€y) [ 3(2 + ) imny + €I F (% — 2,)Imnn)
+ Y Cenk0

+c0s(64) [0 2 (2 + 2)mns + €715 (% — 2.)nry )

2 = )l
#EDID 01§ Bt 44)) — 2203 B k(=)
4Jko

{(2) -
_@[ai-a‘(%’n.)——"‘ ((:"_'(_;‘”)ﬂ-"-?(-_ y 2 kot=1)) ((’“" *»] (712

B.2 Impedance Matriz Element Z3,,,

Impedance matnx element 2Y,, is derived from Equation 78 and, after implementing the

same change of variables as in the previous section, may be written as

Zhe = Geos(gy)eTi
7 Y

sin(£4) cos{fav) et @) (k. m dudv
+¢os(E4)sn(fav) ]

(e,:;) ..[,,=+ 2]//{__5.‘”//.

cos(€4) cos(fav) erintet g (Ea \/m) dudo
—sin(§+)sin(fav)

en 8 e—isletu) y(2) 2 "
J—Me, 8:8y,/¢ Ho™ { koyfu? +(y, + du (173)




Grouping terms and evaluating the partial derivat tside the integrals yields

-3

Zha = cyn cos(fy)eTir
ef—l e~9a%s [c' (l:" fnz) Jcmfnyn] Y s

2 nd SO PR

4

leyn(k3 = £a?) = jeenfagnl [cos(€4) [ Fi(u,v) dudv — sm(€4) ff Fa(u,v) dudy}
+Cenfn [c0s(64)Z ff Fi(u,v) dudv = sn(€y ) ff Fau,v) dudy]

Y = (2esnfn + cengnl [sin(€s) & [f Fils,0) dudv+ cosles ) [f Filu,v) dudd]
+en [sin(€4) 3255 S Fi(u.v) dudv -+ cos(€n) 5 ff Falu, o) dudo]

+oyn [cosler) B ff Fa(u,v) dudo = sin(€, ) s f Fa(w,) dud]

Sin_o-39as. | _; kA ._8_2_ /
et v [ L + 3253) Jo.. Fy(u,y) du (374)

Plugging in the expressions for the partial derivatives of the integrals, as developed 1n the previous

section, we find

Zhe = Gan conlfy) e

€& —1
ey} [cos4) I = 80(64 ) I + D)

_e=l, cos(€s) fe19oF Lnne — €71 F U]
4] Enjn

—sm(€+) [3"' *Imnl - ilmn]]

r— ‘ - . .
- 54—1.-: 385 [eynfn + Jeenga)sin{fah)Imer

=1 . ;
+cansin(fuh) [ H ko(-)) = €0+ B (ko(—-))]
+ (er~ I)anko. - Cm.‘]nﬂo"_j,.g_lm”m

4j

& ~1

t-‘""' Cynko 505(fnh)lmrn

+4J

et HPWH) gy B (ko ~4)
=B (2 ) L!: 3 F=y $5a §

s (175)




B.8 Impedance Matrsz Element Z[,,

Thke impedancs matrix iated with the £ integral equation may be denved from

Equation 79 and are given by

25, = Cincos(fy)e e

+wzo(cr —1)czn 8 /j //
Su=$1 1

sln({+)c°5(fnv) c"-(’-*“‘lié’) (l'a\/m dudv
+ cos(€4 ) sin(fnv)

WCO(Cr"l) n @

stz d ([ 4]

°°S(€+) cos{fnv)
et EHIED (ko /u? +17) dudv
—sinf€4 }sin(fat) (

&n 8 —rsatet g ® (g 2 B2 7
T A He? | koyfw? + (5 +2,)? ) du (176)

Agzin, evaluating the derivatives outside the integrals, we find

Zon = Cin °°5(£+}°—”-"
+_____k°(€'_l)c'fl-!-
40
+k0(€r‘l)c-”.:. x
4no

icztu’n + jctﬂgn} I:ln;

{eentn + jeyngn] [cos(€s) Jf Fi(u,v) dudv—sin{€s) ff Fa(u,v) dudy)
~cyn fcos(€4) L Jf Fi(u,v) dudy ~sin(€4 )& ff Fa(u, v} dude)

+Cen [sin(E4)F - [] Fi(y,v) dudv+ cos(+) & [f Falu,v) dudu] ’
+£4‘J_"lc-"."8—y/¢_ Fy(u,3) du (177)

Plugging in expressions for the detivatives of the integrals, and implementing Equation 129, yields

Zha = encos(fy)eiten
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Appendix C. Integration in the Neighborhood of the Singularity

To fill the impedance matrix, as defined by Equations 172, 175, and 178 in Appendix B
we must evaluate integrals whose integrands have singularities at the origin. Specifically, these

integrals are

a0 = _/ L sin [f.. (v +y+ g)] e g® (ko\/;Ll-—v’) dudv (179)
Bongt) = / ./s cos [fu (v+y+ g)] 9B (koVuT+ %) dudo (180)

L) = Do) (181)

Region $) is a circle of radius R if the match point lies witkin the diclectric, or a semucircle of

radius R if the match point hes on the conductor. Region $) is illustrated by Figure 19. We are

(9,0) Inside Dielectric

(0,0) On Conductor

(30
_/

Figure 19. Region of Integration About the Singularity

also interested in evaluating partial denvatives of I,’.’,’,;’ ; these are given simply by

Lo 2 0

Sz 1ns
8

-]

Jy "ns = f"lfl.:,




[
B_yIJ'l:v‘l' = -fuloz{n' (’84)

We consider separately the cases in which the match point lies inside the dielectnic or on the

conductor.

C.1 Match Point Inssde the Dielectric

When the match point lies inside the dielectric (y # —’,1), region 8§y is a circle of radius R.

Using Euler’s Identity to turn the trigonometric terms into exponentials and switching to polar

coordinates (u = pcos8,v = psin ) allows us to write

I,
z 1 !(+§)’ an R H{faminb= #) 13(2),
Ly = 30 /ofoa wonega oo k0 0) o dp df
1
“p25 4R
-,"lje"'"'(”‘}) / / eI sn e 13k 5) o dp dp (185)

¢ Jo

m, = %gl.(ﬁ&)lls-,,__;,e-ll-(ﬂ%)g (186)

These integrals have no dependence on the match point (z,y)m and thus need only be evaluated

once, with the results applied to all imped. matrnx el whose match point lie 1n the interzor

of the dielectric We reformulate the exponential using the identities

Acos¢+ Bsing = A2+ B? cos [¢—arcum (-i;)] (187)

arctan (%) +azetan (:%) = sga(d)x (188)
arctan (%) + arctan (:B—A) =0 (189)

!n’ + gnz trkg




and write

R 2%
ho= [ o) / or/iteculpurenn(it)=e] 4p g, (191)
(] 0

R 27
o= [ o) [ enmreenls-senit)-rd gpa, (192)

Here we take the range of the arctan functioa to be (—,x} and must be careful to preserve the
“sense” of the fraction £ (i ¢ , avctan () # arctan (-_15)) Since the integration in & covers a full
period, the phase terms in the cosine functions don’t matter, and integration in 0 yields a zero-order
Bessel function (17:360) and, rather fortuitously, I} = I2. We may now write the one-dimensional

integralin p as
R 2
h=L= 21'/0 JolyErkop) HP (kop) pdp (193)

We scale the integration £o that 1t 1s with respect to the argument of the Hankel function (r = kop),

and write

2x

koR
h=h=4 /‘ Jo(vferr) HD(r) v dr (194)
)

Requiring \/ZrkoR < 3, or -ﬁ- < ,—,\’7:, we may replace the Bessel and Hankel functions by their

seven-term small-arg polyromial exp (as given in Appendix D) Integrating term-by-

term, we find

3

aet koR 2(s+k)
Gt 4 ( ) X

i+k+1
[a. -t (ln(kan) - 2(,—+1,;+—1—))] (195)

Plugging this result into Equation 185 and 186 allows us to write the final result as

Ly = ¢in [!-. (v+ 2)] I (195)
g = cos [fu (v+ g)] 5L (197)
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C.2 Match Point on the Conductor

If the match point (2, y)m lies on the conductor, then we define the region 5; to be a semicircle
of radws R centered at the singular point (u,v)=(0,0), extending into the dielectric In a manner
1dentical to that used in the previous section, and noting that y + -;— = {), we may write I}, and
Lnges

L3

z oR o
2%_[)./0 ei’(!‘"""‘“""")ng)(kop)pdpdo

14

* sR
_%/0/0 emIInuntsa ) DYy oy o ) d

ok .l. l
n 211-{-213

nng

Converting to polar coordinates, we recast I; and I; as

R 4
L = / ¢ HD(kop) / cinfmrocalpracna(ft)-] 45 4.
] ]

R 1]
ho= [ ot [[onmreslemnti) sy
]

We shift the interval of integraticn on ¢ and scale the intagration ir p and write

1 ! / " B / lR) e gy (202)
= - T " T
! k2 o arctan({a)-x
1 toR (2) -ucun(#)
L= / B / VT et gg gy (203)
0 JO -w-.n({;:)—:

Agam requinng ;& < ,—,&-_. we may replace the exponential and Hankel fune* ons by their small-

argument polynomial expansions (see Appendix D) Integrating ‘erm-by-term, we find the final

expressions for I; and I, to be

N & ;i g (4ot

s 3
ooty 13 i+2k42
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{on- it [mteom) - 5} /.:m‘::)m 0d0

N 6 ,. i+2k
o P2 (5 /%) (koR)
Lo RYS vkt

{m - i [ln(koR) - m] } / '::"(’E:cos 840 (205)

1=0 k=0

The integral in @ is straightforward (12.132) but has differing forms for i even or odd. Plugging

Equations 204 and 205 into Equations 198 and 199, we may write

1
I,’m, z(ll -1) (206)

1
g s+ h) (207)

The exponential series in Equations 204 and 205 are taken out to the N+1*» term. The
alternating nature of these series allows us to bound the error associated with their truncation by
the sum of the first two terms neglected (1-293-4). For instance, letting N = 10 hmits the relative

truncation error in Equation 204 to less than 10-3.




Appendix D. Some Useful Series Ezpansions

To fill the impedance matrix, as defined by Equation 185 and 198 1n Appendix C, we must zna-
lytically evaluate integrals that do not appear 1n integral tables (12). We evaluate these integrals by
expanding the functions in the integrand by their appropriate small-argument finite series approx-
imations, multiplying the series together, interchanging orders of integration and summation, and

mtegrating term-by-term In this Appendix, we p t the series exp used to approximate

the functions appearing in the integrands of Equations 172, 175, and 178 1n Appsndix B.

D 1 Bessel Functions of Order Zero and One

Abramowitz & Stegun (17 369-370) present the following small-argument polynomal approx-
smattons for zero- and first-order Bessel, Neumann, and Hanke! functions The arguments are real

und confined to the interval (0,3].

[
, z\2
Joie) = %a, (5) (208)
2 z S z\2
Yolz) = (;) n(3) Jo(z)+§b. 3) (209)
H) = Jofz) = i%o(=)
[
. T\
~ §(a.— ifilnz) (5) (210)
. & 2s+t)
Jg(Cz)H‘(,n(:) ~ ZZQ,C"[ag—jﬂ. In(z)) (-;-) (212)
1=0 k=0
The constants a,, b, a,, and §, are given 1n Table 4 The absolute errors iated with these

approximations are less than § x 1078,

Similatly, the small-argument polynomial expansions for Bessel, Neumann, and Hankel func-

tions of order one are
[
1T\
M) = =Y a G) (212)
(=0
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Table 4. Coeflicients for Bessel and Neumann Funciion Expansions, Order Zerc
i a, b, a 3

0] 1.0000000 | 036746691 1.0000000+j0.0738043 | 0 63661977
1] -2.2499997 | 0.60559366 | -2.2499997-31.5084537 | -1.43239430
2| 1.2656208 | -0.74350384 | 1.2856208+j1.3019858 | 0 80571923
3] -0.3163866 | v 25300117 | 0.3163866-)0.3926135 | -0.20141797
4

5

5

0.0444479 | -0.04261214 | 0.0444479+j0.0622257 | 0 02829641
-0.0039444 | 0.00427916 | -0.0030444-j0.0060187 | -0.00251108
0 0002100 { -0.00024846 | ©0.0002100+30.0003411 | 0.00013369

Table 5. Coefficients for Bessel and Ni Function Expansions, Order One
i ¢ d,

0 | 0.50000000 | -0 6366198
1]-0.56249985 | 0.2212091
2| 0.21093573 | 2.1682709
3 | -0.03954289 | -1.3164827
4

5

6

0.00443319 | 03123951
-0.00031761 | -0 0400976
0.00001109 | 0.0027873

ne = (2)u()aeira )’
=0
HDz) = h(z)-NE)

s {3
E{[l-{-jl-:—4 c,z—j—ﬁ-'—zln:—]%} (§)2 (214)

=0

where the constants ¢, and d, are given in Table 5 The absolute errors iated with these

approximations are less than 1 1x 10~7.

D 2 Hankel Funciions Multiphed by Ezponentials

We need to evaluate integrals of Hankel functions multiplied by complex exponentials, » task
most easily performed by small-argument polynomial approximations Hankel function polynomai
approximations ate given in the previous section, exponentials may be approximated by (12 22,34)

ciC: — f: (jiil)‘:i

=0

%(_l)l [l+ iCz (Cz)w

= v 1) @)




cos(Cz) =~ 2 (_(12):)? z (216)

The exponential series is written in this form to highlight its alternating nature, which allows us

to bound the error associated with truncating the infinite series by the magmtude of the first term

neglected (1:293-4). Combining series, we can then write

Ni2 ¢

Crpg@ey o [V T (%X P 2(s4k)
& ) (z) Z:“z @) lx+ Tl lox - jB: Inz)z

celCo)tPz) = 305 ‘(;‘)).3,. [k = 362 In)e 04D
1=0k=0




Appendix E. Derivatives of the Two-Dimensional Green’s Function

The two-dimensional free-space Green’s function is given by (3 902)

Cney) = SHOER) (219)

R ViE=2)P+y-y) (220)

where Hy {3 5 the Hankel function of the second kind of order 0. We wish to find expressions for & oo
%, %;?—, %—y@ and £ a:ay a,az We start with 4€  Using the chain rule and a Hankel function
recurrence relation (17 361), Hoz) (koR) = —Il§2)(ko}2), we find the first partial denivative with

respect to z to be

26 _ doom
3z ~ dR&z

(o) )

(2 —
Mu"’(k Ry (221)
where the prime on the Hankel function denotes differentiation with respect to argument By
symmetry,

3G ko(y—-V)
By =7 4R Hy”(koR)

The second derivative with respact to z is

8G
8z

————"°(’ non))

Using the product rule, chain rule, and another Hankel function recurrence relation (17:361),

2
H(koR) - mi11}’)(1:,,12) = —HP(koR)




(2)
i {0y - 4 (3

{z-z)8R d
R oz

PRy _ (= ;P =) E—2) yOa,r) + ."1(1_.3_)11(’) (ko R)}

+ H"‘(kon)}

"’(koR)

{H
o [H
R

— 2
(z R:) H?)(ko R)

+ ﬂ’(—’-ﬁ HO(koR) - H"’(kon)] ;

—k3 H® @-27
2 { P - E2E L neon)

Of special interest is the term

3G

8_2'

’=o (2) (B
H (koR) — % RH (koR) -

§?
[k§+F]G = kgG +

2~y o
S HD ko n)}

k :

ﬁ{ H{(koR) - —H"’(nm et g ’(kom}
2 -

2 {onPaom) + Loneon) + —“ L om) )

& It -y o .
2 {ren - L rr,

By symmetry,

2 2 2
52 = B Luoun - & ;’ Eaion

o - e nE"
{ 2, & 'I K1 (z (:)
843 6 = % { I RH_ (ko7 = (ko n)}

Exarnation of these equations shows that

2,
TG+ kG = ‘;—(,; + Zf+ 825




Using the recurrence relation H?)'(koR) - Fgﬁ}lfﬂ(koﬂ) = -H;z)(lcoR) (17 361), we find

;,L:-% to be given by

76 _ 898G
8zdy ~ @yéz
_ O kz-2)
= 2 { e
_ dko(z=2) R d [HP(kR)
= i dydrR| R
_ dklz=2)y—y) ko [ oy HP(koR)
= iR g |Hi (kR - koR
k3 (z - 2)y -
= -4-;-(——-}7"—"-1 HP(koR) (226)
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