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Summary

The objective of this project was to formulate a schema-based model of problem solving to
represent the construction of equations for solving algebra word problems. The first section
shows how this research can be related to five characteristics of schema theories: abstraction of

... exaroples, and hierarchical organizatien according to different levels of specificity. - The second- - - - -

section discusses the selection of analogous problems to determine whether students are able to
judge which of two analogous problems will be more helpful. The third section discusses transfer
to similar problems in which subjects must modify a solution to solve a problem that has the same
story content. The fourth section discusses transfer to isomorphic problems in which subjects
must overcome the different story content to detect the identity of two solutions. The fifth section
discusses the variables that influence the successful categorization of problems according to
common solution principles. A concluding section compares the schema approach with a search
approach that uses general heuristics to find a solution.
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Introduction

The objective of this 3-year project was to develop a schema-based theory of problem
solving that could serve as a basis for improving students’ ability to solve algebra word problems.
It began as a continuation of the PI's work on the use of analogous solutions (Reed, Dempster, &
Ettinger, 1985; Reed, 1987). Our paradigm typically required that students construct equations to
represent word problems. Because most college students have a lot of difficulty with this task, ~
they are very dependent on examples. We were therefore interested in how the relation between
the example and the test problem influences their performance on the test problem.

Our initial study on this topic explored transfer to problems that were either equivalent or
similar to the examples (Reed, Dempster, & Ettinger, 1985). Transfer was reasonably good to
equivalent problems but was not very good to similar problems that differed slightly from the
example. Students were usually unable to adjust to changes between the example and test problem
and would often try to use the same equation to solve the test problem without any modification.
They were somewhat better at applying isomorphic solutions than at applying similar solutions
(Reed, 1987) but even here there was room for improvement. Much of our research in this project
was therefore motivated by attempts to find effective instructional procedures that would make
examples more effective.

Research needs a unifying framework and I have found it convenient to think about my
work within the context of schema theory. The first section of this report therefore discusses the
major assumptions of schema theory and shows how they are relevant to my research on algebra
word probiems. The second section discusses the selection of analogous problems to determine
whether students are able to judge which of two analogous problems will be more helpful. The
third section discusses transfer to similar problems in which subjects must modify a solution to
solve a problem that has the same story content. The fourth section discusses transfer to
isomorphic problems in which subjects must overcome the different story content to detect the
identity of two solutions. The fifth section discusses the variables that influence the successful
categorization of problems according to common solution principles.

This report summarizes the results of a large number of experiments and therefore deletes
many details. It focuses on those experiments that have been included in articles and manuscripts
and does not include all of the experiments described in my two previous reports. Interested
readers can consult these reports for more detail, or the articles and manuscripts listed at the end of
this report for all the details.
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Schema Theory
Characteristics of Schema Theories
There are many introductions to schema theory but I particularly like a chapter by Perry

Thorndyke (1984). Thorndyke claimed that while schema theories are difficult to test and therefore
underdeveloped as a descriptive theory, they provide principles for fdrmulating a prescriptive
theory. Prescriptive theories are particularly relevant for studying problem solving because
attempted solutions can be scored as either correct or incorrect, providing a measure of the
effectiveness of instruction. Can we therefore use the principles of schema theory as an
organizational framework for comparing alternative approaches to increasing transfer?

Before attempting to make some comparisons, I will define and list the properties of a
schema, based on Thorndyke’s paper. Thorndyke (1984, p. 167) defines a schema as a cluster « f
knowledge representing a particular generic procedure, object, percept, event, sequence of events,
or social situation. This cluster provides a skeleton structure for a concept that can be
"instantiated”, or filled out, with the detailed properties of the particular instance being represented.
For example, a schema for the American Psychological Association annual meetings would contain
the standard properties of a scientific conference such as its location, date, attenders, session types,
and the length of presentations.

Thomdyke listed five characteristics of schema models that are generally shared by
theorists who propose these models. The five characteristics are abstraction, instantiation,
prediction, induction, and hierarchical organization.

A schema represents a prototypical abstraction of the concept it represents, listing those
properties that define a typical instance. These properties provide the skeleton structure for the
concept. The properties are represented as variables that can be filled out or instantiated by the
particular instances that fit the schema. If the incoming information is incomplete, the schema may
allow predictions about expected information and guide the interpretation of incoming information
to match these expectations.

Schemata are formed by induction from experience with various instances of the general
concept. This presumably occurs through a process of successive refinement in which expected
properties become more clearly defined. And finally, schemata are hierarchically organized
according to different levels of specificity. For example, expectations about the format of a
particular convention are based on what typically occurs at professional conventions, in general.

The assumptions of schema theories provide a framework for discussing the prerequisites
for the successful transfer of knowledge. In the next section I suggest how knowledge about
algebra word problems fits this framework.
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Igebra W bl

Algebra word problems require that students convert a word problem into an algebraic

equation in order to solve for an unknown variable. The following is a typical problem:
A car travelling at a speed of 30 mph left a certain place at 10:00 a.m. At 11:30 a.m., another
car departed from the same place at 40 mph and travelled the same route. In how many hours
will the second car overtake the first car? (Problem 1)
Let’s now consider how the five characteristics of schema theory - abstraction, instantiation,
prediction, induction, and hierarchical organization - are relevant for solving this problem (Reed,
1991).

1. Abstraction. Abstraction requires learning those properties of a problem that are needed
to solve it. The above example is an overtake problem in which the distance travelled by one car
equals the distance travelled by another car. However, the distances in these problems are seldom
stated directly, but must be represented as the product of rate and time. The correct equation is

Ratel x Timel = Rate2 x Time2 (1)
The rate of travel multiplied by the time of travel for one vehicle equals the rate of travel multiplied
by the time of travel for the second vehicle.

In order to construct a correct equation students must learn that only the two rates and the
two times are relevant for solving the problem. This knowledge is particularly important when
there are irrelevant quantities in the problem, as in the following example /Krutetski, 1976, p.
110).

A train departed from city A to city B at a speed of 48 km per hour. Two hours later a second
train followed it at 56 km per hour. At what distance from the starting point will the second
train overtake the first, if the distance between the cities is 1200 km, and there are twice as
many cars on the first train as on the second (Problem 2).

Krutetski found that capable students were not impeded by unnecessary data, whereas
incapable students were often confused when such data were introduced into the text of even the
easiest problems. All quantities were perceived by the incapable students as being equally
important. We would therefore hope that students who were shown a solution to Problem 1 would
leamn that the distance between the cities and the number of cars on the train were irrelevant values
in Problem 2.

I'am unaware of recent research that has investigated irrelevant information in algebra word
problems, perhaps because the problems are so difficult even without irrelevant information.
However, information that is relevant in one problem may be irrelevant in another problem so we
need to consider this issue in the study of transfer. Successful transfer depends on determining
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what paii of the solution must be mapped from a source problem to a target problem (Gentner,
1983).

2. Instantiation of Values. The solution of the overtake problem (Problem 1) requires not
only that students identify the relevant quantities but that they substitute the correct quantities in the
’slots’ of the equation. An equation provides a frame-like structure, but many problems are
difficult even when students are given the correct equation because they don’t know how to enter
the correct values (Ross, 1989, Reed & Ettinger, 1987).

For example, several steps are required to represent the time travelled by the earlier car in
Problem 1. First, the problem solver must calculate the time difference between the two cars by
finding the difference between 10:00 a.m. and 11:30 a.m. Second, if the time travelled by the later
car is represented by the variable t, then the time travelled by the earlier car is represented by the
variable t + 1.5 hours. Students must know that they should add, rather than subtract, 1.5 hours.
And finally, students must be careful to pair each of the times with the corresponding rate of travel.
Students who had leamned to carry out these operations in solving Problem 1 would hopefully be
able to apply them in solving Problem 2.

3. Predictions Schemas should make predictions about expected information and guide the
interpretation of this information. I will distinguish between two kinds of expected information.
One kind concems the default values that go into the slots of a schema. For example, if-most
college courses are for 3 credits, then one might reasonably infer that a course is worth 3 credits in
the absence of information. The expectation of a particular value is unreasonable for most word
problems, however, because the quantities vary from problem to problem. As a contrast, a frame-
based system for diagnosing diseases can make use of expected values by determining which
values of a patient’s medical profile fall outside the normal range of values (Aikens, 1983).

A second kind of expectation requires knowledge of what information is required in order
to solve a particular problem. In addition to studying students’ ability to recognize irrelevant
information, Krutetski (1976) studied their ability to recognize when they had insufficient
information. As was found for the identification of irrelevant data, only the most capable students
were able to identify what information was missing from a problem.

We would probably have many irate students if we asked them to solve problems with
missing information. But, as was the case for irrelevant information, an analogous problem may
have missing information. We have referred to these problems as less inclusive than the test
problem and to problems that have excess information as more inclusive than the test problem
(Reed, Ackinclose, & Voss, 1990).
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4. Induction. Induction is concemned with how schemata are formed from experience with
instances of the concept. Hinsley, Hayes, and Simon (1977) proposed that if schemata are
important for solving algebra word problems, then problem categories should guide students’
solutions. They tested this hypothesis by asking high school and college students to sort by
’problem type’ 76 word problems taken from an algebra textbook. Students sorted the problems
into 16 - 18 categories and there was considerable agreement among the students reg..rding the
identity of these categories. (such as distance, interest, area, mixture, and work problems). The
experimenters suggested that information about the problem categories, including relevant
equations and diagrams, is useful for formulating solutions.

A limitation of this knowledge is that each category contains a variety of problems, each
requiring a slightly different solution. Mayer (1981) refers to these variations as templates and
developed a taxonomy of problem types from a collection of over 1,000 word problems taken from
10 textbooks. Thus the overtake problem in Mayer’s taxonomy is only one of 13 templates
composing motion problems and these do not include river current problems. Other examples
include one car travelling at different rates on a round trip and two cars travelling toward each other
to meet. Unfortunately, rather small changes in a problem can greatly reduce the effectiveness of
an example (Reed, Dempster, & Ettinger, 1985; Reed & Ettinger, 1987). Thus one of the
challenges for a prescriptive theory is to formulate how knowledge should be organized to allow
students to effectively solve the variations of problems that exist in each of the categories identified
by Hinsley et al. (1977).

5. Hierarchical Organization. Another challenge for a prescriptive theory is to specify how
to organize knowledge at more general levels. Hinsley’s subjects classified problems by using
similarities in story content, and could often make their classifications after hearing only a few
words. With increasing expertise, people are able to classify problems according to the similarity
of solutions rather than the similarity of story content (Chi, Glaser, & Rees, 1982; Schoenfeld &
Hermann, 1982; Silver, 1981).

The FERMI system developed by Larkin, Reif, Carbonell, & Guglietta (1988) to solve
physics problems is a good example of a system that exploits hierarchical organization through its
knowledge of general principles and methods that apply to a large variety of domains. For
example, one general method is decomposition which decomposes a complex problem into simpler
ones associated with its components. A combination function specifies how a desired quantity can
be found from the quantities associated with the individual components. An advantage of a
hierarchical organization is that general knowledge needs to be encoded only once and then can be
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used repeatedly on specific problems that share common solutions. I will return to this issue when
I discuss isomorphic problems later in this chapter.

Summary. In conclusion, algebra word problems fit rather nicely into a schema
intzrpretation. Students typically categorize problems and use equations associated with problem
categories as a basis for solving the problems. The equations consist of concepts such as distance,
rate, and time that represent the features of the different categories. These concepts are combined
to form an equation and are replaced by instantiated values (numbers or variables) when the
equation is applied to solve a particular problem.

The initially learned categories are based on story content (Hinsley et al., 1977) and could
be considered as basic categories in Rosch’s taxonomy (Rosch, Mervis, Gray, Johnson, & Boyes-
Braem, 1976). The subordinate categories would then be the templates in Mayer's (1981)
taxonomy -- the different variations in distance problems, mixture problems, etc. The
superordinate categories would consist of isomorphic problems that share a common solution but
have different story content. Acquiring expertise requires developing skills in both directions from
the basic level. Students must learn how to modify an equation of a typical problem to create
variations in order solve similar problems within a category. They must also learn how to
recognize isomorphic problems in order to apply the same general method across different
categories.

Selecting Analoguos Problems

In a recent paper on analogical problem solving, Holyoak and Koh (1987) identified four
basic steps in transferring knowledge from a source domain to a target domain: (1) constructing
mental representations of the source and the target; (2) selecting the source as a potentially relevant
analogue to the target, (3) mapping the components of the source and target; and (4) extending the
mapping to generate a solution to the tasget. They stated that the second step, selecting a source
analog, is perhaps the least understood of the four steps.

The objective of our study (Reed, Ackinclose, & Voss 1990) was to identify variables that
influence the selection of analogous problems and to determine whether students would select
effective solutions. In the first experiment students had to choose between two problems that
belonged to the same category as the test problem. One problem was less inclusive than the test
problem and the ot::r problem was more inclusive than the test problem. The less inclusive problem
had missing information and the more inclusive problem had excess information. In the second
experiment students had to choose between a problem that was less inclusive than the test problem
and a problem that was isomorphic to the test problem.
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The same pattern of results occurred in both experiments: students selected problems on the
basis of perceived similarity. They did not show a significant preference for the more inclusive
problems in the first experiment or the isomorphic problems in the second experiment although both
sets of solutions were significantly more effective than solutions to the less inclusive problems. The
results therefore reveal a discrepancy between the variable that determines the selection of solutions
(similarity) and the variable that determines the usefulness of solutions (inclusiveness).

The purpose of the third experiment was to determine whether either mathematical
experience or the opportunity to study the solutions of analogous problems would increase students’
ability to select good analogies. The subjects in the first two experiments were tested in college
algebra classes and therefore had similar preparation in mathematics. In contrast, the subjects in the
third experiment were participants in the psychology subject pool and therefore had a more varied
background in college mathematics courses. They were classified according to three levels of’
experience, depending on whether they (1) had not taken college algebra, (2) had taken college
algebra, or (3) had taken calculus. The second factor -- the opportunity to study the solutions --
was varied by allowing subjects to study the solutions to half of the problem sets before they made
their selections.

The results showed that neither more experience nor seeing the solutions increased the
selection of more-inclusive solutions. Experience also did not influence the selection of isomorphic
solutions, although seeing the solutions did significantly increase the selection of isomorphs.

The failure to find an effect of mathematical experience on selecting solutions may have been
caused by an insufficient range in experience. In the fourth experiment, we also included a group of
undergraduates who were majoring in mathematics and planned to teach mathematics at a junior high
or high school. They were all enrolled in an upper-division mathematics course, Basic Mathematic
Concepts, and had previously taken an average of 6 mathematics courses.

The analysis for the similar problems again revealed that experience did not significantly
influence subjects’ preferences. The more-inclusive solution was selected on 38% of the occasions
for students who had not taken college algebra, 39% for students who had taken college algebra, and
42% for students who were mathematics majors. In contrast, mathematical experience did have a
significant effect on the selection of isomorphic problems. The isomorphic solution was selected on
37% of the occasions for students who had not taken college algebra, 28% of the occasions for
students who had taken college algebra, and 50% of the occasions for students majoring in
mathematics.

The finding that students majoring in mathematics did better in selecting isomorphic
problems is consistent with the results of Experiment 3 that showing students the solutions of the
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analogous problems improved the selection of isomorphs. It is noteworthy that although both of
these variables influenced the selection of isomorphs, neither of these variables influenced the
selection of similar problems. It is apparently difficult to identify a good analogy when neither of the
two analogous problems has a solution that is identical to the test problem. The development of
training procedures to help students select good analogies may therefore be beneficial for improving
performance on test problems.

Transfer to Similar Problems
Examples plus Procedures

The difficulty with too little information is that people have to generate the missing
information and incorporate it into the equation. A possible remedy for generating missing or
altered quantities is to build instruction around procedures that can generate quantities that are in the
test problem but not in the example. Procedures can then be attached to slots in a schema for the
purpose of generating values to fill the slot (Bobrow & Winograd, 1977; Larkin et al., 1988). For
instance, in a work problem the two workers may work together either for the same number of
hours or for a different number of hours. Students who leam how to solve the former problem
need to know how to modify the solution when one worker labors for more hours than the other
worker.

To assess the effectiveness of combining an example with a set of procedures, Reed and
Bolstad (1991, Experiment 1) compared three different methods of instruction. In the Example
condition students received a detailed solution to the following problem:

Ann can type a manuscript in 10 hours and Florence can type it in 5 hours. How long will it
take them if they both work together? (Problem 3)

In the Procedures condition students were given the correct equation along with a set of
rules that specified how to enter values into the equation. The rules for representing time were:

1. Time refers to the amount of time each worker contributes to the task. If this value is stated
in the problem, enter it into the equation. For example, if one person works for 5 hours, enter
5 hours into the equation for that worker.

2. Time is often the unknown variable in these problems. Be sure to represent the correct
relative time among the workers if they do not work for the same time. Ifone worker works 3
hours more than the value (h) you are trying to find, enter j + 3 for that worker.

In the Example & Procedures condition students received both the example solution and the
set of rules. After studying the instructional material for 5 minutes, all students attempted to
construct equations for 8 test problems that differed from 0 to 3 transformations from the example .
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The transformations modified either rate (expressed relationally for the two workers), time (one
worker labored longer), or tasks (part of the task had already been completed). Each of these is
illustrated in the test problem that differed by 3 transformations from the example:
John can sort a stack of mail in 6 hours and Paul is twice as fast. They both sort I/5 of the
stack before their break. How long will it take John to sort the remainder if he and Paul work
together, but Paul works I hour longer? (Problem 4)

The4 transfonnauon lcvels and 3 mstruct:onal _methods enabled us to evaluate the o
' predlchons ofa modcl for each of thcse 12 condmons chu;; bo‘thwthc examplc and procedures T
* provide students with the Basi¢ equation for solving these problems, We assume that the probabilify = ™~
of generating a correct equation is equal to the probability of correctly generating the values for the
S quantities in the equation: the rate and time of work for each of the two workers and the number
of tasks to complete. Students can generate these values by either matching the information
provided in the example (m), following the rules provided in the procedures (1), or using their
general knowledge about the problems (g). The parameters m, r, and g specify the probability of
generating a correct value from each of these sources of knowledge.

Let's first consider the predictions for the instructional group who receives the example and
the procedures. When the test problem is equivalent to the example, a student can generate all 5
values by using the matching operation. The probability of generating a correct equation is
therefore m> -- the probability that the student correctly applies the matching operation to each of
the values in the example. When the test prot.em differs by 1 transformation the probability of a
correct equation is m4r. In this case the student can match 4 of the quantities but must use the
procedures to generate the transformed value. Following the same logic, the probability of
correctly generating an equation should be m3r2 for 2 transformations and m2r3 for 3
transformations. Assuming it is easier to match values in the example than follow procedures (m >
1), the model predicts a decline in performance as the number of transformations increases.

When students have only the example, they must rely on their general knowledge to
generate the transformed quantities. The probability of constructing a correct equation should
therefore be m for 0 transformations, m%g for 1 transformation, m3g2 for 2 transformations,
and ngJ for 3 transformations. The generalization gradient should be steeper for the Example
group than for the Example & Procedures group if the rules increase the probability of correctly
generating the transformed values (r> g).

When students have only the rules, there should not be a generalization gradient. In this
case, the probability of constructing a correct equation should be 0 -- the probability of correctly
applying a rule to generate each of the § values.
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Table 1 shows the observed and predicted values for each of the 12 instructional situations,
based on parameter estimates of .96 for correctly matching information in the example, .65 for
following a procedure, and .45 for using general knowledge. The model accounted for 94% of the
variance in the data, as determined by the square of the multiple regression coefficient. The first
column illustrates the steep generalization gradient that occurs as the test problems become more
dissimilar from the example. The fourth column illustrates that the rules were ineffective when

resentcd alone and need to be clarified or supplemeqted with addmonal matenal For mstance,

= st of proocdures for tcachmg peopfe how to operate a dcvice can be facilitated wnh the addmon of -~
" functional; structiifal, of diagrammatic informiation that efables bette? viiderstanding and = >~

integration of the rules (Keiras & Bovair, 1984, Smith & Goodman, 1984, Viscuso & Spoehr,
1986).

The combined effect of the example and procedures was disappointing from an
instructional perspective. The data in Table 1 show that the generalization gradient for the Example
& Procedures group was not quite as steep as for the Example group, but was steeper than
predicted by the model. Furthermore, the overall performance of these two groups was not
significantly different, although both differed significantly from the Procedures group.

The results of this experiment demonstrated that a potentially effective way of organizing
kiowledge was unimpressive in application. Of course, our application may have been faulty and
we attempted (unsuccessfully) to improve the procedures in a subsequent experiment. We also
included an instructional condition in which students received a second example. This condition,
which was more successful, is discussed in the next section.

Multiple Examples

A possible remedy for poor generalization among the variations of a problem is to present
many examples to show the variations. Sweller and Cooper (1985) proposed that students need to
be shown a wide range of worked examples in order to become proficient in solving problems.
They based their conclusion on the finding that (1) students did better when studying worked
examples of algebra manipulation problems than when attempting to solve the examples, and (2)
the superiority of worked examples was specific to test problems identical in structure to the
examples.

Reed and Bolstad (1991, Experiment 2) compared the multiple-example method with the
example-plus-procedures method on the variations of the work problem discussed in the previous
section. Students in the two-example condition received solutions to the simple example (problem
3) used in the previous experiment and to a complex example that was equivalent to the 3-
transformation problem (Problem 4). Other groups received either a single example, a set of
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procedures, or an example and procedures. The percentage of correct equations on 8 test problems
for the different instructional conditions was 7% for the procedures, 32% for the complex
example, 38% for the simple example, 45% for the complex example and procedures, 47% for the
simple example and procedures, and 65% for the simple and complc{( examples. The group which
received only the procedures performed significantly worse than all other groups and the group
which received two examples performed significantly better than all other groups. Other
.differences were not significant,

e e PROAT -~ e v b et Be LN U S e o, 40

The performance of the two-example group across the cnght test problcms sugg&sted that

" “the complexnty of the values in the test problem was a more ifr?nﬁii{fi&dr on perfonnancc than the ~
number of examples required to solve the test problem. A complex value occurs when either rate is
expressed as a relation between workers, time is unequal across workers, or part of the task is
completed. The percentage of correct equations was 90% when the test problem contained no
complex values, 70% for | complex value, 66% for 2 complex values, and 55% for 3 complex
values. A problem with 0 complex values is equivalent to the simple example and a problem with
3 complex values is equivalent to the complex example. The test problems between these two
extremes required combining information from both examples.

The advantage of being able to combine information across two examples is that it
eliminates the necessity of having to provide a training example for every possible test problem.
The 8 test problems in the Reed & Bolstad experiment represented the 8 possible combinations
created from 3 attributes (rate, time, tasks) with 2 values (simple, complex). In order to maximize
transfer from 2 examples it is necessary to establish the independence of an attribute across
changes in the other attributes. If students learn how to represent time when one worker labors
more than the other, then they should ideally be able to transfer this knowledge to other problems
when the other attributes (such as rate or tasks) change values. It was this assumption of
independence that allowed Reed and Bolstad to represent 8 test problems by 2 examples.
Summary

Algebra word problems have the potential advantage of being recognized as members of
well-defined categories (Hinsley et al., 1977). The categories provide a starting point for
formulating a solution to problems in the category. Solving a work problem, for example, usually
requires representing the amount of work accomplished by a worker as a product of her rate of
work and the amount of time she works. However, there can be many variations of problems
within a category, requiring that students learn how to modify their solutions to fit these various
templates (Mayer, 1981).
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The potential advantage of classifying a problem as a mixture, motion, distance, work or
some other categorical problem is limited by students’ inability to adjust to small changes in
solutions. In fact, the evidence suggests that isomorphic solutions from a different category
provide more useful information than similar solutions that belong to.the same category (Reed,
1987). The limited usefulness of similar solutions can be improved by using solutions that are
more inclusive than the test problem, but students do not seem to be sensitive to this dimension
. When choosing an analogous problem (Reed etal., 1990). .,
Another approach based on procedutal attachmcnts is to supplement a snmllar example
" witha'set of procedures that Specnfy how to enter values into the equatlon " Our: attempt to unpnove
transfer to similar problems by giving students an example and a set of procedures has thus far
been less successful than giving students two examples which span the set of test problems (Reed
& Bolstad, 1991) The success of the latter approach is consistent with the multiple-examples
approach adv . cated by others (Catrambone & Holyoak, 1990, Sweller & Cooper, 1985) and
demonstrates that students can selectively choose the appropriate quantities from each problem.
Our finding that we needed only 2 examples to obtain good transfer to 8 test problems is an
encouraging verification of this approach.

ransfer to Isomorphi blems

The ability to modify a solution to solve a similar problem is an important skill in becoming
an efficient problem solver. Another important skill is to be able to recognize and apply a solution
from an isomorphic problem. Because an isomorphic solution has the same structure as the test
problem, the problem solver has to appropriately map the concepts in the solution onto the
concepts in the test problem, rather than modify the solution.

According to a theory proposed by Gick & Holyoak (1983), recognition of isomorphic
problems is facilitated by schema abstraction in which corresponding concepts in the two solutions
are recognized as specific instances of a more general concept. The next section discusses
increasing transfer by representing problems at a more general level.

Schema Abstraction

Gick and Holyoak’s (1983) theory of schema abstraction was the outcome of a series of
attempts to improve students’ noticing an analogous solution to Duncker’s radiation problem. The
problem requires using radiation to destroy a tumor without harming the healthy tissue that
surrounds it. A convergence solution involves dividing the rays so they will have a high intensity
only when they converge on the tumor.

P A R Lo : Sk o T et
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Before attempting to solve the radiation problem some students read a story about a general
who was able to capture a fortress by dividing his army along different roads so it could converge
on the fortress. Because of mines on the roads, the army could not attack along a single road. The
solution to the military problem was quite helpful when subjects were instructed to make use of the
story when solving the radiation problem, but most subjects failed to notice the analogy between
the two problems when not given a hint (Gick & Holyoak, 1980).

Noticing an analogy between isomorphic problems is limited by different concepts, such as
army and fortress in the military problém and rays and tuinor in the radiation problem. The = *

similarity of the two solutions becomes apparent when the concepts are described at a more general =~ - -

level such as using force to overcome a central target. Gick and Holyoak (1983) found that their
students were likely to form this more general schema if they read and compared two analogous
stories before trying to solve the radiation problem. For example, some students read the military
story and a story about forming a circle around an oil fire in order to use many small hoses to spray
foam on the fire. Students who described the relation between these two stories were more likely
to think of the convergence solution to the radiation problem than students who read only a single
analogous story.

The benefit of creating a more general schema was demonstrated by Catrambone and
Holyoak (1989) who used more-directed comparison instructions to explicitly require the creation
of superordinate concepts. All subjects read the military and fire stories and wrote summaries of
them. But some subjects received the following two statements:

1. The fortress is difficult to capture because a large army of soldiers can not attack it from one
direction.
2. The fire is difficult to put out because a large amount of water can not be thrown at it from
one direction.
They were then instructed to write a third sentence in which the pairs of concepts fortress and fire,
armmy and water, and attack and thrown at are replaced by a more general term. They were then
shown the more general statement:
3. A target is difficult to overcome because a large force can not be aimed at it from one
direction.
Subjects who received the more-directed comparison instructions and applied it to a third analogue
were more successful in producing the convergence solution than students who received the less-
directed set of comparison instructions.

Abstraction of Word problems.
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Although these results are impressive, it is unclear whether they could be duplicated for
complex problems such as algebra word problems. Research on students’ ability to categorize
problems according to the formal procedures required to solve them has shown that correct
classification requires considerable expertise (Chi, Glaser, & Rees, 1982) or training (Schoenfeld
& Hermann, 1982). Can detailed comparisons of isomorphic problcr'ns therefore result in the
creation of abstract solution procedures for word problems?

Dellarcsa (1985) was pamally succ&sful in usmg analoglcal compansons to help students

identify which word problems shared a common solution. Students were trained on problcms that

had three different story contents (vat, travel, or interest) and three different solufion structures.
She found that students who compared quantities and relations in one problem to quantities and
relations in an isomorphic problem did significantly better in classifying problems according to the
common solutions than students who answered questions about individual problems. In a second
experiment, Dellarosa found that students who did analogical comparisons also were more accurate
in matching word problems to equations than students who answered questions about individual
problems. However, the analogical comparisons were not successful in helping students use the
equations to solve problems.

Reed (1989) used three isomorphic mixture problems and three isomorphic distance
problems to determine whether constructing an analogical mapping between two isomorphs would
help students solve a third isomorph. In the mixture problems (the nurse, grocer, and Mr. Smith
problems in Table 2), two quantities are added together to make a combined quantity. These
problems are solved the same way but belong to different categories in Mayer’s (1981) taxonomy.
In the distance problems, two distances are added together to equal the total distance but the two
objects are either travelling toward each other, travelling away form each other, or succeeding each
other. These problems belong to the same category in Mayer's taxonomy, but represent different
templates and are characterized by different spatial relations (converge, diverge, succession)
between the two moving objects.

Subjects in my experiment attempted to construct equations for the series of 3 mixture
problems and 3 distance problems which were counterbalanced for order of presentation.
Providing an analogous solution helped students construct equations. The percentage of correct
solutions increased from approximately 10% for the the first problem in a series to 50% for the
second problem, which was accompanied by the solution to the first problem. However, a detailed
comparison of the first two problems through mapping concepts did not increase the solution rate
for the third problem. Furthermore, success on the third problem was uninfluenced by whether
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Table 2

Isomorphic Mixture and Distance Problems (Reed, 1989)

Number

- Problem

I (Wet)

IE (Wey)

2E (Dny)

3 (Interest)

3E (Interest)
-

Mixture
A nurse mixes a 6% boric acid solution with a 12% bonic acid
solution. How many pints of each are necded to make 4.5
pints of an 8% bongc acid solution?
A chemist mixes a 20% alcohol solution with 2 30% alcohol
solution. How many pints of each are needed to make 10
pints of a 22% alcohol solution? .

A grocer mixes peanuts worth $1.65 a pound and almonds
worth $2.10 a pound. How many pounds of each are
needed to make 30 pounds of a muxture worth $1.83 a
pound”

A candy dealer mixes peppermint worth $0.75 3 pound and
butterscatch worth $0.90 a pound. How mans pounds of
cach are needed to make 9 pounds of a mixture worth
$0.80 a pound?

Mr. Smith receives 5% interest from his checking account
and 14 interest from trecasury bonds. How much money
1s in each account if he averages a 12 returm on $4500?

Mt Roberts receives 7% interest from stock dividends and
11%% interest from his IRA account. How much mones is
in each account if he averages an 8% return on $8000.

1 (Convergence)

1E (Convergence)

2 (Succession)

2E (Succession)

3 (Drvergence)

3E (Dnergence)

Distance
Marny and Sue live 50 miles apart. They decide to ride their
ticycles toward each other to meet for a picnic. Many rides
at 10 mph. Sue leaves 2 hours after Mary and ndes at 8
mph. How long will Sue ride before they meet?

Howard and Allan live 135 miles apart. They decide to dnve
toward each other. and Howard drives at 4 mph and
Allan dnves at 48 mph. How long will Allan dnve before
they meet if he leaves | hour after Howard?

Bill and Adam run a long-distance relay race for a total
distance of 20 miles. Bill runs at 4 mph but runs 0 § hours
longer than Adam. Adam runs at S mph. How long does
Adam run?

Sherny and Becky swim in a long-distance rela: for a total
distance of 12 miles. Shermy swams a1 2 mph and Bechy
swims at 3 mph. How long does Becky swim 1f Shem
swims 1.5 hours more than Becky?

A freight train leaves a station traveling at 45 mph. A passen-
ger train leaves 3 hours later traseling at &) mph in the
opposite direction. How long will the passenger train have
traveled when the two trains are 250 mules apan®

A bus leaves a rest stop 2.5 hours before a -uck leaves the
same rest stop. traveling in the opposite cirection. The bus
trasvels at 55 mph and the truch trasvels at £0 mph How
long will the truck have traveled when the two vehicles are
400 miles apan”
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students compared the first two problems or elaborated each individual problem. These findings
failed to support a schema abstraction hypothesis.

One of the differences between the experimental paradigm used in this experiment and the
paradigm used by Gick and Holyoak is that my students could refer to a specific analog (the
solution of the second problem) as they worked on the third problcm: It is possible that providing
a solution to a specific analog may have discouraged students from using an abstract solution
schema. This hypothesis was explored in a second experiment by not allowing subjects to refer
back to the solution of the second problem as they worked on the third problem. Once again,
however, the schema abstraction paradigm was unsuccessful.

In a third experiment [ evaluated two other possible causes of the failure to create abstract
solution schemas. One limitation is that students did not perform perfectly on the concept-
matching task when comparing isomorphic problems. Because they did not receive feedback,
some students did not know the correct mapping between all the lower-order relations. I tested this
hypothesis in a third experiment by giving one group of students the correct answers on the
concept-matching task. Another hypothesis is that practice on the concept-matching task does not
help students learn the higher-order relations that are necessary to form an abstract solution
schema. [ tested this hypothesis by telling students the common principle for the first two
problems in each series. Neither of these instructional variations was successful in improving
performance on the third problem in the series.

Lack of Superordinate concepts.

I suggested several explanations of why abstraction did not occur, but [ want to focus on
the lack of superordinate concepts to describe a more general schema. As mentioned previously,
superordinate concepts played an important role in the initial theoretical formulation of a
convergence schema (Gick & Holyoak, 1983) and in subsequent instructional efforts to promote
abstraction (Catrambone & Holyoak, 1989).

The creation of superordinate concepts has also been proposed by investigators working on
artificial-intelligence approaches to analogical reasoning. Winston (1980) suggested that finding an
analogy between two situations may require matching concepts at more general levels than those
provided in the statement of the problem. However, he cautions that creating concepts that are too
general will not sufficiently constrain the matches between two analogs. According to this
hypothesis, abstraction requires creating concepts that are superordinate to the concepts in the
isomorphic problems but are not so general that they do not sufTiciently constrain the solution. A
constraint on creating an abstract solution is that it may be di:Ticult to find such concepts.
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Because the concepts of distance, rate, and time do not differ in the distance problems, they
do not have to be replaced by superordinates. Only the described action has to be generalized to
replace the specific actions of travel toward in the convergence problem, travel successively in the

succession problem, and travel away in the divergence problem. Although the superordinate
concept travel generalizes each of these actions, it is too general to constrain the spatial relation
between the two objects that are traveling.

The lack of superordinate concepts is even more apparent in the mixture problems.
Although there are some identical concepts in specific pairs of problems (such as money in the
interest and grocer problems), none of the specific concepts can be generalized under a
superordinate concept that applies to all three problems. Thus volume is an important ¢ >ncept in
the nurse problem, weight in the grocer problem, and interest rate in the interest problem.

Because it is difficult to create superordinate concepts for these problems it is necessary to
consider alternative approaches for showing which problems have structural similarities. One
option is to teach students at a more specific level than superordinate concepts. We will next
consider an exemplar approach in which isomorphs are leared as specific examples, without
schema abstraction.

Leaming Common Principl
The following experiments on categorization investigate variables that influence students’

ability to leamn correct equations. A hierarchical model proposed by Reed (1987) claims that
constructing an equation for a word problem requires the successful completion of three steps,
beginning with the identification of the principle of the problem. For example, motion problems
typically require that two distances either be equated, added, or subtracted. Leaming the principle
requires learning which problems belong in each of these three categories.

There is abundant evidence that the ability to identify the principle of a problem is an
important component in acquiring expertise. As people become better problem solvers they group
problems together on the basis of common principles and mathematical structure rather than on the
basis of common objects and story context (Chi, Glaser, & Rees, 1982; Hardiman, Dufresne, &
Mestre, 1989; Schoenfeld & Hermann, 1982; Silver, 1981). This finding from sorting studies has
been confirmed by the collection of verbal protocols. The explanations generated by good
students while studying worked-out examples of mechanics problems demonstrated that they could
relate the solution to principles in the text (Chi, Bassock, Lewis, Reimann, & Glaser, 1989). Of
particular relevance are the findings obtained by Berger and Wilde (1987) who developed a
hierarchical task analysis of algebra word problems that is very similar to my analysis (Reed,
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1987). Protocols from their subjects revealed that over half of the experienced students showed a
"working-down” strategy that started at the top (principle) level, providing a relatively clear
indication of the path to the goal. The novices never started at this level.

Importance of Templates .

The purpose of our study (Reed & Sanchez, 1990) was to investigate how differences in
the instructional examples influence the accuracy of classifying motion problems according to the
arithmetic operation specified by the principle. Each problem contained two travelled distances that
had to be equated, added, or subtracted. The examples were selected from the set of 12 problems
shown in Table 3.

The four examples in each category can be further divided into two templates based on
Mayer’s (1981) taxonomy. According to Mayer, problems belong to the same template if they
share the same story line and same list of propositions, regardless of the actual values assigned to
each variable or which variable is assigned the unknown. The first and third problems in each
category belong to one template (which we will refer to as Template 1) and the second and fourth
problems belong to a second template (Template 2). The two examples within a template consist of
one problem in which time is the unknown and one problem in which rate is the unknown.

Five of the six templates in Table 3 correspond to templates identified by Mayer. The
equate problems consist of overtake and round-trip templates; the addition problems consist of
closure and speed-change templates; and the subtraction problems include the same-direction
template. The second pair of subtraction problems involves a speed change but the problems
specify a difference in two distances rather than a total distance as in the addition problems.

A distinction between Template 1 and Template 2 problems is that all the Template |
problems consist of a comparison between two objects or people and all the Template 2 problems
consist of a single object or person travelling at two different speeds. Although this is a common
feature across the three categories, there are also differences. For example, in the overtake
problems (equate) the two people travel in the same direction, whereas in the closure problems
(add) the two people travel in opposite directions.

A central concemn of our study was to investigate the effect of describing templates at two
different levels of generality. In Experiments 2 and 3 we contrast the descriptions of the specific
problems shown in Table 3 with more general descriptions that emphasize the principles of
equating, adding, and subtracting distances. However, we first demonstrate that templates are
psychologically relevant by evaluating our belief that generalizations are conservative, and are
mostly limited to recognizing common solutions among problems that belong to the same template.
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Subjects in Experiment 1 were tested in a pretest-instruction-posttest design in which the test
problems consisted of two problems representing each of the six templates. The instructional
problems consisted of two examples to represent each of the three categories. Either the two
examples were from the same template (such as two round-trip problems) or were from different
templates (a round-trip and an overtake problem). Subjects could refer to the examples as they
classified problems on the posttest.

Our first hypothesis was that people who received examples of only one template for each
category would be significantly more accurate in classifying test problems that matched those
templates than in classifying test problems that did not match those templates. Subjects in the same-
template group improved from 31% correct classifications on the pretest to 59% correct
classifications on the posttest for those problems that matched the instructional templates. In
contrast, they did not improve in classifying test problems that did not match the instructional
templates. These problems were classified with 37% accuracy on the pretest and 34% accuracy on
the posttest. As predicted, the posttest performance was significantly higher on those problems that
matched the templates presented as instructional examples.

Our second hypothesis was that students who received two different templates for each
category would show significantly greater improvement than students who received two variations
of the same template. Students in the different-template group improved from 45% to 57% correct
classifications and students in the same-template group improved from 35% to 46% correct
classifications. Performance was significantly higher on the posttest, but the group x test
interaction was nonsignificant.

These results did not support the hypothesis that subjects who had two different templates
would do significantly better on the posttest than subjects who had two variations of the same
template. Although subjects in the same-template group did not improve on test problems that
didn’t match the instructional templates, they were helped by having two examples of the templates
that were presented in the instruction. This partially compensated for the lack of templates for some
of the problems.

Two variations of a problem can help people form more general descriptions of the problem
(Gick & Holyoak, 1983), although this usually requires an active comparison of the two variations,
either through instructions to create abstractions (Catrambone & Holyoak, 1989) or through the use
of one problem to solve the other (Ross & Kennedy, 1990). It is therefore unclear whether
students who received two examples of a template formed a more general description of that
template or used the specific examples. One approach to studying this issue is to determine under
what conditions giving students more general descriptions enhances their accuracy in classifying
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]

problems. If students are capable of forming their own general descriptions from examples, then
providing general descriptions should not enhance their performance. In Experiment 2 we
investigated the usefulness of describing templates at two different ‘evels of generality to compare
the effectiveness of a general description with the effectiveness of specific examples.

Generality of Descriptions '

The purpose of Experiment 2 was to compare two different levels of generality in describing
the two templates that belong to each category. The specific descriptions are simply descriptions of
the training problems that were printed in Table 3; the general descriptions are summaries of the
problems that emphasize the principle of how the two distances are related. The general
descriptions are at a low level of abstraction because they describe concrete situations such as going
on a round trip or overtaking another person. But they omit the details of the problems such as
whether a person or an object is being overtaken, the specific quantities, anc the unknown variable.
Table 4 shows the general description of each template.

We were particularly interested in whether the specific and general descriptions are
sufficiently different that presenting both would be informative. Because we described the principle
at the template level, rather than at a more abstract level, it may have been induced by subjects and
therefore be redundant.

Evidence supports the claim that two levels of description are beneficial when one level is
very abstract and general and the other is very concrete and specific. For instance, research on
logical inferences has shown that presenting both general rules and specific examples is
significantly better than presenting either alone (Cheng, Holyoak, Nisbett & Oliver, 1986). The
general rules in the Cheng study were very abstract logical rules of the form Ifp, then q. Because
abstract ideas may be difficult to comprehend (Bransford & Johnson, 1973, White, 1989), it is not
surprising that concrete examples can facilitate comprehension and learning when instructional
material is highly abstract.

There should be greater uncertainty regarding the benefits of two levels of description as the
two levels approach each other along a scale of abstractness/generality. If two specific problems
enable people to generate a more general description (Catrambone & Holyoak, 1989, Gick &
Holyoak, 1983, Ross & Kennedy, 1990) then people who receive only specific problems should
do as well as people who receive both levels of description. Or if the more general description
enables people to generate a specific problem, then people who receive only a general description
should do as well as people who receive both a general description and a specific problem.
However, if it is not easy to move between levels of descriptior. then providing both levels could
be more helpful than providing only a single level. We evaluate these possibilities in Experiments 2
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Table 3

Instructional Examples for Categorization Experiments

Equate Distances

An escaped convict walks away from a jail at an average speed of 4 mph. A tracker on horseback
follows 2 hours later at an average speed of 7 mph. How long will it take the tracker to catch up
with the coavict?

Distance travelled by convict = Distance travelled by tracker
The Jones family drove to a national park at an average speed of 52 mph and returned along the
same route at an average speed of 46 mph. How long did it take to reach the park if it took 1.5
hours longer to retum?
Distance to the park = Distance from the park

Jack rides his motorcycle for 2 hours before his brother catches him after riding for 1.5 hours.
What was Jack’s specd if his brother's speed was 8 mph faster?

Distance travelled by Jack = Distance travelled by Jack’s brother

Tim drove to his vacation home in 7 hours and returned the same route in 5 hours. How fast did
he drive to his vacation home if his return speed was 18 mph faster?

Distance to vacation home = Distance from vacation home
Add Distances
Howard and Allan live 135 miles apart. They decide to drive toward each other, and Howard
drives at 54 mph and Allan drives at 48 mph. How long will Allan drive before they meet if he
leaves 1 hour after Howard?

Distance travelled by Howard + Distance travelled by Allan = Total Distance

Susan sailed 45 miles to her favorite island. She sailed 2.5 hours longer at 12 mph than she sailed
at 9 mph. How long did she sail at 9 mph?

Distance travelled at 12 mph + Distance travelled at 9 mph = Total Distance
Two trains travel toward each other after leaving citites that are 750 miles apart. The first train
travels for 7 hours and the second train travels for 4 hours before they meet. What was the speed
of the first train if the second train is 8 mph faster?
Distance travelled by first train + Distance travelled by second train = Total Distance

An athlete trains by running for 1.5 hours and biking for 1 hour, covering a total distance of 25
miles. If his running speed is 10 mph slower than his biking speed, how fast does he run?

Distance travelled running + Distance travelled biking = Total Distance
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Table 3 (continued)

Subtract Distances
Tom gave his brother Andy a 0.5 hour head start to see who could return home first. Andy beat
his brother by 1 mile by jogging at 3 mph, compared to 4 mph for Tom. How long did it take
Andy to reach home?
Distance travelled by Andy - Distance travelled by Tom = Difference in Distances
A man can walk at 1 mph after his accident, compared to 3 mph before his accident. He could
walk 2 miles further before his accident by walking 0.5 hours longer at the faster speed. How
long can he walk after his accident?
Distance before accident - Distance afler accident = Difference in Distances

Karen’s boat can travel 150 miles further in 8 hours than Jane'~ boat can travel in 10 hours. How
fast is Karen’s boat if it is 25 mph faster than Jane's boat?

Distance for Karen's boat - Distance for Jane’s boat = Difference in Distances
A swimmer can swim 2 miles further when she swims for 3 hours with the current than when she
swims for 4 hours against the current. If she can swim 1 mph faster with the current, how fast can
she swim against the current?

Distance with current - Distance against current = Difference in Distances
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Table 4

General Descriptions of Principles

Equate Distances

Two distances should be equated when one distance is equal to the other distance. For instance:

1. If two people travel the same route and one overtakes the other, then both travel the same
distance. The correct equation shows that the distance travelled by one person equals the distance
travelled by the other person.

2. If a person travels the same route on a round trip, then the distance travelled to the destination is
the same as the distance travelled from the destination. The correct equation shows that the
distance travelled to the destination equals the distance travelled from the destination.

Add Distances

Two travelled distances should be added when one distance plus the other distance combine to
form the total distance. For instance:

1. If two people travel toward each other and meet, then the sum of the two travelled distances
equals the total distance separating the two people. The correct equation shows that the distance
travelled by one person plus the distance travelled by the other person equals the total distance they
have to travel.

2. If a person travels at one speed and then changes speed, then the sum of the two travelled
distances equals the total distance. The correct equation shows that the distance travelled at one
speed plus the distance travelled at the other speed equals the total distance.

Subtract Distances

One travelled distance should be subtracted from the other when it is necessary to use the
difference between the two distances. For instance:

1. If one person travels further than another, then the longer distance minus the shorter distance
equals the difference in the two distances. The correct equation shows that the shorter distance
should be subtracted from the longer distance if one distance is compared to another.

2. If a person travels different distances at different speeds, then the shorter distance should be
subtracted from the longer distance if one distance is compared to another. The correct equation
shows that the longer distance minus the shorter distance equals the difference in the distances.
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and 3 by providing subjects with either specific problems, more general descriptions, or both to
determine when two levels of description significantly improve performance over a single level of
description.

Subjects in the specific instructional condition read two speci‘ﬁc examples of each template.
This material was identical to the information shown in Table 3 and included the equation that
followed each problem. Subjects in the general instructional condition read a general description
of each template. This material was identical to the information shown in Table 4. Subjects in the
combined condition received both a general example and a specific example of each template.
Each of the general descriptions was followed by a specific example -- either the first or second
example from each category in Table 3.

The lack of a significant difference between the three instructional conditions is consistent
with the interpretation that the difference between the two levels of description is insufficient to
make a difference. Students who have two specific examples may be able to forrn a more general
description of a template and students who have a general description may be reminded of a more
specific example. If this interpretation is correct, then variations in the testing procedure should
have little impact on the relative performance of the three groups because all three groups would
have access to both levels of description.

An altemative hypothesis is that the potential advantage of receiving both levels of
description was reduced by allowing students to refer back to the instructional material as they
worked on the posttest. For instance, students who received only the general description had
simultaneous access to both levels of description because the posttest contained specific examples.
The test problems provided specific examples that could be use to instantiate the more general
descriptions, reducing the informational difference between the general and the combined group.

Having access to the instructional material may also have benefitted students in the specific
group. These students may not have formed a more general description, but nor.etheless effectively
used the specific examples because they could match problems on the posttest to the instructional
examples. Research on how students use examples to solve physics problems showed that weaker
students needed to reread the examples as they solved the test problems, suggesting that they were
attempting to find a solution that could be copied (Chi, Bassok, Lewis, Reimann, & Glaser, 1989).
A limitation of this strategy is that information about the problems might be quickly forgotten, as
documented by both Silver (1981) and Mayer (1982) for word problems. The use:ulness of having
only specific examples may therefore decline when students can not refer to the examples as they
take the posttest.
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The purpose of Experiment 3 was to determine whether receiving descriptions at two levels
of generality would benefit students when they were not allowed to refer back to the instructional
material. The procedure was identical to the procedure in Experiment 2 except students were
instructed to not look at the instructional examples as they completed the posttest.

Subjects who received both the general and specific examples improved from 34% to 61%
in identifying the correct operation. Subjects in the general condition improved from 33% to 43%
correct, while subjects in the specific condition improved from 41% to 52% correct. Subjects in
the combined condition showed significantly greater improvement than subjects in the general and
the specific conditions, who did not differ significantly from each other.

The results revealed that two levels of description were significantly better than a single level
when subjects were not allowed to refer back to the instructional material. This finding can not be
explained solely by the amount of material presented during instruction. Subjects in the specific
group had the same amount of material as subjects in the combined group but had two specific
examples of each template rather than a specific example and a more general description. Subjects
in the general group had less material, but the purpose of a general description is to reduce the
reliance on specific examples by providing a summary of the essential characteristics of the
examples.

Our findings do not support the hypothesis that subjects in the specific group formed their
own general descriptions from the examples. If these subjects had generated such descriptions,
their performance should be equivalent to subjects in the combined group. Providing general
descriptions is therefore a useful supplement to specific examples when people have to rely on their
memory for the examples. However, general descriptions that are not instantiated with specific
examples may also have limited value, as illustrated by the modest improvement achieved by
subjects in the general group.

We believe that the more general descriptions served two purposes in our study. First, they
eliminated irrelevant story content that students might incorrectly use as a basis for selecting an
analogous example. For instance, a frequent confusion that occurred in Experiment 1 involved a
test problem that described a situation in which a police boat pursued another boat until it closed the
gap to 5 miles. The most frequently selected analogy was an overtake problem in which a tracker
caught up with an escaped convict. The more general description of an overtake problem does not
mention a police story that likely caused the misclassification of the test problem.

A second benefit of a more general description is that it should help focus attention on
relevant structural information. Specific problems contain structural information that is irrelevant
to relating distances at the principle level. Formal relations also exist at lower (quantity) leve:s
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such as specifying how much faster or how much more time one person travelled than another.
The objective of the final two experiments was to determine whether these irrelevant relations can
influence students’ classifications (Reed, Zelmer, & Sanchez, 1991).

Effect of Speed Relations on Distance Classifications )

In his book Modularity of Mind Jerry Fodor (1983) argued that the higher cognitive
processes are difficult to study because thére are so many sources of information that can influence
thought. Others, such as Robert Stemberg (1985), have responded that higher cognitive processes
become more modular with expertise because experts can quickly focus on the relevant
information. One of the difficulties that students may have encountered in classifying the motion
problems in Table 3 according the distance relations is that there are other irrelevant relations that
may bias their classifications. Consider the problem:

Tim drove to his vacation home in 7 hours and returned the same route in S hours. How fast

did he drive to his vacation home if his return speed was 18 mph faster? (Problem 5)
A particularly salient aspect of word problems may be the relations regarding the unknown variable
expressed in the question. Reed, Zelmer, and Sanchez (1991) hypothesized that students would be
biased toward a subtraction response if the question asked about an unknown value that was the
slower of the two speeds, as in Problem 5. Conversely, students would be biased toward an
addition response if the question asked about an unknown value that was the faster of the two
speeds. This occurs if we change the question to:

2. How fast did he return from his vacation home if his return speed was 18 mph faster?
The question now asks about an unknown value (the return speed) that is the faster of the two
speeds.

Another factor in our experimental design was whether the word sloweror the word faster
was used to describe the relation between the two speeds. We are told in Problem § that the return
speed was 18 mph faster, but we could have been told that the initial speed was 18 mph slower:

3. How fast did he drive to his vacation home if his initial speed was 18 mph slower?
We hypothesized that using the word slower to describe the relation would bias subjects toward a
subtraction response, and using the word fasterto describe the relation would bias subjects toward
an addition response. To complete the 2 (unknown) x 2 (relation) design we added a fourth
question:

4. How fast did he return from his vacation home if his initial speed was 18 inph slower?

We gave 40 psychology students a classification task that consisted of 24 problems like
those shown in Table 3, except that the unknown value was always speed. The correct answer
was equate distances for 8 problems, add distances for 8 problems, and subtract distances for 8
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problems. Each of the four variations of the question occurred for 2 of the 8 problems in these
categories. Furthermore, there were four different test booklets so each problem would rotate
through all four questions, as was illustrated for Tim’s round trip.

Table 5§ shows how the speed relations influenced the psychology students’ classifications.
We hypothesized that subjects would be biased toward responding that the two distances should be
added when (1) the unknown value was the faster of the two speeds, and (2) the described relation
between the speeds used the word faster. Both of these factors significantly influenced the
addition responses. We also hypothesized that subjects would be biased toward responding that
the two distances should be subtracted when (1) the unknown value was the slower of the two
speeds, and (2) the described relation between the speeds used the word slower. The data in the
second column show that both of these factors influenced the number of subtraction responses but
only the unknown value had a significant effect. And finally, neither the unknown value nor the
described relation influenced the number of =quate responses.

Table 6 shows the effect of the distance relations on distance classifications.
The first column shows that the greatest number of add responses occurred when the correct
answer was addand the second column shows that the greatest number of subtract responses
occurred when the correct answer was subtract. However, in neither of these two cases did the
correct distance relation significantly influence the responses. Ironically, an irrelevant variable
(speed) had a greater effect on these classifications than did the relevant variable (distance). Only
for the unbiased equate category did the correct distance relation significantly affect classifications.

I previously mentioned that classification decisions should become more modular and less
influenced by irrelevant relations as people acquire expertise. We therefore tested a second group
of students who were majoring in mathematics and planned to teach mathematics at a secondary
school. The lower half of Tables 5 and 6 show how the speed and distance relations influenced
their classifications. The irrelevant speed relations had no effect on any of their responses, but the
relevant distance relations significantly influenced all three of their responses. These students gave
significantly more add responses when the correct answer was add, significantly more subtract
responses when the correct answer was subtract, and significantly more equate responses when the
correct answer was equate. It should be noted that this acquired modularity occurred before the
classification task became very easy. Even the more expert group correctly classified only 2/3 of
the problems, midway between chance and perfect performance.

Concluding Comments

I want to conclude by briefly discussing the generality of the schema-theory approach

presented in this report. I introduced schema theory by referring to Thorndyke’s description of a
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schema as a cluster of knowledge that provides a skeleton structure for a concept that can be
instantiated by the detailed properties of a particular instance. The skeleton structure in our
rescarch is an equation and instantiation requires replacing general concepts (such as distance, rate,
time) with quantities in a particular problem. Solving similar problems in the same domain
requires modifying the equation because a similar problem has either more or less relevant
quantities than the example. Solving isomorphic problems requires fincing corresponding
concepts across different domains. This may require representing problems at a higher level of
abstraction in order to recognize the isomorphism.

I don’t want to imply that all transfer conveniently fits into a schema-theory framework.
Constructing equations for word problems seems to provide a nice fit but I am less enthusiastic
about trying to fit my early research on the missionaries-cannibals problem (Reed, Emst, &
Banerji, 1974) into this approach. Ideas such as skeleton framework, instantiation of values,
relevant versus irrelevant quantities, hierarchical levels that differ in generality, and procedural
attachments have a more direct application in the word-problem domain than in the missionaries-
cannibals domain.

A contrasting approach is a search-space framework in which subjects search for a solution
(Newell & Simon, 1972). Gick (1986) has argued that a search is used when subjects do not have
dcmain-specific knowledge for solving the problem and have to use general strategies such as
means/end analysis. This is effective for small search spaces with a specific goal such as the
missionaries/cannibals problem, but is not very helpful for algebra word problems where success
is much more dependent on matching a test problem to domain-specific knowledge.

For very complex domains, expertise may depend on a combination of schema-based
knowledge and general search strategies, as suggested by the study of electronic trouble shooting
(Gott, Hall, Pokorny, Dibble, & Glaser, in press). Results revealed that skilled performers used
three general types of schematic knowledge: device models of the equipment, general models of the
trouble-shooting approach, and well-organized procedural knowledge for adapting to different
equipment. The search approach characterized individual differences in breadth-first versus depth-
first search. Good trouble shooters typically use a breadth-first search in which they first evaluate
the major components before going into depth on any particular component.

In conclusion, we need to continue to look for effective ways of organizing knowledge to
help students improve their transfer. In many ways the FERMI model (Larkin et al., 1988) is an
ideal method of organization. A frame-like skeleton structure provides an organizing framework
_for attached procedures that can calculate needed values. Problems that are solved by common
methods are organized together so students can see the commonality across different domains. For
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complex domains such as statistics, physics, and algebra word problems, teachers, researchers,
and textbook writers need to do more to make such an organizational framework apparent.
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