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SUMMARY OF RESEARCH ACCOMPLISHMENTS

This research has developed a solution procedure for a practical, new combinatorial
optimization problem, namely, problem (*) of page 4 of this technical report. The solution
procedure also represents a new approach to combinatorial problems.

Problem (*) is a model for certain surveillance maintenance problems, and has not
previously appeared in the literature of optimization or industrial engineering. Therefore, this
research is bringing this important problem to the attention of researchers and specialists in the
field of optimization and industrial engineering.

Our procedure for solving problem (*) is a heuristic that produces good quality,
approximate solutions. This heuristic is designed to utilize solution guesses from the user, and
incorporate new fast heuristics for the standard set-covering problem. Hence, this procedure has
the potential to "evolve” and "develop", as more computational experiments are performed, and
researchers become aware of problem (*).

This heuristic introduces a new approach to combinatorial problems. Combinations of
sensor mechanisms are "lined up” as (binary coded) integers, and then a discrete line search (that
is, a line search on integers only) is performed. Hence, a discrete optimization problem is
transformed in a way that allows basic procedures of nonlinear programming to be applied. This
should be a useful approach for a host of NP-complete combinatorial problems (the knapsack
problem, for instance).

Finally, the cubical subdivision of the set S described in Appendix I of this report should

have interesting implications for research on surveillance sensors.




SECTION 1

INTRODUCTION

This is the final report for research contract DASG60-90-C-0142 with the United States
Army Strategic Defense Command, Huntsville, Alabama. This is also the third of three technical
reports on the research contract. The first and second preliminary technical reports are included
in this final report as Appendix I and Appendix II respectively.

The subject of this research contract is the problem labeled (*) below:

(*)Given: S, a subset of the 3-dimensional space, R*; subsets S, i=1,...,m, j=1,...,n, that cover

S in the sense that S is the union of all the S;’s; two numbers t; and c; that will be

interpreted as "time" and "cost" respectively. Required: To determine an optimal collection

of the §;;’s that cover S, with no more than one S, for each i, and optimality defined in
terms of minimizing max{t; : S; is in the collection} or minimizing the total cost of the

S;’s in the collection.

This set-covering problem shall be referred to as problem (*). Problem (*) is a
representation for a class of surveillance maintenance problems including the problem of restoring
surveillance coverage for a system of surveillance sensor mechanisms after a sensor mechanism
(in the system) fails. The set S represents the space under surveillance; each subset S represents
the portion of S covered by the i-th surveillance sensor mechanism functioning in its j-th optional
deployment/positioning; each c; represents the cost of the j-th deployment of the i-th sensor

mechanism; t; represents the time required for the i-th sensor mechanism to be placed in its j-th




optional deployment. Selecting a minimum-cost set of S;’s covering S corresponds to restoring
surveillance coverage at minimum cost, whereas selecting a minimax-time set of S;;’s covering
S corresponds to restoring surveillance coverage within the shortest time possible.

For any procedure to solve problem (*), it is necessary to be able to determine whether
a given selection of the S;’s define a cover for S. This question is the subject of our first
preliminary technical report. In addressing this question, we find information about the sizes of
potential intruders (into S) to be very helpful. This information allows us to avoid putting
stringent conditions on S;; or S. Section 2 of this report gives a summary of the preliminary
technical report.

Also in section 2 of this report, our solution procedure for problem (*) is summarized.
Appendix II contains a detailed description of this procedure. Partly because problem (*) is yet
to appear in established literature, our procedure for solving problem (*) is not a variant of any
existing procedures. Section 3 of this report evaluates certain computational features of this
procedure.

Sections 3 and 4 of this report were not included in the preliminary technical reports.
Using various test problems, section 3 contains information on the quality of solutions, and
discusses some design choices. The computational complexity of the procedure is already
estimated in Appendix II as o(ISim?log, ;2™).

Section 4 describes three extensions of problem (*) as possibilities for further work.
These are resource-constrained extensions, commitment-constrained extensions, and multiple-layer
coverage extensions. Such extensions incorporate a more realistic setting for problem (¥*).

To close this introduction, a clarification of one terminology that will be encountered




frequently in this report is in order. Since it is a heuristic, our solution procedure is application-
oriented, and so is the description of it. Hence, sometimes problem (*) is referred to as the
surveillance maintenance problem, even though problem (¥) is actually an optimization model
that has the surveillance maintenance problem as its motivation, and one of several possible

applications.




SECTION 2

DESCRIPTION OF SOLUTION PROCEDURE

Our solution procedure has been formally described in our first and second preliminary
technical reports, DASG60/90/1 and DASG60/90/2, which are included here as Appendix I and
Appendix II respectively. In this section, we describe our motivation for the results presented

in those preliminary technical reports. Informal summaries of the results are also given.

2.1 Determining Whether S is Covered

Any method for solving problem (*) must include a procedure for checking whether the
set. S is equal to the union of any selection of the S;’s, that is, whether S is covered by a given
selection of the S;’s. If the set S were a finite set, then it would be a straightforward matter to
do this checking on a digital computer. But, in problem (*), the set S in not finite; it is a 3-
manifold in R? (that is, a full-dimensional volume in R?). This task of checking whether S is
covered is the subject of our first preliminary technical report.

In the case that S is not a finite set, it may be very difficult or even impossible to check
whether S is covered. To illustrate this point, let us consider two special examples. First,
suppose S and the S;’s are rectangles in R2 Figure 2.1 below portrays a possible situation that
may develop. This diagram suggests that the task (checking whether S is covered) is not
impossible in this case, but could involve a great deal of record keeping.

Now suppose S is a rectangle in R?, and some of the S;’s are intersections of circles and




S. Figure 2.2 below portrays a possible picture in this case. This diagram suggests that it may
be impossible to check whether S is covered, unless further information is brought to bear on the

case.

Figure 21

Figure 2.2

In problem (*), § corresponds to the space under surveillance, and each S; corresponds
to the portion of S covered by the span of some sensor mechanism (in a specified deployment).
S;; depends on sensor technology, whereas S is a fixed volume. Since sensors have various non-
surveillance uses in the real world, it may not be realistic to impose restrictions on the S-,j’s just

to make it convenient to check whether S is covered.




Fortunately, the nature of surveillance maintenance itself provides a useful information,
namely , the size of a potential intruder. Suppose x is the size of the smallest potential intruder
into S. S may be "subdivided" into a finite number of pieces that fit together suitably, each piece
of size at most x; Then the surveillance sensor mechanisms only have to cover (all of) the
vertices (corners) of those pieces. Since there is a finite number of such pieces, this essentially
reduces S to a finite set for the purpose of comparing S to the union any given selection of the
Sy’s.

In the first preliminary technical report, alternative ways of subdividing S for this purpose
were considered, and a particular kind of subdivision, the cubical subdivision, was found to be
the most suitable. The cubical subdivision allows an easy denumeration (line-up) of the pieces,
and does not involve too many vertices. Other desirable properties of the cubical subdivision
were also described in the technical report.

The literature of piecewise linear topology contains various types of such a subdivision

of manifolds. Subdivisions of manifolds are also used extensively for homotopy methods in

mathematical programming [1][19] and finite element methods [15][18].

2.2 Our Procedure For Problem (*)

It has been shown that, for the purpose of solving problem (*), S may be regarded as a
finite set (by virtue of results given in Appendix I). But, even with S regarded as a finite set,
problem (*) remains ordinarily harder than the standard set-covering problem, since problem (*)
reduces to the standard set-covering only when n=1 and cost is the objective function. Therefore,

one may not rely on standard set-covering procedures to solve problem (*). Our procedure for




solving problem (*) is the subject of the second preliminary technical report (Appendix II).
Problem (*) is an NP-complete combinatorial problem, as the standard set-covering is NP-
complete. By the theory of algorithms [7][14], this means that it is highly unlikel, ‘hat anyone
can ever find an "efficient” procedure that computes an exact solution for problem (*). As an
illustration of the meaning of this NP-completeness statement, solving an instance of problem (*),
with 10 sensor mechanisms and 5 deployment options for each sensor mechanism, may take years
on a fast digital computer doing one operation per micro-second, if an exact solution is required.
Hence, a realistic approach for real world problems is to use procedures that produce good
approximate solutions. Such approximate procedures are known as heuristic procedures or,
simply, heuristics.
Since they are designed to produce approximate solutions, rather than exact solutions
(even though they may generate exact solutions quite often), heuristics are usually designed to
meet quality specifications derived from particular applications. Indeed, it is generally believed
that any heuristic must be motivated from the needs of some specific applications.
Accordingly, our procedure for solving problem (*) is a heuristic whose features are
motivated by the needs of surveillance maintenance applications. This heuristic is designed to
have the following quality attributes: (i) ability to produce an approximate solution in good run
time, (ii) ability to produce approximate solutions that are close to exact solutions, (iii) ability
to utilize initial solution guesses given by the user or obtained from earlier iterations, (iv) ability
to profitably incorporate new results on standard set-covering and related combinatorial problems.
This heuristic consists of the following main components: (i) a discrete line search (a line

search wherein the function is evaluated at integral points only) that selects combinations of
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sensor mechanisms, (ii) a random selection of deployments for combinations of sensor
mechanisms, and (iii) a "greedy" procedure for computing cover value for any given deployment
of sensor mechanisms.

The discrete line search does "skip and search” operations over the set of all possible
combinations of sensor mechanisms. First, it goes through all k-subsets (of sensor mechanisms),
then through all (k+1)-subsets, and so on. This search procedure allows the user to input a guess
of how many sensor mechanisms may suffice to cover the space optimally, that is, the starting
k, but this is not required. This guess is used to initiate the search, and naturally loses its effect
if it is misleading.

If a selected deployment (of a given combination of sensor mechanisms) does not cover
the space, the heuristic makes another selection of deployment. This way, each combination of
sensor mechanism gets a number of “chances”; the number of chances given to each combination
is determined at heuristic initialization.

Computational experiments indicate that the "greedy method" for computing cover value
(cost or time) is a good choice. One can show that a related divide-and-conquer method suited
to a parallel (processing) computer will perform even better than that greedy method.

Appendix II gives other details of this heuristic for problem (*). It also includes the
source code of a computer program (in C) that implements the heuristic. This program is
included as a subroutine in the larger computer program used for the computational experiments

discussed in section 3 of this report.
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SECTION 3

COMPUTATIONAL EXPERIMENTS

The computational experiments reported here serve two purposes. First, they are designed
to demonstrate that our procedure for problem (*) generates solutions close to optimal solutions.
Secondly, they are used to examine some of the design choices that define the procedure. Such
a numerical evaluation of design choices may be necessary even if performance guarantees have

already been given analytically.

3.1 Design Choices
The main design choices in our procedure for problem (*) are:
i.  the use of binary code to "line-up” all combinations of sensor mechanisms,
ii.  the restart feature, instead of a one-pass search,
iii. the use of random deployment, for any given combination of sensor mechanisms,
instead of an orderly enumeration of possibilities, and
iv.  the use of a greedy method for computing the objective function values (once the
deployment is determined).
Alternatives to the binary code, such as the gray code, were considered before the binary
code was chosen. Computational experiments (using a program written in BASIC with function
plotting, etc.) put the binary code ahead of other options for two reasons. First, the binary code

is easy to explain. Secondly, the function plots obtained for binary codes were more amenable
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to function minimization than they are for other codes. To explain this apparent superiority of
the binary code, we focused on k-terms (that is, terms of the binary code sequence that have
exactly k 1’s in their digits), and discovered some orderliness that led us to the "restart” idea.

To see this k-term property of binary code sequences, consider the k-terms of the
following sequence.

0000, 0001, 0010, 0011, 0100, 0101, 0110, OI111,

1000, 1001, 1010, 1011, 1100, 1101, 1110, 1111.

The sequences of k-terms are

0001, 0010, 0100, 1000,

0011, 0101, 0110, 1001, 1010, 1100,

0111, 1011, 1101, 1110,

1111,

These suggested to us that it might be advantageous to concentrate the line search on one
sequence of k-terms at a time. Hence, the idea of restart. Computational experiments with test
problems (described below) suggest that the "restart” feature is indeed a good idea, besides
allowing the user to input a guess about how many sensor mechanisms may suffice to cover the
space.

With regard to randomness in the deployment choice, the only alternative is to enumerate
possibilities on the basis of information obtained from some pre-processing of data concerning
deployment options. We did not perform computations with this alternative because it seems too
much work for too little reward. The deployment choice aspect has significant scope for future

work. However, the randomness seems to have no adverse effect on the results when relatively
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few of the sensor mechanisms have multiple deployment options.

The use of a greedy method for computing objective function values is convenient on
account of speed. Any sensible heuristic for the standard set-covering problem may do equally
well. A "divide-and-conquer” alternative was considered, but this is more suited to a paraliel

(processing) computer.

3.2 Hardware and Programming

To some extent, all computational experiments reflect hardware and programming. Our
computer program for implementing the procedure is written in C language so as to take
advantage of C’s efficacy in handling complicated data structures. We had presumed that
subdivisions of the set S might require such data structures.

Development started with an IBM RT PC in a UNIX environment, but we switched to
an IBM AT PC (286) and an IBM PS/2 Model 80, so as to take advantage of existing utility
packages. The source code included here as an Appendix is in Microsoft C, using function
prototyping and other features of ANSI C. Our test problems are of the size that will run with
DOS. It is a simple matter to make the little adjustments (function declaration, etc.) that will
make this code run in the environment of other operating systems.

Our program accepts inputs in form of files stored in "binary" (for space use efficiency).
The user is required to supply the file name when the file is to be read or written into. The user
also selects the objective function - cost or time. Next, the user is asked to guess (if possible)

how many sensor mechanisms may suffice to cover the space.
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3.3 Test Problems

Our test problems are not of the most general kind. They have been designed with the
surveillance application in mind. We believe that the surveillance application will ordinarily
have (i) many pieces in the cubical subdivision of S (Appendix I), (ii) few sensor mechanisms,
(ili) most sensor mechanisms having exactly one deployment option. Test problems reflecting
these observations, and computed solutions are given in Appendix IV.

Each problem has six sensor mechanisms, and each sensor mechanism has at most two
deployment options. The coverage span of each sensor mechanism is assumed to be a sphere,
and the set S is assumed to be a rectangular volume. In our experience, when computed "cost”
solution is not optimal, the computed "time" solution usually gives help. In any case, supplying
"guesses” always helps.

It is clear from an inspection of those test problems that there is need for more
computational experiments, especially ones involving large-scale problems, the kind that may

require a computing environment such as that provided by OS/2 or UNIX.

15




SECTION 4

DIRECTIONS FOR FUTURE WORK

Directions for further research related to problem (*) are suggested in this section. Three
classes of extensions of problem (*) will be described. The first class has to do with making
problem (*) more realistic in terms of resource constraints, for example, budget constraint and
time constraint. The second class is about how existing commitments may constrain the choice
of sensor mechanisms and their deployment options. The third class of extensions is concerned
with multiple-layer surveillance coverage for selected portions of the space under surveillance.
In addition, further computational experiments on our procedure for problem (*) will continue

to be of interest.

4.1 Resource-Constrained Extensions

Each time an instance of problem (*) is solved, the objective function is either "cost” or
"time". But, in the real world, one may be interested in both time and cost simultaneously. It
may be desirable either to minimize surveillance rescheduling cost, with a limit on the time it
takes to complete the rescheduling, or to minimize the time it takes to complete surveillance
rescheduling, with a limit on the cost of doing the rescheduling.

The following is a formal statement of these two resource-constrained extensions of
problem (*):

(N Problem (*), with objective function replaced by minimize 2 c;,, subject to the

16




constraint that S, is in the ‘ collection, and max{t;}<T
) Problem (*), with objective function replaced by minimize max({t;} subject to the
constraint that S;; is in the collection and X ¢; <C
Here, T is the time limit, and C is the cost limit. These resource-constrained problems
are "mixed”, because each problem is a mixture of combinatorial and continuous variable

optimization problems.

4.2 Commitment-Constrained Extensions

In the real world, existing contracts, conceming orders and supplies, will ordinarily
constrain new decisions. Therefore, decisions involved in rescheduling surveillance coverage
may be subject to commitment constraints. Existing commitments on orders and supplies for
suryeillance maintenance may be reflected in problem (*) in form of pre-determined selection of
some sensor mechanisms or some deployment options. Indeed, the standard set-covering problem
may be regarded as an extreme-case member of this class of extensions of problem (¥); it is the
case where each surveillance sensor mechanism is allowed exactly one deployment option, an

option probably fixed by some legal contract.

4.3 Multiple-Layer Surveillance Coverage

It is possible that some portions of the space under surveillance in problem (*) are so
special that they require a multiple-layer surveillance coverage. For example, suppose it is
necessary to ensure that portions of the boundaries of the space be covered by at least 2 sensor

mechanisms. This may be required to satisfy some reliability requirements. We would refer to

17




this as a 2-layer coverage problem.
This gives rise to a k-layer extension of problem (*). Problem (*) is obviously a 1-layer
coverage problem. Now, if we allow portions of the space to have 0-layer coverage, and other

portions to have positive-layer coverage, then we have a very practical extension of problem (¥).
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APPENDIX I

SUBDIVIDING 3-MANIFOLDS FOR SURVEILLANCE MAINTENANCE
by
S. Awoniyi & L. Frair

Abstract

This report contains a procedure for checking whether a given set of surveillance sensor
mechanisms is sufficient to cover a given airspace, say S, under surveillance. This procedure
consists of using information about the size of the smallest potential intruder (into S) to subdivide
S into pieces that fit together suitably. The vertices of these pieces constitute a finite set of
points that the sensor mechanisms must cover. Hence, this procedure essentially replaces S with
a finite set; then, checking whether S is covered by the sensor mechanisms becomes a
straightforward task on a digital computer. Also included (as Appendix II) in this report is a
menu-driven computer program (in C programming language) that implements that procedure;
it subdivides S and denumerates (assigns numbers to) its pieces, in a manner that helps record-
keeping. This computer program will be incorporated into the computer codes that will be
delivered to the US Army Strategic Defense Command under the research contract DASG-60-90-
C-0142. In the mean time, this computer program may be used for experimentation and

demonstrations.
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1. Objective of Results

The results given in this report address aspects of the generalized set-covering problem
described in the research grant DASG-60-90-C-0142, sponsored by the United States Army
Strategic Defense Command. The problem is recalled here:

(*)Given: S, a subset of the 3-dimensional space, R subsets S, i=1...,m, j=1,...,n,

that cover S in the sense that S is the union of all the S;’s; two numbers t; and

c; that will be interpreted as "time" and "cost” respectively. Required: To

determine an optimal collection of the S;'s that cover S, with no more than one

S, for each i, and optimality defined in terms of minimizing max {t;:S;; is in the

collection} or minimizing the total costs of the S;’s in the collection.
This set-covering problem shall henceforth be referred to as problem (¥).

Any method for solving problem (*) must include a procedure for checking whether the
set S is equal to the union of some of the S;’s. If the set S were a finite set, then it would be
a straightforward matter to do this checking on a digital computer.

In the surveillance applications of problem (*), the set S is not finite; S is a 3-dimensional
manifold (that is, a full-dimensional volume in R?). S represents the space under surveillance,
whereas S;; represents the portion of S that may be covered by the i-th surveillance sensor
mechanism functioning in its j-th optional positioning.

If S is a 3-manifold without any special features, to determine whether S is equal to the
union of some of the S,’s is a very hard task on a digital computer. But the surveillance
maintenance situation allows us to regard S as "variably finite" (this term will be fully explained

in Section 2). Utilizing this special feature of S, we give in this report a reasonable procedure




APPENDIX I

for comparing S and the union of any collection of the S;’s.

This procedure consists of (a) subdividing S into a finite number of pieces of suitable
sizes, with each piece "contained” in at least one of the Sy’s, and (b) denumerating (numbering)
the pieces in a way that will facilitate efficient record-keeping. These results essentially replace
S with a finite set {7} ,--. o }, whereS; is the k-th piece of the subdivision, and p the total
number of such pieces. For overall efficiency, it is desirable to make p as small as possible,
while, at the same time, ensuring that it does not take much effort to check whether a piece is
covered by an S;. Section 2 of this report gives details of these results. A computer code (in

C language) implementing this procedure is included as Appendix IL

2. Description of Results

This section describes our procedure for comparing S and unions of the S;’s. We shall
begin by making some problem-reducing observations on the surveillance maintenance situation.
These observations are instrumental to cur replacing S with a finite set, thereby making the set
comparison task a straightforward one.

(*)Observations: (i) S is compact, since surveillance over an unbounded space is not

practicable; (ii) surveillance sensor mechanisms do not have to cover every point of S;

they only need to cover points in S that are not too far apart relative to the size of the

smallest potential intruder into S.

To substantiate the claim contained in the second part of those observations, let us
suppose S is a rectangular volume, and the smallest potential intruder into S is of size &. Let
S be subdivided into polyhedral pieces (that is, pieces with straight boundaries) {<},....9p}, each

@ with diameter less than « (the diameter of a set is the length of the longest straightline
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contained in the set). The compactness of S guarantees the existence of such polyhedra pieces.
Obviously, the surveillance sensor mechanisms only need to cover the vertices of thed;’s, since
that guarantees that any intruder will be detected. Figure 1 gives an illustration in R? of possible
subdivisions of manifolds. Thus, S is effectively replaced with a finite set, the set of all vertices
of the pieces of a subdivision of S. Hence, by virtue of the observations (*), S may be regarded
as a "variably finite set”. The qualifier "variably" is necessary because there are many different
we s of subdividing S into pieces §;,...,.%, giving rise to many different finite sets for replacing
S.

As one can see from Figure 1, some subdivisions of S are better than others. In choosing
a subdivision of S, it is desirable to

(i) minimize the number of (subdivision) pieces; Figures 1(a) and 1(c) show examples
of subdivisions with relatively too man;’ pieces;

(i) avoid repeating a vertex treatment in assigning (subdivision) pieces to the §;'s; such
a repetition will occur if there are more pieces than vertices; Figure 1(a) illustrates
this point;

(iii) ensure effective denumeration of pieces (effective in the sense that each piece number
automatically identifies the corresponding piece, and vice versa), so as to facilitate
efficient record keeping; in this regard, the subdivision of Figure 1(b) is superior to
those of Figures 1(a) and 1(c).

Evidently, the usual performance criteria for subdivisions in homotopy algorithms [5] ,

such as "directional density”, do not apply here because subdivision traversing is not of interest
in the context of surveillance maintenance. Appendix [ gives a formalization of criteria (i) and

(i1) above.
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On the basis of the three criteria listed above, the subdivision of Figure 1(b) is clearly
superior to those of Figures 1(a) and 1(c). In fact, in R? when one considers using k-sided
pieces, for k=34,..., it is not hard to see that the subdivision in Figure 1(b) is superior to all
others. In R analogues of the subdivision of Figure 1(c) fail our criteria because they involve
too many vertices and are too complicated for effective denumeration; such subdivisions are
never used in the literature of homotopy algorithms and finite element methods [2].

Therefore, the feasible options reduce to choosing between 3-dimensional analogues of
the subdivision of Figure 1(a), which are known as "triangulations”, and 3-dimensional analogues
of the subdivision of Figure 1(b), which we shall term "cubical subdivisions”. Cubical
subdivisions cover R® with identical cubes or rectangular blocks, whereas triangulations cover R’
with tetrahedra. Now, triangulations fail our criteria on account of having more pieces (called
simplices) than vertices (so vertex treatment repetition will occur), and because they are difficult
to denumerate effectively. In contrast, the cubical subdivision has relatively few pieces (always
less than the number of vertices), and is amenable to easy, effective denumeration. Indeed, for
the cubical subdivision,only one vertex of each piece (its origin) needs to be assigned to the Si’s,
because the other vertices (of the piece) are origins for other pieces, unless the piece happens to
lie on some of the boundary of S. Figure 2 illustrates this point about the cubical subdivision.
Hence, we have a case for choosing the cubical subdivision for our purposes here.

But to conclude the case for the cubical subdivision, it is necessary to consider the amount
of record-keeping that must be done at the boundary of S, taking into account the types of S that
may arise in the surveillance maintenance situation (consideration of the interior of S having been
subsumed in the foregoing comparison of subdivisions of S). Now, since, by definition, S

represents an airspace, one may assume that S is essentially a 3-manifold of the type shown in
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Figure 3(a). As the manifold of Figure 3(a) is clearly homeomorphic to that in Figure 3(b), in
a topological sense, one may then assume that S is essentially a rectangular volume, without any
loss of generality. Hence, S indeed possesses the features that have been demonstrated ( in the
foregoing) as reinforcing the cubical subdivision’s superiority. This concludes our case for
choosing the cubical subdivision.

The foregoing analysis is the basis for a computer program that is included here as an
appendix. This computer program gives a cubical subdivision of S, and denumerates its pieces.
It will be included as a component of the final computer implementation of our solution of
problem (*). Presently, this computer program may be used in computational experiments and
demonstrations on the cubical subdivision.

The computer program is menu-driven and user-friendly. First, it requires the user to
sup’ply the dimensions (length, breadth, height) of the rectangular volume S. Then the user
makes a selection from the following menu:

A - To Compute Number Assigned to a Piece

B - To Compute the Piece for a Given Number

C - To Return To Operation System

If A is selected, then the user is asked to supply the coordinates of the piece’s origin; the
computer program then returns the piece’s number. It B is selected, then the user is asked to give
the number; the program then returns the origin of the corresponding piece, unless the given
number is too big to be a piece number. In the case that the number is too big, the program

returns an error message.
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3. Concluding Remarks

Besides allowing us to compare S to collections of the S;’s, replacing S with a finite set
also transforms problem (*) into a generalized discrete set-covering problem that is amenable to
a host of discrete optimization strategies and heuristics. These strategies include divide-and-
conquer, discrete line search, decomposition, and enumeration.

To employ these strategies to solve problem (*), we shall use the computer program
included here as a "function” (or subroutine). This function will be called for doing "initial set-
up” (implicitly replacing S and the S;’s with finite sets), and for checking for feasibility when
collections of the S;’s are examined.

Since each S;; will contain relatively few of the pieces (of the cubical subdivision of S),
S; x;\ay be represented as a "linked list". The C programming language is ideal for such a data
struéture.

Now, our analysis (in Section 2) that resulted in the choice of the cubical subdivision is
relatively informal. A more formal analysis resulting in the same conclusion is included here as

Appendix I.

10
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A FORMAL CASE FOR THE CUBICAL SUBDIVISION
Here, we present in R? a more rigorous version of our case for the cubical subdivision.
We shall also indicate how this analysis may be extended to R3. First, a number of concepts will
be defined.
Definition: For any polygon, ¢, in R?, the length of the longest side shall be called the

polygon’s surveillance diameter, and will be denoted by sdiam(g).

The number sdiam) is the upper bound on the size of intruders that may enteri-undetected by
surveillance sensors that cover the vertices of o only. Our next definition is a performance
measure (for subdivisions) summarizing two of the three criteria given in Section 2.

Definition: For any n-sided polygon, o, in R? with area A, the number A/n shall be called the

polygon’s index of surveillance subdivision efficacy, and will be denoted by isse(wr).

If} for a polygon @;sdiam(7) is acceptably small and isse(@) is relatively large, then
g is a good candidate for use as a subdivision’s basic building block.
The following lemma follows easily from the definitions above:

Lemma: (i) If o is an equilateral triangle with side & , then

sdiam@ = & and isse(q) = x%/4\3

@i1) If o is a square of side length «, then

sdiam(s) = « and isse(q) = x%/4
Hence, for surveillance purposes in R? it is better to subdivide S into squares rather than
equilateral triangles, especially if S happens to be a rectangular area. However, that does not yet

indicate that squares are preferable to all triangles; this is the object of the following proposition.

12
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Proposition: For any triangle, @, in R? with sdiam(a) = « ,
isse(q) < 48
Proof (outline): It suffices to show that ihe area of the triangle @ does not exceedy3x%/4 (the area
of corresponding equilateral triangle). Since sdiam(s) = A, the longest side ofeis of length .
With a simple construction, one can enlarge g~ into an isosceles triangle with two sides equal o .
Then, using an elementary optimization technique, one can show that if g~ is isosceles with
sdiam(g) =4 then the area of g does not exceed that of an equilateral triangle with side length
equal to. ¢ .

Thus, we have formally demonstrated that the cubical subdivision of S is superior to
triangulations of S in R? even without using the fact that S is a rectangular area. This conclusion
also holds true in R?, but the analysis is a lot longer. In R? the tetrahedron replaces the triangle
of R? and the cube replaces the square. Of course, the definitions of sdiam(g) and isse (@)
mus‘t be recast -- "facet” replacing "line", "volume" replacing "area”, etc.

Obviously, we have not considered k-sided polygons in R?, for k=5,6,... This is because
such polygons are too complicated (when interpreted for R®) to allow sensible denumeration of
subdivision pieces. They also fit poorly on the boundary of S, especially when S is a rectangular

volume.

13
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APPENDTIX I1I
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CUBICAL SUBDIVISION OF 3-MANIFOLDS FOR SURVEILLANCE MAINTENANCE: */
WE ASSUME, WITHOUT LOSS OF GENERALITY, THAT THE MANIFOLD IS A */
RECTANGULAR 3-DIMENSIONAL VOLUME; THE MANIFOLD IS SUBDIVIDED INTO*/
UNIT CUBES, AND THE CUBES ARE DENUMERATED FOR EFFICIENT RECORD */
KEEPING; THE USER SHALL SUPPLY THE MANIFOLD’S DIMENSIONS (LENGTH,*/
BREADTH, AND HEIGHT), AND THEREAFTER SELECT FROM A MENU THAT */
GIVES A CUBE’S NUMBER WHEN THE CUBE’'S ORIGIN COORDINATES ARE */
SUPPLIED, AND GIVES A CUBE’'S ORIGIN COORDINATES WHEN THE CUBE’'S */
NUMBER IS SUPPLIED. */

* * % * % ¥ & % ¥

oid pisnum({void);
oid numpis(void);
nt 11, bb, hh;

ain{()

{

char ss;

printf (" THIS PROGRAM GIVES A CUBICAL SUBDIVISION OF A\n ");
printf (" 3-DIMENSIONAL RECTANGULAR BLOCK\n\n ")

printf("Please ENTER the dimensions of the block, p:q:r --> "});
scanf("%d:%d:xd”, &11, &bb, &hh);

start:

printf("\n\n");

printf("\n ENTER \n");

printf("\n A -- To Compute Number Assigned to a Piece\n");
printf("\n B -- To Compute the Piece for a Given Number\n");
printf("\n € -- To RFit'~n to DOS\n");

printf({"\n YOUR SELECTION:}——> ")

ss = getche(); printf("\n\n");
switch(ss) .
{
case 'A’':
pisnum(); break;
case ‘a’:
pisnum(); break;
case 'B’':
numpis(); break;
case ’'b’:
numpis(); break;
case ‘C':
exit(@);
case ’‘'c’:
exit(@);
default:
goto start;
}
printf("\n\n");
Printf( e emm e e e em e m—m—mm - \n\n\n");
printf{"Press any key to continue™);
ss = getch(});
goto start;

}

14
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/* THIS PROCEDURE COMPUTES THE NUMBER ASSIGNED TO ANY */
/* PIECE OF THE CUBIC SUBDIVISION OF THE BLOCK. YAU ARE */
/* REQUIRED TO INPUT THE ORIGIN OF THE PIECE.\n\n-=/

void pisnum(void)
{
int xx, yy, zz, temp;
startl: —_—
printf("Please ENTER the origin coordinates, x:y:z --> ");
scanf("%$d:%d:%d"”, &xx, &yy, &zz);
if(xx>11 || yy>bb || zz>hh)
{printf("\n\n! 1 1212121~ A1 AINPUT ERROR! TRY AGAIN PLEASE\n\n\n"};
goto startl; }
temp = (11*bb*zz)+(11*yy)+xx+1;
printf("\nFor the piece with origin (%d,%*d,%d), ", xx, Yy, 22z);
printf("the corresponding number is %4d \n", temp);

/* THIS PROCEDURE COMPUTES THE ORIGIN OF THE PIECE */
/* CORRESPONDING TO ANY GIVEN NUMBER™*/

void numpis(void)
{ .
int num, xx, yy, zz, temp; 3
start2: i
printf("Please ENTER the number --> ");
scanf("%d"”, &num); printf("\n");
if (num>(11*bb*hh})
{printf("\n\n!*!*1~21~1~1~1~1~*INPUT ERROR! TRY AGAIN PLEASE\n\n");
goto start2;

}
num-=1; temp = 11*bb;
2z = ( num - (num%temp) )/temp; num -= zz*temp;

yy = ( num -~ (num%l11) )/11;

XX = pnum - yy*11;

printf("The corresponding piece has (%d,%d,%d) ", xx, yy, 2z);
printf("as origin coordinates\n\n");

-~
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A RESTART PROCEDURE FOR A GENERALIZED

SET-COVERING PROBLEM IN SURVEILLANCE MAINTENANCE

by

Samuel Awoniyi & Lester Frair

Abstract: We describe a heuristic procedure for the generalized
set-covering problem defined in our research contract DASG
60-90-C-0142 with the United States Army Strategic Defense Command,
Huntsville, Alabama. This heuristic is not a wvariant of any
existing procedure, as the problem itself has not appeared in the
literature. The quality attributes of this heuristic include
(i) ability to produce an approximate solution in good run time,
(ii) ability to produce approximate solutions that are close to
exact solutions, (iii) ability to improve upon initial solution
guesses given by the user or obtained from earlier iterationmns,
(iv) ability to profitably incorporate new results on set-covering
and related combinatorial problems. The main components of this
heuristic are a discrete line search with restart, a random
selection operation, and a greedy procedure on a subproblem. A
computer program (in C language) implementing this heuristic is
included as an Appendix. The next report on this research contract
(which is also the final report) will give a full account of our

computational experiments with this heuristic.
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1. Introduction

This is the second of three technical reports fulfilling a
requirement of our research contract DASG 60-90-C-0142 with the US
Army Strategic Defense Command, Huntsville, Alabama. The goal of
this research contract is to design solution procedures for the
generalized set~covering problem described in (*) below.

(*)Given: S, a subset of the 3-dimensional space, R?; subsets

Sy, i=1,...,m, j=1,...,n, that cover S in the sense that S
is the union of all the S,,’s; two numbers t,, and c,, that
will be interpreted as "time" and "cost" respectively.
Required: To determine an optimal collection of the S,,’s
that cover S, with no more than one S,, for each i,
and optimality defined in terms of minimizing
max{t,, : S;; is in the collection} or minimizing the total
cost of the S,;’s in the collection.-v

This set-covering problem shall be referred to as problem (*).
Problem (*) is a representation for a class of surveillance
maintenance problems including the problem of restoring
surveillance coverage for a system of surveillance sensor
mechanisms after a sensor mechanism (in the system) fails. The set
S represents the space wunder surveillance; each subset S,
represents the portion of S covered by the i-th surveillance sensor
mechanism functioning in its j-th optional deployment/positioning;
each c,, represents the cost of the j-th deployment of the i-th

sensor mechanism; t,, represents the time required for the i-th
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sensor mechanism to be placed in its Jj-th optional deployment.
Selecting a minimum-cost set of S,,’s covering S corresponds to
restoring surveillance coverage at minimum cost, whereas selecting
a minimax-time set of S,,’s covering S corresponds to restoring
surveillance coverage within the shortest time possible.

Our first technical report is entitled "Subdividing 3-
Manifolds For Surveillance Maintenance”", and our third technical
report shall consist of a summary together with a user-friendly
computer implementation of the results presented in the first two
technical reports. The third report will also give indications
of further work that should be done in order to profitably adopt
the results of these reports in the real world.

This second technical report describes a practical solution
procedure for problem (*). To be able to see the origins of
certain features of this procedure, it is necessary to understand
the combinatorial nature of problem (*). Suppose there are d,
deployment possibilities for the i-th sensor mechanism. Then,
there are (d,+1) (d,+1)...(d,+1) valid combinations of the S,,’s that
must be considered explicitly or implicitly by any procedure that

computes an exact solution to problem (*). If d,=n, each i, then

the number of combinations of the S,,’s is (n+1)".

Suppose, also, that p computational steps are required to
compute the (objective function) value of each of those
combinations of S,,”s. Then, the maximum number of computational
steps needed to compute an exact solution to problem (*) is

(d,+1) (d,#1) ... (d+1)p. Since we are assuming that it does not

]
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depend on the S,,’s, the number p ordinarily depends on the size of
the space S; therefore, we shall henceforth write it as p(|S]).

We shall refer to the number (d,+1) (d,+1)...(d,+1) p([S]|) as
the computational upper bound (c.u.b.) for problem (*). The c.u.b.
has some practical implication. To explain this practical
implication of the c.u.b., let us consider a well-known special
case of problem (*), namely the standard set-covering problem.
When d,=1, all i, (that is, each sensor mechanism has exactly one
deployment option), problem (*) reduces to the standard set-
covering problem (by virtue of results presented in our first
technical report), and the é.u.b. becomes 2°p(|S|). For instance,
for p(|S]) > 1 and m = 50, the c.u.b. for the set-covering problem
is at least 2°°, and this number of computational steps will take
a fast digital computer doing one operation per micro-second about
35 -years to complete (see pp 141 of [3] for more on computational
speeds and their computer time requirements).

One clear conclusion from the foregoing observations
concerning c.u.b. is that if a procedure must compute an exact
solution for an instance of problem (*), then, unless m is suitably
small, that procedure must keep pP(|S|) small enough and avoid
explicit consideration of most of the combinations of the S;y’ s.
Now, this has a bearing on the theory of algorithms. It is well
known in the theory of algorithms that the set-covering problem is
NP-complete [1][7]; this means that it is highly unlikely that one
can ever find a practical solution procedure (for the set-covering

problem) that keeps p(|S|) small enough and, at the same time,
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avoids explicit consideration ©of a good number of those
combinations of the S,,’s. Our third technical report expatiates
further on this.

Hence, in solving problem (*) in the real world, unless S and
m are suitably small, approximate solutions should be the goal;
seeking an exact solution might take too long. Such approximate
solutions should not be arbitrary, but must satisfy sensible
specifications depending on the application. In section 2 of this
report, we describe attributes that we consider desirable for an
approximate solution procedure for problem (*), in view of the
applications described above. We shall follow standard
terminology, and refer to approximate solution procedures as

heuristic procedures or heuristics.

In section 3, our heuristic procedure for problem (*) is
described. Section 4 describes our computer program (in C) for
implementing this heuristic, and the program’s source code is
included as an Appendix. Our next technical report will give a

complete account of our computational experiments.

2. Quality Attributes of Heuristics for Problem (*)

Since heuristics are, by definition, designed to produce
approximate solutions, rather than exact solutions, it is necessary
to require of a heuristic certain attributes that constitute what
may be termed "good quality”. (Of course, a heuristic may very
well produce exact solutions most of the times). For any

heuristic, desirable quality attributes would ordinarily be
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determined by the circumstances of particular real world
applications. Hence, for the same problem model, different
heuristics would be suited to different real world applications.

In this report, we shall regard problem (*) as having two broad
application types, namely, the surveillance maintenance application
with cost minimization as objective, and the surveillance
maintenance application with maximum-time minimization as
objective. It turns out that these two application types require
slightly different heuristic attributes.

For the cost minimization wversion of problem (*), it is
desirable that a heuristic be able to produce approximate solutions
frequently close to exact solutions. The heuristic’s speed is of
lesser significance than the quality of approximate solutions
generated. However, if a heuristic has a way of improving upon
initial solution guesses, then good speed would ordinarily
translate into approximate solution of good quality after repeated
iterations.

For the maximum-time minimization version of problem (*), it
may be desirable that a heuristic be fast, while at the same time
pProducing an approximate solution of good quality. (Recall that
the maximum-time minimization version is a representation for the
problem of restoring surveillance cover as quickly as possible).
As in the case of cost minimization, if a heuristic can produce an
approximate solution that improves upon an initial solution guess,
then good speed should result in a good final approximate solution.

Good speed together with quality solutions would enhance the
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usefulness of the heuristic, especially in emergency situations.

In general, a heuristic for problem (*), irrespective of type
of objective function, should be designed to be able to incorporate
future developments on set-covering and related combinatorial
optimization problems. This is an especially desirable heuristic
attribute because problem (*) is practical, NP-complete, new (in
the literature), and likely to generate significant, new research
activities in the near future.

Finally, as the question of surveillance maintenance concerns
practical system security, usually involving the protection of
precious human lives and property, it is desirable that a heuristic
for problem (*) be capable of being described in terms that may be
easily comprehended by persons who have day-to-day responsibility
for such surveillance systems. Such clarity should enhance the

heuristic’s chances of being adopted in real-world situations.

3. Our Heuristic For Problem (*)

We describe in this section our heuristic for problem (*).
This heuristic is designed to have the attributes described in
section 2. In summary, the attributes are: (i) ability to produce
an approximate solution in good run time (that is, good
computational complexity), (ii) ability to produce approximate
solutions that are close enough to exact solutions, (iii) ability
to improve upon initial solution guesses given by the user or
obtained from earlier iterations, (iv) ability to profitably

incorporate new results on set-covering and related
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combinatorial problems, (v) ease of comprehension, sSo as to secure
user’s trust.

Current literature contains nothing about problem (*) in its
general form. Results on the set-covering problem [4] [7] are all
that exist in current literature relating directly to problem (*).
Therefore, our heuristic for problem (*) is not a variant of any
existing procedure. The following is an informal, application-

oriented description of the heuristic.

Heuristic

Step 1: Systematically skig and search through (a denumeration
of) subsets of the given set of sensor mechanisms so as to find a
combination of sensor mechanisms possibly "better" than the
current combination, if any. Thereafter, go to step 2.

Step 2: Select a suitable deployment for the sensor mechanisms
contained in the combination obtained from step 1 above.
Thereafter, go to step 3.

Step 3: Compute the (objective function) value for the deployment
of step 2. If that value is infinity (which means that the
deployment does not cover the space), then go back to step 2 for
another deployment, unless "chances" are exhausted. (The number of
"chances" is set at heuristic initialization). Thereafter, go to
step 4.

Step 4: Do updating and book-keeping to take into account the value
obtained in step 3. Check stopping condition. If stopping

condition is satisfied, then STOP; otherwise, go back to step 1,
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with information to guide the next "skip and search”.

The description above gets formalized as the underlined basic
operations are explained in details. We will now describe each of
these operations.

(a) "Systematically Skip and Search"

This is essentially a line search, except that the set over
which this is done is the discrete set {1,...,2"°-1} coded in binary
numbers. This set is constructed as follows. First, all
combinations of the given sensor mechanisms (m of them) are "lined
up" (denumerated) using a binary coding. For example, let us
suppose m=3. Then the binary code line-up of all combinations of
the three sensor mechanisms is given by the following:

001 010 011 100 101 110 111

I | I I | | I

{1} {2} {1,2} {3} {1,3} {2,3y ({1,2,3}

Note that the binary numbers above form an increasing sequence for

which the n-th term is obtained by adding 1 to the (n-1)-th term;

"in decimal numbers, that sequence is 1, 2, ... 7.

The rule for assigning binary numbers to combinations of

sensor mechanisms is as follows:

Rule 3.1: Suppose a combination of sensor mechanisms is given. For

i=1...m, if the i-th sensor mechanism is included in the given
combination, then, counting from right to left, set the i-th digit
(of the binary number) to 1; otherwise set it to 0. (The inverse of
this operation is obvious).

Using Rule 3.1 above, all combinations of sensor mechanisms are
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lined up in binary codes between 1 and 2%-1. Hence a search
through all combinations of sensor mechanisms becomes a search over
the set {1,...,2"-1}.

But this "skip and search" does not cover all of (1,...,2%-1}
every time. The search confines itself to k-subsets (of the set of
sensor mechanisms) only. After completing the search over k-
subsets, it goes on to (k+1)-subsets, and thereafter goes on to
(k+2) -subsets, and so on. At the initialization of the heuristic,
the user is asked to provide a starting k, if he can; otherwise m/2
or (m+l1)/2 is used as initial k. This initial k is the means by
which the heuristic accepts initial solution guesses from the user.

Details of how this discrete line search starts off, and how it
skips around (inside the set of binary coded integers described
above) to find the next subset of sensor mechanisms will be given
later in this section. For now, we assume that it does find the
next subset, that is, a combination of sensor mechanisms.

(b) "Select a Suitable Deployment"

This is a random selection. Suppose d; is the total number of
deployment options for the i-th sensor mechanism. A random positive
integral number, say r, is generated, and then deployment option
(r mod d,)+1 is chosen for the i-th sensor mechanism.

This way of selecting deployments has performed fairly well in
our computational experiments. This aspect of our heuristic is.
amenable to certain advanced results in probability and measure
theory, but that is not of much relevance to our immediate purpose

here.
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(c) "Compute the Objective Function Value"

This reduces to solving a standard set-covering problem. Any
reasonable heuristic for the standard set-covering problem could be
used here. We chose a greedy heuristic, but we know that a divide-
and-conquer method should be preferable on parallel computers.
Again, computational experiments indicate that this is a good
choice.

Now, the given deployment of sensor mechanisms may not give a
cover for the space. If the given deployment covers the space, then
a finite value is returned by the greedy heuristic; otherwise the
value of this combination is set to infinity. In the case that the
given deployment does not give a cover, the corresponding
combination of sensor mechanisms may get another chance. The
deployment generation process described above may be repeated for
the combination, unless the number of "chances" for the combination
has reduced to 0. The number of chances is determined at heuristic
initialization; it is the maximum number of random deployments that
may be generated for each