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SUMMARY

The topology of several types of modified surfaces of helical gears are
proposed. The modified surfaces allow absorption of linear or almost linear
function of transmission errors caused by gear misalignment, and improvement

Co of the contact of gear tooth surfaces. Principles and corresponding programs
IT for computer aided simulation of meshing and contact of gears have been deve-
U loped. The results of this investigation are illustrated with numerical

examples.

1. INTRODUCTION

Traditional methods for generation of involute helical gears with par-
allel axes provide develooed ruled tooth surfaces for the gear teeth (fig. 1).
The tooth surfaces contact each other at every instant along a line, L, t -at
is the tangent to the helix on the base cylinder. The surface normals along
L do not change their orientation. The disadvantage of regular helical gears
is that they are very sensitive to misal"gnments such as the crossing or inter-
section of gear axes. The misaligned gears transform rotation with a linear
function or transmission errors and the bearing contact is shifted to the edge
of teeth. The frequency of transmission errors coincides with the frequency
of the change of teeth being in mesh. The actual contact ratio (the average
number of teeth being in mesh at every instant) is close to one and is far
from the expected value.

These are the reasons why we have to reconsider the canonical ideas oi
involute helical gears and modify their tooth surfaces. Crowning the gear sur-
face is needed to negate the effects of transmission errors and the shift of
contact between the gear tooth surfaces. Deviations of screw involute gear
tooth surfaces to provide a new topology that can reduce the gear sensitivity
to misalignment will be developed. rheoreticaily the modified tooth surfaces
will be in contact at every instant at a point instead of a line. Actually,
due to the transmitted load the contact will be spread over an elliptical area



whose dimensions may be controlled. Methods for gear tooth surface generation
that provide the desirable surface deviation are proposed. For economical rea-
sons only the pinion tooth surface is modified while the gear tooth surface is
kept as a regular screw involute surface.

2. SIMULATION OF MESHING

The investigation of influence of gear misalignment requires a numerical
solution for the simulation of meshing and contact of gear tooth surfaces. The
basic ideas of this method (ref. 2) are as follows:

(1) The meshing of gear tooth surfaces is considered in a fixed coor-
dinate system, Sf. Usually, the generated gear tooth surfaces may be repre-
sented in a three parametric form with an additional relation between these
parameters - Gaussian coordinates. Such a form is the result of representa-
tion of the gear tooth surface as an envelope of the family of the tool sur-
face (the generating surface) and two of the three Gaussian coordinates are
inherited from the tool surface.

The continuous tangency of gear tooth surfaces is represented by the
following equations

(l , ) = r(u
L ) 2Ul,'l' 4l r ~ (U2 ,2 2,02) (2.1)

n(1) ,u l '10 n (2) () 2'(2) '2 2 2n (Ul,el,' 1,¢2 ) - (u2,e2,4'2,€2), jn I = IQ I (2.2)

f6 (ul le1 i ) = 0 (2.3)

f7(u2,02, 2) = 0 (2.4)

Here: ui and ei are the tool surface curvilinear coordinates, Yj is the
parameter of motion in the process of generation of the gear tooth surface, ei
is the angle of rotation of the gear being in mesh with the mating gear.

Equations (2.1) to (2.4) provide that the position vectors r(1 ) and r(2 )

and surface unit normals n(1 ) and n(2 ) are equal for the gear tooth

surfaces in contact (fig. 2). Vector equations (2.1) and (2.2) yield five

independent equations and the total equation system is

f i (u l,l, l U2,O2,¢2,Yl,'2 )  = 0, iE[l,5l,
(2.5)

f 6 (ul,61, l= 0, f7 (u2,e2,'2) = 0

An instantaneous point contact instead of a line contact is guaranteed if the
Jacobian differs from zero, i.e. if

D(fl,f 2,f3, f4,f5, f6, f7)

Ul $ l ,- l U2 ,e82 , 2 , 2) # 0 (2.6)
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if the inequality equation (2.6) is observed, then the system of equation
(2.5) may be solved in the neighborhood of the contact point by functions

ul(¢W,u2*¢),Yl4PI ....... 2(4i )  (2.7)

These functions of class C1 (at least they have continuous derivatives of
the first order). Functions (2.7) and equations (2.5) provide the information
on the transmission errors (deviation of 0241) from the prescribed linear
function) and the path of the contact point over the gear tooth surface.

For the case when the gear tooth surface is a regular screw involute
surface, it may be directly represented in a two-parametric form and the
number of equations in system (2.5) may be reduced to six.

3. SIMULATION OF CONTACT

Due to the elastic approach of the gear tooth surfaces their contact is
spread over an elliptical area. It is assumed that the magnitude of the elas-
tic approach is known from experiments or may be predicted. Knowing in addi-
tion the principle curvatures and directions for two contacting surfaces at
their point of contact we may determine the dimensions and orientation of the
contact ellipse (ref. 2).

The determination of principal curvatures and directions for a surface
represented in a three-parametric form is a complicated computational prob-
lem. A substantial simplification of this problem may be achieved using the
relations between principle curvatures and directions, and the parameters of
motion for two surfaces being in contact at a line. One of the contacting sur-
faces is the tool surface and the other is the generated surface.

Helical gears with modified gear tooth surfaces will be designed as sur-
faces being in point contact at every instant. The point of contact traces
out on the surface a spatial curve (the path of contact) whose location must
be controlled. The tangent to the path of contact and the derivative of the
gear ratio d(m2l(0j)/d 2 ) may be controlled by using the relationship
between principle curvatures and directions for the two surfaces that are in
point contact (ref. 2). Here:

(2)
m 21 - (1) -

is the gear ratio.
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4. PARTIAL COMPENSATION OF TRANSMISSION ERRORS

Nonmisaligned gears transform rotation with a constant gear ratio m21
and

2 N2

is a linear function. Here: N1 and N2  are the number of gear teeth. An
investigation of the effect of helical gear rotational axis intersection or
crossing indicates that 0241) becomes a piece-wise function which is nearly
linear for each cycle of meshing (fig.3(a)). The transmission errors are
determined by

N,
2 (01)  2 € ( 1)  - 01 N2  (4.1)

- l2

and they are also represented by a piece-wise linear function (fig. 3(b)). Trans-
mission errors of this tye cause a discontinuity of the gear angular velocity at
transfer points and vibration becomes inevitable. The new topology of gear tooth
surfaces proposed in this article allows the absorption of a linear function of
transmission errors that results in a reduced level of vibration. This is based
on the possibility to absorb a linear function by a parabolic function.

Consider the interaction of a parabolic function given by

(1) 2
A0 = -a¢1  (4.2)

with a linear function represented by

(2)
A02 = boi (4.3)

The resulting function

'12 = bol - a¢1  (4.4)

may be represented in a new coordinate system by (fig. 4):

2

2= -ay 2 (4.5)

where

2 2 4b'2 = ¢2- 4a' ' I = €i - 2 (4.6)

(1) 2
We consider that 2 = -a¢, is a predesigned function that exists even if

(2)
misalignments do not appear. The absorption or function a€ 2)= be1  by the

(1) 2
parabolic function A 2 -a(1  means that gear misalignment does not change
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the predesigned parabolic function of transmission errors. Thus the resulting

function of transmission errors ( + (2 will keep its shape as

a parabolic function although the gears are misaligned. The resulting function
of transmission errors *2( i) may be obtained by translation of the parabola

The absorption of a linear function of transmission errors by a parabolic
function is accompanied by the change of transfer points. The transfer points
determine the positions of the gears where one pair of teeth is rotating out
of mesh and the next pair is coming into mesh. The change of transfer points

for the pinion is determined as lba I and for the gear b-2 . The cycle of meshing
2a 4a

of one pair of teeth is given by: *i ic 1,2. It may happen that theN i
absorption of a linear function by a parabolic function is accompanied with a
change that is too large. If this occurs the transfer points and the resulting
parabolic function of transmission errors, Y241) , will be represented as a
discontinuous function for one cycle of meshing (fig. 5). To avoid this, it
is necessary to limit the tolerances for gear misalignment.

5. MISALIGNMENT OF REGULAR HELICAL GEARS

The computer aided simulation of meshing of misaligned helical gears with
regular tooth surfaces shows: (1) the bearing contact Is shifted to the edge
of the tooth, and (2) transformation of rotation is accompanied with large
transmission errors. There are two sub-cycles of meshing during the complete
meshing cycle for one pair of teeth. These sub-cycles correspond to the mesh-
ing of (1) a curve with a surface, and (2) a point with a surface. The curve
is the involute curve at the edge of the tooth of the gear and the point is
the tip of the gear tooth edge. The transmission errors for the period of a
cycle are represented by two linear functions (fig. 6). The transformation of
rotation will be accompanied with a jump of the angular velocity of the driven
gear and therefore vibrations are inevitable.

The results of computation are presented for the following case:
Given: the number of teeth are N1 = 20, N2 = 40 the helix angle is B = 150,
the normal pressure angle is %n = 200. The gear axes are crossed and form an
angle Ay = 5 arc minutes. The computed transmission errors are represented in
table 5.1.

6. SURFACE DEVIATION BY THE CHANGE OF PINION LEAD

A method of reducing the sensitivity to misalignment for the case of
crossed helical gears is surface deviation by the change of pinion lead. The
crossing angle y is chosen with respect to the expected tolerances of the
gear misalignment (y is the range of 10 to 15 arc minutes). The gear ratio
for helical gears with crossed axes may be represented by (ref. 2):
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(1) r i

M r b2 sinlX b2 (61)
12 - (2) - r b sin X bl

where rbi and Xbi are the radius of the base cylinder and the lead angle on
this cylinder, iE 1,2. Ip2 - lJ = y. Here: X i is the lead angle on the
pitch cylinder. The advantage o this type of surface deviation for crossed
helical gears is that the gear ratio is not changed by the misalignment (by the
change of y). The disadvantage of this type of surface deviation is that
location of the bearing contact of the gears is very sensitive to gear mis-
alignment. A slight change of the crossing angle causes shifting of the
contact to the edge of the tooth (fig. 7).

The discussed type of surface deviation is reasonable to apply for manu-
facturing of expensive reducers of large dimensions when the lead of the pinion
can be adjusted by regrinding. Parameters rbl and Xbl are changed for
regrinding. However, the parameters must be adjusted so that the product of
rbl sin Xbl is not changed by regrinding. Then, the gear, ratio M2 1
will be of the prescribed value and transmission errors caused by the crossing
of the axes will be zero.

Theoretically, transmission errors are inevitable if the axes of crossed
helical gears become intersected. Actually, if gear misalignment is of the
range of 5 to 10 arc minutes, the transmission errors are very small and may be
neglected. The main problem for this type of misalignment is again the shift
of the bearing contact to the edge (fig. 7).

7. GENERATION OF PINION TOOTH SURFACE BY A SURFACE OF REVOLUTION

The purpose of this method for deviation of the pinion tooth surface is:
(1) to reduce the sensitivity of the gears to misalignment; (2) keep trans-
mission error to a low level; and (3) stabilize the bearing contact. This
investigation shows that these goals may be achieved by the proposed method of
crowning. However, with this method the instantaneous contact ellipse moves
across but not along the surface (fig. 8). Therefore the bearing contact can-
not cover the whole surface.

The proposed method for generation is based on the following considera-
tion. It is well known that the generation of a helical gear may be performed
by an imaginary rack-cutter with skew teeth whose normal section represents a
regular rack-cutter for spur gears (fig. 9(a)). We may imagine that two gen-
erating surfaces, Eg and Ep, are applied to generate the gear tooth sur-
face and the pinion tooth surface, respectively (fig. 9(b)). Surface Eg is a
plane (a regular rack-cutter surface), and Ep is a cone surface. Surfaces
Eg and E, are rigidly connected and perform translational motion, while the
pinion and the gear rotate about their axes (fig. 10). The generated pinion and
gear will be in point contact and transform rotation with the prescribed linear
function 240- However, due to gear misalignment, function 0241i) becomes
a piecewise function (fig. 3(a)) that is not acceptable. To absorb a linear
function of transmission errors (3(b)), a predesigned parabolic function of
transmission errors is used. For this reason a surface of revolution that
slightly deviates from the cone surface is proposed (fig. 9(c)). The radius
of the surface of revolution in its axial section determines the level of the
predesigned parabolic function.
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The meshing of gears using the crowning method described in this section
has been simulated by numerical methods. The results of the investigation are
illustrated with the following example.

Given: number of pinion teeth N1 = 20, number of gear teeth N2 = 40,
diametral pitch in normal section Pn = 10 in-1 , pressure angle in normal
section 'n = 200, helix angle B = 150. The pinion tooth is crowned by
revolute surface with generatrix arc p = 30 in. The revolute surface is
deviated from a cone (comparing Zp in figs. 9(b) and (c)). The cone has
half apex angle a = 200 and bottom radius R = 10.6 in.

The topology of the pinion tooth surface provides a parabolic type of pre-
designed transmission errors with d = 6 arc seconds (fig. 4(a)) and a path
contact that is directed across the tooth surface (fig. 8).

The influence of gear misalignment has been investigated with the deve-
loped computer program and the results of computation are represented in table
7.1 and 7.2 for crossed and intersected gear axes, respectively. The misalign-
ment of gear axes is 5 arc minutes.

The results of computation show that the resulting function of trans-
mission errors is a parabolic one. Thus the linear function of transmission
errors that was caused by gear" misalignment has been absorbed by the prede-
signed parabolic function.

8. CROWNED HELICAL PINION WITH LONGITUDINAL PATH CONTACT

A longitudinal path of contact means that the gear tooth surfaces are in
contact at a point at every instant and the instantaneous contact ellipse
moves along but not across the surface (fig. 11(a)). It can be expected that
this type of contact provides improved conditions of lubrication. Until now
only the Novikov-Wildhaber's gears could provide a longitudinal path of con-
tact. A disadvantage of Novikov-Wildhaber gearing is their sensitivity to the
change of the center distance and axes misalignment. The sensitivity to non-
ideal orientation of the meshing gears cause a higher level of gear noise in
comparison with regular involute helical gears. Litvin et al. (ref. 3) pro-
posed a compromising type of nonconformal helical gears that may be placed
between regular helical gears and Novikov-Wildhaber helical gears. The gears
of the proposed gear train are the combination of regular involute helical
gear and a specially crowned helical pinion. The investigation of transmission
errors for helical gears with a longitudinal path of contact shows that their
good bearing contact is accompanied with an undesirable increased level of
linear transmission errors. The authors propose to compensate this disadvan-
tage by a predesigned parabolic function of transmission errors that will
absorb the linear function of transmission errors (see section 4). The two
following methods for derivation of the pinion tooth surface with the modified
topology will now be considered.

Method 1

Consider that two rigidly connected generating surfaces, Eg and Ep,
are used for the generation of the gear and the pinion, respectively (fig. 11(b)).
Surface Eg is a plane and represents the surface of a regular rack-
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cutter; surface Ep is a cylindrical surface whose cross-section is a
circular arc. We may imagine that while surfaces Zg and Ep trans-
late, as the pinion and the gear rotate about their axes. To provide the pre-
designed parabolic function of transmission errors it is necessary to observe
the following transmission functions by generation

(2) = const, () r2  - 2a = f(¢l) (8.1)

Here: w(I) and .(2) are the angular velocities of oinion and gear during
cutting; V is the velocity of the rack-cutter in translational motion; N1
and N2  are the gear and pinion tooth numbers; €I is the angle of
rotation of the pinion during cutting. The generated gears will be in point
contact at every instant and transform rotation with the function

N1  2 2T
I N @l - a€2  0 - -l (8.2)

This function relates the angles of rotation of the pinion and the gear,
€l and ¢2, respectively, for one cycle of meshing. The predesigned function
of transmission errcs is

A€ = -a¢ (8.3)

It is evident that after differentiation of function (8.2) we obtain that the
gear ratio w(2)/w(1) satisfies equ'tion (8.1).

To apply this method of generation in practice it is necessary to vary the
angular velocity of the pinion in the process of its generation. This may be
accomplished by a computer controlled machine for cutting.

Method 2

The derivation of the crowned pinion tooth surface is based on two stages
of synthesis. On the first stage it is assumed that only one generating sur-
face, plane Z., is used to generate both mating surfaces - gear tooth sur-
face, Z2 , and the pinion tooth surface, El. To provide the predesigned
parabolic function of transmission errors, the velocitl Voin translational
motion of E and the angular velocities W(2) and Y 1 Of E2  and El
are related gy equation (8.1). Then, the generated gear tooth surfaces, ZI
and E2, will be in line contact at etery instant and transform rotation with the
piecewise function (8.2).

On the second stage of synthesis it is necessary to localize the bearing con-
tact and substitute the instantanenous line contact by the point contact. This
becomes possible if the pinion tooth surface will deviated as it is ;hown in
figure 11(c). Only a narrow strip, L, will be kept while Z1  will be changed into
Zi. The deviation of El with respect to El may be accomplished in various
ways, for instance; in such a way, that the cross-section of Zj is just a
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circular arc. The generation of Z1  requires a computer controlled machine
to relate the motions of the tool surface and being generated pinion surface
El. The tool surface (it may be just a plane) and Zl will be the point
contact in the process of generation (ref. 4).

Comparing the two methods for the generation of the pinion tooth surface,
it may be concluded that both provide a localized bearing contact, a longitu-
dinal path of contact and predesigned parabolic function of transmission error.
The difference between these methods is that the tool and pinion tooth surfaces
are in line contact by applying the first method for generation and in point
contact by the second one. The disadvantage of both methods for crowning of
the pinion is that the transmission errors caused by gear misalignment are
large and it is necessary to foresee a high level of the predesigned parabolic
function for the absorption of transmission errors. This is illustrated with
the following example.

Given (the data is from ref. 3); pinion tooth number N1 = 12, gear
tooth number N2 = 94; diametral pitch in normal section Pn = 2 in-':
pressure angle in normal section 41n = 300; helix angle 3 = 150.

The pinion tooth surface is a crowned surface whose cross-section is an
arc of a circle of the radius 0.3584. The predesigned parabolic function is
of the level d = 25 arc seconds (fig. A(a)).

Consider now that the axes of the gear and the pinion are crossed and the
crossing angle is 3 arc minutes. The computer program for the simulation of
meshing provides the data of transmission errors that is given in table 8.1.
The da a of table 8.1 shows that the resulting function of transmission errors
is a parabolic function. Thus, the linear function of transmission errors
caused by misalignment of gear axes has been absorbed by the predesigned para-
bolic function.

Table 8.2 represents the transmission errors for the same helical gears
for the case when the gear axes are intersected and form an angle of 3 arc
minutes. The resulting function of transmission errors is again a parabolic
function with the level d = 26.2 arc seconds. The relatively high level of
tranmission errors is the price that must be paid for the longitudinal path of
contact. However, the proposed topo'ogy of the pinion tooth surface provides
a reduction of the level of gear noise since the linear function of transmis-
sion errors is substituted by a parabolic function.

8. CONCLUSION

A new topology has been developed for several types of helical gears.
Prinriples of computer aided simulation of meshing, contact, and respective
computer programs have also been developed. These ideas have been applied for
helical gears with modified gear tooth surfaces that allow a reduction of
transmission errors and improve the bearing contact. The results of numerical
examples of crowned helical gears show that their synthesis should be based on
a compromise between the requirements of transmission errors and the patterns
of the bearing contact.
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TABLE 5.1 - TRANSMISSION ERRORS OF REGULAR HELICAL

GEARS WITH CROSSED AXES

1, -8 -5 -2 1 4 7 10

deg

Z 2, 4.90 3.06 1.22 -0.61 -2.45 -4.29 -6.12

arc-sec

TABLE 7.1 TRANSMISSION ERRORS OF CROSSED HELICAL GEARS

1, -14 -11 -8 -5 -2 1 4

deg

# 2, -4.99 -1.51 0.65 -.51 1.05 -0.75 -3.87

arc sec

TABLE 7.2 - TRANSMISSION ERRORS OF INTERSECTED HELICAL GEARS

I, -11 -8 -5 -2 1 4 7

deg

602, -6.15 -2.72 -0.60 0.20 -0.32 -2.19 -5.40

arc sec
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TABLE 8.1 TRANSMISSION ERRORS FOR CROSSED HELICAL GEARS

-11 -23 -18 -13 8 -3 2 7

degI

12, 7.94 -3.06 5.64 8.23 4.84 -4.39 -19.37

arc sec

TABLE 8.2 - TRANSMISISON ERRORS OF INTERSECTED HELICAL GEARS

ol1 -20 -15 -10 -5 0 5 10

deg

As2, -23.06 -8.50 0.15 2.96 0.00 -8.66 -22.95
arc secl

CONTACT LINES
a

II
II

,---SURFACE

UNIT NORMAL

BASE CYLINDER HELIX

-BASE CYLINDER

FIGURE 1. - SCREW INVOLUTE HELICAL GEAR.
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FIGURE 9. - GENERATION SURFACES.
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