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INTRODUCTION

Symptoms of decompression sickness (DCS) typically are assumed to result
from the formation of gas bubbles in blood or extravascular tissue.
Information on extravascular bubbles has been severely limited by the lack of
any non-destructive method of observing them.

The Jet Propulsion Laboratory (JPL) (Pasadena, California) has constructed
and delivered a system that uses ultrasound to detect stationary gas bubbles.
This was done under a work order from the Naval Medical Research and
Development Command (NMRDC) following JPL Proposal No. 70-2204. We call the
system the "JPL swept-frequency bubble detector" but in this report we usually
will refer to it as simply the "bubble detector." The bubble detector can, in
principle, enable one to quantitatively measure the sizes and numbers of
stationary extravascular bubbles. Its theory of operation depends on the
facts that 1) gas bubbles are the softest objects in tissue, and consequently
vibrate at the highest amplitudes when excited by sound, 2) although
vibrations are linear at sufficiently low amplitudes, they become increasingly
nonlinear with increasing amplitude (1), and 3) nonlinear osciilations contain
harmonics and subharmonics -- that is, the vibrations contain multiple
frequency components even when the driving signal is monotonal. Therefore it
is expected that, when tissue is driven to vibration by externally applied
sound that is not too high in amplitude, any harmonics or subharmonics in the
sound backscattered from the tissue should be attributed only to gas bubbles
rather than stiffer objects. More specifically, the bubble detector allows
one to use the "second harmonic" component of the energy backscattered by
vibrating bubbles (the component with a frequency twice that of the driving
signal) to characterize a bubble population. Equations derived by Prosperetti
predict the amplitude vs. driving frequency relationship (i.e., the amplitude
spectrum) for this second harmonic component as a function of bubble size for
a single, free, spherical bubble in an infinite liquid (2,3). However, there
is a lack of direct experimental verification of these equations. There does

appear to be empirical confirmation of the most interesting prediction of




Prosperetti’s equations, which is the appearance of maxima in the amplitude
spectrum at certain "resonance frequencies." At least three groups have
reported observing increased amplitude of the second harmonic component near
the so-called "main resonance" frequency (4-6).

The bubble detector uses a transmit pressure transducer to broadcast a
swept-frequency sound pressure field onto a target, and a receive pressure
transducer to detect the backscattered sound waves from the target. It then
filters out and discards all frequency components in the output signal except
for either the second harmonic or the "fundamental" (the component having the
same frequency as the driving signal), as desired. The two filtered
components are then processed to give two types of conditioned output signals.
In the "range" mode the system produces an amplitude spectrum in which the x
variable consists of the difference in frequency between the transmitted and
received signals. This frequency offset is proportional to the time delay
between sound transmission and reception of the backscattered sound from the
target, so the distance from the transducer head to the target is easily
calculated from it. Each target has a unique frequency offset that depends on
its distance from the transducers’ head.

In the "frequency response" or "FRC" mode the system generates a spectrum
in which the x variable is the driving frequency and the y variable is a
function of the amplitude of the backscar+ered signal from any targets that
are a certain (selectable) distance from the transducers. This output is
equivalent to the "frequency response" of the system comprising both the
bubble and the bubble detector -- that is, it shows how strongly the system
responds to its input as a function of the input frequency. In theory, it
provides the information enabling one to assay a bubble population: the
location of a resonance peak in the spectrum depends on the bubble diameter
and the peak size is proportional to the number of bubbles at that diameter.
The transducers supplied by JPL are designed to operate in a frequency range

that encompasses the main resonance frequencies of bubbles of roughly




1-20 microns in diameter, so we can theoretically expect to be able to
identify bubbles in this size range.

For a sample containing an unknown bubble population, we expect to deduce
the sizes and numbers of bubbles using a standard curve-fitting/parameter
estimation approach: we will fit a curve to the spectrum obtained in the FRC
mode, with the values of bubble diameter and bubble number taken as adjustable
parameters to be optimized in the curve-fitting routine. It is understood
that the optimized values of bubble diameter and bubble number will not
accurately represent the bubble population unless accurate values of the
important physical parameters (viscosity, surface tension, etc.) are used in
the fitted equation. This point implies that there will be considerable
uncertainty in the results obtained when interrogating a system as difficult
to characterize as tissue, and in vivo data may never be more than
semi-quantitative. Nevertheless, it remains an advantage of this approach to
data analysis that the optimized parameter values represent objective data
rather than subjective interpretations of what may often be a complicated
amplitude spectrum.

The first major goal is to identify or develop equations that describe
vibrating bubbles in both liquids and elastic solids; this will be discussed
in the section on "Gas Bubble Oscillations." These equations must then be
incorporated into a computer program that predicts the output voltage
amplitude of the bubble detector as a function of the relevant parameters and
fits the prediction to the measured output voltage using SSE minimization, as
will be discussed in "Data Handling." Next, we must calibrate the system by
measuring the frequency responses of known bubble p.pulations. A protocol has
been developed for preparing these by trapping gas bubbles in transparent
hydrogels and determining the sizes and numbers of bubbles in the gels
microscopically; this procedure is outlined in "Preparation and Examination of
Hydrogel Samples." Preliminary semi-quantitative experiments with bubbles in
hydrogels, which are presented in the "Preliminary Trials with the JPL Bubble

Detector," indicate that the signal/noise ratio of the system as delivered is




quite low. We discuss steps that are being taken to improve the system’s

performance in "Conclusions and Recommendations."”




GAS BUBBLE OSCILLATIONS

This section will be a brief summary of only those aspects of gas bubble
physics that are important to developing equations applicable to the JPL swept
frequency bubble detector.

If a gas bubble is subjected to a periodic pressure oscillation
superimposed upon the ambient pressure (i.e., a sound field), the resultant
oscillation of its internal pressure causes it to vibrate in sympathy with the
driving sound, generating spherical sound waves as it does so. When
conditions are such that the various transport processes that occur in the
bubble and the surrounding medium become out-of-phase with the oscillations of
its radius, then the vibrations become "nonlinear." In a nonlinear system the
magnitude of the output signal is not proportional to the magnitude of the
input signal. 1In the case of the forced oscillation of a gas bubble, this
means that the amplitude of changes in the radius is disproportionate to the
amplitude of the externally imposed sound. A spectral analysis of the sound
transmitted from the bubble surface would then reveal a component of the same
frequency as the driving signal (i.e., the fundamental component) plus a
number of "subharmonic" components (at frequencies f/2, f/3, etec., where f is
the driving frequency) and "harmonic" components (at frequencies 2f, 3f etc.).
Frequency 2f is the second harmonic frequency. The amplitudes of these
frequency components are predicted to maximize when the driving signal is near
certain resonance frequencies. The largest maximum occurs when f is near the
natural frequency, which will be designated f,, and is called the main
resonance. Smaller maxima occur near f=f,/2, f=2f,, f=f,/3, f=3f,, etc.

For analyzing data from the bubble detector, an equation is needed to
predict the amplitude of the second harmonic component of the radial
oscillations of a gas bubble as a function of the frequency and amplitude of
the externally imposed sound. This equation should be an analytic expression
amenable to data-fitting using an iterative routine that minimizes the sum of
squares of error (SSE); one or more differential equations requiring numerical

solution would likely require excessive computer time. An equation that




incorporates no questionable assumptions and has been empirically verified
does not appear to have been developed. However, Prosperetti has published
several papers (2,3,7-9) treating the forced oscillation of a single, free,
spherical bubble in an infinite, homogeneous, isotropic Newtonian liquid
which have received at least partial experimental support. He has published
only stationary-state solutions and assumes that the wavelength of the
externally applied pressure oscillations is large compared with the bubble
diameter, so that the bubble may be considered subjected to uniform external
pressure. Interaction between two or more vibrating bubbles has not been
treated yet in conjunction with nonlinear theory.

In a 1977 paper (3) Prosperetti solved the mass, energy, and momentum
balances for a vibrating bubble and the surrounding liquid, using a
first-order linearization to approximate the time derivatives of pressure,
temperature, density, and bubble radius. The viscosity and mass of the gas
phase were neglected. He did account for the compressibility of the liquid,
i.e., the finite velocity of sound. The resulting analytic solution allowed
him to quantify the major damping factors: viscous, thermal (caused by the
out-of-phase oscillations of pressure and temperature within the bubble), and
acoustic (caused by momentum transfer to the liquid from the bubble surface).
The solution is strictly valid only for linear, monotonal oscillations. In
particular, in the momentum balance on the liquid he used an expression for
pressure at the inner bubble surface that depends on the temperature and
pressure being exactly 180° out of phase, despite the phase shift imposed by a
finite heat transfer rate. The thermal and acoustic damping factors were
written in terms of effective thermal and acoustic viscosities, which could be
summed with the liquid viscosity for substitution into the momentum balance.

In an earlier, 1974 paper (2), Prosperetti considered the nonlinear
vibrations of a bubble in an incompressible liquid. Such an approach is valid
near the bubble surface, where the time scale of sound wave propagation is
small compared with the period of oscillation (10). Thermal damping was

ignored and acoustic damping vanishes for an incompressible fluid. Under the




above assumptions he solved the momentum balance on the liquid using the
Krylov-Bogolyubov-Mitropolsky asymptotic method (11) after approximating the
derivatives with third-order expansions. Prosperetti used the same expression
for pressure at the bubble inner surface, valid only for linear oscillations,
as he published in the later, 1977 paper. The expression contains an
"effective polytropic exponent” which governs the temperature within the
bubble, and he used values of this parameter predicted by the linear theory,
even though he was calculating nonlinear behavior. 1In spite of these
simplifying assumptions, his results agree well with an earlier numericel
solution to the momentum balance (12) and with experimental results (13). The
experiments consisted of measuring the sound pressure level at a given
frequency necessary to hold a bubble stationary in water by countering its
buoyancy, which is a function of the amplitude spectrum of the radial
oscillations. The agreement between theory and data is remarkably good in
view of their highly irregular behavior when the driving frequency was near
the bubble’s main resonance frequency. This sort of experiment is not,
however, a direct test of the theory’s predictions regarding the second
harmonic component of the radial oscillations.

We intend to use the analytic expressions from Prosperetti's 1974 paper,
modified by the additions of thermal and acoustic damping as predicted by the
linear theory presented in his 1977 paper. Appendix A summarizes this
approach; equation [A3] is the function ultimately used to generate
predictions of the pressure radiated from bubbles. Figure 1, which was
generated using equation [A3], illustrates the behavior predicted by this
approach for a 20-um-diameter bubble in H,0 driven by externally applied
pressure of amplitude 3-10° dyn/cm? (0.3 atm). The amplitude of the second
harmonic component of the pressure (dimensions dyn/cm?-10%%) radiated back
from the bubble at a distance of 3.25 cm is plotted in Figure 1 against a
dimensionless driving frequency. The dimensional driving frequency varies
between 0.12 MHz and 0.56 MHz for the data plotted in Figure 1. 1In

Prosperetti’s development the "natural frequency" f, of the bubble is actually
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a function of driving frequency. For this bubble f; is very close to 0.35 MHz
for all driving frequencies between 0.12 MHz and 0.56 MHz. The larger peak in
Figure 1 is the main resonance peak, the smaller one is at the first harmonic
frequency. Prosperetti's equations describe a so-called catastrophic systenm,
named for the discontinuous "jumps" between stable states. The vertical left
side of the main resonance peak is an example of this. Hysteresis is another
characteristic of catastrophic systems; the dotted curve in Figure 1
corresponds to a sweep up in driving frequency (from 0.12 to 0.56 MHz) and the
solid curve is for a sweep down (0.56 MHz to 0.12 MHz).

Recall that the equation used to generate Figure 1 is written for a single
bubble. In a dense population of vibrating bubbles there actually is
interaction between bubbles, i.e., the bubbles excite one another. The amount
of interaction depends on the proximity of the bubbles to one another since
the amplitude of a spherical sound wave is inversely proportional to the
distance from its apparent point source, which in this case is the center of
the vibrating bubble generating the wave. There does not appear to be a
published theoretical development that treats the behavior of either 1)
individual bubbles in a population of vibrating bubbles or 2) nonlinearly
oscillating bubbles in a population. We therefore have chosen to use the

single-bubble equations described in Appendix A.




DATA HANDLING

In its "frequency response" mode the bubble detector provides an output
voltage amplitude, which is a function of driving frequency. It is necessary
to relate that information to the input voltage and the relevant physical
parameters in such a way that the bubble radius Ry, and the number of bubbles
n,,, can be estimated. Equation [A3] from Appendix A, which arises from
physics arguments, is used in making this connection between the raw data and
the bubble size. Briefly, we will deduce R, and n,, by fitting the data with
a mathematical model of the physical system using a standard data-fitting/
parameter estimation scheme, the Marquardt least-squares algorithm (14), which
optimizes the fit by minimizing the sum of squares of error (SSE). The
Marquardt algorithm is an iterative routine that systematically adjusts the
values of each u.%nown parameter "B" based on the value of 3(SSE)/8B in the
current iteration.

For the curve-fitting we must let the least-squares algorithm compare
predicted output voltage (i.e., the voltage calculated from theory for some
postulated value of R;) with measured output voltage, whereas equation {A3]
tells us only the amplitude of sound waves radiated from a bubble of a given
size. Equation [A3] must therefore be combined with the equations describing
the bubble detector’'s operating characteristics. How that will be done is
described below.

We will have measured values of the |V,,?"|, the amplitude of the 2nd

out

harmonic component of the output voltage. We also can compute a theoretical

value of |V,,?| from the theoretical amplitude of sound pressure received

out

from the bubble according to the following equation:
Ivouchl = I Prath' kZ/kout, [ 1 ]

where |P_,,*| = amplitude of the 2nd harmonic component of the sound
pressure radiated from the bubble, atm;

Koy = gain coefficient of the receiving pressure transducer, atm/V;

ocu
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k, = gain coefficient of the circuitry in the output signal path,
dimensionless.

Equation [A3] relates the theoretical IP Zhl to the bubble size. It is

rad
a complicated nonlinear function that will be given a shorthand representation
here:

[P a® = FO P, Ry mpy, £4, 4, . L) [2]

where |P,,| =~ amplitude of the externally applied sound, atm;

Ry, = equilibrium bubble radius, cm;

Ny, = number of bubbles;

fy = driving frequency, Hz;

d = distance between bubbles and transducer head, cm.

The amplitude |P;.| of the driving signal is rewritten in terms of the

voltage sent to the transmit pressure transducer:
[Pl = Kin [Vil (3]

where k;, = gain coefficient of the transmit transducer k;,, atm/V;
|V1n| = input voltage amplitude, V.

The input voltage is given in turn by

Ivinl = Ivgenl ky (4]

where [V,..| = output voltage amplitude from the signal generator, V;

gen

k, = overall gain coefficient for the circuicry between the signal

generator and the transmitter, dimensionless.

The input pressure amplitude that should be substituted into equation [2]
is now seen to be lPinl = ki k; IVsﬂJ . Given that the factors (k;, k;) and
(kou/kz) are known, we see that the predicted |V,ue?®| can be calculated from
equation [1] for any given values of bubble radius R; and bubble number ny,.

The least-squares algorithm compares the predicted |Vm&2h| from equation
20|

[1]) with the measured |an It systematically adjusts the values of R, and

n,, to improve the goodness-of-fit of model to data, that is, to bring the

predicted |V_,?| into better agreement with the measured |V, *|.
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The factors (k;, k;) and (k,,/k;) are frequency-dependent and must be
measured against a National Institute of Standards and Technology (NIST)
standard. Beaming plots, which show the sound pressure level in front of the
transducers as a function of position along the axial and radial axes, also

will be obtained by measurement against NIST reference standards.
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PRINCIPLES OF OPERATION

Figure 2a is a circuit diagram of the bubble detector. In Figures 2b and
2c, the frequency components present in the voltage signal at various stages
in the bubble detector circuitry are indicated on this same circuit diagram.
Figure 2b is drawn for the case in which the fundamental component of the
backscattered sound is to be investigated, whereas Figure 2c is drawn for the
case in which the second harmonic component is of interest.

The two ceramic piezoelectric pressure transducers are identical. Each
has a semicircular head and the two are mounted side-by-side to form an
approximately circular head of about 2.3 cm in diameter. The transmit
transducer is designed to generate approximately planar sound waves. Each
transducer is canted inward so that they focus on a point 3 - 3.5 cm from the
transducer head.

The signal generator sends a swept-frequency voltage signal to the signal
splitter, from which one pait of the signal is rouvted to the transmit pressure
transducer and the other part goes to the signal mixer. The portion going to
the transmitter can be sent through a circuit that divides its frequency by 2,
as shown in Figure 2c; this divider circuit is used when one wants to study
the second harmonic component of the backscattered energy, and is bypassed
when one is interested in the fundamental component. The sweep rate must be
constant, for reasons which will become evident shortly. Experiments to date
have been performed with the signal generator set to provide a 1.0V RMS signal
sweeping from 0.2 to 5 MHz over a 0.l-second time span, which translates into
a 48 MHz/s sweep rate. The sweep rate and frequency range are adjustable; the
chosen frequency range roughly corresponds to the operating range of the
transducers.

The signal from the receive transducer is amplified and sent to the mixer.
The mixer's function is to multiply together the signals fed to it, generating
"sum frequency" and "difference frequency" signals according to the following

trigonometric identity:

sin(a)sin(b) = 1/2 [cos(a-b) - cos(a+b)] [5]

13
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Phase differences between the mixer's input signals affect neither the
frequency nor the amplitude of the output signal. We now consider what the
sum and difference frequencies should be in the signal exiting the mixer.

If the "divide-by-2" circuit has been bypassed, then Figure 3a shows the
time-dependence of the frequencies of 1) the originally generated signal and
2) the fundamental component of the signal coming from the receive transducer
if only one stationary target is present to backscattter energy. The time
delay At required for sound to travel to the target and back again is seen to
translate into a frequency offset Af between the driving signal and the
backscattered signal. This offset is constant throughout the sweep because
the sweep rate is constant. An inspection of Figure 3a shows one how to

calculate the frequency offset:
Af = 2(target distance) (sweep rate)/(velocity of sound) (6]

Remember that this is the correct frequency offset only for the fundamental
component; other frequency components have greater offsets that change during
the sweep. This point will be discussed shortly. Figure 2b shows the
frequency components that are present in the signals entering and leaving the
mixer when the "divide-by-2" circuit is bypassed.

I1f the divide-by-2 circuit has been employed, then Figure 3b represents
the time-dependence of the frequencies of 1) the originally generated signal,
2) the signal to the transmitter, and 3) the second harmonic component of the
signal from the receive transducer (again assuming for simplicity that only
one stationary target is present). Once again we discover a time-invariant
frequency offset between the signals entering the mixer, and again its value
is given by equation [6]). Observing Figure 2c, notice that the frequency
range of the transmitted signal is 0.1 to 2.5 MHz when the divide-by-2 circuit

is used.
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Multiplying two signals that differ in frequency by an amount Af generates
a signal having two components, one of which is of frequency Af, as seen by
rewriting equation [5]:
Asin[2xft] Bsin[2n(f+af)t] =
0.5AB { cos[2nAft] - cos[2n(2f+Af)t] [7]

So, we see that Af is the frequency of one of the difference signals generated
by the mixer. The strength of the signal leaving the mixer is determined by

the conservation of power and current:

Vour = (VyoI; + Voo 1) /(1 + 1) [8]
where V,, V,, I, and I, are the voltages and currents ot the two signals
entering the mixer.

The value of Af is a few kHz when water is the medium of sound propagation
between the transducers and the target. For instance, for a target distance
of 3.25 cm and a sweep rate of 48 MHz/sec the offset is 2.1 kHz. All other
sum and difference signals generated by the mixer have frequencies on the
order of at least 50 kHz. To understand this, recall from the section on "Gas
Bubble Oscillations" that the signal backscattered from the target contains
multiple frequencies. 1If the transmitted frequency is f, then the return
signal contains components of frequency f, f£/2, 2f, £/3, 3f, etc. By the time
a backscattered signal arrives at the receive transducer, the reference signal
has increased in frequency by an amount Af. The mixer generates an output
signal having two frequency components for each frequency present in the
received signal, as shown in the following example for a reference signal of

frequency f:

frequency component difference component and sum
in the received signal component in the mixer’s output signal
f Af , (2f + Af)
2f (f - af) , (3f + Af)
£/2 (f/2 + af) , (3f/2 + af)
3f (2f - Af) |, (4f + aAf)
£/3 (2£/3 + Af) , (4f/3 + Af)
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We see that, by far, the lowest frequency present in the mixer's output is Af,
which is the difference signal obtained by multiplying the reference signal
with the received component of frequency f. We also note that the aAf
component is the only one whose frequency remains constant as f varies during
the sweep. The other frequencies in the mixer output are of order f/2 or
greater. For a transmitted signal ranging from 0.1 to 2.5 MHz this means that
the second lowest frequency present in the mixer’s output varies from about 50
kHz to about 1.25 MHz during the sweep.

Essentially, the mixer is generating a single "intermediate frequency" (in
the kHz range) tone of constant frequency Af for each target, alcng with a
number of "radio frequency" (in the MHz range) tones. The signal path from
this point on depends upon which operating mode has been selected.
Range Mode

The "range" mode is useful for determining the distances of interesting
targets from the transducer heads. In this mode, the mixer’s output signal is
sent through a low-pass filter with a 3dB point of 20 kHz, eliminating all
signal components except for the Af component. Therefore, all rfrequency
components in the signal captured by the receive transducer have been filtered
out, except for either the fundamental or the second harmonic {depending on
whether the divide-by-2 circuit was used). The signal at this point consists
of one tone of constant pitch for each target. These tones are
amplitude-modulated (AM) because, in general, the amount of energy
backscattered from a target depends on the driving frequency, which in turn is
a linear function of time. The signal is passed through an analogue-to-
digital converter (ADC) and is then Fourier transformed, and the output is an
amplitude spectrum. There is one amplitude peak at each offset frequency Af
corresponding to each target distance. Fourier transformation of AM signals
causes one to lose time-domain information because the FFT must be done over a
finite time interval and consequently there is an averaging of the amplitudes

over that interval (in this case the time record encompasses the entire
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0.1 sec sweep time). However, this is not serious since the range mode is
used only to locate targets.

Note that Fourier-transforming the signal over the time of an entire sweep
is practical only because the system has succeeded, via the mixing and
filtering, in reducing radio frequency signals to intermediate frequency
signals. Without this frequency reduction the necessary sampling rate would
be orders of magnitude higher, requiring in turn a prohibitively large storage
space for digital samples.

Frequency Response Mode

The more critical operating mode is the "frequency response" or "FRC"
mode, in which time domain information is obtained for targets at some
selected distance from the transducer head. From this information we can, in
principle, deduce the sizes and numbers of bubbles in a sample. The
components in the FRC signal path constitute an AM tuner; they 1) sort out a
number of AM signals and discard the unwanted ones, keeping only those whose
frequencies fall within a narrow passband, and 2) de-modulate the signals of
interest. 1In the design of the current system, .ne sigrair path in this mode
contains only analogue signal proces:.ors.

The offset oscillator (see Figure 2) is tuned to the offset fregquency Af
corresponding to the target distance of interesi, and it generates a signal of
constant amplitude and frequency. (ihe range mode can be used to determine
the offset frequencies of interesting targets prior to tuning the oscillator).
The mixer multiplies the AM signal coming from the first mixer with the signal
from the oscillator. The mixer’s output includes some difference frequency
components of only a few Hz -- these arise from the targets at distances such
that Af is close to the frequency to which the oscillator is tuned. The
signal is low-pass filtered again, the filter this time having a 3 dB point at
400 Hz and a steep 30 dB/octave rolloff. The remaining signal is an
amplitude-modulated voltage containing frequencies of up to 400 Hz; its
amplitude at any time instant is a function of the amplitude of either the

fundamental component or the second harmonic component (depending on whether
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the divide-by-2 circuit is in use) of the sound backscattered from targets at
some certain distance from the transducer head. This amplitude-vs-time plot
is readily converted to an amplitude-vs-driving frequency spectrum. This is
the desired output; the "Data Handling" section explains how data-fitting by
SSE minimization is applied to these data.

The sample thickness that is being interrogated in the FRC mode is
determined by the cutoff frequency of the low-pass filter. The one supplied
by JPL has a 400-Hz cutoff, meaning that the filter passes any signal from a
target having 2 Af within 400 Hz of the frequency to which the oscillator is
tuned. Equation [6] shows that this 800-Hz passband translates into a

thickness of 1.25 cm.
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PREPARATION AND EXAMINATION OF HYDROGEL SAMPLES

For calibrating the bubble detector, it is necessary that we have
standards for which numbers, sizes, and locations of bubbles can be determined
by some reliable independent method. The bubble detector currently has no
provision for accessing the numerical data or transferring data to any other
device, so that quantitative experimentation is not yet possible and
calibration is precluded pending modification of the hardware. In the
meantime, we have prepared bubble samples of the sort we anticipate using as
calibrants and used them in some preliminary measurements intended to estimate
the bubble detector’s signal/noise ratio. In this section we describe a
protocol for preparing and examining calibration standards.

We plan to use calibrants consisting of bubbles trapped in transparent
hydrogels and we plan to assay them using differential interference microscopy
at a magnification of ac least 500X. For simplicity, in these preliminary
trials the hydrogels were examined using a bright field microscope at only
100X, calibration being impossible as yet. At this magnification, one cannot
accurately measure the sizes of objects having characteristic lengths of less
than 10 or 20 um, so the bubbles which the system was designed to detect could
not be quantitatively assayed in these preliminary trials.

To produce the gels, aqueous solutions were prepared in the following
compositions:

solution A:

0.20 g/ml acrylamide monomer

0.01 g/ml N,N’-methylene-bis-acrylamide crosslinking monomer

1.0 1/ml N,N,N’ ,N’'-tetramethylethylenediamine accelerator
solution B:

variable 0.15-0.25 mg/ml ammonium persulfate initiator

Prior to mixing the solutions, each was sparged with nitrogen to remove
dissolved oxygen, which inhibits many vinyl polymerizations (15). Each
solution was passed through a filter having a 0.45-um nominal pore size to

remove particles that otherwise would severely confuse the microscopic
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examination. Equal amounts of solutions "A" and "B" then were mixed and the
resulting solution was cast between cleaned glass plates. To make thin gels,
the plates were separated by a shim of waxed paper of 60-um thickness. For
thick gels, the plates were separated by 1.5-mm-thick Teflon spacers designed
for use in casting electrophoresis gels. The glass plates, with monomer
solution sandwiched between them, were placed in a vacuum for several minutes
(no fixed length of time). The polymerization was then allowed to proceed at
ambient pressure at least until gelation occurred. Bubbles that formed by
cavitation at the reduced pressure were trapped in the finished gel.

In order to be useful, the calibration standards must be the same size
when they are interrogated ultrasonically as when they were assayed
microscopically. Accordingly, the stability of these bubbles over time was
tested by examining some of them over several days’ time while leaving the gel
membrane sandwiched between the glass plates. The sizes of gas bubbles
trapped in polyacrylamide gels were seen generally to be stable over a period
of 4 days. The exceptions were bubbles near the edges of the gel, which often
disappeared. The reason for this may be that these gels were stored in open
air rather than in a humidified environment, so that desiccation around the
edges might be expected (remember that these gels were stored between the
glass plates so that their edges alone were exposed to air). Desiccation
causes the collapse of small cavities in hydrogels. The actual calibration
standards will be assayed microscopically and interrogated by the bubble
detector within 24 h of their production. They will be stored in a humid
atmosphere.

To provide samples for interrogation by the bubble detector, the finished
gels were prevented from dehydrating by storing them in an enclosed container
whose interior was kept at the dew point by the presence of standing water.
Any portion of a gel membrane that was seen upon microscopic examination to
contain one or more bubbles was cut out and mounted on a slab of Wall-Gone
sound absorbent rubber (to reduce background reflection of the transmitted

sound) and was positioned in front of the transducer head. The Wall-Gone,
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target, and transducer head were immersed in water during interrogation
because impedence differences at the gas-solid interface precludes the

transmission of ultrasound through air.
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PRELIMINARY TRIALS WITH THE JPL BUBBLE DETECTOR

This section is a summary of the results of the preliminary experiments
with the bubble detector. The goal of most of these experiments was to
estimate the system's signal/noise ratio,.

Measuring the Velocity of Sound (Range Mode)

With the range mode selected for display, sound was reflected off of a
flat metal target located at various distances from the transducer head and
equation [2] was used to compute the velocity of sound in water from the
offset frequency of the voltage peak representing the reflected sound. The
displayed voltage amplitude spectrum actually contained a number of peaks, at
offset frequencies of Af, 2Af, 3Af, etc., with peaks getting progressively
smaller at higher frequencies. The extra peaks represent sound that was
reflected back and forth more than once between the target surface and the
transducer head. The value of Af for use in equation [2] was taken as the
frequency at which the first peak was at its maximum. The calculated velocity
was 1.40-10° cm/sec with a standard deviation of 0.023-10° cm/sec for n = 8
measurements. The handbook value for sound in water at 20°C is a bit higher
at 1.486-10% cm/sec, possibly suggesting that Af should have been taken as the
frequency at which the edge of the first peak appeared, rather than the
frequency at which its maximum occurred.

Measuring the Signal/Noise Ratio

We attempted to quantify the amount of electronic noise generated by
various noise sources. Noise measurements were made using signal averaging
over several minutes time. Of primary interest is the amount of noise present
in the FRC output when the divide-by-2 circuit is in use, because this is the
output from which we hope to deduce bubble sizes by analyzing the 2nd harmonic
component of the sound radiated from bubbles.

1. Range Mode:

The noise observed in the range mode output represents the combined noise
from all processing stages except those unique to the FRC mode (see Figure 2).

In the range mode the baseline noise was less than 0.1 mV regardless of
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whether the fundamental or the second harmonic frequency component was on
display (i.e., whether the divide-by-2 circuit was in use). The noise did not
appear to depend on offset frequency. It is doubtful that the digitizer or
the FFT contributed significantly to the noise level. A DC component was
always present in the range mode's output. This represents a signal received
with no time delay at all, and it must result from crosstalk between the
transducers. It would only be mistaken for a bubble if the operator expected
a bubble to be present at the transducer surface.

II1. Frequency Response Mode:

In the remainder of the experiments to be reported on, the frequency
response (FRC) mode was used. Whereas the bubble detector presently has no
provision for accessing the numerical data, we had limited means of analyzing
the data from these experiments. The current system does display amplitude
spectra on a VDT screen. Therefore, to characterize the system's output in
the FRC mode we chose arbitrarily to record the maximum output voltage V_,,  as
read from the graphs displayed in the FRC mode.

It would be quite difficult to elucidate the physical significance of V.
The FRC output consists of a group of amplitude-modulated waveforms summed
together. The frequencies of the individual waveforms are anywhere between 0
and 400 Hz, because the output signal is sent through a low-pass filter having
a cutoff frequency of 400 Hz. The V_,, occurs when the sum of the waveforms
happens to be at its maximum. This depends on the target distances and the
frequency to which the offset oscillator is tuned, because these factors
determine the frequencies of the waveforms that constitute the FRC output
signal. Our use of V. to characterize the FRC data is seen to be a crude
technique, but nevertheless it allowed us to make some important observations
of the system’'s performance, the discussion of which will occupy the rest of
this section.

To measure the noise generated by components in the FRC mode's circuitry,
we used the bubble detector to interrogate a bubble-free region in a water

tank. We detuned the offset oscillator away from any offset frequency
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corresponding to the distance of any visible target and recorded the V.,
displayed in the FRC mode. V_,, was found to depend on the amplitude of the
offset oscillator’'s signal, which is adjustable. With the divide-by-2 circuit
in use, the measured V_ ,, increased monotonically from 1.5 mV to 8 mV as the
oscillator gain setting was increased from 10 to 1000. The gain setting is

written in arbitrary units. Without the divide-by-2 circuit, V increased

max
from 1.8 mV to 36 mV as the gain was increased from 10 to 1000. Note that the
output voltage V_ , in the FRC mode is itself a function of the oscillator’s
gain setting (see equation [4]), so that whereas the noise level is elevated
by increasing the gain, the signal/noise ratio is not necessarily degraded.

The supposed source of this noise is interference by the offset oscillator
with the wiring between the two signal mixers. In other words, voltage
leakage from the offset oscillator induces a current that matches the
frequency of the oscillator'’s signal, so that the signal multiplication
produces a DC component which then passes through the low-pass filter and
becomes part of the output. A spectral analysis of the FRC output shows that
there is indeed a DC component whose magnitude does not seem to depend on what
frequency the oscillator is tuned to. This explanation accounts for the
correlation between the noise level and the oscillator’s gain setting, but we
have no explanation as yet of why the noise is greater with the divide-by-2
circuit bypassed than when it is in the signal path.

Another noise sourc: when one is studying the second harmonic is the
nonlinearity of the transducers themselves. The transmitted sound contains a
second harmonic component that is generated by the transmit transducer. Part
of this component is reflected from any solid target and captured by the
receive transducer, and shows up as a spurious bubble. The magnitude of this
noise depends of course on how reflective is the target or medium near the
target. In addition, the fundamental component of the received sound is
partly converted to a second harmonic signal owing to the nonlinearity of the

receive transducer. In the FRC mode, the observed magnitude of noise arising
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from transducer nonlinearities depends on the gain setting on the offset
oscillator.

The magnitude of this noise can be estimated only with the divide-by-2
circuit in use. When a slab of Wall-Gone sound absorbent rubber at a distance
of 3.25 cm was used as the target, the maximum (signal-averaged) voltage in
the FRC mode was increased from 2.0 mV at a gain setting of 10, to 27 mV at
gain = 1000. Keep in mind that these noise levels contain contributions from
both of the noise sources mentioned previously; they are measurements of total
noise.

We expect that the amplitude ratio of the second harmonic component to the
fundamental in the transducer response is frequency-dependent. 1In particular,
nonlinearities should be maximized near the resonance frequency, and these
transducers are swept through their resonance frequency during a 0.2-to-5-MHz
sweep. We presently have no way to quantify the nonlinearity of each
transducer independently.

To interrogate hydrogel targets, we used the FRC mode with the divide-by-2
circuit in use so that the output voltage was a function of the second
harmonic component of the received sound (this is the configuration that is
potentially useful for determining bubble sizes). The offset oscillator was
set arbitrarily at gain = 100 for all of the hydrogel experiments. At this
setting we measured V,,, = 7.5 mV when the transmitted sound was simply
reflected from the slab of Wall-Gone; this is a measure of the total noise at
the second harmonic frequency at gain setting = 100. The hydrogel membranes
were mounted on Wall-Gone at a distance of 3.25 cm from the transducer head.

We first experimented with poly-acrylamide membranes that had been
prepared without decompressing the monomer solution, which therefore should
not contain bubbles. Microscopic inspection of the 60-um-thick samples
confirmed that they were bubble-free. Because the gels’ thickness (1.5 mm)
was greater than the focal length of the objective lens on cur microscope, the
visual scan done on them was incomplete. The presumption is that these

thicker gels were also bubble-free or at least contained very few bubbles.
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The measured V. in the FRC mode was found to be essentially the same as in
the absence of any gel, so that there was no indication that the polymer
itself significantly affected V_,,. For the thin membranes, V_,, averaged 7.6
mV with a standard deviation of 1.7 mV for n = 7 samples. For the thick
membranes Vg, = 8.1 mV and S.D. = 1.4 nV for n = 8. An incidental
observation is that when the 1.5-mm-thick membranes were interrogated in the
range mode, two separate peaks could be discerned at offset frequencies
corresponding to both the front surface of the gel and the interface between
its rear surface and the Wall-Gone mounting. For the thin gels the difference
between these offset frequencies was too small to permit the distinction of
separate peaks.

For the 60-um-thick bubble-bearing membranes the average measured V_,, was
12.6 mV with a standard deviation of 2.6 mV. This is higher than what was
measured for the non-bubbled membranes, though the difference is not
statistically significant at the p<0.05 level. The output voltage was
significantly higher for the 1.5-mm-thick, bubble-bearing membranes: V

max

averaged 33 mV with S.D. = 12 nV.
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CONCLUSIONS AND RECOMMENDATIONS

During our interrogations of hydrogels, we were able to measure a
significantly higher output voltage at the second harmonic frequency for 1.5-
mn-thick bubble-bearing membranes than for membranes without bubbles. Thinner
membranes containing bubbles did not yield a significantly higher output
voltage, presumably because they contained fewer total bubbles. Therefore, we
can say that the bubble detector, as designed and delivered, appears to enable
the investigator to distinguish qualitatively between the presence and absence
of bubbles, given that the bubbles are numerous enough to produce a
sufficiently strong output signal.

However, the system also suffers from some conspicuous shortcomings, and
it is not going to yield any useful quantitative data until they are
corrected. First, it allows no access to its numerical output. Therefore, an
A/D converter that can be interfaced with a programmable computer should be
installed to digitize the anslogue signal from the bubble detector and send it
where it can be stored 1c later manipulation.

Second, the signal,noise ratio is far too low; but this problem can be
reduced if not eiiminated. Much of the noise in the FRC mode is generated by
the offset oscillator, mixer, and low-pass filter. As we have seen, they
function as an AM tuner. 1t would be desirable to replace them with a digital
AM tuner. Such a device would combine digital de-modulation with digital
filtering and would function almost noise-free by dispensing with analogue
steps. We currently are exploring whether a suitable machine of this sort is
available.

The other major noise source is a consequence of the nonlinear response of
the transducers, and this is not readily correctable. Signal averaging must
be used to ameliorate the problem via a subtraction of the time-averaged noise
from the time-averaged sum of signal and noise.

When the S/N ratio has been improved as much as is practical, then we must
evaluate whether it has improved enough that we can get quantitative

information on individual bubbles. One way to make this evaluation is as

32



follows: After the gain coefficients of the transducers have been measured
and the equations describing bubble oscillations have been encoded in a
computer program, then it will be possible to predict, for a given input
voltage, the sound pressure incident to a bubble, the sound pressure
re-radiated by the bubble to the receive transducer, and the output voltage
from the receive transducer. In other words, we can use equation [4] to
compute a theoretical V_, after 1) generating theoretical values of P_,4 using
the methods summarized in the Appendix and 2) empirically determining the gain
coefficients k; and kg, .

If the S/N ratio is not adequate for studying individual bubbles, then two
alternatives come to mind. First, use of the system could be limited to the
analysis of dense populations oi small bubbles. The functions to be fitted to
data would need to be altered by the addition of parameters that characterize
population statistics.

Second, we could choose to study larger bubbles, thus exploiting the fact
that, to a first approximation, the energy radiated from an oscillating bubble
is proportional to the cube of its radius. This is a way of increasing the
S/N ratio without improving any electronic components. This approach would
require that we replace the existing transducers with a pair designed for a
lower frequency range, which would encompass the resonance frequencies of
larger bubbles. The size range of bubbles that are relevant to DCS is
unknown, so there is no reason to insist upon studying bubbles of any

particular size range so long as the size is physiologically plausible.
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APPENDIX: MATHEMATICAL BACKGROUND
1. Introduction

Most of the mathematical analysis in this report revolves around an
ordinary differential equation that describes the oscillations of a bubble in
a liquid caused by an incident sound wave. Last century, Lord Rayleigh
derived the equation of motion for the medium surrounding a spherical bubble
when the ambient pressure oscillates sinusoidally about its mean. Like many
basic equations in physics that describe the behavior of fluids, Rayleigh’s
equation is a non-linear differential equation that is very difficult to
solve. Over the years mathematicians have developed several methods for
finding approximate solutions to nonlinear differential equations, in
particular those that represent nonlinear harmonically driven oscillators. In
recent decades, several engineers have found approximate solutions to
Rayleigh’s equation by using an averaging method developed, beginning in the
1930's, by the Russian mathematicians Krylov, Bogolyubov, and Mitropolsky
(reference Al).

In order to apply most nonlinear methods (including the Krylov-Bogolyubov-
Mitropolsky) it is necessary to make some simplifying assumptions. Even with
appropriate assumptions, the calculations can be quite involved. Estimation
of parameters may require use of additional equations. Before describing
assumptions and parameters for the bubble equations, we will provide an
overview of the theory of solutions to nonlinear forced oscillator equations.
The general results from the theory allow one to better understand the special
results achieved for Rayleigh'’s equation and the necessity of certain

simplifying assumptions that allow the theory to be applied.

2. Basic Facts about Solutions to Nonlinear Forced Oscillator Equations

Consider nonlinear oscillator equations of the form

X7 + wyix = €f(x,x’) + €A cos(wt) (x’ =dx/dt)
where ‘x' represents the displacement from equilibrium, e¢f(x,x’) represents

all the nonlinear damping and restoring force terms, and ¢A cos(wt) represents
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the forcing (or driving) function. The ‘¢’ denotes a small perturbation
parameter; thus the nonlinear damping and restoring force terms as well as the
forcing function are assumed to be small compared with the two terms on the

‘w’' is called the driving frequency and w, is

left-hand side. The parameter
called the natural frequency (of the oscillator).

The theory of such equations (references Al, A2) shows that they often
have resonance solutions; i.e., a solution that, when expressed in terms of
the parameter ‘w', has an amplitude that grows sharply as ‘w’ approaches
certain special values called resonance frequencies. Unlike linear equations,
nonlinear equations often have two or more stable solutions when 'vw’' is close
to a resonance frequency. The resonance frequencies in general occur when ‘w’'
and ‘w,’' are related in one of the following ways:

If vy = nw for some positive integer 'n’', a solution with frequency w, is
called (ultra)harmonic (and the corresponding resonance frequency is w,/n);

If wy = w/n for some positive integer 'n’', a solution with frequency wy is
called subharmonic (and the corresponding resonance frequency is nwg);

If wy = mw/n for some integers m,n > 1, a solution with frequency w,; is
called ultrasubharmonic (and the corresponding resonance frequency is nw,/m).

In general when one resonance solution exists for a resonance frequency
there will be several solutions of different amplitudes and with different
phase shifts relative to the forcing function. All these solutions will be
defined for some interval of w-values near the resonance value. The number of
solutions for the bubble equation is hard to predict since its f(x,x") is
complicated. With extensive computations it can be shown that there are three
solutions for each of the following resonance frequencies: w=w; (main
resonance solution), w=wy,/n for n = 2,3 (ultraharmonic solutions), and w=nw,
for n = 2,3 (subharmonic solutions). (Note: the existence of three solutions
is based on the assumption that the driving and damping forces are weak
relative to the restoring force of the bubble.)

The simplest example of a system with multiple resonance solutions is a

pendulum with no damping that is harmonically driven. Its equation is
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X” + we? x - (1/6)wg? x> = € A cos(wt) with w = wy + 0(e¢)
where O(¢) denotes a function of order ¢ (this implies 'w’ is close to wg).

It can be shown that there will exist three solutions for some frequency
interval just to the left of the main resonance frequency w, (see reference
A2, p. 126). The solutions have distinct amplitudes; the ones with the
largest and smallest amplitudes are stable, whereas the solution with the
intermediate amplitude is unstable. The solution with the largest amplitude
is 180° out of phase with the forcing function; the other two solutions are in
phase. All three solutions have finite amplitude for all values of ‘w' near
wy, even though there is no damping (this contrasts with the linear pendulum).
Because there are two stable solutions, the pendulum equation is called
bistable and the set of solutions exhibits "hysteresis" (defined below).

Determining which stable resonance solution is achieved in an experiment
depends not only on the driving frequency ‘v’ but also on how that value of
‘v’ is achieved experimentally. This is a special case of the general problem
of determining which stable solution will be observed in a given experiment
involving a nonlinear system when the system has two or more stable (and
therefore observable) solutions.

If 'w’ is started above the resonance frequency (and is therefore to the
right of the multiple solution region on the w-axis) and is decreased
gradually, then at the point where the three solutions come into existence the
solution will take the upper track (i.e. the largest-amplitude solution will
be observed) until the three solutions merge. At this point, a sudden
decrease in the amplitude of the solution will be observed as the solution
jumps down from the upper track to the single lower track. This is an example
of the jump effect. (The formal term for jumps between stable solutions is
"hysteresis"). Similarly, if ‘w’ is started below the multiple solution
region and is increased gradually it will take the lower track until there is
only one track. This track will be higher and the solution will suddenly jump
up to the largest-amplitude solution. Thus, there will be jumps observed

whether the driving frequency is swept upward or downward; the downward jump
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will in general be greater than the upward jump. The middle track, which is
unstable, will not be observed in either an upward or downward frequency
sweep. To fully understand these statements it is helpful to look at some

hysteresis graphs (see Figure 1 in main report).

3. Mathematical Models Used in the Analysis of Bubble Oscillations

We will describe the major aspects of the derivation of the equation of motion
tor osciliations of a spherical bubble that is driven by a sinusoidal pressure
field with a wavelength that is large compared to the bubble radius. There
are three major steps: 1) calculating expressions for the effective
viscosity, the polytropic exponent, and the natural frequency of a bubble
system that reflect the fact that these parameters are functions of driving
frequency, which requires using a variety of linearized equations described in
reference [2]; 2) determining the set of resonance solutions for a low-order
version of Rayleigh’s equation which uses the frequency-dependent parameter
expressions from step 1; and 3) showing how these resonance solutions are
related to a quantity that the detector can measure, viz. the 2w component of
the radiated pressure wave from the bubble. (For details on step 1 see
reference [3], on step 2 see reference [2), on step 3 see "Data Handling" in

the main report.)

Step 1: A summary of Prosperetti’s approach in reference [2] is as follows:
He begins by expressing as an equation the boundary condition that the normal
stresses are continuous across the bubble surface. Using a linearization of
the "wave equation" (which is simply the equation of motion written for a
compressible medium), the external pressure is written as the superposition of
the contributions of the driving sound field and acoustic radiation from the
bubble. The radiated pressure is calculated from the velocity potential for
the liquid, which is determined by solving the linearized wave equation. The

last major computation involves determining the internal pressure. This
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requires the simultaneous solution of the linearized equations of mass and
momentum in the gas and of energy both in the gas and in the liquid.
Let us now define the key variable and state assumptions regarding it.

Define x(t) implicitly by
R(t) = Ry (1 + x(t))

Thus x(t) represents the fractional radial deviation of the bubble radius R(t)
from its equilibrium value R,. We assume that x(t) and all its derivatives
are small, i.e. much less than one, so that powers of x(t) and its derivatives
higher than the first may be neglected.
All these results are combined to yield a single second order ordinary
differential equation in x that has the form of a forced damped harmonic

oscillator:
X" + 28 x* + Q%% = -eaexp(i Qt)

The damping constant 8 is the sum of three particular damping constants termed

viscous, thermal, and acoustic, i.e., B = Byis + B + Bac, Where B, =

2/ (piRe%) . Bin = 28en/(PiRe?) . Bac = 28,./(PRe?). Here u is the (ordinary)
viscosity of the liquid, u,, is the thermal viscosity, and u,. is the agcoustic
viscosity, which is defined by .25(p;0%Ry%/c)(1 + (QIRy/c)?)™*. The effective
viscosity p.¢r is the sum of the ordinary, thermal, and acoustic viscosities.
In the above, p; denotes the density of the liquid, and c¢ is the speed of
sound (i.e. the pressure wave) in the liquid. The natural frequency G; is

given by
Q2 = 3k(Piy oq/ (PRoD)) - 20/(piRe’) + (ORg/C)*(1 + (wRy/c)?) 0

where k is the effective polytropic exponent, P, ,, is the internal pressure
corresponding to R,, and o is the surface tension of the liquid.

The "effective polytropic exponent" k is defined for a gas in a container
whose volume changes with time, as follows: let P, (t) be the internal

pressure of the bubble, and V(t) its volume. Then if V; is the volume
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corresponding to pressure P,, the well-known pressure-volume law for
compression (or expansion) of a gas can be expressed as P, (t)/P, = (VO/V(t))k.
During a compression (or expansion) heat may be exchanged between the bubble
and the surrounding liquid. The extreme cases of zero and infinite heat
transfer rates correspond to adiabatic and isothermal processes
(respectively). For an isothermal compression it follows from the ideal gas
law that k = 1. For an adiabatic compression, k has a value equal to the
ratio of specific heats for the bubble gas. This ratio (specific heat at
constant pressure to specific heat at constant volume) has been determined
experimentally for various gases at various temperatures. For room
temperature air it is about 1.4. It can be shown that, for either isothermal
or adiabatic oscillations, the pressure and volume oscillations are exactly
180° out of phase.

However, for real processes (such as bubble oscillations) there is a
finite, non-zero heat transfer rate that leads to a phase difference other
than 180° between the pressure and volume variations. For oscillations, the
polytropic exponent k will depend on this phase difference. This necessitates
defining 'k’ by the more general expression P, = P, .o (Ro/R(E))F* - Gp,x’ .
After extensive computations, Prosperetti is able to show: pux-.ZSQpJQZIm(¢),

k = (1/3)(szsRO%/PnLeq)Re(¢). Here ¢ is a complex quantity and Im(¢) and
Re(¢) denote its imaginary and real parts, respectively.

The definition of ¢ is very involved; it depends on the molecular weight
of the bubble gas, its thermal diffusivity, the ratio of the specific heats of
the gas, the liquid temperature, the thermal diffusivity of the liquid, and
the ratio of liquid to gas thermal conductivities (see reference [3] for

details).

Step 2: In this step the {I-dependent expressions for g, k, and Q42
determined in step 1 are substituted into the nonlinear bubble model expressed
by Rayleigh's equation and the pressure-volume equation. Rayleigh’s equation

of motion for an incompressible Newtonian fluid surrounding a gas bubble is
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RR” + (3/2) (R*)2 = 1/p, [P;n(t) - P(t) - 20/R - b4u R’ /R] (Al)

where R = R(t) is the bubble radius at time t, P, (t) is the internal pressure
at time t, and P(t) is the ambient pressure at time t. We assume P(t) =

Po(l - ecos(Qt)), i.e. P, is the mean ambient pressure. This last equation
is a close approximation to the pressure distribution in a liquid subject to a
sound field the wavelength of which is large compared with the bubble radius.
The nature of the liquid is described by its density p;, surface tension o,
and viscosity u. It is assumed that the amount of vapor in the bubble is
negligible, and that P,, can be written in the form P, - Pinmq(Ro/R)ak-authx',
where k is the polytropic exponent determined in step 1 and P;, ,4 is the
internal pressure corresponding to the equilibrium radius R,. This is the
pressure-volume equation. As in step 1, we are interested in the oscillations
of the bubble about R,. Recall that x(t), the fractional radial deviation, is
defined by R(t) = Ry(1l + x(t)). In order to use the minimal number of
parameters in the differential equation for x it is advisable to express all
the variables is terms of a dimensionless time r (tau) defined by r =
(P“L.q/pL)*(t/Ro). Note that differentiation of x is now with respect to r
(tau), defined below. Such derivatives are denoted with dots over Xx.

We assume that x and its time derivatives are small enough so that when
Taylor expansions for these quantities are substituted into Rayleigh’'s
equation we may neglect terms of 4th and higher order in x and its derivatives
(to describe nonlinear behavior it is necessary to retain at least the x?

terms as well as the x!

terms; if only the x! terms are retained then the
expansion becomes a simple linearization). The fact that the values of the
parameters ‘k’ and 'y’ (used below) are estimated using first order expansions
of the terms in the mass, energy, and momentum balances means that, strictly
speaking, they are valid only for a linear system. Their usage when analyzing
this nonlinear system is an ad hoc approach necessitated by the complicated
nature of the mathematics.

After substituting the resulting Taylor polynomials into Rayleigh's

equation we obtain a low-order version of Rayleigh's equation expressed in
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terms of x:
X + wy?x = Scos(wr) + [- 1.5(x)% + a;x* - éxcos(wr) - 2b(x)] +

[1.5(x)%x - apx® + éx%cos(wr) + 4b x (%) (A2]

where a; = 4.5(k(k+1)) - 2W, a, = 0.5k(9k?® + 18k + 11) - 3V,

W= 20/(RoPy; oq) s B = 28,60/ (Ro(p Py o)™, 8 = (1 - We

dimfac = Ro(py/Pi, oo)¥, wo® = Qp’(dimfac)?, t/r ~ dimfac

Note that O and Q, are dimensionalized frequencies (e.g., in MHz) whereas ‘v’

and 'w,’ are non-dimensionalized frequencies.

Step 3: Because we will use the bubble detector to measure only the 2w
component of the radiated pressure wave, and since the radiated pressure is
proportional to the second derivative of the fractional radial deviation x(r),
we restricted our calculations to those resonance solutions x(r) that have a
2w component. Careful examination of the complicated expressions for the
resonance solutions to equation [A2] shows that only the main resonance and
first (ultra)harmonic solutions satisfy this requirement. The 2w component of
the solution that is valid near the first harmonic frequency (wp/2) is x(r) =
Ccos(2wr + ¢), where the amplitude C has (as expected) three possible values.
These values can be determined by solving a cubic polynomial. (This
polynomial has very complicated coefficients; see [2], p.880.) The three
values of C correspond to the three solutions that are valid only near the
first harmonic frequency. Which solution is encountered in a given experiment
depends on the initial conditions and whether an upward or downward sweep of
driving frequencies is being performed (see discussion of hysteresis above).
Because we are interested in calculating only the amplitude of x(r), denoted
[X], it is not necessary to compute the phase shift ¢. (If ¢ were needed, one
could calculate it.) Clearly [%(r)]| = 4Cu%.

The 2w component of the main resonmance solution is more complicated. It
turns out to be x(r) = - .25A;cos(2 wr - ¢) - .25B;cos(2 wr + 2¢) where A, =

-2w%z6C , B, = 2w?z(a; +(1.5)w?) C?, and z = 1/(4w® - w?). Finding the
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amplitude of X(r) requires the use of some simple trigonometric identities.

If we define A, = Ajcos(¢) + Bjcos(2¢) and B, = A;sin(¢) - B;sin(2¢) then the
amplitude of Ii(r)l - (Az2 + Bzz)*. Calculating the three pairs of values for
C and ¢ involves solving a system of two complicated algebraic equations in C
and ¢ (see [2], p. 88l). We solve these in our Fortran program using a
Newton-Raphson subroutine. Each of the three pairs of values corresponds to a
solution that is valid only near the main resonance frequency.

Once the amplitude of the 2w component of a resonance solution has been
calculated it is an easy matter to compute the amplitude of the radiated
pressure wave corresponding to it. Letting |X| denote the amplitude of the
second derivative of the 2w-component of a solution x(t), it is not hard to

show that the amplitude of the corresponding P denoted |P:w'» satisfies

rad’

[Paal = (oR/D)|X| (1 + (QRg/c)?) -3 [A3)

where r is the distance from the transducer head of the detector to the bubble
and ¢ is the speed of sound in the liquid. We convert |P,,4| to a voltage
amplitude using gain factors that are specific to our bubble detection
hardware. By comparing the measured voltage amplitudes near the two resonance
frequencies with the predicted values, one can estimate R,, the equilibrium
bubble radius. This involves use of standard statistical parameter estimation

procedures; see "Data Handling" section of the main report for details.
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