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A MEASURE-FREE APPROACH TO CONOITIONING

LR. Goodman 4.

t Commnand & Control Dzrartvent o .. - A1i,-

Code 421
NAVAL OCEANI SYSTEMS CENTER

San Diego, California 9Z15Z d

ABSTRACT . . ....
It is the hope of this paper and accompanying

In an earlier paper, a new theory of measure- work to provide positive answers to the above ;uestions
free'conditional" objects was presented. In this paper, through the development of conditional object theory.
emphasis is placed upon the motivation of the theory.

- The central part of this motivation is established In a typical knowledge-based system, a collect-
through an example involving a knowledge-based system. ion of inference rules is present, each rule connecting
In order to evaluate combination of evidence for this potential observed data through auxiliary attributes to
system, using observed data, auxiliary attribute and potential parameter estimates or diagnoses. Each rulediagnosis variables, and inference rules connecting also has,as a main connectorsome form of implication.
them, one must first choose an appropriate algebraic Thusin evaluating such systems, it is critical that
logic description pair (ALDP): a formal language or consistent and feasible interpretations and computations

" syntax followed by a compatible logic or semantic eval- be made for these operators.
uation (or model). 1,.ree common choices- for this high-
ly non-unique choice - are briefly discussed , the At present, there is no sound logic of con-
logics being Classical Logic, Fuzzy Logic, and Proba- ditional eventsanalogous to ordinary Probability Logic,

* bility Logic. In all three,the key operator represent- in use. Thus no systematic approach exists for combin-
ing implication for the inference rules is interpreted ation of evidence problems, when individual inferenceas the often-used disjunction of a negation (baa)= rules are interpreted through conditional probabilities.
Vv a) , for any events ab. Indeed, 0. Lewis (9] pointed out in 1976 that one could

not identify implication with conditioning in the prob-
However, another reasonable interpretation of ability sense. That is, if

the implication operator is through the familiar form
of probabilistic conditioning. But, it can be shown - (baa) - (a1b) c a , (.1)
quite surprisingly - that the ALDP corresponding toProbability Logic cannot be used as a rigorous basis where n is some fixed boolean algebra of events or
for this Interpretation' To fill this gap, a new ALDP propositions a,b,.. , then formally applying a given
is constructed consisting of "conditional objects', probability measure p:a - [0,11 to both sides yields
extending ordinary Probability Logic, and compatible
with the desired conditional probability interpretation p(b~a) = p((afb)) = p(ajb) 4 p(a-b)/ p (b) (1.2)
cf inference rules. It is shown also that this choice
of ALOP leads to feasible computations for the com- provided that p(b) > 0 . But, if one makes the common
bination of evidence evaluation in the example. In identification (but by no means. the only possible)
addition, a number of basic properties of conditional
objects and the resulting Conditional Probability (bla) = (b-'a) !Wbv a) (1.3)Logic are given, including a characterization property
and a developed calculus of relations. then one can show,by use of elementary properties of

conditional and unconditional probabilitiesthat
1. INTRODUCTION p(b-'a) = p(a!b) + p(b')-p(a'!b)

This paper is complementary to a previous one z p(alb)
CI1 in which measure-free conditional objects are first z p(a-b) (1.4)introduced. In that paper,emphasis was placed upon a
summary of the various mathematical properties ttat with strict inequality holding in general. (In fact, it
are derivAhle. In this paper, motivation for the use is rather easy to construct examples where p(b-oa) isof conditional object" Is 'nderscored, followed by a close to unity while p(a'b) is close to zero.) Further-
brief overview of results. A more thoroug! more, Calabrese (lO1,[lli has shown that not only willtogether with all relevant proofscan be found in [Zn -0," not work f- l., but no boolean function of two

arguments possibly representing iw.plic~t4 - , -ill sat-The basic questions that are demanded of a new isfy prt0'l
theory include:

What use is it ? Is it necessary 7 Yet, often individuals assume the identification
Does it solve an existi-, ti 1) - - I~ . tr TL - and mnipu!Atpi na ;nter-
Is it truly novel ? change conditional probabilities and implications, not-
Does it tie-in with past literature in the ing an epsily-derivable calculus of relations for

field ? such implications. (See, e.g., Table 1.) In fact, Stal-
Is it mathematically sound and sufficiently naker's Thesis [8] carries out this identification; butrich to lead to further deeper restIts and applicat-ons, see Lewis' criticism [).



Thus, we must pose the basic question: Can we ;A FcSICl[I. . ESS iu)
make sense of "conditional object" (alb) compatible I
with conditional probability pealb) ? Also, how do we I
compute (alb) v (cid) and in turn evaluate the ex- INIENTAL IMAGING/
eniesin coInto ofeiec)rolm ncn SENSING (0 GIINMCHN AGAEpression p((a b)v(cld)) ? Lastly, can we use such DETECTI/COGNITION MACHINE LANGUAGE:entities in combination of evidence problems in con- A (nderson A Bower,. fMRPHOLOG RMAM

junction with knowledge-based systems? Meyer, Grossbe MOR ,O .G
.__ k Piaget, McDermott/ R

Another ap;roa'h to avoiding the establishment -Chomsky McCawley
of conditional objects, in effect, is to squatea given Lyons Montague
collection of conditional probabilities with corres-
ponding common antecedent conditional probabilities, PARS NG
through formation of appropriate Joint events. But SEMANTIC F FOMAL Winogra Schank
this approach can also be shown to lead to certain LOGICS/ SYNTACTICS s..z.o
difficulties conceptually as well as computationally MODELS1 2 ] . S c ott ,de l r i k e o n s o n e r P I .S Y O I Z AISS

KrpeJhso IS TRINGS/ WFF ' S

Additional discussions concerning Lewis' "triv- Lukasiewicz,

iality result" concerning Stalnaker's Thesis can be Carnap,Post, Eco, Korzybski,
found in [12],[13],[14J. hailperin L CMorri

The proposed remedy to the above problem in- IALDE P PAl
volves an extension of coset theory as applied to bool- -_- - -- -- - .-_

can algebras, where the original boolean algebra of -S
events 0 is replaced by the union of all principal DECISION PROCES! EXAMPLES OF ALDP'S
ideal quotient rings of . The fundamental justifica-1
tion for this will be given below, followed by an ex- HYPOTHESES A LOGIC),
ample illustrating how conditional objects and Con- FORMULATIONI ALDP 2 - (MODIFIED BOOL.ALG.
ditonal Probability Logic can be directly utilized in OPTIONS/ ZADEH'S FUZZY LOGIC)
a knowledge-based system. (See Section 2.) DECISIONS (H) ALOP 3 - (BOOL.ALG.,PROB. LOGIC),

However, let us first back up and consider how ALOP 4 = (COND.BOOL.ALG..
a typical combination of evidence problem can be per- COND. PROB. LOGIC).

-eived. Figure 1 illustrates the basic imformation (NEWLY PROPOSED ALDP)
processing flow from the inception of the problem to IN THE FIRST THREE ALQP'S, IMPLICATION ! IS INTERPRETED
the decision process. This processing consists of five AS - , WHERE (B 9-) g (B v .) , FOR ALL PROPOSITION, uS-
subdivisions in sequence: MODIFIED BOOLEAI ALCEBRA - PSEUDO-COMPLEMENTED

1. Cognition: Initial processing of information. DISTRIBUTED LATTICE.

2. Natural Language Formulation: Relevant to all Figure 1. Subprocess Expansion of Data Fusion/Combination
narratives produced by human observers, of Evidence Process Connecting Initial 'Signal"

Detections with Hypotheses Formulations.
3. Primitive Symbolic Formulation of Information:

Formation of well-defined formulas or strings
of information, without refined constraints. Use of
basic formal connects for:&, ; or, v ; not, ( )'; Given boolean algebra C, for all a,b,c,ai,b. c Q
implication, J . i=l,..,m :

4. Full Formal Language: Use of all relevant syn- (b-a) (b a-b) E Q , (1.5)
tax, constraints on connectors, such as associativity, l->a) a (1.6)
commutativity, absorbing, distributivity, demorgan,etc.

5. Full Semantic Evaluations or Logic : Must be in (ck4nk9 ) (cea-b) = (c'b)-(b-c-xa). (1.7)

model form,i.e., some type of homomorphism preserving (b-a)' = a'-b (b-*a') , in general.8)
basic structure of full formal language. m m m

It is the choice of the last two subprocesses v(b'ea.)= C b - i> v a) (l.9)
with which we are concerned here. We will call such a 1=1 il Il
pair of subprocesses 4 and 5 in Figure I an algebraic m m m m
logic description pair CALDP). As given in Figure 1,Iet: .(b. -a.) = a!va-bi v • b1 i) ai) (1.10
ALOP 1 = (boolean algebra Q, Classical Logic (CL)) i=l ' 1= i=l i I

ALDP 2 = (modified boolean algebra o ,Fuzzy Logic(FL)) Hoiimorphisms hold for b -b... bm=b

ALOP 3 = (boolean algebra o, Probability Logic(PL)). m m

In all three ALDP's above, implication, from v (b-a.) (L ->v ai),ag)L 7a-,a-i=l
am m

See [3), Chapter 2 for general background con- • (b-ai (b -- a (1.12
cerning formal Iz--' mge And se-nantic evaluation in iJ= I=1
modeling knowledge-based systems. See also [4] for anexcellent survey of multivalued logics. includin gP. PL.... . . -I o +i l a i )  if m is Dud

c- FL -- r and 61 { - -an algebras rd rin]s, i= I

Future efforts will deal with extensions of these ideas 6ut + (b.aiI m (1.13

to nonmonotonic logics as presented,e.g., in [7]. i=l + a, if m is even
For purposes of completeness, let us next brief-

ly review each ALDP, presenting an abridged calculus of
operations involving ii.ipiication and semantic evaluation Table 1. ALDP 1: Calculus of Operations for
for use in the ensuing example ir, Section 2. Implication (1.3).
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Given boolean algebra a and semantic evaluation 2. AN EXAMPLE

I I:£2 - (0,1) , 101-0 111-1, (1.14) With all the preliminaries out of the way, con-

or all A.b c 0: sider next a simple medical diagnosis system as Illus-for al I~b€ :trated in Figure 2 (next page). The basic implementation

la v b I - MAX(Iallbl), '115) scheme in combining evidence is given below, all corres-
'' ponding in Figure 1 to information processing,up to and

la - b I - MIN(IaIibl)o (1.16) Including Stage 3, Primitive Symbolizations, prior to

I a' 1 - lai , (1.17) choice of ALDP, making up the last two stages (4,5):

I a + bl - la'-b v a-b'I, (1.18) 1. Choose data event variable set G from attri-

I b Pal -MAX( 1 - IbI . la). (1.19) bute variables. Observe symptoms y E dom(G).

2. Form Iy , the set of all inference rules *
Table 2. ALOP 1: CL Evaluation for Q. where in either antecedent and/or consequent some var-

iables in G appear. I can also be considered the poten-
Given modified boolean algebra no , for all a,b, tial "firing' class ol inference rules, if CL and ALOP I
: f- ,.. ,m: were chocen.

(b-+a) = (b-9-a-b) E n£o (1.20) 3. Form

If as b, i.e., a = a-b ,for middle equality to hold. f(G[y],A EWI,eyrW2]) = y-( • W]) , (2.1)

(1-a) = a, (1.21) y y

ining) (c-,,Cab v b.b')) - (c-*b)-(b.c ->a), (1.22) the conjunction of all data with relevant inference
rules, where we denote e as the set of all diagnoses

(b-oa)' = a'-b t (b*a'), in general,(l.23) variables 0. c E - A i4 the set of all attribute var-

- m iables in Iy 0 y 
3 ;andy W=(W l w , 2 ) represents the domain

v I(b-'*ai) 4 * v a) (1.24) variables , with W2 corrsponding to ey

m (.5 M M 4. Compute
( b - a ) -( , -i v i- Ib i ) ) . .25 (y -- a [ v ( f (G~y ] ,A [W ] ,ey [W 2 ) (2 .2 )

Jomomorhism uhld fori y WIc dom(Ay ) y ) (

Homomorphiss hold for b1 ... bm=b : the full"integrated-out" form representing the posterior
relation between symptoms and diagnoses.

mm
v (b- a) (b-* v a.), (1.26) Next, as a particularization, suppose now that
I'1 i=l in terms of the above scheme attributeI b is selected
m m and (106°,REDOISH) is observed. Thus, using Figure 2:•(b-*a i = b-9- - )a (1.27)
I- i"=la  G{b1 } ; y=bl[(106°.REDDISH)] ;

in M
but (b-a.)((bvb' )- a), (1.28) Iy = {(yQal),((yvb 2):(a2v a3)),(b 2 )8B),((a vaPY, }

111=113) 
2 1

Table 3. ALOP 2 - Calculus of Operations for A = (aa 2,a3,b2  e = (a1}

Implication (1.3). W = (WlW 2 ) ; W- (XlX 2 1X3 ,Z2 ) ; W2  2 ti

, For ALP 2 , for FL evaluation over Q , where f(G&).A [WlJ.9yW 2J) - y[yEa 1 xzJ)(

now'poss"indicates Zadeh's possibility or memership -((y v b [X2 )x(a 2
rx2 v a3[x3 )).(b 2[z2]eltt)-

Inction I=poss :no . [0,I] ,I01=,II=1, (1.29) ((a1[x v a2 3x2 J)'e 1Et 1]) ;

replacing (1.14), see Table 2 for all evaluations. (y v ( f(blA (W1 .81 t1 J)
For ALOP 3, formal language is same (n boolean) Yi c DOM(&i "

as for ALDP 1; thus see Table 1, for calculus of opera- i=l,2. 3 ;
tions for implication. (z2 c 0M(b2) ]

For ALDP 3, the semantic evaluation becomes The final step in the evaluation ot the medical
the etandard probability type as given in Table 4 : diagnosis is to choose an ALDP and apply this to (2.2)

to obtain the semantic evaluation of thp relation be-

Given boolean algebra £2 and semantic evaluatiot tween symptoms and diagnoses. Consider, then this eval-
uation for the particular case given above in (2.3)

na p:n - [Ol , p(O)=O , p(l) = 1, (1.30) for ALOP's 1,2,3.

for any finitely addi~'e probability measure p, for alli~b~a i C I ~ ..m '1 For the formal language for ALDP 1 and 3,
p(avb) = p(a) + p(b) - p(a-b), (1.31) boolean, using either Table 1 or basic properties of

m boolean algebras, one readily obtains (2.4)
P(v a. -fJ {.,.(,m} "p( ai), (1.32) f(G[y],A [Wl1 ,ey[W 2

2)=((n-el-Y)'J(n-el-y). - n-el y.
i=1 where a

p(a') p(a), (1.33) - a1'(a2 v a3 ) =lcvi. (2.5)
p(b a) = p(b') 4 p(a-b). (1.34) Thus,

Table 4. ALOP 3: PL Evaluation for fl. (y >-*e 1Ct3 I no -6 -t1-y , (2.6)
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PRN tI TAI PW1UAlO. T IC valving conditioning interpreted as implication is
L REAL.bj"hpa .. O GM given in Section 3. Then applying these results directly

cjdoa.,c. AAinm VAR._______DWI# _____ to (2.3) yields first (using (3.7)).after Simplifying:
T F NAB,. ATE .1T7 ".~)L 1-£ ,STATE Of PUUIA SYST EMt

5  ~~ * . n~ .>) ~ 2J

4. agITATE OF CIRCIJ.AI,5 Sys et]E1(j. where ni is given in (2.5). In turn, using (3.6) in (2.3)

bNDGE OF LIUGCE STI N . 2 t 2  M)( JE~q~. 
2  D ~

2'. ! 2J~~.~ whereaa n5 is ivn in6[t (2.)/p~ nd.~y'v (.7(b3a . $oo P((h SUv b~'(a] DON)j Ib NONE. NON1 A. NJ 0 00

3-CM4 NEALM LEEL 4,Y OO( y (PoF.FACul)tse , a t ind eled se oal ity 4 esus in (seeu 423)

Tabl 2, byhinshectionecf Tablesvalande3.throughthse ofa(1t3ese
S'314(4", ASL)P3s(are not qtht e com ptaions for fixdP aralln

S.l A-ea 1 9ts MIN(In :aI, E6t 1)J (2.8)w aneedns,b det prolmpaos th ng ton adoredis-
whreinefts , (1a indee u3se of.-rslsinclua
whr 27 in omr comit cated thanb ltyos for ALoY' 1.2,3

1 ( v A 1a1[x1]I v A a alx ]I) (2.96[31) naua Nouterarotha h cls of hooo phi e ations fo r ,
whcIa obiu intepreatin in )L. Nx O~~~3E Mondte nalo bjectsb a (ain, se Scton3)isanloou

One ohrnsmntic evaluation (CL) for Indeedsuin t th e fo llow' 123,ing esult shos thlation,
ALDP~~~~~~~~~~~~~AD' 3,frsmaprpitrrbbiiymauepi eoete paot qiu r proabiityfmeasured omn.8

ply >0 ICt[ tJ - MI(n 0e1 , [ ty 31"' (2.0) antd ens (29) uei to arolem ev waith e uti n en di-
itiesfect condition p ject -i ar ney dete wi rmi ewhich can IN beX fute eaate usin the eaionO, horm2.1) ntrlchtrarcterization of Condition Objects.

pp.c 14-6) otvfolls threatin whC. oe clonsdrn 18n?).teei auiu saeno
smallest pble -classs f lemnt - ccrdngt

yO3 tect oterhndlemnicealato (LcfrIne d, he fo lln aresult .show thatfwt
ALOP ~ ~ ~ e 3, fo so.11 thepiaepobblt measurefrereov t e tcuntrpoaits of aur (218 ise (.1)n

Then ~ ~ [Y = usn Tbe2 se (1.29)),they se2.1t) eaaua (2 )-(3.27)) an (2. l u ol. or the lter, enion becme a 1 assumin fo simplicityl obets-ar nqul dtrmnd
wich c Dan ) and fute lassing th (2asn.12) The ore ove1Chr tercondtiona obeCodtsionstibjtuin

pp 141) i0 t folw tha smalla 3 cine wosihe allpssibflem nipa idalcodngtof

fx~lAy[ 3@ 1DOM21)(b v a3-'Yn ) uth prtial idel n coe generted by conithoresidue

HIN(IyIMAX - bj[t]) ). (2.13) aet (or qalentlyd,., fo llab~b)caschta
Thus~~ if-esuee weointerprtipiainain(.)Usfrtthbas hoomorphisteoem ch1)ardThen .naboe l e ho thtseabe co2), empu atisca ela (3c2eri 3.in ) qutint r2ngs)fhrld..Forthe lapptequotinbedcores au ti on f o f them p tero rela mntone a(nec ass ) prpet of-b cos e 2 for detailsc2 . .0ien sy DMpto1ms and dsuiage for2.P12,)

MIN o IN ossa r 1)MA~ossa [~j)l, c orith r the igorous onass forjconditonaltobjectsOn the ~o=rhnabscit rtto of jusifieae , defl pine prianthepairea (c,),wer o

algebrnfeet o h roaiiysaetas (ab)=(cld) iff2b a-b=- ab;l ~~~c.2
folowngthegudeine gve i Setinlige1)hI prinipal sincea fcall gea te by b'wthsiu

(1.2) ~ ~ ~ ~ ~ ~ ~ ~ ~ (.3 an y(elds hoeulcmuainn oet e quivex en ly: a).(.4

coetan th tree st dagndaerd AOP consdere foanteapoc ae ee l eutnov
this example as a case in point.itForhtheitoreubebngis fg conditional objects aedrvdfo is rni

assmellowing ts wer the calculusive in S t operations in, pIes a itn ths vine fin all oprtin amn con
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ditlonal objects as the natural class or component-wilse (n-b' t a) + (3-d' + c) - n.(b'vd') + (a+c)
extensiorsof the corresponding operations among the ele- . nJ.(b-d)g + (a~c). (3.10a)
ments. Thus for example, for a,b~c.d c n. (2.25) by rieMorgan's relation valid for regular rings and

aloabset of 0 rlca are (bd)1.{(x-b'+a)XW1+c)xcl). the property of regular rings whereby sums of principal
als a ubst o n s ae (lb)and (cid). From this, ideals are Drincioal Ideals comoutable as above. Thus

-. it follows immediately that conditioning as defined here usn (2 0)ad2.1.32)hl .
is essentially tiie functional inverse of one-sided con- usn (22)ad 2.1. 32)hl.
junction~i.e., the following hold for all a,b c a Next,using (3.10).(3.1) holds since applying the

(alb-b a- ; alb - xlxc 0 x- - -bl (226) natural class extension to ( )',assum~ing 0 boolean here,

Hailperin [15) considered conditional objects, Nt etta o l ~~~ ~n omua
extending some of Boole's original Ideas, but avoidedNoenxthtfralabcden ny omu -

- coimbining these entities when antecedents differ-through tive ring with unity,agaln using natural class extension
use of universal algebra and partially-defined opera- (n-b + a)-(D.d + c) - K(a,b,c,d) + a-b , (3.11)
tors. Domotor [16],following the direction of "qualita-
tive probability structures, as used in subjective prob- where
ability Pheory and preference orderings, de!veloped a K(a,b,c~d)4[x.yb-d + y-a-d + Y-b-c (xy o.~ 3.12)

- rather cumbersome indirect approach, not realizing the klso let analojously, again using natural class extensin
rich structure of 5. (See, e.g., Theorems 3.2,3.3 in Oabcd4(b-+0ad+nbc.31)
this paper.) Miute [14], among other!:l3]. has also con- (abcd nbd+fad+0bc.313
sideredconditional logics", whicl appear to be general- It follows that letting x0C and then Y'O in (3.12),
ly related to this work, but differ considerably in and using similar manipulations that
structure. Much work remains in tying-in these concepts 9advabcQKabcdS~~~~) -- --
with conditional objects as envisioned here. Finally, Qadu~bc~KabcdXabcd~fad+f--
the pioneering work of Calabrese [11] must be mentioned -K(a,b~c,d)+ 0-b-d
as the direct cause of the current work. Although his =K ts,b,c,d). (3.14)

- definition for conditional objects can be shown to be0
equivalent (11],(2.19)-(2.25)), Calabrese proposes ad Lemma 1 1.

* hcc definitions for operators upon them, in contra- For all a,b,c,d E fl,corrumutative ring with unity,
distinction to the first principles approach taken here. abcd)ianIelf Kabc )-0(abc )

3. BASIC PROPERTIES OF CONDITIONAL OBJECTS 0f -- ~abcd. 1

Theorm 3.1Now suppose that n is regular with a,b~c,d £ n.
The boolean operations + , v ,- (Pare all Let z c n be arbitrary and define

well-defined overr as the natural class extensions of .
t~z -dinary counterparts over n. Indeed: x I )Ld. d-xO (3.15)

-(alb)' Wla'b) - W-'blb) ,(3.1) y1  I b'b-yO (3.16)

ja~b) + (cjd) -(a + L bd) - (ab + cdlbd). (3.2) x0  I la.-b (3.17)
(a b V(c d (a v cab vcd Ybd)0b

(ab cd ab Y cdlIab Y cd v bd) *(3.3) yO z~c.X d + a.% b .c.Xd -(3.18)

(ab (cd (abcdja'b v cld v bd (.4 Then substituting (315),(3.6) into (3.12) yields

+-v,*are all associative and cori-~utative x 1Y1,b-d + Y y1 a-d + x, -b-c
- over i.ar.d hence extendable unambiguously to any num- b.d.(x.y + a.XY + . x

ber of arguments. Specifically, for any nW and any 0*=bYO .d
- 1,b1 £ c , 11,...,n b-d-((x 0 + a.X b) Y0 + c-Xd ) - aXb*C1 d)

(1lbl++( b4 a, - b1-.,(3.5) = b-d-(l -z) - b-d-z,(3.lg)

(lblv,(arn'la, - la 1 1 m -t 1Yb ,( 3.) which in turn validates the last statement in Lemma 1
firI Iand hence by Lermma 1

(al1bl).(6b)=(a-lnai blv -va' *bmbl - bn,. (3.7) ~ ~ ~ ~ ) K abcd.(.0
Proofs and remarks. hKabcd Oabc ),(.0

~ otlie o th alebric atue o th prof Finally, replacing b by b' and d by d' In (3.11), and
IS given here. Fi ~st, recall a ring is boolean iff it ptigtgte 31)(.0,aduigtepoet
is idempoten t - a =a, for all a in ring. More generally, again of regular rings that sums of principal ideals
n is Von Neumann regular 171 iff for all a c n, there are principal ideals also as computed in (3.1'a),
exists I a cn with a-1 a J assuming commiutativity with (n.b' + a)-(n.d' + c) -0b'-dl + n0a-d' + ii-bl-c

unty Note first that for any commut:4tive ring with . 2(b*.d' v a-d' v b'-c) + a -c + c

unity, say C2, and ideals I,J j, n and a,c c n

(I+a) + (J~c) =(I-J)+'(a4c). (3.8) = Q((bvd).(a'vd)-(bvcfl) + a-c
where I+J is also an ideal of c!. In particular, define = n.(a'.b v c'-d v b-d)' + a-c , (3.21)

- for any a,b c n (Von Neumann) regular, wihi h aea 34.uig(.0.23)
- a'l4l-A -a , avb 4 A -a + x -b - x -a-A *b, w(c s h ae s(.)9sn)(.0 ,23a a b a b (L)I.ssurming aeain that a is boolean, since demorgas

noting the reduction to t - boolean case, i.e., when relations have natural class- extensions to Zi. one can
'aY w.~ 1bhere the relations simplify to use (3.1) as

a'lI-a'1+a , avb = a~b-a-b =a+b~a~b. (3.10) (alb) v (cfd) =((aJb)' -(cid'l')'

- Then letting I=n-b' and J'~n-d' for a regular, it fcllcws -('1)-cj)

that (3.8) becomes _(a -ci1a-b v c.d v5d)
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=(avcla.b v c.d v b.d). (3.22) for the bottom of (3.31). Again see [2] for detail.

whJich is the same as (3.3). From this point on, most proofs will bp omitted

The extension of the above results to multiple and the interested reader is referred to [2].

arguments is tedious and will be omitted. Finally, it
should be noted that (3.3) and (3.4) can be extended
where for (3.3),n is boolean and for (3.4), is only In conjunction with the various properties dis-

regular, where for any ideals l,J of n and all a,c c I, played so far, f possesses a number of interesting al-

(1 + a) v (J + c) (I-J + J-a' + I-c') + (avc), (3.23) gebraic properties summarized in the next theorem.

+ a)-(J + c) - (l-J + J.a + l-C) + a-c , (3.24) Theorem 3.3

where it should be remarked that in (3.23) and (3.24), Assuming as usual here that 0 is a boolean ring,

on the right hand sides the collections of ideals to in general is not a ring due to the failure of addi-

the left of avc and a-c are also ideals. Proofs of all tive Inverses (-) to hold. However, Z is conutative

of the above results together with other related in- and associative relative to +,v,- , has additive iden-

vestigatlons can be found in [2]. tity 0 the same as in S and multiplicative unity I the
0 same as in n . Also, v and • are mutually distributive

overt ; ) (like n ) is Idempotent, demorgan relative

Theorem 3.1 specializes, when antecedents are to (v,.,( )'),and v and - are mutually absorbing over

the sameto the formal coLnterrarts cf well-Lscd prop- finally, ( )' is involutive over n.

erties of conditional probabilities where the condition-

ing is upon the same event: Other properties of conditional objects contrib-

Corollary 3.1 uting to the development of a calculus of relations are

For all a,b,c c n, assumed boolean, 
presented below.

(aib) + (cib) = (a+clb) - (a.b + c.b~b), (3.25) Theorem 3.4

(alb) v (cib) = (avcib) = (a-b v c-bIb), (3.26) For all a,a ... amlb~c,d c n, boolean,

(alb) - (cib) = (a-cib) = (a.b.clb). (3.27) (alO) = (010) = a , (3.34)
a (11b) = (bib) = a-b' + b = v b (3.35)

It should be noted thz+ there is a basic com- (aib)-(aib') = (a2la') = (ala') = (Ola')=-f-a (3.36)
patibility between Corollary 3.1 ana-the the natural
homomorphism natb:n Q a/b' , where for any x c n, (alb) v (alb') - (alas , (3.37)

natb(x) (xib) - x + a-b' , (3.28) (aib) v (alb)' - (bib) , (3.38)

where all basic properties of a are brought down to the (alb) - a + (O1b), (3.39)

fixed quotient ring a/b' defined through the usual coset c v (alb) = (avclbvc), c-(ajb) = (c.albvc'), (3.40)

operations. c + (alb) = (c~alb) , (3.41)
Since all boolean functions over 0 can be ex-

pressed as simple canonical functions of e.g., , -, (aib) + (cid) = (alb).(ctd)' v (aib)'.(cid), (3.42)

( )'. it follows that the same is true of their nat- (aib-c)-(bic) (a.bc) (chaining property) . (3.43)
ural class extensions and a simple argument thus shows
that if f:a". a is any n-ary boolean function, then If al,..am are disjoint and exhaustive, ie.,

the natural extension of to f:lTf is well-defined. a.-a. = and a a 1 (3.44)

Returning to the partial order s defined over Q i = i.J

(boolean, although extendable to regular rings), where then for any j, j=l...,m , the following forms of Sayes'

a s b iff a = a-b iff b = a v b (3.29) Theorem hold:

and where s possesses all the usual lattice proper- (ajib) = (aj-bib) = ( (bla )-a i b ). (3.45)

ties, it Is basic to inauire if the natural class ex-
tension of ! from n to 1 preserves these properties. (ailb)-b = (bla )-a =a J-b (3.46)

Theorem 3.2 
b - (bial)-a I +..+ (bam)am  (3.47)

Let a be boolean. Then define for any a,b,c,d C n If a1  a2 s--.s am , then the chaining relation

(alb) s (cid) iff (alb) = (alb)- (cld). (3.30) holds:

Then it follows that 
(a l1a2) (a2Ja3) .(am-llam) - (a ilam) " (3.48)

%aib) s (cid) iff (c(d)= (alb) v (cfd)

iff a-b i c-d and c'-d i a'-b.(3.31) The next results tie in condltioninS as defined

In addition, among the lattice-like properties enjoyed 
here with classical implication.

by the legitimate partial order s over ) ( since it can Theorem 3.5

be shown to be anti-symmetric, reflexive, and transit-

ive) are, letting A=(alb), C (cJd),E=(e~f),G=(glh) t 76: For all a.b c Q boolean

A s C,E iff A s C.E ;,.E s A iff CVE s A * (3.32) (alb) - (bla, b) . (1S)

If A s C , then C s A'; (3.32) Thesm.llest elen-ent of (aib) relative tc s is a-b, while

If A s C and E G. then A.E C-G and AvECvG.(33) the largest element is(b - a), thus

a.t (aib) S b4 a. (3.tO)Proofs :

The proofs in some cases are rather long such as Also,

275



(b 4 0= ,ajbivb a b- (b'Ia)va , (3.51) 4. ADDITIONAL PROPERTIES 5F CONDITIONAL OBJECTS

(aib', - (b * a)-(bib) ((b'1a')va)'(bb) (3 52) In the last section, a basic calculus of opera-

(b a') - (b * a)-(a'Ia') • ((alb)vb')'(a'Ia'), (3.53) tions was presented for conditional objects. In this
section, certain selected topics involving conditioning

(a 4#b)-(a 0 b)'(b *, a)-a-b v ,'.bl (alb).(b~a)va'b', are briefly considered.

(3.54) First, define higher order conditional objets
a~b)-(bja) -(a.bjavb) - (a~b)-(a-bla.b), (2,55) through natural class extensions of conditional objects

yielding as the smallest element of Calb).(bla) being as defined in the previous sections. Thus for any a,b,
a.b and the largest being a 4b , analogous to (3.50). c,d £ 0 boolean, define

Also, note the pairwise comparisons betwern ((a~b)I(cld)) = fr1 d ((alb)'(cid))
b *a and (aIb) : (See also Table 1, Section 1.) -y (c d)

(alb-(a~~b)whil (b a - ( 4 -) (.5 -6) (xly)Ixly) c ff and (xfy)-(:ld)=(aJb)-(cdl1. (4.1)

(a~b)-(a-blb) while (b a) - (b ; ,-b), (3.56) Some basic properties and an explicit solution are given
(1 Ib)-(blb) Cvb while (b 4 l)=(b i b) 1 (3.57) next.

(bil) - b while (I * b) = b , f3.58) Theorem 4.1

(bO) - while (0 * b) = 1, (3.59) For all a,b,c,d c Q boolean:

(alb)' - (a'.blb) while (b 0 a)' = a'.b, (3.50) Analogous to (2.20),

(D1b) - (b'lb) m n-b' while (b - O)=(b 4 b') = b(3.61 ) ((alb)I(cd)) = ((alb).(cid)1(rd)) c P(') (4.2)

(alb)-(cld) - (a.c~q) while (b * a) (d # c)-tq*c);2) and

where ((alb)1(cld))(cld) = (alb)-(cId) (4.3)

q z a'.b v c'-d v b-d. (3.63) Without loss of generality, using (2.20),(3.31),

Next, and (4.2), assume from now on, unless otherwise stated:

(alb)v(cld)=(avclr) while (b *a)v(d 4 c)(b-d 4 (avc)), a : b , c : d , (aib) 5 (cld). (4.4)

where (3.64) Then explicitly

r a.b v c-d v b-d. (3.65) ((alb)I(cfd)) = (alb) v 7 ,c,d

Also, for absc, transitivity holds as = (alb) v B.Vc d

(alb).(blc) = (alc) while (c * b)-(b t a)s(c * a),(3.66) -(Tab;st It:s £(4.5)

and for ab.c , improvement of information is where for allI ttss s f2 ,

(aib) s (ajb-c) while (b 0 a) : (b c * a). (3.61) T b t 4 (alb) v 4,cd;st

Also , referring to Section 4, and the class
reduction operator u , one can compare iter.ted classic- (a v B-tlav 8t v b.((c'-d)' s)
al implication and iterated conditional forms = (a v -tia v s-t V b-(e' v 5) ) c P (4.6)

5((alb)I(cId))=(aIa) whileC(d 4 c) 6.(b , a))=(y i a), 8 4 b'.d' v c'-d , (4.7)

where (3.68) resulting in
= b.(c.d v a'.d') , y - b.(c.d v d'), (3.69) e' = (b v d)-(c'-d)' =  c v b-d' , (4.8)

with the special cases TB,c,d ftB,c,d;s,tLf E

((alb)l(cIb))=((alb)lc))=(alb .c) while a

(b + c) * (b 0 a).) - (c 4 (b *a))=i(b.c) t a),(3.70) B,c,ds,t = 'c,d;s,t

0 (s-t1(c'-d)' v s) , (4.10)

Finally, this section is concluded with a result c,.5,t
which is not only interesting in its own right as a gen- V - t I sC (4.12)
eralization of the classic result concerning the dis- d c

jointness or identity of cosets having the same antece- 0
dent, but which is useful in further analysis of con-

Unfortunately, unlike the sinale conditional case
ditional objects. (see (2.22)), second level conditional objects pose a
Theorem 3.6 przblem with respect to both uniqueness of representa-

Theorem 3.6 ctions relative to their antecedents and the closure of
For any a,b,c,d boolean and denoting r below boolean operations. Surprisingly, only three parameter

for the ordinary class intersection, values - out of four possible a priori - are required

0 iff a-tc J (ODb'd) to specify such forms uniquely. The representation is
(aib) n (cid)= (3.71) characterized in the following theorem:

1.(Ubvd) iff a+c € (O1b.d), Theorem 4.2
where A For all ai.,bi,ci,d. E Qboolean satisfying (4.4)

p + a = q + c ; a + c q +p , (3.72) 1

(a replaced by a., etc.) and 6_,5! as in (4.7),(4.8),
for Some P E (Ob) and q E (Old) respectively (wiih b replaced 6y 6i. etc.). i=1,2 :

From the above it follows that ((aifbl)(c ldl))=(a 2 lb2 )'(c2 id))iff(l=a 2',blbZ,15=5)

(alb) - (c~d) iff ( d 5 b and a c (cld))..' iff (al a2, bI=b2, c2 =aIvei.(hivw), d 'vel-b 1 ) , (4.13)

3 for any fixed w c n.

276



One reasonable way to treat the difficulties a- objects and how they rela~e to conditional probabili-
risinq fr-cm the necessary introdu.ction of iterated con- ties. Beginning with probability space (M,A~p) and r.v.
ditlon.l formis is to determine If there Is some mapping V:,i-tI' * *v W:M.41pn *extend 11 W,'/xW in the natura,class sense to V:Z(- Si'. W5X- W VX. - ir* re-from these higher levels down to the single level which spectively, where for all a,b c A,can be used tr. identify the former with the latter.

As a candidate for the above, suppose we consider V~l)Va.nwab- -Wb- -al)Va-~)(4.25)
the class reduction operator u:P(P(O)- P(c), where Then the random conitional cb~ect CV IW) :1 *-mn is de-for all A £P(P(O>', fined by, for all a,b c A,

=UA (~ A) n (4.14) (VIW)(albt((V-W)(ab)IW(a;b))=V(a)-W(bpItxW(b))
Cxix c -(V(a)IW(b ,_ (4.26)

Theorm 4.3with inverse mapping (V1W,-l:E~m+n - A,yielding for any

Let n be boolern and denote, analogous to be- c E-ldl~, 1- 11
ing the class of all (single) conditional objects form- \VWJ- c~d)= (V.W)_ (cxd)1W- (d))=(V(c)l(d)~ 27)ed from n, tf as the class of all (double) conditional Thus, (VjW) induces "conditional event probabilityobjects Ior~ned from 5i. noting that 92 S If c. Then: space" ( IRm+n3§m+n 'p(V)', where p(VrW): Zm1n . [0,1]

:a- N is a sur-Jective homomorpniisn relativ, is given by
to all boolean operations extended in. a natural class (cd1(VW_(~d/pVlc1; (d)). (4.28)
way from n. PVW

Furthermore, the specific relation defining U_ By using an optimal approximation technique, erithn'etic
can be determnined to be, for all a,b,c,d c a satisfying operations over conditional objects can also be detctr-
(4.4). ~rned, in turn yielding expectations of random con-

Z(Cahb)1(c~d)) - (alb-s') -(alb-(c -d)').(4.15) ditionzl otj-.t:, d. finee In the natural way. Thus,e.g,

In narticular, E(UVIW)) = C E(VxW) I E(VxW) ). (4.29)
~(a~) = aib, (416) where E(-) is ordinary expectatior . (See [1l,, Section 53

_U((alb) (clb)) = ((aJb)Jc) =(alb-c), (4.17) 5. REFERENCES
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