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A MEASURE-FREE APPROACH TO CONDITIONING

1.R. Goodman

Command & Contrgl Bzpariment
. Code 421
NAVAL QCEAN SYSTEMS CENTER

San Diego, California 92152

ABSTRACT

In an earlier paper, a new theory of measure-
free"conditionai™ abjects was presented. In this paper,
emphasis is placed upon the motivation of the theary,
The central part of this motivation is established
through an example fnvolving a knowledge-based system.
In order to evaluate combination of evidence for this
system, using observed data, auxiliary attribute and
diagnosis variables, and inference ryles connecting
them, one must first choose an appropriate algebraic
logic description pair (ALDP): a formal language or
syntax followed by a compatible logic or semantic eval-
uation (or model). liree common choices- for this high-
1y qnn-unique choice - are briefly discussed , the
lqg\cs being Classical Logic, Fuzzy Logic, and Proba-
bility Logic. In all three,the key operator represent-
fng implication for the inference rules is interpreted
as the often-used disjunction of 2 negation (b3a)=
®'v a) , for any events a,b.

However, another reasanable interpretaticn of
the implication operator is through the familiar form
of probabilistic conditioning. But, it can be shown -
quite surprisingly -~ that the ALDP corresponding to
Probability Logic cannot be used as a rigorous basis
for this interpretation’ To f§11 this gap, a new ALDP
1s constructed consisting of “conditional objects”,
extending ordinary Probability logic, and compatible
with the desired conditional probability {nterpretation
cf inference rules. It is shown also that this choice
of ALDP leads to feasible computations for the com-
b\nqtion of evidence evaluation in the example. In
addition, a number of basic properties of conditional
objgcts and the resulting Conditional Probability
Logic are given, including a characterization property
and a developed calculus of relations.

1. INTRODUCTION

This paper is complementary to a previous one
(I] fn which measure-free conditional objects are first
introduced. In that paper, emphasis was placed upon a
summary of the various mathematical properties that
are derivahle. In this paper, motivation for the use
of_condftional objects is “nderscored, followed by a
brief overview of results. A more thoroug' precentation,
together with all relevant proofs,can be found in rzl.

The basic questions that are demandcd of a new
theory include:

What use is it ? Is it necessary ?
Does it solve an existing -, %'~= 7
Is it truly novel ?
Does ft tie-fn with past literature in the
field ?
) Is it mathematically scund and sufficiently
rich to lead tg further deeper restlts and applicat-ons?

R

L cox.
[ L U

(VT SIESTORRCIR TR
SiSULZ Lostt e

—
by

'_7i§ﬁ£3butiuu/

Ermnial

:EP\-\ {‘)\0

frailaviiaty Cgew

: fovn.’d .--3:3-'91';'
T et

e R A S

It is the hope of this paper and accompanying
work to provide positive answers to the above juestions
through the development of conditional object theory.

In 2 typical knowledge-based system, a collect-
ion of inference rules is present, each rule connecling
potential observed data through auxiliary attributes to
potential parameter estimates or diagnoses. Each rule
also has,as 3 main connector,some form of implication.
Thus, in evaluating such systems, it is critical that
consistent and feasible interpretations and computations
be made for these operators.

At present, there is na sound logic of con-
ditional events,analogous to ordinary Probability Llogic,
in use. Thus no system2tic approach exists for combin-
ation of evidence problems, when individuval inference
rules are interpreted through conditional probabilities.
Indeed, 0. Lewis [9] pointed out in 1976 that one could
not identify implication with conditioning in the prob-
ability sense. That is, if

(b3a)= (albl e e, (r.nm
where 0 is some fixed boolean algebra of eveats or
propositions a,b,.. , then formally applying a given
probability measure p:2 - [0,1] to both sides yields

p(b3a) = p(a[b)) = plalb) ¢ pla-b)/p(d) ,  (1.2)
provided that p(b) > 0 . But, if one makes ths common
identification (but by no means, the only possihle)
(b3a) = (b>a) $(5'v a) (1.3)
then one can show,by use of elementary properties of
conditional and unconditional probabilities,that

p(b=>a) = plaft) + p(b')-p(a'!b)
2 plalb)

2 pla-b) , (1.4)
with strict inequality holding in general. (In fact, it
{s rather easy to construct examples where p(b>a) is
close to unity while p(alb) is close to zero.} Further-
more, Calabrese [10],[11j has shown that not only will
< not worx i~ /1.2), but no boolean function of two
arguments possibly representing implicition, will sat-
isfy (1.2).

Yet, often individuals assume the identification
in 1 1Y L s Yaaer #aclliy - and maniputate ang inter-
change conditional probdabilities and implications, not-
ing ar easily-cerivable calculus of relations for
such implications. (See, ®.g., Table 1.) In facz, Stal-
naker's Thesis [8] carries out this ident{fication; but
see Llewis' criticism [3].
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Thus, we must pose the basic question: Can we
make sense of "conditional object® (a|b) compatible
with conditional probability p(a]|b) ? Also, how do we
compute {a|b) v (c|d) and fn turn evaluate the ex-
pression pi{a]b)v(c|d)) ? Lastly, can we use such
entities in combination of evidence problems in con-
Junction with knowledge-based systems?

Another approach to avoiding the establishment
of conditional objects, in effect, is to =quatea given
collection of conditional prodbabilities with corres-
ponding common antecedent conditional probabilities,
through formation of appropriate joint events, But
this approach can also be shown to lead to certain
%égficultfes conceptually as well as computationally

Additional discussions concerning Lewis' "triv-
jality result® concerning Stalnaker's Thesis can be
found in [12],013],014].

The proposed remedy to the above problem in-
volves an extension of coset theory as applied to bool-
ean algebras, where the original boolean algebra of
events 0 is replaced by the union of all principal
ideal quotient rings of ©. The fundamental justifica-
tion for this will be given below, followed by an ex-
ample {llustrating how conditional objects and Con-
ditional Probability Logic can be directly utilized in
3 knowledge-based system. (See Section 2.)

However, let us first back up and consider how
a typical combination of evidence problem can be per-
~eived, Figure 1 illustrates the basic imformation
processing flow from the incepticn of the problem to
the decision process. This processing consists of five
subdivisions in sequence:

1. Cognition: Initial processing of information.
2. Natural Language Formulation: Relevant to all

[OETA Tesich FrorLss

narratives produced by human observers.

3. Primitive Symbolic Formulation of Information:
Formation of well-defined formulas or strings
of information, without refined constraints. Use of
basic formal connects for:&, - ; or, v ; nat, ( )':
implication, 3.

4, Full Formal Language: Use of all relevant syn-
tax, constraints on connectors, such as associativity,
commutativity, absorbing, distributivity, demorgan,etc.

5. Full Semantic Evaluations or Logic : Must be in
model form,i.e., some type of homomorphism preserving
basic structure of full formal language.

It is the choice of the lact two subprocesses
with which we are concerned here. We will call such a
pair of subprocesses 4 and 5 in Figure 1 an algebraic
logic description pair (ALDP). As given in Figure T,let:

ALDP 1 = (boolean algebra n, Classical Logic {CL)})

ALDP 2 = (modified boolean algebra nO,Fuzzy Logic{FL})

ALDP 3 = (boolean algebra G, Probability Logic(PL)).

In a1l three ALDP's above, implication, from
tow on, is to be Inferoretes onlv yiz (V3]

See [3], Chapter 2 for general background con-
cerning formal 1:-quage and semantic evaluation in
modeling knowledge-based systers. See also [4] for an
excellent survey of multivalued logics, includina PL.
So. Y ezr FLoand T8 fae bes

2 e e .

Future efforts will deal with extensions of these ideas
tc nonmonotonic logics as presented,e.q., in [7].

i»an algebras and rinjgs.

For purposes of completeness, let us next brlef-

ly review each ALDP, presenting an abridged calcuius of

operations involving impiication and semantic evaluation

for use in the ensuing example in Secticn 2.

__
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DECTSION PROCESS

EXAMPLES OF ALOP'S
ALDP 1 = (BOOL.ALG.,CLASSiCAL LOGIC),

ALDP 2 = (MODIFIED BOOL.ALG.
ZADEH'S FUZZY LOGIC) ,

NYPOTHESES
FORMULATION/
OPTIONS/
DECISIONS (M)

ALDP 3 = (BOOL.ALG.,PROB. LOGIC),
ALOP 3 = (COND.BGOL.ALG.,
COND. PROB. LOGIC).
(NEWLY PROPOSED ALDP)

IN THE FIRST THREE ALQP'S, IMPLICATION 3 IS INTERPRETED
AS >, WHERE (8 »a) 9 (8 v a), FOR ALL PROPOSITIONS «x,B.

MODIFIED BOOLEAIl ALGEBRA = PSEUGO-COMPLEMENTED
DISTRIBUTED LATTICE.
Figure 1. Subprocess Expansion of Data Fusion/Combination

of Evidence Process Connecting Initfal “Signai-
Detections with Hypotheses Formulations.

Given boolean algebra £, for all a,b,c,ai,bi ;:ﬂ
i=1,..,m :
(b»a)= (b3 a-t)e 2, (1.5)
(1»a)=a, (1.6)
(d\z]n'ng) (c=a-b) = (cb)-(b-c »a), (1.7)
(b>a)' = a'-b # (b=>a"), in general(1.8)
m m m
vib.=a.)=( - b. = va) {1.9)
=1 it i Y
m m m m
«(b2a.)=( v alb, v -b)=> -a) (110
DI 1'=1‘) =17
Homomorphisms hold for b1=--=bm=b :
m m
v (b#ai)= (Lt ->v ai), (v.n
i=1 i=1
o m
« (b>a.)=(b=>- a}.), (1.12)%
i=1 ! 1=1
m
" fkg >+ di) , if m is oud
but  * (boa) = (1.13)
= 43, , ifmis even | |
=1 !
Table 1. ALDP 1: Calculus of Operations for
Implication (1.3). —

~1
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1 t:0+ (0,1}, 101=0 , §T0«1, (1.14)
for all a,b ¢ 0:
‘ 1a v b 1 = MAX(1al,Ibl), (1.18)
fa < b I = MIN(1al,Ib}), (1.16)
1a't =1 - tai, (1.7)
P a+bl=1latebvad't, (1.18)
tb>al = MAX( 1 - 1b1, Jal). (1.9}

Given boolean algebra 0 and semantic evaluation

Table 2. ALDP 1 : CL Evaluation for Q.

Given modified boolean algebra 2, for all a,b,
:”i'bi’ =1,..,m: °

{b>a) = (b>a-b)e 09 , (1.20)
jf asbd, i.e., a = asb , for middle equality to hold.
(1»a} = a, (1.21)
Mhaining) (c>(a=d v beb'}} = {e>b)-(bec =»a), (1.22)

(bpa)’ = a’'-b # (b»>a'), in general(1.23)

n m
v (bf’ai) = (b, %> val, (1.2%)
1=1 i=1 f=1
n r m m
« (b.,#a.) =((v a'sb. v « b.}) = - a.) (1.25)
ISR Y M L N N
Homomorphisms hold for bl""bmgb :
o m
v (b’ai)= (br v a.), (1.26)
1=1 i=1 !
n m
» (b2ag) = (b - a)), (1.27)
i=1 i=1
n m
but + (b>a;) = ((bvb' ) + &), (1.28)
i=1 =

ALDP 2 : Calculus of Operations for
Impiication (1.3).

Table 3.

. ior ALCP 2 , for FL evaluation over _ , where
nGW poss™indicates Zadeh's possibility or meﬁ%ership

RREtion | fuposs sa, « 0,11 ,101=0, 111sT, (1.29)
replacing (1.14), see Table 2 for all evaluations.

For ALDP 3, formal language is same (9 boolean)
as for ALDP 1; thus see Table 1, for calculus of opera-
tions for implication.

For ALDP 3, the semantic evaluation becomes
the standard probability type as given in Table 4 :

Given boglean algebra 0 and semantic evaluation
ne=p:a ~ (0,17, p(0)=G, p(1) =1, (1.20)

or any finitely addithve probability measure p, for all
,b.ai e a2, i=1,..,m:

2. AN EXAMPLE

With all the preliminaries out of the way, con-
sider next a simple medical diagnosis system as {1lus-
zrated in Figure 2 (next page}. The basic implementation
scheme in combining evidence {s given below, all corres-
ponding in Figure 1 to information processing,up to and
including Stage 3, Primitive Symbolizations, prior to
choice of ALDP, m3king up the last two stages (4,5):

1. Choose data event variable set G from attri-
bute variables. Observe symptoms y € dom(G).

2. Form Iy . the set of all inference rules ¥

where in either antecedent and/or consequent scme var-
jables in 6 appear. I_can also be considered the poten-
tial "firing” class ot inference rules, if CL and ALDP 1
were chos<en,

3. Form

AL, 1) = y-( - v D)

the conjunction of all data with relevant inference
rules, where we derote ©_as the set of all diagnoses
variables 8. ¢ 1. : A i the set of all attribute var-
fables in I;u ey ;and” H=(H1.H2) represents the domain

(2.1)

variahles , with "2 corrzsponding to ey
4. Compute

(y 80,1 & v FGIYTA Lo I0) ), (2.2)

H1e dom(Ay)
the full™integrated-out” form representing the posterior
relation between symptoms and diagnoses. .

Next, 2s a particularization, suppose now that
in terms of the above scheme attribute,b, is selected
and (106°,REODISH) is observed. Thus, us}ng Figure 2:

(G=(b]} ; y=b][(]05°,REDDISH)J H

T, = {(y23,),(yvb,)3(a v 25)),(b,y38y) (a)v a)ag)

A_Y = {a]nazraanbz) H ey = (61} H

W= ("] ouz) H “] = (X'I lxzuxanzz) H Hz = t] 5

FGLY1A, Dy 1.0 D4 D) =yl [xy )

‘((.Y v bz[xzj)g(azilev 33[!3]))'(b2[22]361[t~,})'
-((a][x,] A az[xzj)ée][t]]) H

{ f(bylvl.A [W,1,8,[t,0) ).
xiZDon(a:’):f y

i=1,2,3 ;
{ ZZ € uOM(bz)

The final step in the evaluation ot the medical
diagnosis is to choose an ALDP and apply this to (2.2)
to obtain the semantic evaluation of the relation be-
tween symptoms and diagnoses. Consider, then this eval-
vation for the particular case given above in (2.3}
for ALDP's 1,2,3.

(2.3)

{y »e][t]]) =

For the formal language for ALDP 1 and 3, 0
boolean, using either Table 1 or basic properties of

m plave) = pla) ;(Sgb) - pla-b), (1.31) boolean aigebras, one readily aobtains (2.4)
plva) = PN a), (1.32) £60y] A [, 1.8 W 1) =((n-e -y) B (n-8,y) = ne8y -y,
f=1 ! ofas({‘....m} ied ' CrlaA,th .o, Dy ! ! !
where d
p{a') = 1 - p(a). (1.33) n 2 41-(a2 v a3) w1, (2.5)
p(bsa) = p{b') » pla-d). (1.34) Thus
Table 4. ALOP 3: PL Evaluation for a. | (y > 0,[ty]) = ng-6yttiley (2.6)
272




PREMITIVE STXBOLIC FMUMLATION TrPICA, .
OF INFOAMATION: EVENT YARIABLLS TYONTS N
810d90..00By,...8,,0, VITH REAL- 38R0, THROUGH|
thirdnus ln"g;cdutffw:-..,()-,.,,, v Jsusting |  MoRI F s
o o [ STAT OF RERAL SYSTER f eyin I Toonte 5o0r, 0
= |35 |9 SN OF muuRARY SY3TER 2] a0, foomtanten )
: :_:: 33°STATE OF YASCULAR SYSTER .q .J(nJ] DOM(aqJe(l, . 29!
< I3k 4,°STATE OF CIRCULATORY SYSTEM ) nlx) joomia o1,y
- 5 b, ~(3507 Th !xh‘-ﬁ’up izl nm(ﬁ?-uo' &"' llm:\-
2|23 v eSE 0F Lins conGEsTION b,02,] {OON(,)=(1.3.2,35. %y,
i o.E‘ 881000 PaIssiag 3y 3yfa;) [oontn)=twont mwoie. wicy
= z % CSTXTE B "0.,(;1' T DON{"w, T+ (NONE " SOME [PROG_}
S| 8 |4;"OEGRLE OF bISEAST STATE 2 td ()] Donl 4, )= (NOKE I CIum W1 G4
w | X [eyeeEnERAl wEALTH LEVEL ty 850t Jf 00t o 1= (P00R, FAIR, GOOD}
s |- bt SRS bt 1 R 4
$ - X OF LO@T-ESTAILISHED]  AcTua ® TAINED 3Y SUZSTITUTION
TEETNENCT ML RUNCTIOMALSE  f '“I;::'EI;INCE ULES o8TAINE ST
-t 3
b, 3 .
gb,’ N é(h,v b)) (a v ay) (b,[z,)sal[nln‘b‘b‘) > 0 [:, 030 [glv 4,1
N z’:1> . :'1* 209) . e lzlee (0] Vil lle HS )
& N (L Y Y e s
] )) ( 5°0)3(¢v o)) (n,[x,]anltx;}l {2 - hlL;J,)s(i;[.‘]' agfag]

Traree of H’}

where d (2.7)
n, = v arfxy] «( vazlxsl v v ajlxa])
° G € BOM(a)D (x, € DOH(E;Dixy ¢ 0OR(E,)
Semantic  evaluation (CL) for ALDP 1 is, using
Table 2,
iy > 9 [t1]l = MIN(InOI,Iel[t.I]J,lyi), (2.8)
where

Ingd = MIN( MAX Ia;[x, J1, MAX la;0x;]1), (2.9)
xy € DOM(a,) x. € DOM(a.),
! Voglp s
which has obvious interpretations in CL.

On the other hand, semantic evaluation {PL) for
ALDP 3, for some appropriate probability measure p is

p(y »e‘[t]]) = D(no'&‘[t-‘]'y) » (2.]0)
which can be further evaluated using the expansion(l,32),

For the formal language for ALDP 2, 0 modified
boolean, using either Table 3 or basic proper?ies({sj,
pp. 14-16), it follows that

f(GEY].Ayfklj.Gy[”23)=y'((bévazvaa)-y' Y )
{8y v ag-ayeby). (2.11)

Then , using Table 2 {see {1.29)), the semantic evalua-
gion becomes, assuming for simplicity Ia][x]]l monotone
Tnxy e DOM(al) and assuming (2.12)

MIN poss(b,[2,]=C= MIN poss(a,lx,T);MAX poss(a,[x.])=1,
z, € DOM(b,)? 2 x, € DOM(a, 2 e DoM(aL P 3
3 3
then
ty >+, [t, T1= MAx(mn(y,mx(ly'uq&gm,mme,a,n,[xl]l»)
x]cDOM(a]) '

= MIN(lyn.MAx(Llyl,le]{tl]u,5)). {2.13)

Thus if we interpret implication as in (1.3),
the above all show that feasible computations can be
obtained for the evaluation of the posterior relation
between symptoms and diagnoses for ALDP 1,2,2.

) On the o*er hand, a basic interpretation of
implication is through preobabilistic conditioning, But
in light of the remarks in Section 1, if we are to have
(1.2} hoid, we cannot have (b3a)e a, the given boalean
2igebra of even®s for the probability space.But also
following the guidelines given in Section¥Figure 1},
we seek an ALDP,say ALDP 4, which is compatibie with
(1.2) and yields, hopefully, computations, no more
complex than the three standard ALDP's considered for
this example as a case in point. For the time being,
assume ALDP4exists, where the calculus of operations in-
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volving conditioning interpreted as implication is
given in Section 3. Then applying these resuylts directly
to (2.3) yields first (using (3.7)),2fter simplifying:

FIA RI L W, 1)e (negylt Joy) (n-gft]x) v B2,]),2.14)
where n is given in (2.5). In turn, using (3.6) in (2.3)

v >0, [ty 1= (ng-g ity Toyfin cegled-y) v 1), (2.19)
where n is given in (2.7) and
T ¢ vl . (218
2, e M(bz)

Then,applying selected probability measure p (see (423))

by > aft,Je=p(y >> gf])=r(n -8l vl -afyly) v t)
lng 7o &ty Iy)/pln all-y)t v e ), (2.17)
which can be furcner evaluated through use of (1.32),

Note that the computations for ALDP 4 paralie}
¢losely those of ALDP 3,except for denominator term. It
follows also,by direct comparisons with the above re-
sults, that indeed use of ALDP 4 resylts in calcula-
tions no more complicated than those for ALDP's 1,2,3.

Note also that the calculus of operations for
conditional objects (again, see Section 3) is analogous
to those for ALDP's 1,2,3, using (1.3) for implication,
by inspection of Tables 1 and 3. Note further, that these
ALDP's are not quite homomorphisms for fixed common
antecedents, due to problems with negation and/or dis-

joint sum {4+ 1.1Y-(1.13),01.26)-00 . But,
gg gffegt.(cgggﬁgiéna prgbabi?1€y folmé ﬁg?g)wh?ch are

natural counterparts of homomorphic relations .*=v,s ¢ :
plasc|b)=p((a]b)e{c]b)), pl{a]t)')=1-p(a]b)=p(a’|b},

N 2.18
ote 3150, pla]n) = pla-b|b) &%
Indeed, the following result shows that if we
remove the particular probability measure p 1a (2.18)

and (2,19} ,prior to any evaluation,the resulting en-
tities - conditional objects - are uniquely determined:

Characterization of Conditional Objects.

Given a boolean algebra o (or equivalently,ring
when considering + and =), there is a unique space & of
smallest possible classes of elements - according to
subset partial ordering - denoted as conditional ob-
Jects (a}b),(cld),.., for a1l a,b,c.d,..c Q, Such that

e measure-free counterparts of (2.18) (see (3.1) and
(3.25)~(3.27)) and (2.19) hold. For the latter,

{a]b) = (a-bjb) , for 211 a,b e g . (2.20)
- Moreover, the conditional objects constituting
2 coincide with all possible principal ideal cosets of
ring 2, where explicitly, for all a,b ¢ n,
(aib)=neb’ +ava+b' +asb=n-b'va-b
= {x+b'+a-blxenl ca, (2.21)
the principal ideal coset generated by b' with residue

a (or, equivalently, a-b}.
Proof:

Theorem 2.1

Use first the basic homomorphism theorem char-
acterizing quotient rings,for (2.18);then apply equiv-

alence class property of cosets. See [2] for details.
a

With the rigorous tasis for conditional objects
Justified abave, define ALDP 4 as the pair (Q,p),where
p:2 - [0,1] is extended to p:i - [0,1] via (1.2) or
(4.23). Note also the immediate relation from {2.21):

{alb)=(c|d) iff a-b=c-d and b=d ;all a,b,c,dcf. {2.22

In additicn, since fcr all a e 0, (2.23)
= (all) = a . -
then  extends Q: ! a < a. .(2_24)
In the approach taken here, all results 1pvo?v-
ing conditional objects are derived from first princi-
ples. In this vein, define all operations among con-




ditional objects as the natural class or component-wise
extensioms of the corresponding operations among the ele-
aents. Thus for example, for a,b,c,d e 2, (2.25)

(alb)-(cld)g(q-rlqc(alb).rc(c d)}={{x+d' +a)pd ' +c)|x yen),
also a subset of 0 as are (a|b) and (c|d). From this,

it follows immediately that conditioning as defined here
is essentially tne functional inverse of one-sided con-
Jjunction,f.e., the following hold for all a,b e q :

(2]b)-b = a-b ; (ajb) = {x]x ¢ a, x*b = a-b}. (2.26)

Hailperin [15] considered conditicnal objects,
extending some of Boole's original {deas, but avoided
corbining these entities when antecedents differ-through
use of universal algebrac and partially-defined opera-
tors. Domotor [16], following the direction of "qualita-
tive probability structures, as used in subjective prob.
ability theory and preference orderings, daveloped a
rather cumbersome indirect approach, not realizing the
rich structure of 4. (See, e.g., Theorems 3.2,3.3 in
this paper.) Mute [14], among otherc[13], has also con-
sidered"conditional logics”, which appear to be general-
1y related to this work, but differ considerably in
structure. Much work remains i~ tying-in these concepts
with conditional objects as envisioned here, Finally,
the pioneering work of Calabrese [11] must be mentioned
as the direct cause of the current work. Although his
definition for conditional objects can be shown to be
equivalent ([11,(2.19)-(2.25)), Calabrese proposes ad
hce definitions for operators upon them, in contra-
distinction to the first principles approach taken here.

3. BASIC PROPERTIES OF CONDITIONAL OBJECTS

Theorem 3.1

The boolean operations + , v , = , { )’ are all
well-defined over ¥ as the natural class extensions of
the nrdinary counterparts over . Indeed;

(alb}’ = (a’|b) = (a%b]b) , (3.1}
(ﬂm+(cm-(a+cuﬂ-(m+cﬂmu (3.2}
{ajb) v (cijd) = {a v clab v d v bd)

= {ab v cdlab v cd v bd) , (3.3)
(ajb) + (c]d) = (a-clatb v c%d v bd)
= (abed|a“b v c%d v bd) . (3.4)

+ , v, - are all associative and comnutative
over §i, ard hence extendable unambiguously to any num-
ber of arguments. Specifically, for any n2] and any
ai'bi e, i=1,..,n

(a]lb1)+--+(amlbm)=(a]+--+aan1 --bn), (3.5)
(ag[by ) vlagfb)=(agvovalag byveva bbb, b L(3.6)

(a]|b1)"(§m|qn)=(a]"gnlai .bIV"va;;qub1--bn). (3.7)
Proofs and remarks.

~ An outTine of the algebraic nature of the proof
is given here. Fi5st, recall a ring is boolean iff it

is idempotent - a‘=a, for all a in ring. More generally,
f is Yon Neumann regular 517] iff for all a ¢ n, there

exists A ¢ 0 with a=x_-a<, assuming commutativity with
unity. a

) Note first that for any commutative ring with
unity, say @, and ideals I,J ¢ n and a,c e 0,

(1+a) + (J+c) = (I+J)+(a+c), (3.8)
where I+J is alse an fdeal of o. In particular, define
for any a,b ¢ ¢ (Von Neumann) regular,

1. . d .
a'™h A2, avh T e s Ayt o= d -an b, (3.9)

noting the reduction to the< boolean case, i.e., when
Aa-lb=l, where the relations simplify to

a'=l-a=1+a , avb = a+b-a-b = a+b+a-b, (2.10)
Then letting I=n-b' and J=q-d' for 2 regular, it fcllows
that (3.8) becomes
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{n.b' #a) + (2:d' +¢) =a.(b'vd') « (a+c)

« 0.(b-d)’ + (a+c), (3.102)
by feMorgan's relation valid for regular rings and
the property of regular rings whereby sums of principal
{deals are principal ideals compoutable as above. Thus
using (2.20) and {2.21), (3.2) holds.

Hext,using (3.13),(3.1) holds since applying the
natura] class extension to ( )',essuming R boolean here,

(2|b)' =(a-b'+a)'=a-b'+a+i=n-b'+a’'=(a'|b).

Note next that for all a,b,c,d ¢ Q,any commyta-
tive ring with unity,agaln using natural class extension

(a-b + a)e(n-d + c) = K(a,b,c,4) +a-b, (3.11)

where d
K(a,b,c,d)8(x.y-b-d + y-a-¢ + x-bee [xy cal. (3.12)

\l1so let analegously, again using natural class extension
K,(2,5,¢,d)¥ a.b-d + 2-a.d + abec. 13.13)

It follows that letting x=C and then y=0 in (2.12),
and using similar manfpulations that

Q.a-d v 2.b-c ¢ K(a,b,c,d)ck(a,b,c,d)+ g.2a.d + 2-b-¢

=k(a,b,c,d)+ 2-b-d
=K°(a,b.c,d). (3.14)
Lemma 1,

for all a,b,c,d ¢ @, commutative ring with unity,

k(a,b,c,d; is an ideal Iff K(a,b,c,d)=K6(a,b,c,d)
1f n-b.d ¢ K(a,b,c,d).

D
Now suppose that f s regular with a,b,c,d ¢ Q.
Llet z ¢ 2 be arbitrary and define
4
X : Agedoxg s (3.15)
Y] = lb'b.‘yo ' (3.]6)
g .
Xy = i-a 1b . (3.17)
Yo 4 Z-cag + Ak . (3.18)

Then substituting (3.15),(3.16) into (3.12) yields
Xyyy-bed * yyrasd + xycbec =
b-d-(xo-y0 +aagtyg * c-xd-xo)
b-d'((x0 + a‘xb)'(yo + c-xd) - a-xb-c-ld)
= b.d-(1-2) = b-d-2,(3.19)
which in turn validates the last statement in Lemma 1
and hence by Lemma 1 ,
x(a,b,c,d) = Ka(a,b.c,d), (3.20)

Finally, replacing b by b’ and d by d' in (3.11), and
putting together (3.11),(3.20), and using the property
again of reqular rings that sums of pr\ncipal'idea1s
are principal ideals also as computed in (3.12a),

(a-b' + a):-(n.d* +c) =ab'-d + fn.a-d' + 0-b'-c

. +a-c
= qg-(b'-d' v a-d' vb'.c) +ac
= a.((bvd)-(a'vd)-(bvc'))"' + a-c
=q-(a'-bvec'-dvbd) +ac, (3.21)

which 1s the same as {3.8), using {2.30),(2.31}.

Lesuming acain thet a 1s beolean, since demorgas
relations have natural class extensions to 7. one can
use (3.1) as

(alb) v (eld) =({a]b)* -(cie)")’

=((a'Ib)-(c'le))
:(a'.c'!a.b vec.dyv 5-d)'




=(avcia.b v e.d v bd}, (3.22)

which is the same as (3.3).

The extension of the above results to multiple
arguments is tedfous and will be omitted. Finally, it
should be noted that {3.3) and (3.4) can be extended
where for (3.3),0 {s boolean and for (3.4),2 is oniy
regular, where for any fdeals I,J of a2 and 311 a,c ¢ 0,

(1 +2) v (J+c)=(1-3+ 3-a" + I:c’)+ (ave), (3.23)
(1 +a)-(J+¢c)=(1-3+3.a+1c)+ac, (3.24)

where it should be remarked that in (3.23) and (3.24),
on the right hand sides the collections of ideals to
the left of avc and a-c are also ideals. Proofs of all
of the above results together with other related in-
vestigations can be found in [2].

o

Theorem 3.1 specializes, when antecedents are
the same,to the formal counterparts ¢f well-usec prop-

erties of conditicnal probabilities where the condition-

ing {s ypon the same event:

Coro11arx 3.1
For all a,b,c ¢ 0, assumed boolean,

(a]b) + (c]b) = (a+c|b) = {a.b + c.bb), (3.25)
(a]t) v {c]b) = {aveib) = (a-b v c-b|b}, (3.26)
(alb) - (c[b) = (a-c[b) = (a-b-c]b). " (3.27)

D

1t should be noted tho* there is a basic com-
patibility between Corcllary 3.1 2nd- the the natural
homomorphism natb:n + @/b* , where for any x ¢ Q,

natb(x) a {x|b) = x +0a-b' , (3.28)
where all basic properties of g are brought down to the

fixed quotient ring @/b' defined through the usual coset

operations.

Since all boolean functions over 2 can be ex-
pressed as simple canonical functions of e.gq., v, -,
{ )', it follows that the same is true of their nat-
ural class extensions and a simple argument thus shows
that if f:q"» 0 is any n-ary boolean function, then
the natural extension of to "+ U is well-defined,

Returning to the partial order < defined over Q
{boolean, although extendable to regular rings), where

ashb iffa=ad iffb=avbh (3.29)
and where s possesses all the usual lattice proper-
ties, it fs basic to inguire if the natural class ex-
tension of s from R to preserves these properties,
Theorem 3.2

Let 2 be boolean. Then define for any a,b,c,d ¢
{alb} s (cld) 1ff (alb) = (afb}- (c|d). (3.30)

Then it follows that
{alb) s (c[d) iff (c|d)

"

(a]b} v (c[d)

iff a-b < c.d and c'-d < a'-b.(3.31)

In addition, among the lattice-like properties enjoyed
by the legitimate partial order s over 0 ( since it can
be shown to be anti-symmetric, reflexive, and transit.
fve) are, letting A=(alb), C=(c|d).E=(elf),G=(g]|h) ¢ %:
AsCE iff AsC.E A, EsAiff CvE s Ay

If A<C, thenC' s A",

Proofs:
he proofs in some cases are rather Tong , such as
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(3.32)
(3.2
IfA<Cand £ s G, then A-E<C-G and AvE<CvG,(333)

for the bottom of (3.31). Agatin see [2] for detatl.

Frcm this point on, most proofs will be omitted
and the interested reader is referred to [2].

Q

In conjunction with the various properties dis-
played so far, ® possesses a number of interesting al-
gebraic properties summarized fn the next theorem.

Theorem 3.3

_ Assuming as usual here that @ is a boolean ring,
1 in general is not a ring due to the failure of addi-
tive fnverses (-) to hold. However, fi is commutative
and associative relative to +,v,- , has additive iden-
tity O the same as in 0 and multiplicative unity 1 the
same as ina , Also, v and - are mutually distributive
over @ 3 T (Tike n ) is idempotent, demorgan relative
to (v,*,{ )'),and v and - are mutually absorbing over
% 1 finally, { )' is involutive over §.

o]

Other properties of conditional objects contrib-
uting to the development of a calculus of relations are
presented below.

Theorem 3.4
For all a,al...,am,b.c.d e 2, boolean,
(alo) = (0]0) = a, {3.34)
(11b) = (bjb) =qa-b* +b=8a VD {3.35)
(alb)-(a]b') = (a%la’) = (a]a') = (0]a')=nta (3.36)

(ajb) v (a[b') = {(a]a) . (3.37)
(a]b) v (alb)' = (b]b) (3.38)
{a]b) = a + (o[b), 3.39)

c v (aly) = {avc[bvc), c-{alb) = {c-albve'), (3.40)
¢ + (a]b) = (c*alb) , (3.41)

(a]b) + (c]d) = (aib)-{ctd)' v (a[b)'-{c]d),  (3.42)
{alb-c)-(blc) = (a-blc) (chaining property) . (3.43)
If 3;,..2, are disjoint and exhaustive, i.e.,

-a. . .. = 3.44
§793 i3 and a; +-++ 2 1, (3.44)
then for any j, j=1...,m , the following forms of Bayes'
Theorem hold:

(EJIb) = (BJ'blb) = ( (bIaJ)'aJI b )v (345)
(ajlb)-b = (b[aj)-aj =ayb, (3.45)
b= (b[a1)-a1 +oot (blag) - . (3.47)

If 3, $ 2, 50008 a then the chaining relation

holds:

(a]Iaz)'(azlaz)--(am_1|am) < (a]lam}. (3.38)

Q

The next results tie in conditioning &s defined
here with classical implication.
Theorem 2.5
For all a,b ¢ f1 boolean
(alt) = (b3aib) . (3.49)

The andlest elerent of {a]b) relative toc s is a'h, while

the largest element is (b » a), thus
a-t s {alb) s b>a. {3.50)

Also,




“tb > a)= {(ajbivb' =@’ d b= (b'la')va, (2.51)
(ald} = (£ »a)-(b]b) = ((b']a’)va)-(b]b), (3 52)
(b'la*) = (b »a)-(a']a') = ((alb)vb')-(a']a’), (2.53)

(a®wd)=(a > b):(b >a)ea-bvar-d =(ald)-(bla)vaib’

(3.54)

(a]b)-(dla) = (a-blavb} = {a % b)-(a-bla-b), 2,55)
ylelding as the smallest element of (albj.{bla) being
a-b and the largest being a ¢ b , analogous to {3.50).

Also, note thr pairwise comparisons betweern
b %2 and (2|b) : (See also Table 1, Section 1.)

(afb)=(a-b[b) while (b » a) = (b 3 .-b), (3.56)
(1|p)=(bjb)= avb white (t » 1)=(b 3 b) =1,  (3.357)
(b[1) = b while (1 3b) =%, {3.58)
(b{0) = g while (0 3b) =1, (3.59)

W

(alb)* = (a'-b|b) while (b » a)' =a'-b, (3.50)
(0fb) = (b'[b) = R-b' while (b » 0)=(b 2 b') = b'{3.61)

(alb}-(cld} = (a-c[g) while (b 2 a) (d ® c)={c>ec)(32)
where
q {3 b vedvbed. (2.63)
Next,
(a|b)v(c|d)=(ave|r) while {b ®a)v(d 3 c)=(b-d % (avc)),
where < (3.64)
r=a.bve-dvbd. {3.55)

Also, for asbsc, transitivity holds as
(alb)-(blc) = (a]c) while (c > b)-(b » a)s{c #a),(3.66)
and for asb.c , improvement of information is

(a|b) s (a]b-c) white (b 9 a) s (bec ®2). (3.6/}

Also , . referring to Section 4, and the class

redgction operator v , one can compare iteru.ted ¢lassic-
2l implication and iterated conditional forms

u((alb)|(cld))=(2]a) while({d #c) » (b »a))=(y »a),
{3.68)

a=b.{c.dvad),y=b{cdvd), (3.69)
with the special cases
W((alb)|(c]b))=t({a)b)lec))=(alt.c) while

b #c) (bwa)ys(cd(dbaa))=i(b-c) »a)(3.70)
O

where

Finally, this section is concluded with a result
which is not only interesting in its own right as a gen-
eralization of the classic result concerning the dis-
Jointness or identity of cosets having the same antace-
dent, but which is useful in further analysis of con-
ditional objects.

Theorem 3.6

For any a,b,c,d ¢ 0 boolean and denoting r below
for the ordinary class intersection,

8 iff atc ¢ (Olbed)
{a[b) n (cld) = (z.m)
(g]bvd) iff atc ¢ (0]|b.d),
where
E=pta=gq+c;arc=q+p, (2.72)

for some p ¢ (0jb) and q ¢ {0]d) .
From the above it foilows that
(ald) < (ctd) ff (dsb and ae (c/d) ).(2.73}
e

4. ADDITIONAL PROPERTIES GF CONDITIONAL OBJECTS

In the last section, a basic calculus of opera-
tions was presented for conditional objects. In this
section, certain selected topics fnvolving conditioning
are briefly considered.

First, define higher order conditional objects
through natural class extensions of conditional objects
as defined in the previous sections. Thus for any a,b,
¢,d ¢ 0 bcolean, define

(alb)[(cld)) = Filyqy((alb)-(cla))
. ((xiy)'(xly) e Wand (xly)}-(cld}=(afb)-(cld)}. (£.1)

Some basic properties end an explicit solutfon are given
next.

Theorem 4.1

for all a,b,c,d e @ boolean:
Analogous to (2.20),
((alb)|(cld)) = ((alb)-(cld){(c]d)) e P(®) (&.2)

((afb)|(cld))-(cld) = (alb)-(cld). (4.3)

Without loss of generality, using (2.20),(2.31),
and {4.2), assume from now on, unless otherwise stated:

a<b,csd, (alb) s (c]d). {¢.4)
Then explicitly
({a]bY|(c]d)) = (afb} v Ts.c,d

and

= (alb) v BV ¢
= (% st ftss e m, (4.5)
where for all tss e 1,
Ta,b,8;s,t : (alb) v tﬂ,c,d;s,t
= (ave-tlave-tyb((c-d) vs))
=(ave-tlavetvo(e vs))en, (4.6)
8 4 b'-d*' ve'd , (4.7)

resulting in
g' = (bvd){c'-d})’ =cvbd, (4.8}

J -~ < = . r
Ty cud {‘B,c,d;s,tlt's R R APRCR )
d
zs,c.d;s.t = Brde dis,t
= (g-t](c'-d)' vs)en, (8.10)
d ' '
‘c,‘;s,t S (t|(c'd)* vs)en, (¢.11)
v 3¢ |t sscal (4.12)

c,d - Hedis,t

Unfortunately, unlike the sinale conditional case

(see (2.22)), second level conditional objects pose a
prablem with respect to hoth uniqueness of representa-
tions relative to their antecedents and the closure of
boolean operations. Surprisingly, oniy three parameter
values - out of four possible a priori - are required

to specify such forms uniquely. The representation is
characterized in the following theorem:

Theorem 4.2

For all a;,b,.c,,d, e 2, boolean satisfying {4.4)
(a replaced by a., etc.} and 8_,8. as in (4.7),(2.8),
respectively (with b replaced by Bi' etc.), $=1,2 ¢
((ay 16,11 (e ld)))=(la,lb,) [ (e, ld,))i¥F(ag=a,5.b,°b,,8,78)
i = = = 1 ! ) = . )
iff (al a5, by=by, cpmagvey (blvw), d, CqV8y by), (4.13)
for any fixed w ¢ Q. o




One reasonable way to treat the difficulties a-
rising from the necessary introduction of fterated con-
dition.l forms {s to determine If there {s some mapping
from these hijher levels down tc the single level which
can be used tc fdentify the former with the latter.

As a candidate for the_above, suppose we consider
the class reduction operator u:P(P(R)) = P(a), where
for all A ¢ P(P(a)V,

GA)Y VA =i{x|xcAcAca.
AcA

(4.148)

Theorem 4.3

Let 0 te boolezn and denote, analogous to 7 te-
ing the class of 211 (single) conditional objects form-
ed from q, I as the class of all (double) conditional
objects formed from @I, noting that ? ¢ & ¢ ®. Then:

- 0y -~ . . - .

uil - Q2 is a surjective homomorpnism relativ~
to all boolean cperations extended ir a natural class
way from Q.

Furthermore, the specific relation defininrg ¥
%an be determined to be, for all a,b,c,d ¢ q satisfying
4.4),

ul{a]5)lcla)) = (alb-3*) = (alb-(c -d}').(4.15)

In narticular,

Glalb) = (alb), (4.1€)
o{(alb)i(elb)) = S((alblle) = (alb-c), (8.37)
ulalleld)) = (a|{c'-d)"), (4.18)
(cld)-3((alb)](cld)) = (a]b). (.19}

Also , the following restrictions of U are
surjective isomorphisms relative to all boolean operc-
tions extended in a natural class way:

5: (((a]b)[c) | a.bea} » {(alb-c) la,b c al(z 20)
u: {{a{b)|(cib) ! a,c v © )}~ {{a|b-c) ]a,c £ n}(d.ZI)

: ((alb)[(cid) |asb e g} » {(a]b-g") | a,ben) (2.02)
o

Thus, in 2 nztural way, cone can idertify al}
higher order corditional objects with single condition-
al ones.

Finally, we conclude this paper with some resylts
involving conditional objects and conditional probabili-
ties directly.

Firstly, recall that conditional probabilities
can be considered a homomorphic evaluation of &t formal
relations in (2.26, (left side) (see also (1.2)), as
well as {3.1) and (3.25)-(3.27), {Again, see Theorem 2.1,
Also, conditional probadilities can be identifiea, with
the introduction of conditignal objects, as the exten-
sion of probability measure p:2 + [0 17 to monotone
function p:n -[0,1] , i.e., if (a|b) s (c|d) e G, then

p((a[b)) = plalb) < p(cld) = pl(c]d)). {4.23)

In particular, this shows that (3.50) implies, as a
check, (1.4). Other inequalities can be similarly est-
ablished through first using the ‘ormal counterparts.
One can alsoc detine measure-tree 1ndependence of con-
ditional objects (alb) and (cid) *» occur when they are
p-independent ,i.e,

pllajb)-{cid))=plafb) -plcld}, (¢.24)

for all possitie probability measures p:n - [O,l}. One
simole example of such a measure-free pair is {alb),b,
using (2.26)(1eft side). This can be extended -3 cer’ain
other pairs and to multiple conditional forms as tha
factors in (3.48). (See [1], Se<tinn S.) Also sequentia!
updatirg of information can be very elegantly described
through the use of conditional objects rather than only
through conditicnal probabilities ([1], Section ).
Lastly, we consider briefly random conditional

objects and how they rela.e to conditional probabili-
ties, Beginning with probability space (M,A.p) and r.v.
ViMaR® - v, W:MARD_| extend Y,W,VxW in the natura.
class sense to V:& + BM, W:K + BN, Vxn ;T « BTt0 » re-
spectively, where for all a,b ¢ A,

V(a]b)=v(a}xRM;W(a]b)=®™W(b) {v=Klalb)=V(a)xW(b).(4.25)

Then the random conditional chiect (V|W):X = §m+n is de-
fined by, for all a,b ¢ A,

(¥IW) (2 1b3E (V) (a]b) [W(a 5) )5 (v (a)=H(b) [R™xH (b))

Hva)wie ', (4.26)
with inverse mapping (VIW,-1:8m+n « A ,yielding for any
ccBM 4 ¢8BN,

(IR el d)=((vxW) T (exd) W T (a))= (v T () |w-‘<d>;,

.27
Thus, (V|W) induces "conditional event probability 27)
space” ( mm*n3§m+",p(vlw)), where P(viu) Em™n . [0,1)
is given by

-1 . S I
prypwy (el (VWY el adiepti-Yic T (@)Y, (a.28)
By using an optimal approximation technique, arithme<ic
operations over conditional objects can also be detcr-
nined, in turn yielding expectations of random con-
diticnz1 okj~.%5, ¢ fined in the natural way. Thus ,e.q,

E((VIW)) = ( EQvxH) | E(vxW) ), (4.29)
where £(-) ic ordinary expectatior. (See [1], Section 5)
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