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USE OF LITERAL INFORMATION IN MULTI-TARGET DATA ASSOCIATION

I.R. Goodman

Command & Control Department
Code 421

Naval Ocean Systems Center
San Diego, California 92152

Abstract As stated before, this work still unfortunate-

ly requires both a sense of "art" as well as sci-It has been shown that literal information can ence in achieving its goal.
enhance geolocation information in the multi-target
tracking and data association problem. This paper
continues previous efforts in establishing a sys- 2. Basic Problem
tematic approach to the combination of both types
of information using membership functions based The basic problem can be stated as follows:
upon multiple-valued logic. Filters are established
for literal and non-numerical attributes, somewhat Observed or reported data arrives,usually in-
analogous to the well-known Kalman filter. The dexed by time tm , attribute type k, and sensor
major result, however, is an improvement and clari- source u. For purposes of simplicity, we will omit
fication of a previous theorem establishiRg asymp- the last index and assume the multiple sensor
totic forms for the posterior possibility distribu- source problem is resolved and plays no role in the
tion of the unknown data association parameter as analysis here. Attributes A., kL,2 ...M", con be
Information granularity decreases and as infere-ce either objective or statistical in nature or they
rule structures become more definitive, can be subjective or linguistic in nature. Denoting

the natural domain of values (which can be numbers,
vectors of numbers, lin uistic labels, etc.) of

1. Introduction each attribute A as Dk - dorn(A ) statistical att-
ributes typicall4 have their dmains D C:Rnk with

,,The multi-target tracking and data association error distributions in the form of claksical prob-
(or as commonly called, "correlation") problem ability functions, typically being discretized
still remains the center of much activity and versions of Gaussian or mixtures of Gaussian dis-
interest. In the past, emphasis was placed upon tributions. Thus, in general, unless representing
the use of only geolocation data-i.e., information dirac or mass-point distributions, the error prob-
containing reports on (usually) two- or three- ability functions are not normable,i.e., they have
dimensional target positions, together with possi- maximal values less than unity (due to the obvious
ble velocities, accelerations and related equations constraint of probabilities adding up to one). On
of motion parametersQ-3]. More recently, an ef- the other hand, subjective attributes Ak typically
fort has been caerieP' out in utilizing in a more have D being some finite cet cf labels with no
rigorous or systematic inanner other types of inform- natura ' spacial ordering present, unless D repre-
ation , including various sorts of sensor system sents a s~t of nk-tuples of measurement qutntities,
parameters that could also be formally treated where for example, A = "large" could have D7 con-
in terms of equations of motion. In addition, use sisting of Pairs (a,g), with a being weight in lbs
of attribute information of radically different and b length in meters. The error distributions
natures is also sought. This includes visual sight- corresponding to subjective attributes are often
ings, classifications, and otheroften non-numerical in the form of normable possibility functions -but
and linguistic-based (or narrative),information not probobility functions-obtained from a panel of
which cannot be treated from traditional statistical experts, in contrast to the geolation-physical
analysis. This work is presented in [4-6], based derivation of statistical attribute error distri-
upon. and related to,ln general, previous and on- butions. For motivation for such suhjortive distri-
going research in posihility and fuzzy set theory butions, representing overlapping and/or vague
and its realtionships to classical pr Ad ility compound events - in contradistinction to statisti-
theory and multi-valued logic and set theory [7-9]. cal dis*ributions representing disjoint exhaustiveevents- see again 14]. Each error .AitIibution

In this paper we continue to attempt to estab-
lish a unified approach to the integration of both represents the conditional possibility (possibili-
types of information for the multi-target tracking ties include probabilities as special cases) that
and data associat-ton problem. However, since the a particular attrih,,+p "cOir, Sa'. U, tuli
results are carriel out on a general level, with present, yiven an observed/reported domain value.
suitable modifications, applications to medical Whether statistical or subjective, it is assumed
diagnosis, fault determination, and other problems that at least theoretically each such distribution
involving non-sequential knowledge-based systems is obtainable.
can be established [9].
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In addition to error distributions and observ- representing data assoriation level betweer trail
ed data, a collection of inference rules is assumed histories i and j CS.iljk the attribute represer'-
to be present. Each such rule R consists of an correlation" between i dnd j.
antecedent part ant and a consequent part conseqv AIA Am . is the set of attributes which
connectcd by 2n impYication operation, ant con- 2"''
sists of the conjunction (more generally, sme com- are statistical
bination of conjunctions, disjunctions, and/or ne- A A A is the set of subjectivc
gations ) only of modified matching tables for M,+ ,AM,+2, i ts
each attribute from some subset of all the attri- attributes.
butes. Each modification mod . of basic matching To indicate dependency and chat.- due to sampl-
table Mk for A. is assumed to be in the formm
of an intensif~cation or strengthening or an exten- ing time tm where
sification or weakening. More generally,modifica- to< tl< t2 l t3
tions can involve positive and/or negative forms.
For simplicity, we assume throughout here that only and track history i , denote Ak as A ki) with

positive forms are present.(See [10] for more dom(Ak C)) M Di) 
background on modifiers and hedgeb for attributes.) ,m k,m

In ordinary English, intensifications can be rep- similarly replacing Dk;
resented in a simple order as e.g...."slightly DM(i) (i)

very",.. ,"very",. veryvery",.. "extremely",... X m
Extensifications can be expressed as e.g. ... "very k1

very little of",. .,"very little of",..,"more or z(i) * D are the possible true
less of",. .,"moderate amount of",.. The conse- k,m , zk,m k,m
quence consists of a single modification modv updated/smoothed-observed values for AMi ) respect
(again, either a positive intensification or ex- ively. k ,m
tensificatlon) of the basic data association level. ij) d = C, (j)

Then, as data arrives, track histories are km (z k m ,r a m ,
ouilt up (with some eventually discarded) sequent- ,.m( , for any m=o,1,,..
ially in time, consisting of those data reports I m k m mJim  o

which are adjudged as belonging to the same target i m (i)0
source. The decision on associatinq together or M
not a given pair - a previously established or ( ) )kIlk M" ,M" c'
tentative track history with a new report- is " e
based upon the application of the set of inference Similar notation holds for the true possible
rules and error distributions upon the two data iute v ads
vectors, where it is understood-that the previously attribute values.
established track history i is suitably updated We use prime(')notation to indicate the stat-
for comparisons with the new report j. Of course, istical part and double prime notation(")to indi-
for a given track history the updating of the data cate the subjective part:
history for a statistical attribute, under linear- (i) (i)Z(i)
Markov or Gaussian assumptions,can be made using z im = Z;m )

the now well-established Kalman filter [11]. On the
other hand, the very different structured subject- zli)d (z (i)
ive attributes require another approach. For ex- m .m )kl M.
ample, A might be "color of flag" with D = {red, Z,,) A (Z Ci))
red-orange,orange,.... blue,..., black stri~ed,..} m - k,m k'M'+l ...M"
or A 7 might be "class" with D = ,C .... }. D( i  D(i)X D-(i  etc.
How ao we "filter"or predict afong suh alues? m i "

Thus an attribute filter is sought for these cases.
But after a moment's thought, the answer to this We use € to indicate possibility function;
problem is relatively simple: obtain the possibil- I to indicate conditional or dependent poss-
ity analogues for the p-obability function situa- ibility function.
tion. This is spelled out in section 4. ( For p (i) is the index denoting the conditional
a schematic view of one cycle of the data associa- k,m (i) . Thus
tion process from one sampling time to the next, error possibility function for Ak m
see Figure 1 at the end of section 4.) ¢(' 1 -';Pi). k.mi) -. [O'l]

k,m 'k,m k~mand () ~ C)
3. Definitions & Notation and l (rn-Pk(mk~m ~m 'k,m

T"" -utaLion used here is somewhat different = possibility Z is true value for AkM
from the previous and related paper [6], due to e a
the onqoing e-ffort to emnrioy the sinpivit , yL int-t flv
accurate nutdtion. Also,

0 ce(i w.,N Pk0,mo) 4(pi) N (i,mo) p,(i,mo)- v-,. . , k k,m msm 0 " k"

j),@ dom(C i',P ) = [0,l] is unknown parameter PM = ()m M ec....

um H k,mkl,..,M" e
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Four special possibility functions are indi- tion:Then we write for the overall error distribu-

cated by: (7(iJ) (i J) (i 'j ))
nt [0,1] -. [O,l1,a decreasing or at least 4 ( i ij)p(i,)),((ij)i '(i2)m

non-increasing function with boundary conditions [I m m M m

coinciding with usual two-valued logic: m ,
1=¢nt(O) ; O=¢nt(1) ,m(iJ) I, '(iJ);P mi'J)

representing negation or general set or attribute ,(i J)im P j),
complement ;- -nkklm ° ,m

0&: [, -0,]3, a nondecreasing function in (k,.. M

each of its arguments, which is continuous,--min, t(ZkJ) (i ) ' (i J))-
associative, symmetric, and possesses the boundary (Zi) )
conditions reducing to the two-valued logic ones: - ( km k m' ,m'') k, m;Pkm

Ol = (x ,O) =0 (Ox ) ; x= (x I )w h ,x ),
' 

tI k ,J) p (i i)) d i m

for all x [O,l]iThis operatr may b unatnbig- wi 7 'i m

uously extended to an arbitrary finite number of in terms of &
arguments and represents conjunction or general

set or attribute intersection; For the overall inference rule effect, we have:
o: [Ol1 2 -[0,1], a nondecreasing function t(ejZ(i!R) ( i (2)

in each of its arguments, which is continuous,>v

max, associative, symmetric, and possesses the
boundary conditions reducing to the two-valued Other notation and definitions will be intro-
logic ones: duced as needed. From now on, only the most

l= (X,1=r (1,x) ; X=o (x,O) 0 CO,x), important changes in t-norms and t-conorms will be
or or or or specially indicated; otherwise, the generic notation

for all x E [0,1]. This operator may be unambig- & will be used.
uously extended to an arbitrary finite number of & or

arguments and represents Jisjunction or general
set or attribute union; 4. Basic Analysis

2~:COl]. 40, 1], a non-increasing function in The following simple theorem is proven easily
its first argument and a nondecreasing function in using the basic properties of conditional possibil-

its second argument with the two-valued logic ity functions as given in [6],[7], or [9] and car,

boundary conditions - - serve as the desired attribute filter. Note also
l=.t,(O, x) = 9Cw(x,l) ; 0 : €,I,0), that in general the distinction(omitting Plim))

for all x e [0,11. This operator represents logic- ¢ k,m k k k m i  -)k

al implication : "if(.) then C..).for , ,
Im k,m

f& is also called in the literature a t-norm

and 0 is called a t-conorm. See [12] or rFg, Theorem 1
ChaptBF 2.3.6 fQr more details on these function Suppose (omitting the P andi for any
classes. k, k=M'+l,..,M",

Next,let Rv denote the vth inference rule, (k,m z k,mIm-l))=,0k,m Zk,m )

with associated possibility function Iz 0Cm -1)
(.I..;Rv):[0,I D( i j  [0 l] k,m k,m-l k k,m

m are known functions with (Zk m'7k _ ik m

somewhat abusing notation, where there is an normable with respect (Z I(m- ) and without
associated index set Jv {l,2 ...M"), where as g tkm k k(m) )

usual, loss of generality suppose that (Zk  is

J' A. J"v - Jv {M+I . . " , normable. Then:

so that (i) ,Ck,m  k Zk,m

¢(evl z(i);Rv) - t(a (Zi J))'c1nseqvCev)), ( Z mm v n o n e (m - l ) ) :m a x ( 0 ((t Zk } m ) , O€ I} j z Z k,4 )))
(antv(Zi'j)) : & ( Jd0v( i)tkm))))k Zk Am -(

an &, rmod~ k P(Mk (k,m Mk,m-l
kJCv (iii) ¢(Z m)) is implicitly obtainable from

fconseq(e V) = mod .(oCo (6v) )  "z 1&1(k (l m)),0(2 ~ I~k3{m-l))

Deote also the index set : Z k mml))(,mIZ))

R 1 (R) 0 k~m k,m k,m
vv8l 8N
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Next, for purpose of completeness, t'e full Previous Fstablished Tracd Non-conflicting
PACT algorithm [4],[6],[91 (Chapter 9) will bH
presented. For justification of the results see the , i J .

above references. Compare W(1 ith i1m-l Wt

The fi *Ilposterir posibility function (7Using PP To
Siag, ,) R,P iJ obtainable implicit- At t

ly from the equation , again using simple notation, Determine Via PACT:;RP)Cda(01 (i''J ' ;R,P)= tJ(6Odiag,2('ij ) ;RP), IIig ')RP

niv(diag)),(3) +
u i v d ' g a g O Z I J  ; R , P ) ) , ( 4 ) E ( 0 J d i a g , Z ~ i 'J ) ; R , P ) > ?

( ° <°j ) No fYe s
C d a ( 6 1 2 i, ; R , P ) ( s ( O6 1 7 m0 'j  ] : R P ) ) o : 0 , 5 i :

v=l..,N KeeD i , j Distinct Associate Report j With€( --0( im
i

) 0 0 j ) I T ra c k H is to ry i : e f in e

Z", ;R,P)= or ('(eziJ) 1iJ);R,P)), (6) Does j e
D(iJ)) Associat Associate m m

With Any With Any With i Forming,E.G.,
LNe w j ? / Ol d i ? Prediction:

where it(Zim) ; Pi-),I, oi , ) ;R ,P), * Z ( ) , ( ~ )
_ii) (ij) Z(j)

(eZ (1 j);R,P)o WeIZ ;R , (8) If i Follow ssum

-- M m' No 0 e Yes ] o('ml Z
O(Z " i )1IZ~miJ);R,P) ),0 esN l

_ m

w h e r e 
+h e - - ll' f~

¢(7 ( ij) (J);R=,P)=1(OI
7 (iJ);) (9) BeDs- A inI Reportts o- m m - m C haru dd Either Previous Orare obtainable as in section 3. 

t
Furthermore, in general, €^ above breaks AsToHistory O Yeup into statistical and subje8  ive components. ~r r d c i n t e p_(- mi ;'P or" (or '( G

-
Z
i

j  R 9 )  
e o/.(j ~ ) oR-

where 

Pred ure ]G(eZr$1iJ);R) 
() -As 

i I R

_ i(e IZm~i ;R), ¢(z iJ)l ~mi J) ;P)), (12)where orbt may be chosen as max. 
Figure . Flow Chart for Dta Association

Since irngeneral t(e) is a nondecreasing From One Data Sampling Time tc
Co the Nextfunction in e with value 1 at =1, and if all modi-fiers are chosen in the positive sense as discussedin section 2 so that each (mo and smodv . om Asypto t Ruare nondecreasing functions of x with unity values

at x=l, such as is the case with exponentials,then Given the above scheme for obtaining the finalit follows from the property of €, that the final posterior possibility function for the level of

pdata 
association between two track histories, thepostri pibu i li function isep formally iesrl following natural question arises: Can some analogueabdti bu0 tio fuOHncion eascep o reo ceil with the classical case of statistical consistencybenga t teden. Henc a eso narbe msuren oforcen- be established here? In [61 it was shown that as

r e i the fineness of the domain of statistical att-ly expectation notation a () butes increased- and dually, the granularity de-E(O~diag'jliJ);R'~d O d ( i )m RP) creased-under certain reasonable conditions,the0=014 
posterior function for data association converged

1o'iJ);RP).de 
to a computable function of a statistical expecta-

= Z ( d m tion. In turn, the behavior of this limiting ex-See s or f (13m c 
pression as inference rules and error distributions
became more precise was considered, leading to,

A simplified outline of a data assoiation under perhaps too stringent conditions, a form of
procedure utilizing the PACT algorithm as describ- nsistency. In order to clarify this further, a
ed above is given in Figure 1. similar result, under weakened conditions and with
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more specific applications, will be presented. assumptions (a)-f' hc!U Thf- A-suminq or max

Suppose the following additional assumptions
hold relativeto the basic situation used to deter- 

;P

minethe posterior function of 6: _ lim( t ( C. m(i'J).R, )

(a) For all y L IR
n k  I f ) (. ): IR nk - R

+  
is a p - p -

k ,m1
bounded continuous conditional probability density 1-h (min(r(e),h(O))) , (10)

function, for k=l ,..,M' ,t=i,j , for some chosen where

track histories i,j.
(b) For each integer p>l let 0k M£ be the pth P(O) = i max 7 m

k ) -I I (z'(irj)r D iJ)
discretization and truncation of Dmwith Lk,t,p) m

(ie. mximal legt (6 Z111) e VIZ
denoting the mesh of 

0 
k(p (i.e., maximal length (m V ( H , mi

of any rectangle formed within the truncation
area), so that ,in any sense, lim D (te .R

n k and where Ev (
'
)
r
denotes ordinary statistical expecta-

Pk~minp tion with respect to random vector V (replacing
liin .k = 0 ;in addition, replace each the argument non-random z'(i,j)) which has prob-

p-4+ ,m,p ability density function f where at any value

t(Zk
m(

f
) 
1Z);Pk M) by the approximating probability Zm,j) for V,f has the conditional form

function (14) f(Zm(i'J) Z-(i'J)) d M ( M1,,m' ,
( ZM ( ) (Z ) )l=f M )(ZMIM ).6 M( mT mk) ~

pk,m k,m ' k,m " k,m k,m'ISnMp (k I... . M2,

and denote accordingly all computations involving (21)

this replacement, for k=l ,..,M' , f=ij ,with P. (Proof:

(c) &, (t&3 (xkj)) is analytic about xk,C=O, Use the canonical expansion for Cor as in (15)

where q is replaced by a summation over D'J)

( , , and x is replaced by G (eZ(i' . In turn, expand

Cd) ¢or' is an Archimedean t-conorm with genera- expand h(l-G (e,ziJ))) in terms of variable

tor function h: [0,11 - P+U{+-which is continu- -(i, )P' (Ci,)

ous, non-increasing, with h(l)=O and h(O) < +o' p n around 0, obtaining

and is such that - h(lGp Z(ij) (6 e(o , . (i 1(ij)

or (Xl ..,x q )=l-h- (min(Fh(l-x)'h(0)))' ) 0) (pi'm ij)
W1(15) + 0((0 (/(i)i3))?

for all x c [0,1], q=l,2... (Seee.g.,[12] and M

eq.(23).) Also expanding for ak~f) small,

(e) Referring to (d), h(l-6&(x,y)) is analytic .(i i) =j)11'j).Aj)

about x=y=O in [0,1]2. p(Z m ( ii)M m I p

Mf) j ¢ 'J;R)" - _ is a continuous function in + 0((A 0j))2

V ,i. allowed to be arbitrary in nk) where Cmip
m k A( -j-)-(A()
(This is guaranteed, if s is continuous in its mIp kl. .

first argument and od is continuous over [,]

for k=l ,..,M' , v=l,..,':v) The result then follows from the definition of an

integral.
Next, define

= a ¢&, t& (xk,t)))/axloi ax 1 j- axM Remark.

k ./An important family of t-norms and t-conorms

x k O , is due to Frank [13]. (See also [12].) These satis-

k=l ... M fy the basic modular relation

and t=i'J (16) Oor
(x y) =  x + y - 0&(x,y) , (22)

v(x) -Cd h(s)/ds)s. -(aO&(x,y)/ay)y=O (17) for all x,y c [0,1]. Frank has shown that this

for all x E [0,I]. family can be characterized by the Archimedean

class - i.e., all o&, *or such that for all x c
(0,1),

Theorem 2 (,) xx< n r(,)x1(3
Assume the basic situation holds as establish- ¢&(x,x)<x and *o(XX)'X , (23)

ed in the previous sections. Suppose also that which is also DeMorgan, i.e.
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¢or(Xy) 1 - &(l-xl-y) (24) particular pair rf tra.- 1histories in que tion, ti-
•or matchino table does. For suhjective attribute,

for all x,y r [0,1], and 2c well by the class of these could be chosr, ds some type of syi1 ,etrlZa-

all ordinal sums ( typesof affine transfor" tion c' the corresponding error distribution%,

involving the block diagonal parts of [0,11 -see while for lLutiLical attrihutes, the matching

[9],[12,][131) of subsets of the Archimedean class, tables can be naturally chosen as

Indeed, the Archimedean class of Frank contains M (i,j) I-F (((i'i) (33
many common t-norms and t-conorms and can be con- where km n ,m (34)

veniently parameterized, using parameter s X(Z (ij) )=7(i) i)-) T(i 7W
x ~ og (1 l k ,- m ' km k 1 ,m k,m

sX q W=slq)) and F is the probability di ;tribution finct ion€&,s(X25 ... Xq Z )Osl
with ¢or(x_ . q) determined from the DeMorgaA}2 5 )  ofh

.or of corresponding to the 7 being r.v.'s with

amodular relations, for all x. co[a mmon expectation, b t oYMerwise described by
or m a a nq [0,1] independent p.d.f.'s f 

) 
as for V in Theorem 2.

with generator function hs given as N ta (ij))Note also by inspection that t¢ (.t m ,
hnon 7 dqreasingjun5 tion in the variables A(Z

where the specil c s a)). provided that we choose,for all O<s<_+- where the special cases are : m M"" m , a bforall0exampl Cree (x)=xav,k ad Cre (x)=bv

s=O (non-Archimedean) :for example, v

0&,0 (Xl 1 .. Xq) = min(x,...,x , for some constant positive avk , bv  all xe[0.11.

€or,O(xl .. Xq) = max(x ..,.. x ) , (27) It then easily follows, that if all error distribu-
+ , if x=O q tions are not in dirac-form, but indicate some

ho(x) =i0 , if O<x~l spread or confusion between observed/smoothed data,
X x then if we can legitimately obtain for the infer-

s"l ,. q •1  q ence rules the consistency structure given by

=xll-X probsum(x 1 ,x )all a vk approaching the extreme extensification 0,
or, q 1 - q (2R) with all b approaching the extreme intensi-

W fication +- , for 0<0e<, ¢(e Zm(ii);R) approaches
0 for fixed values of X , and similirly for (0Zl

h,(x) - log(x) all x c [0,11 On the other hand, for e=l, the latter is maxi-

s=+ P+ (x1
l..X q mized. The consequence of this,applying standard

q minx+..+x inequalities to the exoectation C (-) in Theorem 2
€or,+ (xl,..,x q)=max(xl+-.+X - -q-(q-l),0) (29) and making the additional mild asumption (true

h+( - all x e [0,1]. for Frank's family for sl) that v(x) is non-de-
X ; a x creasing ir.%)over [0,1] with v(O)=O,v(l)=l,is that

It follows that if all t-norms and t-conorms s(efdiag,2mUJ ;R,P) approaches the possibility

used in the computations for the posterior function function 4W representing complete data association
of a are culled from Frank's family and the assump- between i and j, i.e.1 iff =
tions (a),(b),(f) hold, then Theorem 2 is valid, - if
and the key computations for < and v are :W

( )  
0 iff 0 <1 . (35)

For generator h , of 0 or IFuture work will be directeG toward extending,

(-log s')-s'/(s-l) further quantifying, and establishing empirical

(d h s,(x)/dx)x~ l  : (0<s'<+-.,s#l) "  bases for the above study.
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