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AN APPROACH TO THE TARGET DATA ASSOCIATION PROBLEM USING
SUBJECTIVE AND STATISTICAL INFORMATION

- W

1.R. Goodman

HAJAL OCEAN SYSTEMS CENTER
Survelllance Systems Department
Code 7223
San Diego, CAL. 92152

Abstract

A general approach is presented to the data
asscciation problem in tracking which incorporates
both linguistic-based and statistical information,
extonding classical results. Tho tochnique continues
the provious effort of the PACT (Possibilistic
Approach to Correlation and Tracking) algorithm, In
addition, a2symptotic consistency results are obtained
relative to increasing sample sizes and model refine-
monts,

1. Introduction

T The PACT algorithm has been documented {n pre-

vious papers.[l},[Z].[3];?It is an attempt to per-
form track-to~track ot report-to-track data associ-
ation or "corretation” based upon varying informa-
tion sources. The procedure in an obvioys way may
be extended to problems of medical giggnosis. fault
deternfnation, and classification [I}.gFhe entire .
technique is based upon the idea that attributes
may be represented by fuzzy sets and that\such ob-
jects represent a weakening of probabilifg c des-
criptions-and hence suitable for the interoretation

of natural language information([31;[+] for other work).

2. Hybrid Logical Systems

A hybrid logical system consists of the tuplef=

(0ot Cy20,,iU) wherei0 . is a collection of nega-

tfon operators ¢ _:(0,1]+{0,1] nonincreasing with
¢a(0)=1,¢ (1}-2.7 Other properties that %, €an pos-

sess {nclude {nvolution and continuity [S5 1. ¢, is
a collection of conjunction or general cartesfa%
product operators ¢,:(0,1]2+(0,1] nondecreasing,
continuous, bounded ébove by min,and such that isor
a]] u,y: ¢ (0|V)=’;‘ (uvo):o H 0.(],V)=V'-"J (V,]), (1)
as well as ﬁfgher aﬁgument operdtors with®similar
properties. Hhen ¢, as a two place operator is sym-
metric and associalive, then it fs called a t-nomm,
and possesses many useful properties, fncluding

an unambiguous recursive extension to muitiple argu-
ments and canonical representations [5 ],[6]. When
n-arqument ¢, {s the cumulative distribution funct-
fen ?c.d.f.) of uniform {0,1] random variables(r.v.)
(not necessarily fndependent ,nor ¢, need be Symmet-
ric of associative), it 1s called § copula [6].
Copulas and t-norms may coincide cr not.{See [7].)
A similar situation holds dually for ¢__, a collect-
fon of disjunction or general cartesiafi sum opera-
tors v :[0,1"-[0,1],for various m, nondecrcasing
cont1n8bus , bounded below by max,end e.g., for m=2
el v v (Vov)=e (u,T)=1 5 ¢ (0,v)=vey (v,0). (2)
t-conorms and co-eopulcs are 31so defindd analag-
ously [S].[6]. Finally, U Is a collection of fuzzy
set menbership or possibility functions ¢A:x»{o.1].

corresponding uniquely to attribute or fuzzy subset
A of space X having domain dom(A)-support(éA)SZX H
for various A and X. Such functions include ordinary
probability functions when X {s discrete, ordinary
cdf's when XSB",unimodal normable continuous or not
(normable=having-unit value scmewhere), etc.(See,e.o
{8] for various basic properties of fuzzy sets and
possibility functions as well as many applications.)

The collection S of all strings produced by F
consists of all well-defined combinations of operat-
ors from F evaluated at arbitrary possibilitty func-
tions chosen from U and possibly further evaluated
at functional arguments. A typical strin? {s denoted

comb(L.pp.eiebpniei gyl x, 0 U3)

The following principles involving linguistic/semant
fc evaluatfons are assumed :

Principle 1 - Parsing
All statements in natural language may be exp-

ressed in~a Tormal language in terms of membershios”
or degrees of compatibility of elements wit, attri-
butes and the use of operators forming formal
strings representing (possible different) rot,&,or.
Symbolically, a typical string here {s
s % comb(..not..;..4..;..0r..;..(xeA)..) (8
= (..,x,..0e(comb(..not..;..8..5..0or.. ) (. .A..);

Principle 2 - Abstraction

The truth or semantic content of any siring (or
proposftion) as in eq.(4) is tr{s), as in eq.?B).
If the system i3 wiv» “in:vjonal, then (by definit-

ifon
on) &..;..ﬁo..)(...¢A(X).--‘

.

tr(s)=comb(..;n.._‘.
Other concepts associated with natural language may
be described and evaluated, including: conditioning,
quantification, interaction/independence as well ag
dependence, projections and marginal attributes:
tense, mode, case and prepositional and predicative
relations; and functional and reiational transforms,
including arithmetic operations and linguistic modi-
ficaticns, (See for example, {4 ] or [9].)Examples
of the above will be given iater in association with
tne PACT algorithm essentfally as error distribution
and inference rules.

One example of a2 hybrid system §s simpie proba.
bility logic where F-(neg;w&;vo;ucdf) , where

neg(x)=1-x39, ¥s a fixed n (aroument)copula, »_ fis
the OeMorgan transform of ¢, and thus a ce-coptla,

and ucdf is the collection 8f all cdf’'s over 8 .

Then by Sklar's Theorem [7] for any F,,..F

w (f,...,F ) {in compositional form{ il a s?ﬁpie
sérikg reppesenting 2 legitizate cdf. By replacing
Fj's by 1, marginail cdf's or cdf's of number less

qa7
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than n can be formed. More generally,ron-cdf string
comb(neg;va,wo)(Fl...Fh)(x],..xm) (6)
= ':’&(F] s ,Fm)(CUmb(c,x,f)(’(-a,X-l],.. o("‘"xm])) ’

which may be extended uniquely abcve the ray level
to arbitrary Borel sets, but for the latter sftua-
tion, F is no longer truth functiopal {n general
(a characteristic of jointness of events in prob-
ability- see, e.g. Res~her [10]).

More generally, a Lebesque-Stieltjes logic may
be developed, where cdf's are replaced by functions
of bounded variation and probability measures by
signed measures at the Borel set level [9]. Of
course, in the probability logic example,:he single
v, could be replaced by a collection of copulas and
rflated functions (noting that in general copulas
composed with multiple copulas are not copulas,
although they do remain conjunction operators).

A single natural language concept may lead to
a variety of possible semantic evaluations. One
contributing factor to this ambiguity lies in the
aonuniqueness of extending an ordinary function
frXyxX,+Y to ?:F(x})xF(X23*F(Y), the 1ifting of f,

where F(X) denotes an appropriate class of attri-
butes of X ( or a1l attributes on X).Two candidates
for t are, using Principles 1 and 2 and the unique
representation of attributes through their member-
ship functions for a simple logical system:
$3(a B)(y)=tr(ycf2A.B))=tr«2(x.z)cAi8)&&nf(x g?
By ¢&<¢¢(x),¢8(z)) (7
(

(an (x,z)ef" y))

¢;(A,8)(y)=tr(f"(y)ch8)=¢&(¢A,¢8)(f"(y)),(g)

vhere in the first case, AcF(X,),BeP(X,), and in
the second case, AeF(P(X,)), Bez(P(X,)); related to
the measure theory concept of transfgrmation of mea-
sure.

and

in 2ny case, once the functional extension
problem is determined, other ambiguities arise: Let
BP be the tlass of all multiple and single argurent
Boolean truth polynomials, i.e.,

8P =+O‘({0.1 (0,137 19)
ns

Thus each function § in 8P may be extended to f:
F(0.13*-.xF[0,1}»?[0,1]. Call thic class BP. Kow,
f=comb(¢n;¢&;w° restricted to {0,1)" for suitable

choices of m yfelds a classical logical connect-
ive , and in turn the extension T thus provides
an alternative natural evaluation to eq.(S)
tT(S)"(¢?(. .(A.CA)..)‘O)"’;’(..(A,CA)..)(]))' (10)
fn general, distinct in form frem that in eq.(5).
Another problem {s the choice of the operators
for F to medel a given sf.cation. Restricting these
operators to be , e.g., t-norms or copulas may be
confining, despite the appeal. This {s closely re-
-lated to Hilbert's 13th problen, and more generally,
to the problem of representing multiple 2rgument
functions_by superpositions of lower arqument func-
tions [11],when assocfative copulas or t-norms are
eployed, because of thefr canonical representations,
Cn the positive side, 1% can be shewn that Sprechers
refingnent of Kolmogorov's origiral form for an arb-
ftrary continuous function of multiple arguments ray

te formally COUSPEd as the strin n;or constants C4»
bndsum(g (¢ A
ondsum(g(v, (¢, (¢A‘(x]))....¢& (65 (x))uc)))s

1,4,

wiere' bidsum 15 ordinary sum botnded by unity, (D
a t-conorm,q 1s monotone decréas.ng , and ¥, Is &
strict ( and hence Archimedean) t-norm haviﬁg can-
onical representation -1

v&(x],..xn)=h (h(x]{i..+h(xn)), (12)
where "h:[0 1;»R+ fs continuous decreasing with h(0)
s+o  and h{] =0, Also, the i-intensification or mod-
ification of A through vy {s given by

o (6, N b (e (x0), (13)
n?t;n? that these intensiflicatfons cbey the exponen-
ta aw [] L] [ ] 1 o

(o O TN BN, BN e

for all nonnegative real 1\, extending the {ntegei-
valued repetition of operator ¢,. A reasonable sub-
stitution for the above form is° the use of ordinary
exponentiation or translation of arguments.(See(3 1)

3. Combination of Evidence

Let F be a given hybrid logical system to be
used for the relevant modeling. Let 8 ¢ X be an un-
known parameter vector to be estimated or decided
upon. Suppose that ép :XxYJ¢[O,1], «1,..,m, aren

possibility functionsjdescr1b1ng 8 as well as Intro-
ducing nufsance parameters ZJ cTJ S L1 TN - 8

Then , if for example a single m-copula 4, is chosen
for combination, one has the joint nan-in%eractive
function

sple.2)ey, Lo, (04,24)) (15)
Ger,..2)
od(oy,..08y) 3 19200 (16)

This representation of the joint information and
all nyisance values may be Intercreted in terms of
efther ordinary operations upon nested level sets
or equivalently upon cartesfan products § in partic-
slar, on nested random sets. {(Indeed, a strong fso-
morphic-1ike relation holds between many common set
operatfons on nested(randcm)sets and corresponding
possibility functions, Including intersections,
unions, set differences, projections, and functional
transforms. See [67 and [12].} Thus,for all €,Z »
¢A(eoz)=P§(«€1‘rZ‘ )CS (Al %"mem’zm)csufﬂ"‘m)))an
where S, (A,)% ~'[1,,17 4s the unfque nested randem
Uy 3" TRy T

subset of XxYj which {s one point coverage equival-

ent to ¢, , where U,,..U_ ere marginally, rv's dis-
tributedA3 uni{formly ovel [0,1] with joint cdf ¢

(see [61,[7] for other properties and results.}
tiext, consider the concept of conditfonal pos-

sibi1fty functions: Let X and ¥ be given spaces
with attribute B ¢ F(XxY) dominated by attribute
Ccr(y)1.e.,
(su%¢¢1J)soéy):allyd’- (18
AeX
Then it follews that there exists (uniquely, 1f, eq,
v, 15 a strict t-norm) conditional attributes(8ly)
sitisfying (for given operator o&)for all xeX,yey

¢8(X'Y)‘*a(ﬁs|yf‘)'°c(y)) . (19)

in particular, let the dizgonal possibility descrip-
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tion of 0 be  , assuming here 2 simple system,
(0)d tr(o,~..=6_%8 ¢ N proj (A,))
*d(A) ! B Ciggsm x93
"96 (¢A(0.--.0:Z)).

(a11 2)
Let X =X and ¥ be the space of all possible descrip-
tions ( or “possible worlds") of 6. Hence,d{A)cY
and the unfvarsal inclusion description CeF(V) with
¢b(d(A))=trG30)(ocd(A)n=vo °d(A)(°))' (21)

$ince the compound attriéafé representing ¢ and d(A)
has the same evaluation, it follows that

by ()0 e (01d(A)) epld(a))) (22)

determi{nes the final combination of evidence func-
¢fon o(8|d(A)) as a function of eeX.

As a check cn this procedure reducing to the
classical combination of statistical evidence, if
¢&=prod,¢or-bndsum.\'j {s vacuous, and X=R"suitably

discretized where each N is appreximated by

(20)

3
¢A (ej)gv(oj'uj:Aj)'A(ej) ’ (23)

¢ being the Ytandard probability density function
(p.d.f.) for the gaussian distridution ¥{0,I), then

olo]a(a))¥(o-5.1) afo) (24)
R oF pLR ¢ 10 T WL Sl (25)

the samedfdrmally as thd=BLUE {best 1inear unbiased
estimator) of u,and by a fiducial argurent, of ¢.

4. Applicatfon to Data Association

Suppose now that attributes A ""Am describ-
{ng nuisance parameters concerned w}th e " ( but

not & directly) are avaflable in the form of com-
pound attributes represented by error functions

and by inference rules, A, could represent geclo-
cation, Az 3 sensor syste% state, A,, another state,
and for m®*4, A, could represent visaal descripticns,
where 6 represénts the level of correlation between

a pair of track histories, say 1 and j. Thus, { %
described separately by error functions ép(Z££5| zi))

2(3) are observed or

for 2=1,} and k=1,..,m , where

predicted outcomes of data a ssc?ated with A, - in
fact, ;“ € dom(Ak) - and 7, 21 ¢ don(Ak) ca§ be
arbitrary. Cenote -

2=(2y,..,2) 5 2,=(241),2{3)) e=1..n (26)

with similar notation for Z and f..

In additfon, Z.and 6 are described jointly(or
perhaps, more accurately, conditionally) by r infer-
ence rules R, t=1,..r, where

_ople]*2)e tr{(Z ¢ Gt) iff(e ¢ CorrY ))

t
- v¢(¢8$2).¢c°rr (e)),

where {mplication ¢perator 3, ¢ t¢° or ¢, , COFres-
ponding to."{f-then" and"{ff"", respectivery. For
example, one can define for all u,ve[0,1], (28)

U JU ) m, (o (u,v )0, (v,0) ) io (u,v)=3 (¢ (u),v)

whé?i nntecédegf e ? o

¢ (Z)err( & (2
t (k:dt)

(ked,) B x

J,€ {1,..,m} Is index set of attributes Rt operates

-

(27)

£1)& Zij) match to degree 8, )}

(28)

te Aks

on, My {s a matching‘se€ for attrj?
and Zk

éHk(Zk) is the degree to which Z,°

are compatible,w1th fntensification {or extensifi-
cation) determined by 4 for som2 8, 20 ,either

8

t,k
in the form as given fn eq.(13) or (as previously
mentisned) as exponential or trag§lationa1 argument
form,Corry, similarly represents y,-degree correla-

tion. A t?ﬁﬁe can be established {élatin linguist-
ic intensifications with numerical ones- 2 s
From now on,simplifying notation for a1l refe-

vant error and matching functions and inference
rules will be employed. The basic problem here is
to apply the combination of evidence procedure to
the data association problem for an appropriately
chosen hybrid logical system.First note that:

A. Attributes may be grouped roughly into two
parts: {A1....Am.}, statfstical attributes 3

(Am'+1""Am)' subjective attributes.

For each statistical attribute A, such as geoloca-
tion or sensor state parameter, P, arfses typical-
1y as the discretization of pdf f, , say, obtained
by various geometric and physical considerations.
For each subjective attribute A, such as identifi-
cation or visual description of scme type, P, is
obtained from a panel of experts and represeﬁts
possibility values conditioned on potential observ-
ed data and {n general will be approximately a
symmetric binary function, so that ar ?ion b;e
choice for M, in any Ry fs Mk(Zk)=Pk(Zz [ZZJ )

B. On the other hand, for any statistical attri-
bute A, in general M, is not the same as P, , since
statis%ical hypotheses testing {invelving P_) pre-
sents a natural candidate for M, : the significance
level function for on -dimensioﬁa! test atatist§c
n» say, where nk“nk(tk) for any outcome of rv I,

roting ana%n that P, s a discretization of f, the
pdf of FH12LY), =153, Thus,for the hypotheses

Ho:i.J catch vs. H‘: i, don't match , one obtains

8, (2, )ePr(n (2, o0, () IH0)=1-T, (n (2,0}, (29)
where T, {s the cdf of{n,( ILNE

C. Inference rules are gemerally selected from a
panel of experts and are thus uniquely determined
by -once a choice of F {s made- J, and the tuple
((at k)k 3 } . although modificdtions to this

' € t t

may occur {f negative matching or negative correla-
tion relatfons are {ntrcduced.

The following three theorems will be usefyl in
developing principles for choosing appropriate
classes of operators for F.

}hat

Theorem 1. -
Let ecX with 81.82... ef(X), vy conjunction

operator, 2pd ferm for 2ny possible value x of g,.
¢glx)=0 n Bk(1)°va(o31(x).¢32(X)...). (30)

Then : k=1,2,..
en;
gﬁa If vy {s efther an Archimedean t-norm or min
{x|xeX & Vim ¢g (x)=1}-= g , (31)
kot Tk
then, unless Uy . min, ¢8(x) = 0, for all xeX.
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Cf{) The a~-lével description of o by level sets equ-
fvailent to B1.B2,+- s

glo)s M (8 'la1DSX 100, (32)
l<ker Tk
Then e
[a.11Sg(c) , 211 Ogagl, . (33)

$
with proper sﬁbset relation holding in general,and
with equality holding §ff ¢, = min, {.e., the only
case where no information ié lost concarning ¢ is
min.

Theoren 2. n ah
Let CeP(R") with the p°" discretization C ¢
P(Dp) of C defined by letting Dp be the domainPo?

C_ formed by making a pth discetization of R with
nBsh fineness strictly decreasing as p grows,etc.,

and where 5 (x) = ¢c(x) :all xggp . 134)
Then, P
(i) 1f Yo is an Archimedean t-conorm,
tim g, (6. (x)) = 1. (35)
f (chn)p
(i1) 1f ¥, = max »
(36)

lip ‘;’o(écD(X)) <l 2

with, in general, strict inequality holding.
Theoren 3. (See alsq (131.)
TT Let f, R"E =R, k=l,..,a,for a,fixed finite,

be bounded pdf's. th
(i) Let y,.be a conjunction Dfine the p~ modified
discetizatfdn 7, o of £ 85

¢ . .
fk,p(xk) fk(xk) A(xk) iy € Ok.p’ (37)
where Dk p {s the corresponding discrete domain
and 4 is the mesh functicn so that
fy o(x =1 3

(xy¢ k.Sf )
and finally, let for any x=(x;,..,x ) e D( )
D} XeeXx s a p

P 4,p

(38)

d -
f(p)(x)'¢a(f‘ ‘p(x“ ) v vvfa 'p(xa))a (39)
(i) Suppose aleo that
exists finitely.

(iv) Suppose that ¢,, 13 & conjurction such that
there is ¢, O<6<1,suéﬁ that for all ue(0,1],
3¢&2(u,v)/av and azv&z(u,v)/azv are bounded for ail
ve[0,8).

(v} Qr:XXRmO -+ [0,1] 1s 2 given continuous function
vhera "X is the space that contains ¢ and where

(a0)
u‘n--=ua=0

)

a

My d my*..4m, - (41)

(vi) It {s assumed that ¢ {s an Archimedean t-co-
norm with canonical generatgr h:h 1s continuous with

¢o(u,v)=i-h“(min(h(a-u)+n(1-v),h(o))) ., (42)

for all u,ve[0,1], 2nd h:[0,1]- R* 1s nonincreas-
ing with h(1)=0.(See [S] for further properties.)
1t is further assumed that there Is a x, 0<xz<i, such
that dn{v)/dv and d2h{v)/d%v are bounded functions
of vefe,1].
Then, for all ocX ,

Vim{ v (°52(°r(°-X)'f(p)(x))) )
(XCD(D))
= 1-0" (min(x(0).h(0))) . (43)
where a
SOCR IRCINCED URACLNE (a¢)
fz(u)q-(dh(v)/dv)v_]-(a%z(u.v)/av)vno , (45}

for all ue(0,1].

Remark.

" Frank's family of modular t-norms (see [5] or
{6] fer various properties)and t-cororms can be
shown to satisfy the conditions of Theorem 3 for
any ¥g3 2 Vg9 and % chosen from the Archimedean

part of the family.
Theorems 1,2,3 lead to the following:

Principle 3
I :X+(0,1] , k=1,2,.. is a sequence of des-

criptions Ef 8cX with either high redundancy or !
much irregularity occurs in the sequencs

Tim ¢q (og =1 does not appear viable, U

pte K

for combining this sequence ¥,=ain. In addition,

min allows for an uncountable number of descriptions
of 8.

- ————

Principle 4 o
Tf 6, - "% as above are now relatively non-inter

active/nonfoverlapp{ng, then %, and & 2s Archimed-
ean t-norms and t-conorms, resgective?y, may be
reasonable.

Principle § th
If C_ i{s the p~ discretization of C as in
Theorem 29 then for the model,choose & =max so that

HHm ( ¢o(¢c (x)) becomes non-trivial.
Pt Xch p

Thus, returning to the basic problem, Principle
4 inplies that iIf A},..,Am,are all relatively non-

overlapping, then the total error effect may be ob-

Y31 which may well be an Archimedean t-norm such as

from Frank's family. This ylelds the overall stat-

fstical errorgefgect _2
p(z'|2") *&,I(Pk(zk' J)

{1sksm™)

(46)

where 2 varo (501)8(D)
P 7, 12 )7R (2, ey
for all k, F=1,..,m.

Similarly, for An'+1"'Am , the overall sgb-

1.0, (2{8183))) (a7)

jective error effect is ~
n.u' !
PLZr (I v, Hip (g, 180)
(1<ksm) ‘
with possibly the two conjunctions being chosen the

same,and fyrther,as an Archimedean t-norm.
On the other hand, since inference rules typjc-

ally operate on.combinations of common or similar

(48)

attributes - by intensification modifications- pPrin.}

-k -

tained by simply choosing an appropriate conjunction :

.
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cip]é 3 maf'be invoked to yield the overs1l infer-
ence rule effect as
R{o|Z)emin (R “e{Z)) . (45)
1<ter 7

Again using Principle 4, it may be appropriate
*to choose Arch.medean t-nomm 053 to obtafn the

joint posterior functicn
3(6,212.R,2)8 4,5(P(2]D) R(012))
o v5(P(Z'1T')00,0,20) , (50)
where overall error effect is

P Dy, (P12 (20l E)) (5)
and.as in Theorem 3,
ér(s.Z)é¢&3(P(Z“lf').R(e!Z)). (52)

Note that a sufficiency condition holds here

for o(812.2.,R,P)=¢{0}Z,R)=R(6]|Z) (53)
as well as $cer o
¢<zxi.R,P)=¢(z!%.P)=P(z;z), (54)

which also when substituted into (50
vhich may be independently derived by use of con-

ditfoning of possibility functions.
Next, Principle 5 may be used to obtain the

marginal postericr function for & , before normali-

yields a form

zation, using the universal inclusion description:
= 2 ag 4 2 3
. "d(:\)(e) ¢(e{Z,R,P) @??xzs ‘;oé?ge.ZlZ.R,?;)), (55)

for some choice of Archimedean t-conorm Yo ,f0llowed
*in turn by agaia invoking Principle 5,
¢pld(R))= sup (s(eil.Rp)) (56)

Jeog]
which finally ylelds the normalized posterior
1(8]d{A)) (dependent upon 2,R,P) , by use of (22).
Note that if Pk(Zklﬁk)=62 3 (Xronecker delta),
then the evaluation of all Rtkin$olv1ng that attri-

]
bute A, ,in effect have M {Z,) rep1ace§ by ¥,.(Z.)
{n the“antecedent and thE 1§rm pk(z 1Z,) 15Kdr§pped
frem the calculations for the(norma 1z§d) posterior.
In the above cocmputations, for simplicity, the ¥,
for 2=1,2,3 could be set equal, {f other conditidns
do not arise.

5.Asymptotic Behavior
Suppose that the combinatfon of evidence prob-
Tem relative to data association is carried out as

ogglined fn the previous section. where P, is the
p’ discretization (modified) of pdf fis For k=1,..,

n', and all corresponding conditions for parts ({)-
- (1v) and (vi) for Theorem 3 hold (a=2m'). Also,

note that part (v) of Theorem 3 is satisfied by use
of eq.(52) and that any given inference rule Rt may
use implication operator - being efther » ures .

(A} Under the abeve general conditions, for all
2ef0,1] ,

Ha (e{0]2.R,2)) » 1-h"}(min(cl8).h(0)))

(57)

591

as in eq.(43), but changed to account for max, where
t(0)=hy s T?x ( EV(&(OF(O,(V.Z")))) ), (58)
oozt

where 7 in eq.(52) s replaced by (V,Z") , ¥ being
a r.v. representing forma21y Zz 3nd having p?f)f':
g ¥iya B i)15(9),. (3)5(d)yy,
AR AT L RAC L

(B) 1If also both statistical and possibilistic con-
sistency Lkolds,l.e.,

fb(Z£L)!§££)) - 6(Z£L)-2££)) (dirac delta)(60)
for ¥=1,.,,m"' , and

pk(zéz)[iéz)) ~ 5, l)’iﬁl)(xr3necker d1ta)(61)
for x=n'+1,..,m , and {f k is such that & 1is non-

decreasing with k(0)=0 ( as {s true for the members
of Frank's family-see [9) ), then

x(8)=hy - £(R(0]2)) (62)
and hence
Vin (6(8]2,8,P)) ¢ 1=n" (i, s 2(1)).  (63)
p—v&m .
(C) Ssuppose the conditions in (A) and (B) obtain.
Then
R(2]E)¢ min (00(1—Gt(%),97t))
Istsr
< min ( card(J{,.)-X‘;’*(k(%k)5t,k)\L 8Tt)
(:l-k‘tSr (keds)
=, - t (64)
(D) Thus, if 21so for k=i,..,m,
lzﬂk(ik)zl-w ; Osn<l constant, (65)
then o
R(olZ)s min (card(3,)(1-(1-0)%t)+ et)
Ister
< m-(1-(1-0)%0) + 870
de, . (c6)
where ( d d
g2 max(8, ,); 8 % max(8 %y ® max(yy). (67)
t ea,) BT gt (1gten)

Hence, for all ec{0,1],

U ( o(0]Z,R,P))% l—h"(th.-&(ao)). (e) |

prt= o
Thus, 1f also M, (Z,) - 1 uniformly, for k=1,.,
m, B, is bounded posiéivﬁly below, and Y fncreases
without bound, then {t follows from (66) and (68)
that for 2l1 0£6<1,

Tim ( o{e]2.R.P)) =1-h"1(0)=0. (69)

p*‘h:
Finally, since in genural ¢D(d(A))>0, (22)
fmplies that the final normalized posterior {s
Hm ( ¢(e]d(A))) = 8q ];all eef0,1].(70)
pote '
This may be interpreted as describing the correla-
tion conditfon "extremely likely correlated” since

this can be considered, e.q., @ limiting case of
the function ¢c(e)=oq , for all 8, as g++=, where

al1 fntens{fication §s by exponentfa}fon applied to
a standard membership function-in this case, the {-

o~

%
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dentity funztion over [0,1] representing the attri-
bute “correlation lavel” with domain being probabil-
ity of correlation or possibility of correlation.

(£} On the other hand, with the conditions in (A)
and (B) holding, the lower bound for R is

R(019):> minle, (o, (1-6,(8).07t) 5 (1-0"t,6,(]))))
15t<r)

2 min ( 1-6,(2)-0"t)
ster)
> min (1- ata( (4 )5tK)o7t)
(1<ter) &edg
d Py - ()
(F}  Thus, if aiso for k=1,..,m
wzﬁk(zk)zo s Osw<! constant , (72)
then o g,
R(8]Z)> min (1-u°t -¢Tt)
{1<ten)
2 1-@80 -g¥o
=a., (73)
o X
where d d
St'd min(st Q ;so‘- min(e")‘,vo’- min(yt).(‘M)
(kedg ’ (1sten) © (1<ter)
Hence, for all @ ¢ [0,1] ,
Ha (6(0[2.R,P02 107 (1, -2(c ). (75)
(0] (\
Thus, 1f 2lso nk(i } + 0 uniformly, for k=1,..,
n,3_'is bounded posi.ivgiy belcw, and y!' {increases

3
witfout bound. then it follows from (739 and (75)
that for all 0Oc<g<l,

Vin ( 6{0]2,R,P)) 2 307 (hy i oR(1)) . (76)
priw '
But, eq.(63) shows the other direction, and hence
° -
vin( o(6]Z,R.P)) = 1-h" (h, ,-5(1)) > 0 (77)

in general (as {s true,e.g.

,» for Frank's family(¥1),
Also note that for e=1 ,

R(D)= min  (6,(0)) < B0 (78)
1 ¢t <r,
Rt uses &
where = d
8y = mn(st'k) (79)

(cht,
1stsrs Rt uses <y
Thus, if there is an R, using ¢», 1t follows

that if 87 1s bounded positively frcm below, then
the above gondftions imply that

T (o(1]12,8.9)) =1-n"Y(0)=0 ,  (80)

Pt

[gn$]hence from (22) it follows that for all o ¢
Ha (3(old(A))) =1 - 5, ¢ .
pri= g

which,analoguous to the result in(D), indicates
Hinguistically that the condition "not extremely
correlated” holds, corresponding to the limiting
case for possibility function ob(6)=l-eq as a func-
tion of 0, as Qe=.

In summary, the above results show that suf-
ficiently ?ood Information and matching of data
(25 fn (0)) leads to asymptotic consistent results,
while relatively poor matching leads to the unde-

(81)

sirable results of (F).
6.Conclyding Remarks

This paper has shown how a combination of evi-
dence procedure may be established with a gener§1
application to the data association problem. Some
asymptotic consistency properties of the procedure
vere established. Implementation of the procedure
is necessarilydezply involved with the use of Kalman
filters for updating geolocation state vectors, as
well as other real-world procedures, including
sensor system models and schemes faor the clustering
of ordered pairs based upon their level of correla-
tfon, often presented in the form of a‘correlation
matrix”. The latter depends upon a single figure-of-
merit representing the average correlation level (or
probability) between any two track histories i,j.
One suggestion for this has been to use, in effect,
the two stage r.v. (HISU(C)) , where S, {C) is the
naturally corresponding random set(disgussed before
-see section 3) for output ¢  =¢(-[d(A)), a function
of ¢e[0,1], as obtained abové, and where ¥ in its
conditional form is a r.v. uniformly distmibuted
over the outcome $,,(C) [147. In particular, if
¢ is unimodal, thin the measure of mean fs

E([sy(Ch=E(@/2) (¢ Ty 4+ ¢c"(u)
?eft branch right branch
172 ( J xdag(x) + 7 xeli-a0 1))
X= X3y

1
=uoc(u) + (1/2)( Jo (x)dx
-~  x=yu

where y 1s the mode. An open question connected
with this value is the determination of a related
figure-of-nmerit which is invariant with respect to
any particular random set,one goint coverage equi-
valent to °C .

))

14
- féc(x)dx -oc(’l)). (82)
x=0
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