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AN APPROACH TO THE TARGET DATA ASSOCIATION PROBLEM USING
SUBJECTIVE AND STATISTICAL INFORMATION

l.R. Goodman

Al, OCEANJ SY3TEMS CENTER
Surveillance Systems Department

Code 2223
San Diego, CAL. 92152

Abstract corresponding uniquely to attribute or fuzzy subset
A general approach is presented to the data A of space X having domain dom(A)-support(.OA)~

assciation problem In tracking which Icriats for various A and X. Such functions include ordinary
both linguistic-based andi statistical. Inforpmaton. probability ftinctions when X is discrete, ordinary
extending classical results. The tohinfeotinue cdf's when X521n,unimodal normable continuous or not
the previous effort of the PACT (Possibilistie nralehvn-ui alesmweeec(e~~
Approach to Correlation and Tracking) algorithm. In [,U] for various basic properties of fuzzy sets and
addition, asymptotic consistency results are obtained possibility functions as well as many applications.)
relative to increasing sample sizes and model refine- The collection S of all strings produced by F
ments. consists of all well-defined combinations of operat-

1. Introduction ors from F evaluated at arbitrary possibilitty func-
The PAC algorith has been documented ipr- at functional aruet.A typical srnisdenoted

vospapersJ,[2J.[3].It
form tra c k-to- tracodr report- to -track dat& associ- ~ ~ Ix~n &- ..Po;.. A-' ' 13
ation or "correlation" based upon varyln3 informa- The following principles Involving 1 inguistic/senant
tion sources. The procedure in an obvio/s way may ic evaluatfons are assumed
be extended to problems of medical dijitosis, fault Principle 1 - Parsing
determination, and classification 1(f).J~he entire isteen in natural language mray be exp-
technique Is based upon the idea that A'ttributes ressed in-a-Tormal language in terms of nembershiDS
may be represented by fuzzy sets and tha' -uch ob- or degrees of compatibility of el ements iTt, attni-
jects represent a weakening of probabilisl-tc des- butes and the use of operators forming formal
criptions-and hence suitable for the interpretation strings representing (possible different) rnot,&,or.
of natural language information([3]-;f4) for other work). Symbolically, a typical string here is

2.Hybrid Logical Systems s omfb(. .not.. ;. .&.. ;. .or. . ;.. (xEA)..
____________ ______ -(..,x,..)c(comb(. not..;.. .. or. .)(. .A..l

A hybrid logical system. consists of the tuple.F rnil btato
(ot 0&1 or ;U) where0On L is a collection of nega- The truth or semantic content of any strir. (or
tion operators p :[0,1140{,11 nonincreasina with proposition) as in 0q.(4 1 is tr(s), as in eq. 3).

%()l ~ (1-n Other properties that n can pos- If the system is " ' .-n: ional , then (by definit-
sess include Involution and continuity [5] 0 is on tr(s)=comb(. .. ' '
a collection of conjunction or general cartesiAh (5".:"' '
product operators 0 1 *(O 1)2. 0] odcrsi Other concepts associated with natural language may
continuous,bounded hbove by min,and such that ior be described and evaluated, including: conditioning,
all u y: 0 (0 V)= p (u 0)-o ; 0X(.v)cV=1P(v,l), (1) quantification, interaction/independence as well1 as
as well as fAigher a~gwnent opergtors with &similar dependence, projections and marginal attributes:.
properties.* When v, as a two place operator is sym- tense, node, case and prepositional and predicative
mectric anid associative, then it is called a t-norm, relations; and functional and relational trarnsftrns,
and Possesses many useful properties, including including arithmetic operations and linguistic modi-
an 'unambiguous recurs'ive extension to multiple argu- f ications. (See for exar~ple. (4]1 or Cc? .)Examples
rents and can'onical representations (5 ), G ]. When of the above will be given later in association with
n-ar~ucient ji is the cumulative distribution funct- tne PACT algorithni essentially as error d!stribution
ion c .d.f.) of uniform (0,1] random variables(r.v.) and inference rules.
(not necessarily Independent,rnor 0 need be sy~met-Onexplofahri syemismleroa
nic o0 associative), it Is called §copula (6 3. Oeeapeo yrdsse ssml rta
Copulas and t-nornis may coincide er not.(See (731.) bility logic where F-(neq-,q;! ;:U cdf ) , where
A similar situation holds dually for C , a collect- ne9(X)=l-x;V is a fixed n (aroument)copula, It is
ion of disjunction or general cartesiagrsum opera- the De~!organ 6transform of and thus a co-copgla,
tons Is :[O,1m-(O,l],for various rn,nondecreasing and 'cf the collection df all cdfl's over PcontIn8gus,bounded below by ra~n ec.,fr f is
all u,v: 0 O.) C U l)-l ; o, (O,v)-v;,, (v.0). (2) Then by Sklar's Theorem, (73 for any F **.F,

0 o 8 pua als dfndaag-F ) (in compositional form) Wa su.3ple--oom n o2plsae2s ei~ nlq sirmilg representing a leqitimate cdf. By replacingously [S 1-[G. Finally, It Is a collection of fuzzy itsby1 aria cdsorcfsfnubrls5et nienbership or possil-ility functions ~AX~(.] a 3 y1 agnlcf rc so ubrls

S___



than r, can .be formed. More general lyro.n-cdf string be formally couched as the strin for constants cjt
( ) bndsum(g(t,(1pW n x ) . .~ 6 ~ A ( n ) c ) )

'A&(F.F ) (comb(C,X,t(--x .(-.x I)) wnere'bJndsum is ordinary sum bounded by unity, :)

whih aybe extended uniquely abcve the ray level a t-conorm,g is monotone decreas.ng and 4, is a
tohich ar Boe es btfrtelatrsta strict ( and hence Archimedean) t-norm havi~ig can-

tion, F is no longer truth functional in generalonclrpentin
(a characteristic of jolntness of events in prob- y~xiS..x n )-h-1 (h(xl)4*+h( Xn))' 12
ability- see, e.g. Res~her (10]). where-h:(0 I R+4 Is continuous decreasing with h(0)

More generally, a Lebesgue-Stleltjes logic may C+ -. Aste1itnification of A hruh s ienb
be developed, where cdf's are-replaced by functions icaon fAthugt,&isgvnb
.of bounded variation and probability measures by 0,")(eA(x))q h (h(A(x))) (13)
signed measures at-the Borel set level (1 .O noting that these intensiftcations obey the exponen-
course, in the probability logic example,'-he single tial law
tp could be replaced by a collection of copulas and , (14)
rhlated functions (noting that in general copulas &
composed with multiple copulas are not copulas. for all nonnegative real X, extending the integer-
although they do remain conjunction operators). valued repetition of operator p U A reasonable sub-

A single natural language concept may lead to stitution for the above form Is the use of ordinary
a variety of possible semantic evaluations. One exponentiation or translation of arguznents.(See('31)
contributing factor to this ambiguity lies in the 3. Combination of Evidence
nonuniqueness of extending an ordinary function Let F be a given hybrid logical system to be
f:X 1xX 2 -Y to ?:?F(Xi)xF(X2 -- (Y), the lifting of f, used for the relevant modeling. Let e c X be an un-
where F(X) denotes an appropriate class of attri- known parameter vector to be estimated or decided
butes of X ( or all attributes on X).Two candidates upon. Suppose that A :XXY 'DiOlb.~,.m are m
for T are, using Principles 1 and 2 and the unique posbAt ucin~eciigCa la into
representation of attributes through their member- duciiing n uisnc parameer bn e~ as wel'l asitro
ship functions for a simple logical system:duignsac prmersZ C I

(y)-tr~ef(AB))t (!x~zc~xB *-~x, Then , if for example a single m-copula 4, is chosen
=all 0 )W4W)7 for combination, one has the joint non-inieractive

ad(al XZ)cf-(y)) function - ez- ,4
andy ct~ f (A e,))).A e(8)) ( 5

where in the first case, AcF(X,),BcP(X,). and in o~e ) ;.(16)
the second case, Ac2NP(X )), Bcr(P(X )), related to '"M
the mneasure theory conc~t of tr-ansfarmation of mea- This representation of the joint information and
sure. all nuisance values nay be intercreted in terms of

in ay cse.oncethefuntionl etenioneither ordinary operations upon nested level sets
Prlni any caetrf, other fubigctional aextension or equivalently upon cartesian products -, in partic-

probe~ s dtermned oter abigitis arse:Let ular, on nested random sets. (Indeed, a strong iso-
S? be the class of all multiple and single argument morphic-like relation holds between many common set

Boolean trt plnoil , i~e, operations on nested(randcm)sets and corresponding
B? - U((0,l)~') 19) possibility functions, including intersections,

n-l unions, set differences, projections, and functional
Thus each function f in 617 may be extended to I:transforms. See C 6] and r12.jj.) Thus,for all IG,Z .

F[O 12y..xF(Ol F0,1]. Call- this class 0'. N(ow, A(0,Z)=Pr(aO. , )cSA &.*6(1OmpZm)cSU(A))I
f~ob~;;~)restricted to (0,1?o for suitable where S (A) F's the unique nesteind random

choices of m yields a classical logical connect- A,
lye , and in turn the extension ? thus provides subset of XxY which is one point coverage equival-
an alternative natural evaluation to eq.(S) ent to hr . r mrial~vsds

.(A.CA) I ~~~~tribute J 0 0( ACA.10 unifotmly oveO (,1 with joint cdf
in general, distinct in form from that in eq.(5). (S e t considefr other poptiesaonditresults

Another problem is the choice of the operators i exlt, fuconse tecet of conVe itona p s-
for F to-model a given sihuation. Restricting these sbityfnio:LeXad begvn pcs

opertor tobe e~., -nors o coula na be with attribute B c F(XxY) domJnated by attribute
opertor tobe e~., -noms r cpuls my b C cFMV I.e.,confining, d~espite the appeal. This is closely re- Sup A8 xy5 ~y l c l

-1ated to Hilbert's 13th problen, and rare generally, (x ), Cy);alx)V0
to the problemi of representing multiple argument Then it Fohw htC*r xit uiuli~
functions-by superpositions of lower argument func- Thni olw tathrexss(uqeyfeg
tions (ii j,when associative copulas or t-norms are is a strict t-norm) conditional attributesiBj)
cmployed, because of their canonical representations. satisfying (for given operator to &)for all XCX,YEy
On the Positive side, it can be shown that Sprechee-i 08xy)1 0 .) (19)
refincanent of rolrogorov's original form for an arb-
itrary continuous function of multiple argu~ments ma~y in particular, let the diaglonal possibility descrip.
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tion of 0 be assuming here a simple systEmi o. M k is a matching set' for attriute A-so 1'atS o-. -o C [IproJi(Aj)) is the degree to which Zk,  andk
=€0(¢A0  O;Z).(20) are cormpatible,wlth Intensification (or extensi-fi-

(alZ cation) determined by CF for some Bt %0O either

Let X -X and V be the space of all possible descrip- 
8t,k

tins ( or 'possible worlds") of . Hence,d(A)cV in the form as given in eq.(13) or (as previously f

and the un-varsal inclusion description VcF(Y) with mentioned) as exponential or translational argument

0V(d(A))=tr(()(Ocd(A)))= o d(A)(o)). (21) formCorrysmllarly representS- odeoree correla-v ( ) n tion. A tabhe can be stablished M~ating linguist-

Since the compound attribRU representing 0 and d(A) ic intenstficat ons w th numerica ones-t+ ,r-
has the same evaluation, it follows that From now on,simplifying notation for1ll re1e-

rant error and matching functions and inference
d(A) & (22) rules will be employed. The basic problem here is

determines the final combination of evidence func- to apply the combination of evidence procedure to

tion 4(Bid(A)) as a function of ocX. the data association problem for an appropriately [
As a check on this procedure reducing to the chosen hybrid logical system.First note that:

classical combination of statistical evidence, if A. Attributes may be grouped roughly Into two
,YprodOor-bndsum,Yj is vacuous, and X=Rosuitably parts: (A, .... Am., statistical attributes ,

discret 4zed where each 4A is approximated by (Am .+1*... Am). subjective attributes.
j I:

0A (oj)=Y(OJ-uj, A ).A(O , (23) For each statistical attribute Ak such as geoloca-
the probability density function ion or sensor state parameter, Pk arises typical-

being for tandard ltthn y as the discretization of pdf f k say, obtained
(p.d.f.) for the gaussian distribotion t{40,l), then by various geometric and physical considerations.

( , (24) For each subjective attribute Ak such as identifi-
SA. - J ; d( Ac t1  , (25)ion or visual description of some type P is
A A Z obtained from a panel of experts and represelts

the sameJlrally as thNC LUE (best linear unbiased possibility values conditioned on potential observ-

estimator) of u,and by a fiducial argument, of e. ed data and in general will be approximately a
symmetric binary function, so that a r on"b e

4. Application to Data Association choice for Mk in any Rt is Mk(Zk)=Pk(Z11zll).

Suppose now that attributes A ,._. Am describ- B. On the other hand, for any statistical attri-
ing nuisance parameters concerned wth ( but bute A , in general M is not the sane as Pk' since
not e directly) are available in the form of com- statstical hypotheses testing (involving P) pre-

pound attributes represented by error functions sents a natural candidate for (4 the significance
and by inference rules A could represent geclo- level function for on:-dinensioal tes a c

cation, A 9 a sensor sy t , state, A another state le e fu nc i n for an t e of rv Zk ,

and for m-I4, A could represent visal descriptions, nks say, where nk-nk(4 0 for any outcome of rv

where 0 represents the level of correlation between noting ana n that Pk is a discretization of f the
a pair of :rack histories, say I and J. Thus p d f o f (2-1 Z ) 2'.i ,j. Thus ,for the hypothese
described sepzrately by error functions I :IJ latch vs. HI: iJ don't match one obtains

for- 1iJ and k-l,..,m , where 2g) are observed or (
predic ed outcomes of data azsrcated with A - in Mk(Z-Pr(nk(2k)>nk(Zk)JH )=l-Tk(nk(Zk)), (29)

fact, ik c delia - and Z c doo(Ak) cah be where T is the cdf of(nk(?k)IHO).

arbitrary. Denote C. Inference rules are generally selected from a I
Z=(ZI,..,Z M)  ;Zk=(Z i) ,k=l,..,n (26) panel of experts and are thus uniquely determined

with similar notation for ? and by -once a choice of F is made- J, and the tuple
In addition, Z.and 6 are described jonly(or ( t ) , although nodific~tions to this

perhaps, more accurately, conditionally) by r infer- t
ence rules R t=l ,..r, where may occur if negative matching or negative correla-

tR(IZ)o tr((Z c G) Iff(O c Corrt)) tion relations are introduced. 1;
- M( .0r ()) (27) The following three theorems will be useful in (

w morr developing principles for choosing appropriate h
where Implication operator o t or 0 , corres- classes of operators for F.
ponding to."if-then" and"iff", respectiveiy. For Theorem 1. 1:
example, one can define for all uvc(0,1], (28) Let OcX with 01.,2,.. F(X), v a conjunction

he u ev)cdn0 (,u ( 'n(u).V) operator. aad form for any possible value x of e
here antecent" (x)= B (x)&(B (x)W. (x)..). (30) .

OG (Z)-tr( S (Zkib& k match to degree Ik-1,2,% 1 2I
t (k't)J Then:

P ( 1 (4,(Zk))) (28) , If o is either an Archimedean t-norm or min

(kCJt) Btkk (xlxcX l -lim 0 (x)-l- , (31) ,
.G (,.. ,m) Is index set of attributes Rt operates then, unless 8 - . (x) 0, for all xcX.

I



Iox. M
(if) The a-level description of 0 by level sets equ- 0 2
ivalent to 91-92,-- is-1(c

9(0;)- fl ( 0 0 G 1 ))X ;(I_<a0l (32) - h 1  i t9h ,(3

1 <k-' 1--ki(r6).())(3
Then I

0 - 1Cos(a) . all O0r l , (33) where a
with proper subset relation holding in general..and %() r l~~,)~ f~kdk.(
with equality holding fff t, min f.e., the only T0 a* -o( o 64gf~kdks(4

case where no information i lost concarning e is ek--

mlin. k~)-dhv/Y Y- ,"6(u')3~ (4511

Theorem 2. thfor all uc(O,l].
Let Cc(Rzl) with the pt discretization C c I Remark.

F(D ) of C defined by letting D pbe the domainpo. -Trank's family of modular t-norms (see E]or
C formed by making a p thdisont~zation of Rn' with [6J for various propert Ies )and t-cornorrms can be
mash fineness strictly decreasing as p grows,etc.,, shown to satisfy the conditions of Theorem 3 for
and where 0CW -4cW ;l c 3) any p, 2and t0chosen from the Archimedeanf

Then, p ppart of the family.
MI If 0 is an Archimedean t-conomn, Theorems 1,2.3 lead to the following:

0 i ur 0 0 (x)) I(35) Prlinile 3
P-+- (XcD,)n ff 'B :X-a{,lJ W kl2, .. is a sequence of des-

(ii) if 0o = (c() max criptions fOcX with either high redundancy or
lim OC W Sl 36) much irregularity occurs in the sequencr

with, in general, strict inequality holding. p-i- k8C)1de o pervalt

Theorem 3. (See also 1133.) for combining this sequence 0 & -mi. In addition,
(I Lt ~~ ~ orafi fi min allows for an uncountable rnznber of descriptions

k of 0.
be bounded pdf's. t rnlle
(ii) Let be a coniunction.0dine the p t mod fflIed Prinipl 4~ a b r o eltvl o-ne-

discratizatiln f,. of f1  as i 1 -,a bv r o eaieynni'e-
k~p k active/non koverlapping, then t, and as Archirned-

f (X)fkx.x) ;,xk c Okp, (37) can t-norms and t-conorils, resiectivelly, may be

where Dk~ Is the corresponding discrete domain Prasnabple.5

and is he msh fnctin sothatIf C Is the p thdiscretization of C as in
f k(xk (38) Theorem 2P. then for the model,choose o cmax so that

an ial, (X k ;bk,1$ lim ( oo(oc (x) becomes non-trivial.0
an iallet for any x=(Xl,*.,x ) c D p+.4*w x cD Pp

D~pX**"XOp a WThus, returning to the basic problena Principle

f (xj-9'.zi Pix. f (x,))(39) 4.implies that if A,,..,A ,are all relatively non-

(III) Suppose also that ap8overlapping, then the total error effect may be ob-
a(40) tamned by simply choosing an appropriate conjunction

ha( &(u I PJua )/au u'. aua)u ...=u a=0 ;P which may well be an Archirnedean t-norm such as
exists finitely. afrom Prank's faraily. This yields the overall stat-
(iv Suppose that is a conjunction such that istical error effect
there is 6, O<6l1,suR that for all ut(0,l]. (P'!') &,(k(Zik) (46)

Nnd a& 2(Z v/aY are bounded for all(1'

Wv rO,6) m -[0,l) is a given continuous function wher P(k (kZI) P Q( 1zk ))(47)

where Xis the space that contains a and where fokl k 1LP(k~~e~) k~ ,. k i

i 0 - Similarly, for A ..A'~m ,the overall sob-.

(v i) it is assumed that 0 is an Archimedpan t-co- jective error effect is .

norm with canonical generat~r h:h Is continuous with pZJ"~','kk'(8

0 +(l k-5 M)

for all u,vcfO,l], 5rnd h:[O,l3-.!R is nonincreas- 0it possibly the two conjunctions being chosen the Hi
1ng with h(l)-O.(See [5] for further properties.)I sm~n urhra nAchmda -om
It is further assumed that there is a <, O<c<i, such saendfrhrSanAcidantor. .

that dn(v)fdv and d2h(v)fd~v are bounded functions On the other hand, since Inference rules typic-.
Thvcenfo]al . ally operate on. conbinations of common or similar
ohnfo ac~ ll]. ttiue - by intensification modifications- Prin-

attrbute
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I.

ciple 3 may be invoked to yield the over-,il infer- as in eq.(43), but changed to account for max. where

ence rule effect as t( Wh2m.aaXZ (Ev(k( r(°'(VZ")))) ) (58)
R(OIZ)-min (R ir "-IZ)) • (4S) al Z

<ZtRr where Z in eq.(52) is replaced by (V,Z") , V being
a r.v. representing formally Z' and having pdf f:

Again using 
Principle 

4, it may 
be approp~iate 

((J) ())

'to choose Arch.medean t-norm to obtain the f.(Z-Y) IL (f (ZO)) Z ))fkk Zk ) -
k~l -- (59)

Joint posterior 
function

S ((B) If also both statistical and possibilistic con-
O(o,ZIZoR,P)9 0 (P(ZI2-),R(OIZ)) sistency holds,i.e.,

o &(P(Z'{ i'),Or(o,Z)), (50) f( )12( ), ' ' ( ) _. () (dtrac delta)(60)

Where overall error effect is for k=l,...m' , and

p(ZIo)4 3(P(Z'IZ'),P(ZOI )) ( k) pZ 4 ),2)(Lr)necker dlta)(61)

and,as In Theorem 3, fr ka~,~z(rnce
forkm'+l.. , , and if h is such that h is non-

YO,Z))&3(P(ZDI2"),R(oIZ)).  (52) decreasing with k(0)=0 ( as is true for the membersof Frank's family-see [9) ), then
Note that a sufficiency condition holds here o (0Fahn' ,.sRCi ) (62)

for (OIZZ,R,P)-o(8ZR)=R(GIZ) (53) and hence
as well as 4or 

a h

(ZI2,R,P) o(ZjfP)=P(ZZ)j (54) lim (W(0IO,R,P)) S l-h- (2'n.())- (63)
which also when substituted Into (501 yields a form P 1(

which may be independently derived by use of con- (C) Suppose the conditions in (A) and (B) obtain.

ditioning of possibility functions. Then Z
Next, Principle S may be used to obtain the R(Oi )l min (l-G (Z),OYt))

marginal posterior function for 0 , before normali- l tSr 0 tt U'
S min (card(Jt) Z()t,+I

zation, using the universal inclusion description: I l<-tr (( t k
1 <tsr)

d(A) (e)=o(OI2,R,P) max ( o( (eZJ ,R,P))), (55) - 0o •t(64)
ll z')

for some choice of Archimedean t-conorm t ,followed (D) Thus, if also for ki, ... nm (65

*in turn by agai- invoking Principle 5 then 13Mk(Zk) 1-o ; Os,<l constant, 6j [
0 {d(A)) = sup (O(ej2 ,R,P)) , (56) R(oji)j min (card(Jt)(l-(l- )8t)+ eYt)

which finally yields the normalized posterior £m.(l_(lc) o) + 8

,(eId(A)) (dependent upon 2,R,P) , by use of (22). d o6
Note that if Pk(ZkI k)n62 , (Kr5necker delta), where 0 (66)

then the evaluation of all Rtknhoving that attri- 8t , max(Yt)" (67)

bute Ak in effect have 1m(Z ) replaced by M, (Z)
in the antecedent and thB t rm Pk(ZJZ ) is drpped Hence, for all ec(O,l]
from the calculations for the(nora liztd) posterior.
In the above computations, for simplicity, the lim ( (oIO,R,P))K 1-h- (h
for =1,2,3 could be set equal, if other conditigs i
do not arise. Thus, if also M (Z ) - 1 unifomly, for k-l,..

5.Asyptotic Behaviora is bounded posiivly below, and Y increases
without bound, then It follows from (66) and (68)

Suppose that the combination of evidence prob- that for -al OSO6 , 1

lar relative to data association is carried out as lim ( X(0IZ,R,P)) -l-h (0)=o. (69)

outlined in the previous section. where P is the Finally, since in general 0 (d(A)))O, (22)
p " discrtization (modified) of pdf fk, or kl .. mplies that the final normalized posterior Is

', and all corresponding conditions for parts (I)-
(iv) and (vi) for Theorem 3 hold (a-2m'). Also, lim (o(eld(A))) - 6,,;all Oc[O,lj.(70)
note that part (v) of Theorem 3 is satisfied by use Tp re
of eq.(52) and that any given inference rule Rt may This may be interpreted as describing the correlat, .
u implication operator being either r.ton condition 'extremely likely correlatedsinceuse Upiar erator g en g ithersP or allthis can be considered, e.g., a limiting case of
M Under the above general conditions, for all the function c (e)oq . for all 0, as q--, where

g -l ] 311 intensification is by exponentiation applied to
lim CW(oIL.R,P))- 1-h- (min(T(O),h(O))) (57) a standard membership function-in this case, the I-
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dentity function over [0,I] representing the attr- sirable results of (F). - -
bute "correlation level" with domain being probabil- n
ity of correlation or possibility of correlation. This paper has shown how a combination of wyl-

(E) On the other hand, with the conditions in (A) Ti ae a hw o obnto feia ) O in g, o the h ower bth thou ndior ionis indence procedure may be established with a general '1
application to the data association problem. Soir

R(ol)> min( ( 4 (l-.Ge(t),oYt),o(l-o~t;Gt(i)))) asymptotic consistency properties of the procedure
1st<r) 0 0 were established. Implementaticn of the procedure "min( I-G (Z)-Oyt) is necessarilyde- 0y Involved with the use of Kalman

QIstr) " filters for updating geolocation state vectors, as
Smin (I- min(k( k)8 t~k)-oYt) well as other real-world procedures, includinglts ±r) Cj d sensor system models and schemes for the clustering
Po (71) of ordered pairs based upon their level of correla-

(F) Thus, if also for ki,m tion, often presented in the form of a'correlation
miatrix. The latter depends upon a single figure-of-

0sk1 )_0 O<ul constant , (72) merit representing the average correlation level (or I
then probability) between any two track histories i,j.

R(n IZ)> min (l-u~t-eYt) One suggestion for this has been to use, in effect.
(l <t<r) the two stage r.v. (WIS,(C)) , where S (C) is the

S o' naturally corresponding random set(disussed before
9-a° (73) -see section 3) for output * = (-d(A)), a function l

where 0o' of ec(O,), as obtained above, and where W in its
Sd minS ;a i ,d. min(S '.)~ ' Id Min~yt14) conditional form is a r.v. uniformly distributed i

(kcj ; Str ° (l tsr)ver the outcome S (C) (14]. In particular, if-c, s 0 00,1) 0 is unimodal, th~n the measure of mean isHence, forall a c [0,I] , E(I (0-f/'"I()" Ual E(WISu(C))=E((j2)( (€-l() + '~))
Im ( 1(OZR,P)) l-h'(h2 ,. -k(,)). (75) left branch right branch ';

=1/2 ( (xd() + xd(l_ c(x)))
Thus, if also V( 0 uniformly, for k=l,.., X X=u

m,- is bounded posi,;lviy below, and y, increases + (112)( tf)d - f(x)dx -o(l (82)
witout bound. then it follows from (730 and (75) =C'- = x -Cthat for all O~e<l,-- x'-, I where u is the mode. An open question connected :1

lim ( (ofIZ,R,P)) > 1-h- (hn,.h(l)) . (76) with this value is the determination of a related L
P>14- figure-of-merit which is invariant with respect to ...But, eq.(63) shows the other direction, and hence any particular random set, one point coverage equi-
lim( 0(OIZ,RP)) = l-h'l(h ,-k(l)) > 0 (77) valent to C
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