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ABSTRACT 't

A major problem in achieving significant speed-up on parallel machines is the overhead

involved with synchronizing the concurrent processes. Removing the -ynchronizaticn con-

straint has the potential of speeding up the computation. We present asynchronous (AS)

and corrected-asvnchronous (CA) finite difference schemes for the multi-dimensional heat

equation. Although our discussion concentrates on t.? Euler scheme for the solution of the

heat equation, it has the potential of being extended to other schemes and other parabolic

PDEs. These schemes are analyzed and implemented on the shared-memory multi-user

Sequent lialance machine. Numerical results for one and two dimensional problems are pre-

sented. It is shown experimentally that synchronization penalty can be about 50% of run

time: in Tnost ciizcs, the asynchronous scherno runs twice as fast as the parallel synchronous

scheme. In gelneral, the efficiency of the parallel schemes increases with processor load, with

the time-level, and with the problem dimension. The efficiency of the AS may reach 90%

and over, but it provides accurate results only for steady-state values. The CA, on the other

hand. is less efficient but provides more accurate results for intermediate (non steady-state)

valles.

'A reduced version of the paper was presented at the Fourth SIAM Conference on Parallel Processing for
Scientific Comput ing, l)ecenber 11-13, 1989, Chicago, USA.
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1 Introduction

As parallel machines become more popular, most algorithms used on parallei machines

still rely heavily on synchronizing the concurrent processes. There is an inherent inefficiency

in the synchronization requirement, which is two-fold. First, a fast processor is delayed until

the slowest processor finishes. Thus, the pace of the algorithm is dictated by the slowest

processor. There are various reasons why certain processors will be ahead of the others, even

when they are physically configured at the same speed.

* R.ndn, nc, 3k,
Any unpredictable perturbation that can cause a momentary delay.

* Multi-user environment

In such an environment many tasks are simultaneously assigned to each processor.

Since a single processor can be used for any of those tasks at any particular time, we

cannot predict how much will be devoted for the computation of our algorithm.

9 Master/Slave

In such an environment one processor, the master, is doing additional tasks to those

performed by the other processors for example, i/o operations, scheduling or load

balancing tasks. Therefore, it may be slow in performing our algorithm.

* Load Balancing

In iriany problems it may be logical to divide the problem unequally among the proces-

sors due to different boundary conditions or approximation schemes that are used. In

general the partition of nodes among processors is dictated by numerical and physical

considerations rather than just by computer architecture considerations. This extends

the duration of an iteration for those processors that are assigned to do more work and

therefore those would be slower than the others.

Second, there is a delay period associated with the synchronization mechanism itself

whether At is setting the semaphores in a shared memory environment or waiting on a message

to arrive in a niessage-passing environment, or any other possible implementation (i.e. when

possible, setting a tinie bound on the duration of an iteration, so that the next iteration

starts only after this time bound is exhausted). No:.tter '.:hat ileentatioti is used,
A, 'w (1Aia, nel siows the progress of the entire computation. Moreover, in

sone situat ions synchronization may cause contentions over coin imii ication resources and



memory access, that require careful implementation using additional nmechanisms such as

locking.

A particular case where tasks are to be repeated is that of iterative computation. Nuiner-

Ical properties of iterative solutions to PDEs are usually based on the assumption that the

iterations are synch ronized. This is equivalent to assuming that the algorithm is governed

by a global clock so that the start of each iteration is simultaneous for all processors. In

implementing a synchronous algorithm in an inherently asynchronous architecture a synchro-

nizationt mtchanism is used in order to guarantee the correct execution. This considerably

degrades the efficiency of those algorithms. An asynchronous algorithm can potentially re-

duce the synchronization penalty since each processor can execute more iterations when it

is not constrained to wait for the most recent results of the computation in other processors.

In addition, asynchronous algorithms eliminate the programming efforts involved in setting

up and debugging the synchronization mechanism and also simplify the task management.

The usage of asynichronous iterations for an iterative solution of systems of linear equa-

tions, is due to [6]. Asynchronous Iterative Methods for Multiprocessors are also discussed
i,, [l, and ale used for the solution of ordinary differential equations by [111. In this paper.

we present an asynchronous iterative methods for the solution of partial differential equa-

tions. These methods are based on Euler explicit finite difference schemes. In Section 2 we

present the parabolic IDE which will serve as our model problem, the corresponding finite

difference scheme and its asynchronous parallel modification. Section 3 analyzes our asyn-

chronous scheme and determines the conditions under which the asynchronous iterations

work. To compenstte for the inaccuracy of non steady-state values of this asynchronous

scheme, we propose and discuss in Section 4t the corrected-asynchronous scheme, that while

still being asynchronous, performs sonic extra extrapolation calculations. Numerical results

are presented in Section 5. Finally, our results are summarized in Section 6.

2 The Problem and its Asynchronous Solution

We demonstrat e our approach for asynchronous solution on the multi dimensional heat

equation. Tlie sai ,. ppr'r-ch can be extended and generalized to other types of problems.

For our i1odel proe blnl we consider the simplest parab,)ic (':'iat ,.the heat equation in

(1-variables,

S 2 n

ini a rectangular 'Liiain, with acconpanying initial and boundary conditions, where a'

(I < ,i c " ) co,,stla t, positive coefficients. For our model prolleii we consider Dirichlet

2
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Figure 1: Model problem - Domain discretization

boundary conditions. However, other conditions are equally applicable. A one dimensional

model problem- is,

-= a - for O<x<1 O<t<T

with initial conditioni

u(X,O) f(X) O <1

and Dirichiet bounidary conditions,

where a 2is a constant positive coefficient.

After discretizing the domain (see Fig. 1) we approximate Eq. (1) at grid-point (it

by the forward Euler finite difference approximation:

(2) vi z v S

where, r, -~~~- 1 < s < d are held as constants; i (I < Z' < p) denotes the index of

the spatial coordlinate Y of a particular grid point; d denotes the dimension of the problem;

and thdprto ~(enotes a central difference in the direction of s.

T he one dimnsional version of this scheme is,

,nfl jf ,? ( P

1 11 1 1 1j - - 1 ,t "i+ i.

where, r is hodcnsat arid the values of v ' (I < I < p), 0, and v r
.,r)

2  
0 ar+

determined by the iiilaI and boun&nry conditions. respectively.

3\



It is well known that the scheme of Eq. (2) is stable if

(3 ) 0O<Zr<

Alt bogh t hC follOWing dIiscussion convent rates onl the Elder sclieme for the soltlin Of the

hecat cquatioli. it ,-s the potential of being extended to other schemes and other equation.

Iill this paper. wte (Ally consider the simple schemie (2). Extensions 1.o other explicit schemnes

a re -,t ra 1iht fo rwa rd. WV emphasize in this st tidy thme analysis of asynchronous schemes.

Comparisons for A D[ schemes will be performied inl a work in prepalt tion.

2.1 Asynchronous (AS) Model

WVe now prcsent the model of o synchi ononus iterations to the numerical problem described.

Thme definition of Intolic i/c ru/on wxas preseimted in [6). The formal definition of aisynichronous

,tem/ion presciitedl below is a modified version of what is discussed in [4], [7]. and [11].

Definition 1 Let T' 1be a comiputational task to be (lone on the I 1 corn ponent of a given

vtctor Ct. taking ais its (lrgmlruents comnponents of U7 in the necighborhood of i. Asynichronous

I .terations- (I F. ul. .1 A) correFsponding to these tasks and starting with a gi'ven vector, u-0, are

a stenct of me c/n s defined recursively by:

- u~ If I J
1 - j2 n(U ,T1+d .2.i n) , n dLin ) if i J,

uhe. isaglobal tca/ma of an itt 7atior level, r] ( "I.- UL ), F = f, ,FL) ,J

{1( .... I is, a scqtiencc of non-einpty suibsets of f{1,.}. A ,A1 ...... }, an~d
AIs a suece of elmet iX5L. A {d ,i n,...,dLi )j I12 }V

No assuniipt ions are made onl the relations between the calculations of the grid points,

exc(l)t a lion-starvation condition which guarantees that the Ph grid p)oint is updated an

nfili winnmber of ti mies, i.e 1otcurs infinitelyV often In the sets J,,. This means that no point

is aba nldo'?d fore.ver. and consequently, no processor is held forever executing the same

it eration. Syiliromolmis iterations are obtained from this model when d( k, i, ) =0 Vk, i, n.

sigeor, several ri points ma eass igiied to each processor of a NI IMND machine with

1asy Ilk. mrn' Proc:essors. For1 sirnphici ty also "'issuime that values stored] lb each processor

are aai Iale to thle rest by nicans of a sha redl nineniory. Ylet. with sorni minor modifications

this is odel is equ ally atpplicable to miessage- pasi iig architectumres, wvhere in fact. the overhead

of s neuhroni zat ioll is m1ore Significant.



Let us now take the local point of view and consider the 1th grid point which i.s assigned,

perhaps with some of its neighbors, to a specific processor. We present the following modified

asynchronous difference equation for the multi-dimensional heat equation:

(5)~ u+=z + d ,Un,

U ~ ~ ~ ~ nil=u :=l,,

Here, ni denoies the last completed iteration at the jth grid point and 6 ni is a central

difference of the value of ui at the nh iteration, using the most recent available values of the

neighboring points. In the Sth coordinate direction the neighboring values are denoted by
n,+Qf +t3"

and+u a respectively

The values of < ' and 3" correspond to the delay or advancement of the iteration number

of the neighboring grid point along the s-coordinate axis, relative to the i grid point, when

evaluating its (ti + 1)th iteration.

For example, in one dimension we obtain

n,+ = n +a ," , +,+
nU-4-1 + rrii} l  2Lui1 - + - li+ 1

where, r " At
(zAr)

2

For our analysis we require a and 13 to be bounded, i.e. no node falls infinitely behind

its neighbors. We note that for each iteration, a and /3 are functions of i, the number of the

processor, and not of x. Hence as we add more intermediate points, the difference between

the adjacent iteration levels does not approach zero.

3 Analysis of the Asynchronous Scheme

Lemma 1 IVhen a and 3 are bounded, the asynchronous finite difference approximation Eq.

(5) is consistent with the following heat equation:

(6) ot (Y ) -[ u

wh re, K(Y, t) and r. are constants.

Proof: Taylor series expansion of Eq. (5) yields,

,l+l + Ed~~ Z r62U7, + [Z 1 5( T=1+ 3"')](u"' 1
- ")

(7) original scheme pertuirbation

+O[(At)2 + yd=_(At)(Ax)]

Thus,
1,,+ - 1.1, 6_ ~ 2,,n,[1 - Z_. rl,(O~' + J3 s )] +1 -l~

n  
s1 Ar)

+ tdS -- tAt •l (A:r,) 2



approximates Eq. (6) with truncation error of O[(At) + 2 =,(Ax,)]. a

The coefficient, K, in Eq. (6) depends on a, and d3, and thus can become negative. It

is well-known that the multi-dimensional heat equation Eq. (6) is well-posed for a positive

coefficient, K > 0., and can be ill-posed for a negative coefficient. Thus, a sufficient condition

for well-posedness is 1 -Zd',(a, 3
8 ) > 0. Consequently, for the special case where r, = '," Vs

and r < -L we obtain, Z5 (a, + 3,) < 2d. However, this leads to a severe restriction on a and

so the scheme is not completely asynchronous. A weaker condition for the well-posedness

of Eq. (6) can be set, requiring positiveness only in some average sense.

Lemma 2 A sufficielnt condition for the well-posedness of Eq. (6) for large times when

KI(t) _ K (J I) < K 2(t) VY

is

,()d > 0 for t large

Proof: Assume K(Y, t) satisfies, K 1 (t) K K( ,t) < K 2 (t) V1. Using separation of

variables we obtain a general solution to the equation Vt = KI(t)V • [Vy] :

v(S, t) = -, - P,

where, P(t) = foKi(j)d and V. [V n] + Apn = 0. C(7) are the appropriate eigenfunctions

of the steady-state equation with eigenvalue A, > 0. Accordingly, vt = K 2(t)V- [Vv] has a

solution

v(F, t) = K2()d (

For the one-dimensional case we obtain, A,, = n2 > 0 ; p,(x) = sin(nrx) and for two

dimensions, A, = n 2 + rn 2 > 0 =(Xy= sin(narx)sin(mry).

For large times only the first mode c2(5) is important. In this case the equation is

reducible to an ordinary differential equation anc hence

Thus, sufficient conditions for u to converge to a steady-state are:

1. P(t) > -6 Vt for some 6

2. A, = o(e -'') n --*

3. lir .... P(t) = oc

6



P(t)A

Figure 2: Well-posedness

A possible way of achieving convergence is iestricting K > 0 at the beginning. This ensures

that P(t) is initially positive (see Fig. 2). If cond. 2 is not true and P(t) is negative for

some t, then

V. VVI A2

may not converge. To enforce cond. 2 we can start synchronously and only later let the

processors run asynchronously. Another possibility in case P(t) becomes negative, P(t) >

-6 Vt. is to filter the initial conditions, to damp the high frequencies

and A satisfies cond. 2, e.g A, = AC -
r
n for n > N. *

Lemma 3 The asynichronous finite difference scheme Eq. (5) is stable for

S1

Proof: Assume that the 7?ith iteration of the i at grid point had teen completed and its next

iteration is currently being performed (see Fig. 3). Since (3) is valid, then the absolute

values of the coefficients of u values on the right hand side of Eq. (5) sum to 1.

nI n+
S"I --- max~lu~j, I i 1, j+j, I1 I s _< d}

Using the last inequality recursively by backtracking the origins of each relevant grid point,

we finally reach the initial values, thus

< miaxjju,

By lemma 1, lemma 3, and the Lax Equivalence Theorem the scheme is convergent in

the maximum norm. (We also note that this proof applies to any scheme for which all the

coefficients are between 0 and 1. For parabolic type of equations, higher order schemes can

be constructed with this property.) Hence,

7



iteration

counter

j-1 IJ +1 Processor

Figure 3: Stability analysis - processors status

Lemma 4 The asynchronous finite diff'ercnec scheme is conr(.rtt to Eq. (6), under the

same rc,,trictious as Lenimeo 3.

Ihis approach for o)roving the convergence of the AS scheme was separately derived and

Used by the third author in the paper [1], and it was presented in the [10].

Assume niow tht the solution of the asynchronous scheme in Eq. (5) had been completely

evaluated up to a timc level ' = NAt, and it is now interpolated into a smooth function

w(5, t) over the entire region under discussion. We denote by v the discrete solution of the

synchronous solution of Eq. (2) and assume that both w and v are satisfying the required

boundary and initial conditions. Let r. be the difference between them at an interior grid

point P, for a global value of n;

tO) - 11) - V

and let.

be the corresponding difference vector, in some specific order, associated with all interior

p ymtial grid points P (1 < i < I) at the same global time level t = nA t (72 < N). In

addition, let
n Ed=l rs

^ -E=Z Tr8 (On + 03,)

where on and .3" are the corresponding delays or advancements d(k, i, ,n) in Eq. (4) of the

neigh bors of the Ph grid point along the s-coordinate axis, while w + l had been evaluated.

Then wc can prove the following lemma which bounds ., given a specific gild spacing.

S



Lemma 5 If o aad .3 ari bound~ d by .11 anad

(10) 0 < < K 'I - 1~

t h( 2 jo r 12 .\t < T'

k- =

Remark 1 Thc la7. iru quality should be 1'Lad a,; follows,,: tht XISI (Is aconstant I? (which

I .q, in aJaIct, the boundl ona the s~cond(-ordr (/( r i'vatirc of wc(Y.. t)) such tha(t

<~l) Al .1!Z ax - +1 H -t TV[At) + Z(Axj

for all .s a flicif ntlel s mall AXt a1nd Ax, (1 < -s < (i).Not, th at H (/(/J)( a d.' ('n1 101 . / ) 'cli ich InI

turn dept a d.,4 on thb in tsh spacing.

Proof: t.sing thle L'avlor I1 heoremn of t he Mean and(I neglec(t ing tnds, () A )2_7' Z.( Ax. (A t)

we olbtai fr-om Lq1s. (5D) and1 (8)j

in which £~and s~~denote the differ-ence v alues at thme i1gh hor-s of t hc I" grid poinmt

along the s-coordinate axis. In a miatrix formn one olbta1mns.

/4 3n A+1 71 ) } -b) -("
( ) C- - +

In Vq. ( 13) A(" is a (2d H- 1 )-diagunial i-at rix w it h n inn diagonal terms of t he formi

r -$ 1 .(o H-+

andl dI add(itioal d(1ilg01oals on each side with t( rins of the form11

S K . ~K

while, i7 , it vect or whose conilponets arec gi v- ii l)v

(14).97 r9 (7 H 3' 1~1- +



Following is an cxamt1hl of a 9 x 9 matrix, cor'rspotuiilg ill oic Specific order to a 3 x 3

interlor -rid. for the tw- diliensioiual problem:
I-+;: _v 1

1"I -1

-'5 --v-- -V5

I -- -6 rv I- ,

L' I'C - 1' -1"__2 _/_6

r I
1-V7 1- 7 I-

1-v 8  -V8 ,

1 -- l/9 --L/9 V -
9

ill *j" ) ' r, ", .,(o, + &j.) 2(r, + .r2 ) + vi, and

-n

22

-F1 I 711

'-32

;9 \''33

where is the error of th grid point at the I" row and the j column at the n'" time level.

It follows from tLq. (10) that all the elements of AN'0 are positive and that IA()[I= 1.

Since jf') = (. we obtain from Eq. (13) that

(15)< Jl 1k.
k=O

In addition.. so that

Z'ir( + ;) < ' - r, (o + 3!' fl < 2,11,-Yq %+ )',: - _ 0 -

r,(o, + n Td1 2-1= S=1 S=

Then (I1) follows from t he la't inNquality, from Eq. (10) and from Lq. (15).

Note from 1 1. (12) that in *he steady-state case when v7+1 -v -+ 0, ') does not

inrear-se as 0 -- -' i,fflecting turi; ot O[(At)2 + Z5 (AX3 )(At)].

4 Corrected-Asynchronous (CA) Scheme

W'e ha\e showii that, the asnchronous iterations are consistent with a PDE that is

,iFfrijt than tHie or;giial one. Consequently. time accuracy is lost. This suggests that if we

10



apply a correctionii diring each iteration we can improve our a)proximation, without requiring

explicit synchronization. For each processor we now require an extra variable that will serve

as an iteration cOlOIter for that processor. The correction we apply is an extrapolation based

on those variables.

Hence, we conistruct a modified equation whose asynchronous approximation is time

consistent vith the original 1(q. (1) by subtracting the perturbation term of Eq. (7),

+ + .s , Z, n, - I ,, -_ , __,, i, + 1

where, ,2 dejiotes a cen itral differc' in lthe space coordliuates, with each point in its own

completed time lvel. Thus. or Correctel-Asynchronous (CA) scheiiie is:

(id) *i" ' -t i + 1 q r( f + :f u

1 . s~o , ' ) sil

(17) 1 + +" 3' - , ) # 0

Lemma 6 i id' i.3' a3" t (il bound(d V1, i. .s th(i ta Corr(ctcd-A.qs ynchronots approxima-

tion Eq. (16) i., co( .-it( lit with ],'q. (1).

Proof: sing Ilit Ta vlor Theorem of t he lean we have,

S,- ln, + ((, + , A A, +-)+ (At 2 )

Substitutimg in lq. (16) we obtain,

1 1

2= K' + >j3 ru,' ±+ O(AxI, )O(At) A- O(At 2)

s=l s=
II- -_ .' it,"__ +' (-..r) + O(At)

Hence tI' she chelei of I',. ( 16) is c onsistent wit h E 1 . (I).

Lemma 7 If

(l)0 0< <________
I + JZ,#(o ,3') - 2

th l, (n ('A .c( m( of 1f I'q. (1() is stab.

11



Proof: Analogous to the proof of lemma 3. *
By the Lax Equivalence Theorem, lemma 6 and lemma 7 imply that the CA scheme is

convergent, provided that condition (18) is valid.

Condition (18) can be interpreted either as restrictions on o and 3, or as a bound on r3.

Practically, the bounds on a and /3 are determined by various factors as discussed earlier.

Consequently, they impose the above restriction on r,.

Finally, similar to lemma 5, we now show that at a given point of a specific mesh spacing,

the difference between the solutions of Eq. (16) and Eq. (2) is bounded by O[(At)+,(Ax,)],

provided that condition (3) is valid.

Lemma 8 Let
7 = i" w - IT

where ""i i is the smooth interpolation of the CA scheme, Eq. (16), solution and vT7 is the

solution of the s ynchronous schcmn .. (2) both with the same initial/boundary conditions.

In addition , let

- .= .

be the corresponding differfnce vector, in some specific order, with all interior spatial grid

points P, (I < i < 1) at the same global time t = nat (n < N). If (3) is valid then for

nAt < 7'

(19) I <9n)1I T .O[(At) +

providcd that (17) holds.

Proof: Along the same lines of the proof of lemma 5 we can show from Eq. (7) that Zi4'

satisfies Eq. (2) with an error of O[(At)2 + ZH(Ax.)(At)]. Ilence, if (3) is valid then

11(n+1)11. 11",11'. + o[(At)2 + Z(A ,)(At)]

Since ll6(°)K 0, by using the inequality recursively, we obtain (19).

5 Numerical Results

We have implemented the above algorithms on the shared-memory multi-user Sequent

Balance [15]. The Sequent systems are commercial multiprocessors, that incorporate identical

general-purpose 32-bit microprocessors and a single common memory. Each processor can

12



execute bothi user and kernel code. All Iproccssors shiare a single p~ool of memory, Ii addition

to t heir ownl local 11( irto enhiance resou rce huarim)i anid cornmunication alnonig different
p~rocesses. Processors, miirnory modlules, and l /o conrollerS ;1re all 1)1ugged Into a high-speed

bus. 1urns, the .StqtitO i sYstems lit ouir miodl of air asynichronrous nu t i-pirocessor with the

ab~ility to exchange dat a lbetween its processors via shared] mrenorv.

The .5'qtu Wi systemis run the DY.YIX operating sv stemi, a version of UNIX that supports

a multi-tuser environmuent. Therefore thle overhead of a sing-le operation cannot be predicted.

For exam ple, tas-k creation oin atiot her proceess-or involves a!!oca tion of a free pocessA>

allocation of muemory and1 free entries in system tables, re-niappiirg, and finally context

switcliling. Thie dluration Of allocations of bothr processors and inory is unpredictab~le

as It Is effected bv inmerouis factors, alt hough cointext switching itself takes only a fewN

hundred mlacine cycles. As such,, the tqItCO ntIs anl example of a machine where no a priori

assli urpt ions caiII he madle regardinrg relat ive speeds of processing.

Weilivest lg at ed a serial (SR ) impnllement atioin of Eq. (2), a p~aral lel synchronous (SY) ver-

S15)11 Of FIj. (2). ir asvic hronous (AS) imp~lemnentat ion Eq. (.5), and corrected-asynchronous

(CA) IIIn~irpleeriat lonl I.*J. (16).

i ouri svirli rolrols (SY) version we delay all p~rocessors until tire last, one finlishies the

currenit itert-ion using a ibarilcr. Ini this imiplemnttation every processor increments a counter

u11)01 fi nishi n " tihe Current Iteration. While checking thle counter it can determine whether

it is the last to Ii iiisli. If it is, it changes a special hardware managedl variab~le to inform the

othier Iprocessors t hat t Ire it eration is finished. If' It is not, it waits for a signal from the last

processor. For other possible imuplementat ions see [8] anid [9].

Note also Htt our task wvas siniplified sinrce each processor upd(ates only his own specific

vaf lie's alt iIn" ii i 11ay read sonie Omler vaines. Therefore, there is no requirement for

simiunlt aneois access to up)date global dlata. A special rueclianisni known a~s lock"ig can be
li~se~ Ili order to Ip ievelit such access iii cases where the a Igorit hin peruinits it.

T IC followi r v'raii eters were coirsi dered:

0 _Yr A-!J relpr(seiit tilie (liscretizatio lol eiigthIs along tire x-axis andl tire v-axis, reslpec-

9 A t - relpresenits the di1scretization length along the t-axis.

* T - 'll(e t ilire level to be reachied for tlie given p~roliemi. We seek tie solunt ions for

u(x, 1) where t < T1 = NAt

* p - The iii iii her of p~rocessinrg elemnents uised1 for thne calerniat ioul

9 L1 The niumbher o/ grid points iii the consideredl doniaini.
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* r - The clock time elapsed before a specific algorithm completed the calculation of the

given problem.

* c - The maximal error- magnitude

* E - The maximal absolute relative error of the numcrical result (relative to the analytic

solution).

* scheme - Three types of parallel schemes were used: Eq. (2) (SY - Synchronous), Eq.

(5) ( AS - Asynchronous), Eq. (7) (CA - Corrected Asynchronous), and the serial (SR)

version of Eq. (2).

We examined both a one dimensional problem, as well as a two dimensional problem.

The one dimensional problem considered was

u 0211

at aX2

with the initial condition,

u(x, 0) sin(7rx)

and the Dirichlet boundary conditions,

u( t') = u(1,t) = 0.

The calculated results were compared -"' h the analytic result given by

u(x, t) = sin(7rx)e -  2 t .

For the two-dimensional problem we examined the following non-homogeneous problem

&L 02 u 02uOt -ZI ' +  0,1 +  F

where,

F = 5r 2 sin(rx) sin(2wry)

with the initial condition,

u(X, Y, 0) = 0

and the boundary conditions:

u(O,y,) = 0 u(1,y,t) = 0 u(x,0,t) = u(x,1,t)= 0

The calculated results were compared with the analytic result given, for the steady-state, by

u, = sin(7rx) sin(27ry).
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T--2 (e-- 10 - 8) T= 3 (e= 10- ' ) T=4(e = 10 - ")P__SY I AS CA p [[SY AS ICA p 11 S-'AS CA

10 0.08 0.1 0.09 10 0.11 0.15 0.13 10 0..3 0.19 0.15
11 0.1 0.12 0.11 11 0.12 0.16 0.14 11 0.14 0.2 0.16
12 0.09 0.12 0.1 12 0.11 0.18 0.15 12 0.13 0.21 0.1713 0.09 0.12 0.11 13 0.12 0.18 0.15 13 0.15 0.22 0.18

14 0.09 0.13 0.12 14 0.12 0.19 0.16 14 0.15 0.23 0.18

15 0.1 0.14 0.12 15 0.12 0.21 0.16 15 0.15 0.26 0.19

16 0.1 0.15 0.12 16 0.12 0.2 0.16 16 0.12 0.25 0.2

Table 1: Efficiency for the steady-state one dimensional problem with one grid point per
processor; L = p, Ax L' (A -

T, ( AXx)2 .

we also considered the homogeneous non steady-state problem

&u 0 2 t 0 2U
D")t -x 2 + ay2

with the initial condition,

U(x, y,0) cos(7x) cos(,y)

and the following Dirichlet boundary conditions:

U(0, y,t) = cos(7y) 
- 72t

u(1, y, t) = - cos(Try)e - 2 2 t

u(x, 0, t) = cos(wx)e -62,

u(x, 1, t) = - cos(7x)e- 2, '.

The calculated results were compared with the analytic solution given by

u(x, Y, t) = cos(wx) cos(wy)6 -27 '

Performance results are shown in Table 1 for the one dimensional problem with one grid

point per processor, and in Tables 2 and 3 for the one dimensional problem with several

points per processor, all for the steady-state problem. In Table 4 we present results for

the two-dimensional non-homogeneous steady-state problem. Non steady-state results are

shown in Table .5 for the one dimensional problem with several points per processor, and in

Table 6 for the two dimensional problem.

Table 1 presents the efficiency, which is by:

Efficiency = TSR(ll)
p1 5 - (p,
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p T = 2 (e= 10-. ) T= 3 (e= 1 )  T=t4 (e= 10-17 )

AS CA SY AS CA SY AS CA

2 0.78 0.96 0.53 0.79 0.96 0.53 0.79 0.96 0.53
3 0.76 0.95 0.52 0.77 0.96 0.52 0. 77 0.96 0.524 0.74 0.95 1 0.52 0.75 0.96 0.52 0.74 0.96 0.52

6 0.66 0.91 0.51 0.68 0.93 0.51 0.66 0.93 0.51

8 0.6 0.87 0.49 0.62 0.89 0.5 0.62 0.9 0.5
12 10.49 0.77 0.49 0.5 0.8 0.49 0.5 0.82 0.51
16 0.37 0.67 0.41 0.4 0.73 0.44 0.4 0.75 0.44

Table 2: Efficiency for the steady-state one dimensional problem with ' points per processor;p
L = 48, Ax = 0.02128, 0.5

where LR(1, I) is the run time of the serial version, solving with its single processor a

problem of L grid points, and Tscheme(p. L) is the run time of the above parallel schemes,

solving the same problem with p processors.

We observe from Table 1 that for several processors (more than 10) the efficiency is 10%

- 25 %. Ve emphasize, however, that much bctter preformance is obtained when several grid

points are assigned to each processor, as shown in Table 2. In this case, the efficiency of the

AS scheme reaches about 90% and more, for small number of processors, while the efficiency

of the CA scheme is about 50%. It decreases slightly for the CA, and more significantly for

the AS, as the number of processors increases. For large number of processors, the efficiency

of CA is slightly higher than that of the SY. In most cases, as T increases, the efficiency

of all the parallel algorithms slightly improves. In any case, the AS is the most efficient

scheme to compute a fixed number of time steps. The synchronization penalty is indicated

clearly' bv Table 3, which shows the run time of the AS and CA schemes relative to the SY

run time. As expected, the AS scheme proves to be the fastest scheme. In most cases it

is almost twice as fast as the SY scheme. The CA scheme is faster than the SY only for

large number of processors, and even then, as was mentioned above, its efficiency is about

the same as that of the SY. In general, as the number of processors increases, there are

more independent entities to synchronize, and there is a better chance for one to delay the

rest. Yet, the effect of this increase is not dramatic if all processors are hardware identical

and are synchronized per iteration and therefore they are executing more or less the same

number of iterations. Note that, the overall system lo as a direct impact on the execution

of sophisticated system tasks such as synchronizatio vices, in multi-users environments

such as the Sequcid system. Thus, we may see significant delays as the system is loaded
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with other tasks. This increases the run time of the SY scheme, as the number of processors

increases and thereby decreases the relative run time of AS and CA, as observed in Table 3.

However, these delays also cause loss of accuracy of the AS and the CA schemes.

p T=2 T =3 -1T =4

AS CA AS CA AS CA

2 0.82 1.49 0.82 1.5 0.82 1.5
3 0.8 1.46 0.8 1.46 0.8 1.46
4 0.77 1.43 0.77 1.43 0.77 1.42
6 0.72 1.31 0.73 1.33 0.71 1.29
8 0.69 1.23 0.69 1.24 0.69 1.24
12 0.63 0.99 0.65 1.0 0.61 0.99
16 0.55 0.89 0.54 0.89 0.55 0.9

Table 3: Run time relative to SY for the steady-state one dimensional problem with -pointsp
per processor; all parameters are as in Table 2

Results for the non-homogeneous two-dimensional problem shown in Table 4 indicate

similar performance. In this case, we have a non-trivial steady-state. The iterations are
calculated until L < 10-. Again the AS is much faster than the SY and the CA

L

is at best as fast as the SY.

p pts in Efficiency Rel. Run Time
blk SY AS CA [LAS CA

2 8 x 16 0.66 1.0 0.60 0.59 1.11
4 4 x 16 0.38 0.645 0.35 0.58 1.09
8 2 x 16 0.22 0.38 0.205 0.56 1.07

16 1 x 16 0.11 0.20 0.10 0.55 1.03

Table 4: Efficiency and run time relative to SY for the 2-dim. steady-state non-homogeneous

problem; L = 256, Ax = Ay = 0.0667, A + = 0.5; Calculated until
AX2 (Ay), - L

< 10
- 2

The efficiency and the accuracy of intermediate (non steady-state) values are shown

in Table 5. In general, for relatively small times T, the asynchronous scheme provides

the least accurate results. Therefore, the asynchronous scheme should be applied only to

steady state problems. Note that unlike synchronous iterations that steadily converge, the

convergence of asynchronous iterations may not be monotone, thus affecting the stopping

criteria. The efficiency of these schemes, however, decreases as the number of processors
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increases. Then, the overhead of initiating another processor becomes more significant than

the work it actually performs. The CA scheme is a compromise of the two. It improves the

p Efficiency E e
SY AS CA SY AS CA SY AS CA

2 0.78 0.96 0.5 0.00367 0.9 0.02 0.000026 0.007 0.00008
3 0.74 0.94 0.49 0.00367 0.9 0.05 0.000026 0.007 0.00023
4 0.69 0.91 0.47 0.00367 0.9 0.05 0.000026 0.007 0.00025
6 0.59 0.82 0.45 0.00367 0.9 0.05 0.000026 0.007 0.0002
8 0.5 0.74 0.42 0.00367 0.9 0.04 0.000026 0.007 0.00013
12 0.36 0.56 0.35 0.00367 0.9 0.07 0.000026 0.007 0.00018
16 0.28 0.42 0.29 0.00367 0.9 0.04 0.000026 0.007 0.00012

Table 5: Efficiency and accuracy for the one dimensional problem and with - grid points
p

per processor; L = 48, Ax = 0.02128, At 0.5,T 0.5(AX)
2

accuracy lost in the asynchronous version, by doing some extra extrapolation calculations,

at the cost of increasing the calculation time. Note that although CA is significantly more

accurate than AS, it is still less accurate than the SY scheme, because of the lower order of

its truncation error (O(Ax,) instead of O(Ax' 2)).

Two dimensional results are shown in Table 6. In this case, the efficiency of all schemes

proves to be much better than the one dimensional case (in some cases, it is close to and

even higher than one). The run time improvement for the AS and CA schemes relative to

SY, is significant when the communication is significant relative to computation. With a

small number of processors the synchronization penalty is small in comparison to the extra

computation needed by the CA scheme (as compared to the AS and SY schemes). However,

as the number of processors increases and there is less work per processor, the run time of

the CA is close to that of AS.

Although the intermediate time-level results of the CA scheme are significantly more

accurate than those of the AS, they are still much less accurate than those of the SY scheme.

This is due to the dimensional additivity of the truncation error which, as indicated earlier, is

of lower order than that of the synchronous scheme. Hence, in multi-dimensional problems,

one should either use a very fine grid, or else higher order schemes.
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p pts in 1 Efficiency Ii e
blk SY AS CA S Y AS CA SY AS CA

"2 8 x 16 0.95 1.05 0.51 0.07 0.99 0.17 0.0000036 0.000051 0.0000030
.1 -1 x 16 0.79 0.90 0.45 0.07 0.99 0.5 0.0000036 0.000051 0.000018
8 2 x 16 0.67 0.81 0.42 0.07 0.97 0.16 0.00000:36 0.0000,49 0.0000028
16 1 x 16 [10.45 0.60 0.37 0.07 0.99 0.17 0.00000:36 0.000051 0.0000030

Table 6: Eficiencv and accuracy for the 2-dim. problem; L = 256, Ax = Ay = 0.0667, (A' +

0.51 T = 0.5

6 Summary

This paper presents asynchronous (AS) and corrected-asynchronous (CA) finite differ-

ence schemes (based on the Euler explicit scheme) for the multi-dinensonat heat equation,

to be implemented on MINID multiprocessors. Alhough we consider only the heat equa-

tion, our analysis can ke ca~ilv modified and extended to other parabolic partial differential

CLiMtions, and other finite difference schenes. Our schemes are analyzed and implemented

on the shared-memory multi-user Stqucnt Balance machine. They are compared with the

corresponding serial (SR) scheme and the parallel synchronous (SY) scheme. In general, the

efficiency of the parallel schemes increases as more mesh points are assigned to each proces-

sor, as the time-level increases and as the problem dimension increases. It is proved that

the AS scheme converges to the solution of a differential equation other than the original

one. However, it provides accurate steady-state results and its efficiency may reach 90% and

over. AS may be almost twice as fast. as the parallel synchronous (SY) scheme. It is proved

that unlike the AS scheme, the CA scheme does converge to the solution of the original heat

eqtuation. under certain requirements. Its efficiency, however, is only about 50% in the best

cases considered here. Nevertheless, CA offers more accurate results for the intermediate

(nioni steadv-state) time-levels. Yet, its accuracy is less than the SY scheme, especially in the

inulti-dinuensional case, due to the loss of order in the truncation error in each spatial co-

ordinate. Hence, for intermediate time-level results one should cither use a very fine spatial

net, or else use higher order schemes.
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