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- A NORMAL MODE INTERPRETATION OF A RANGE DEPENDENT
PARABOLIC WAVE EQUATION
Roger M. Oba
NOARL, Nurerical Modeling Disision, Code 221
Steacis Space Center, MS 39520-5004 USA

ABSTRACT - Often it 15 possible to & pOSE 2 wave eq;

into vertical and horizontal compoocnls Ttis mcful to conndct

the case when the vertical d d p p n

a vertical normal mode rep X A bolic wave

with range dependence teansforms U first ordcx lineas diffetential

equabon: inan lnﬁmu dimensional Rilbest space. This permits
of licated funclioas of tors and their

calculation. The non-constant coefficient mateix shaws range de-

pendent vertical mode interactions and constraints on amplitudes

In this study differences and similatities between various trans-

formed tions are explored. The d method also permits

comparison to existing Hilbest space aml,s:s of the system when

the system is slq_dumc.

1. INFTRODUCTION
Many authors fonmlly derive vatious parabolic equations ia
the context of approxi g the Helmholl ion in ocean

acoustics (see, e g., McDaniel {1] or Collins {2}). One can, however,
use some function 2nalytic methods in Sturm-Liouville theory to
make explicit th ical caleulations (Keller and Ahluwalia (3]).
McDaniel has used some normal mode. theory to discuss various er-
rots of the parabolic app {6). Furth , calcul

with the gt hzed Founrer form give \{ of
{unctions of operators. These allow the statement of certain tech-
nical conditions on the range of applicability. Although we start
with Tappetl’s equation {4), the method works for many split slep
meihods and, with certain imitations, the eiliptic wave equation.
W2 also restrict our attention to a flat top and bottom sutfaces
with constant Stutm-Liouville boundary conditions. These apptox.
imate pressute release, tigid bottom, or the Pekeris two fluid Jayer
trapped modes (¢f. Kinsler, Frey, Coppens, and Sandets [B) This
willlead to 2 letely discrete sp . ie, trapped modes
only, but the pro«dute is exactly analogous when there is contin-
uous spectrum cottesponding to diffracted modes The latter lead
to integral operators rather than matrices, but with the

Since the (¢, ) x1,2,. 2t¢ complete, we may wiite the generatized
Foutier series foc u and J;,

BCEDIUT IR FED LIRS (50.8)
The inner product sepresentation for the Founer éoefficient is
0
b5 m = bim(r) =(u,¢n)=/‘u(r,z)¢,.dz. (3]
Transf ton of the patabolic equat q r deri , 50
differentiate (3), to find

(Brenr (04 3) 854 (50 3 25,) 65 =0 @)
Now use the series for ¢, m (5b) in the square brackels
Zj, Agmlbmar + {2435 )0ml+ (gr+ 5,85 =0
Rewrite the 6:’ + ¢ in the brackets as an eigenvalue using (3} F.

nally, the otth lity of the ergenfunctions, (8p ,8m) = fpm.
allows us to pull off individual cerms in the serses. This results in

0, i=p
0jp = =agy = § {9.095.9 )' 1£p ()]
. r = Af
dpe = =(gr6p.8p) (W]

We calculate 0 = (8),8p)r = Adp,épe) = 2055, As a special
case, suppose the the changs in potential ¢, 15 independent of 2z,
1e. 4 =0, thenajy, =0 forall yand p,and A, , =g, forallp

ate changes, These differences make for slizhtly different technical
conditions from the discrete case.

2_TRANSFORMING THE PARABOLIC EQUATION
e start with Tappert's original patabohic equation {i}

(k3,402 4+ qlu=0 m
where ¢ = q(r,2) = E?(n? = 1) has r dependence (1gnoting ap-

ptoximation to ths elliptic Helmholtz equation initially). \\c write
3:J = £ The boundaty litions will be r indep

cos0¢ u(r,{) =sinf u,(r()=0 )]
whete { = 0,~A (8 = 0 on a pressure release surface). For a fired
r, one may consider the Sturm.Licuville problem in the 2 variable
(see, ¢ ¢, Coddington and Levinson [7) o¢ Weidmann [8])
@ +44 49 =0 ®

whete ¢; salisfies the same boundary conditions (2). For continu-
ous, relatively small g one may show the asymplotic behavior

N h 2 jr =040, j—oo “)

Note dependence Ay = 3;(r) and ¢; = &;(r,z). The independence
of the boundary conditions from r means ¢j, satisfies (2).

392

e now bine the p pul to find the g fized Jo
PEL Foutier fc d difie 1 operalions on u: \
L
(ur 6p) =bpr ot E” opiby (10}t
»

n the r direction, and in the 2 direction
(102 4 gluad) = =3yd any;
Define the following finit ! ¢
1
b ﬂn du . "
p=|p -a,, o 12(¢

= b —ayy =gz ' ( '

and the diagonal matex A = diag{Ay, 42,43, ) Wnting (10) and
(11) in matrix form gives the matrix equation for (1) b
v

B,+AB= 4AB. Q3

£

The onginal differential operators go to the d matnix
operations as 8 = &+ Aand 874 ¢ = =A. Wenote the ¥
following are skew.symmetric (AM° = M7 1s the 2djoint) B

(A=A = (A= A) g




s

I e

g (dmtire,

J S

11'53"" to the energy conservation slatement
' (v.v)= EI lb,l’ =38"B= constant in r. (15)
v ME EQUEN

w This calculation demonstrates that mode coupling is due en-
e the r dependence of ¢. The vestical operator &7 + ¢ is
to the diagonal matrix A, which caanot contribute
adange from §; 1o ¢1, § # E, via off-dragonal clements. The
: "y { 10 an r detivative pluz an anl-
melric matrix A in (13). Now if we have pressure release top
(=4 3 5igid bottom, the eigenvalues and eigenfunctions are

-1
é’z‘/;/:sin‘/zz N \/zz-(p—h—/’!: y §rCsin an"

0}, last is atbitrary) The inner product in gj, in (8§ is approxi-
psted by

(9s83449) = 2(m:“'(_1)"4roi£t;’ 2 ma)

w=p=] when j+ p4 misodd, and ¢jp = p4 j—1 when
j#p+misesen, Note that the interaction couples a wide range
o frequences, although when vatious sums and differcnces of j, p,
1ad m ate smail, thete is greater resonance.

(B) 1 (B)s=1,2,... decay fast enough, zepeated use of (11) gives

(P} +9)u,8p) = P(=2)« (u,4y) (16)

ke polynonual P(3) Convergence atguments for (16) gire that a
feaction f may be rewsitten in matsix form f{074q)u — f(-A)B,
xbete

J(-A) = disg(f(-X), JI-23), f(-29), -} (iD)

A patticulatly importaat use of this relation occurs with the face
totization of (E%62 + 97 4 ¢ + kJu = 0 into the general parabolic
operators

(%3, = Q)(ikd, + Q) — ik[?,,QJu =0 (1)
where Q = \/8,’ +¢+ £ and {M,N] = MN — N2M 1s the commu.
utor, Q { to the di 1 mattix opetator € = Vi — A

s described by (17) This permits the exact ¢alculation of the cot~
responding commutator [ + A,C) = G whers

Grp = ~(grdmi8) (VE = dm +\JEE =2, )7L

G exists as long as =2, # k%, Thus, the approximation may break-
down when ), = E?, which may be estimated by (4) In fact if we
Yave continuous spectrum in this range, there will necessanly be a
Yeakdown in the commutator, and possibly 1n the approximation
of the elhplic equation by the parabolic.

(C) Now use m — VET= R to convert
(3'-{--.-'; 6,+q+i’)u=0 (19)
% the matrix differential equation
B,=Vh, VE(-A-;'T/H—-K). (20)

Pick the sign of the radical in (20) to be (a) positive when £ > X5
10d to be (b) positive imaginary when k% < Ay, Let P, be the ma-
trix with ones on the diagonal in case (a), holds and zeros other«

xise, and P, have ones on the diagonal in casé (b) and zeros othet-
vise, Because of the choice of sign, P, and P, ate projections onto

the propagating modes and the modes, respectively
By + P = I, the identity matrix. Wrile B, = B, B == (b1,..-,bm)",
the propagating modes of B. For these modes we may approximate

the radical
GV S A x ~i— (2iE) 1A

faitly well, since the maximum ertor is } This approsimation
gives (13) wheh we include 3 complex exponential & = ue'™”. In
case (b), bowever, this approximation fails, since one may show
{B; B: ). <0 Thus u, decays with respect to r, as oppoced .0
energy conservalion in (15) Padé approximants of the squate root
may ako cause problems, in that, if coe of the J; 15 near 2 pole of
the Padé approximant, it could induce rapid osallations rot due
to the original operator. One way sround this is to use separale

pproximations for the propagating and t parts, A Padé
approximation should work well for the evanescent modes]2).
(D) V ia (20) may be viewed as 3 generator of 2 contraction semi-
group of operators, if it inclades some constant atlenuation, If g is
3 Markov procese of r, Hersh and Papanicolaou {9] dircuss the exis-
tence of an averaged operalor (V). This could be used to etimate
an average parabol:c equation for (19).

4 MMARY
“The 1ep tation of the parabolic equation n range depen-
dent notmal modes allows us to write an infinite dimensional ma-
trix equation From this we ss¢ that mode couplng is due to mode
interaction with the range dependence of the index of refeaction.
The generalized parabolic equation (19) gives faitly good approx-
imation of the elliptic wave equation, except in the spectral range
whezre propagating modes go over {0 evanescent modes \When one
approximates Q by simpler operators, one should app te it
parately on the propagating and ev

pacts of the spec-
tzum, and then introduce the coupling bet these patls.
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