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-. A NORMAL MODE INTERPRETATION OF A RANGE DEPENDENT
it.i PARABOLIC WAVE EQUATION

NOARL, Nunerical Modeling Disision, Code 221

Stenis Space Center. IS 39529-514 USA

ABTAT- Often it as possible to decompose a wave mat-U Since the wO~~l ae comsplete, we my write the gencrahzed
j.' into vertical and horizontal compoctents. It is useful to consider Fourier serie for u and Oj,.

the case when the vertical dependence is comnpletely expressed in
il with range dependence transforms to first orde finenr differential

equations in an infinite dimensional Hldbet space. This permits The inner product representation fee the Ionrer i otificient is
concrete expression of omplicaed functions of operatirs and their

calculation. The non-contant coefficient matrix shows range de- c
pendent vertical mode interactions and constraints on amplitudes b i-M = 1-, 0-) LJr,2)0,dr. (6)
In this study differences and sirmilarities between varios trans-
formed eq ations are explored. The proposed method also permits
comparison to existing Illbett space aal)sis of the system when Transformation of the parabolic equation requires r derivatites, so

the s)stem is iatophastic. differentiate (3), to find

14 . INTRfODIICTION1 Aol 7: ,-l)6Many authors formally derive various parabolic equations in
the context of approximating the ltelmholtr equation in ocean Now use the scries for 0.. (Sb) m th. square brackets
Sacoustics (see, e g., McDaniel [lJ or Collins (2]). One can, however,
ue some function analytic methods in SturmLiorville theory to aj[4m" + 

( 
+ 
"
j )4,] + (g. + Aj,) 4 0

make explicit theoretical calculations (Keller and Ahluwalia (3]). E+
MlcDaniel has used some normal made theory to discoss varios er-
rors of the parabolic approximation [6). Furthermore, calculations Rewrite the O + q is the brackets as an eig.nsalue using (3) F.
with the generalized Fourier transform gie concrete reahzations of nail), the o ithonormalit of the eigenfunctions0 (4,. .) = f
functions of operators. These allow the statement of certain tech- allows us to pull off individual serma in the series. This results in
nical conditions on the range of applicability. Although we start
with Tappert's equation (4], the method works for mansy split step 0. j p
methods and, with certain litations, the eiliptic wave equation. op= - = tol, t (8)

*cW! also restrict our attention to a flat top and bottom surfaces
wth constant Sturm-Liouville boundary conditions. These approx. , = (q ,) (9
imate pressure release, rigid bottom, oc the Pekeris two fluid la)erM
trapped modes (cf. Kinsler, Frey, Coppens, and Sanders (3)) This We calculate 0 = (4,),. = 2(0,04,,) = 2a. As a specia!
will lead to a completely discrete spectrum. i e, trapped modes case, suppose the the chang-, i potential q. is independent of :,
onl), but the procedure is exactly analogous when there is contin- : e. q, = 0, then a$, = 0 for all ) and p, and A,,. = q, for all p
uous spectrum corresponding to diffracted modes The latter lead We now combine the previous computations to find the generalized
to integral operators rather than matrices, but with the appropri- Fourier transformed ditreretial operations o u:
ate changes. These differences make for slightly different technical
conditions from the discrete case. (-,. .4) = 6,,, + ajtj (I0)

7, TIlANSFORIt/N Trill PARAIIOIC EOlIATION
We start with Tappert's original paraboh equation 4 i the r direction, and i the a direction

(2.it, + 8 + q)u = 0 (I) (10+1q]nr):-3t,. (+1

where q = q(r,z) = t2(nl - I) has r dependence (ignoring ap. Define the folowing semiinfinite matrices
proximation to thy elliptic Ifelmholtz equation initially), We write

8.f = ... The boundsry conditions will he r independeot . 0(1(

coesO (r,()-sine n1(r,( ) O (2) 1---w , A= '2 -120

where o= 0,-h (Oo = 0 on a pressure release surface). For a (iced
r, one mu) consider the SturriLouille problem in the Z variable

. (see. c 9 , Coddington and Levinson [7) or Weidmann 18]) and the diagonal matrix A = diag(A.,A3 , ) %%,iri~g (10) anti

- (11) in matrix form gises the matrix equaton for (I) b
R+ +A01= 0 (3) 1,

uheite 1 sotisfies the same boundary conditions (2). For continu-

ous, relatively small q one may show the as)mptotic behavior The original differentis operators go to the transfoim'd m xiix

operations as Or - I + A and 02 + q - -A. We note the 5c
Aj or h-'(jn - 0., + o)

5
, J -o (4) following are skew-syrimetric (A " = f

r 
is the adjoint) ti

* Notedependence Aj = Aj(r) and Oj = j(r, z). Tie independence (9A - A)* = -(AA - A) (1

of the boundary coudition from r means 01, satisfies (2).
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11 7ed to the energy conservation statement the propagating moies and the evanescent modes, respectively.
P, + P. = I, the identity matrix. Write Bp D = (6B1=( _ ,&.)r.

(a~u) 1b, =B'B: =onstant in r. (15) thepropa:ativgrmodeoffB. Fothesemodeswemayapproxinate
the rsadi-A

3 SO~(I'CONSEOIJENCES (i)'Vk2-A=-i-(211
2
)''A i

() T; calclation demonstrates that mode coupling is due et, fairly rell, Snce the maximum error is z. This approximation •

tothe r dependence of q. The vertical operator a.2 + q is fves (13) wh~m ire indeacornplex exponential ii =c'e'. In
to the diagonal matrix A, wrhich cannot contribute case (b), however, this approximation fails, since one may show

.ige from OJ to 01. i it k. via off-dragona elements, The (B. 8), 0 Thus u. decays with respect to r, at oppoed .o

I hoever, tanisforss to an , derivative plne an &it. energy conervation in (15) Pa approximints of the squace root
r0i.%etricmatxAin (13). itwehvepressr release top may also cause problems, in that. if one of th-rAj a near a poe of
" Arigd bottom, the euvne and eigenfunctiou ase the Padi approximant, it could induce rapid oscillations rot dre

to the o.iginal operator. One way around thin is to use separate

si, (1 Z fain approximations for the propagating aad evanescent parts. A Padi
appgpximation should work well for the evanescent modes[2J.

ue rst is arbittar)) The inner product in cr, in (8) is approxi- (D) V Si (20) may be viewed as a generator of a contraction semi.

t;w. by group of operatrs, if it indcades some constant attenuation. If q is
a hlauhov process of v, Iersh and Pap nIcolaou [8) diicuss the exis-

2tmx-'(-)-l 4r+J~ T )
- I ;  

trnce of an averaged operator (V). This could be used to etimate
Aan aserage paraboli equation for (19).

Sp j when + p + m is odd, and Cj, = p j -I when 4 SUMARY
j+p+m iseen. Note that the interaction couples a wide range The representation of the parabolic equation mn range depen
dfrequenmes. although when various sums and ditfferrces of j, p. dent norm.! modes allows us to write an infinite dimensional ma,

md is are sma$l, there is greater resonance. tric equation From this we see that made couplng is due to mode

(I) If (bj)jnm.n. decoy fast enough, repeated ue of (I 1) fire, interaction with the range dependence of the index of roraction.
The generalized parabolic equation (19) gises fairly good approx.

(P . +q) u, 00 =- P(-',) 0,00e (16) imation of the elliptic wave equation, except in the spectral rangewhere propagating modes go oner to evanescent modes When one

to cpol}normal P(A) Con, ergence arguments for (16) gire that a approiximates Q by simpler operators, one should approximate it
knrimn f may be reiwritten in matrix form J(,+q] s - f(-A)B, separately on the propagating and esanescent parts of the spec-

.here trur, and then ;ntuoduce the coupling between these parts.
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