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ABSTRACT

Two approximate interval estimation procedures for mechanical component reli-
ability, P(X > 1), are developed and their accuracy evaluated by computer simulations.
The strength, X, of the component and the stress, Y, applied to it are independent
normally distributed variables with unknown means and variances. In the first interval
procedure the variances are equal. In the second procedure the variances may be une-
qual.

The derived intervals are quite accurate for the cases simulated which include large
and small sampic sizes. These procedures are simple to apply and require the use of
percentile points of the Student’s t distribution. In the second procedure, the degrees

of freedom of the associated t statistic is a function of the test data , and therefore it is

random.
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1. INTRODUCTION

Let X and Y be independent random variables with normal cumulative distribution
functions Fi{x) and Fy{(y)-respectively. Suppose X is the strength of & mechanical com-
ponent, and Y is the stress applied to the component. The strength depends on the
material properties, manufacturing proccdurcs:and other factors. The stress is a function
of the environment to which the component is subjected. Component failure-is defined
by the event X < Y. Component reliability, R, is defined by R=P(X > ¥) . Ris called
mechanical reliability. Two lower confidence limit procedures for R are developed in this
thesis. In both procedures the means and variances of X and Y arc unknown. In one
procedure the variances are-assumed to be equal.

A nonparair~tric interval estimation procedure for R was first proposed by
Birnbaum {Ref. 1: pp. 13-17) using the Mann-Whitney U statistic. Birnbaum and
McCarty developed a procedure for computing the minimum sample size needed for
such a confidence interval to have a given width and confidence level [Ref. 2:
pp- 538-562). Owen, Craswell and Hanson [Ref. 3: pp. 906-924] provided more detailed
tables for usc in computing sample sizes and confidence intervals for the
Birnbaum-McCarty procedure. Tables designed especially for the normal distribution
were also included in their paper. Govindarajulu [Ref. 4: pp. 229-23§] observed that the
bounds employed by Birnbaum and McCarty for obtaining the confidence intervals can
be substantiaily improved asymptotically and reduced the Birbaum-McCarty bounds by
approximately 1,2. Church and Harris [Ref. 5: pp. 49-54] pointed out that the sample

sizes required by these nonparametric procedure arc likely to be too large for many

practical situations.




‘Owen [Ref. 6: pp.d45-478] gave an exact confidence limit procedure for
R = P(X = x) where X is normally distributed with unknown mean and unknown vari-
ance, and x is a constant. His procedure uses the noncentral t distribution and eatensive
table-lookups arc necded. Owen-and Jua [Ref. 7: pp. 285-311] developed special tables
that reduced these calculations. Their tables were limited to two confidence jevel values;
namely 90% and 95%. Lee [Ref. 8: pp. 15-22] reports on a closed form equation for this
confidence limit that is approximate but quite accurate. His equation applies for any
confidence level and-uses the central student’s t distribution.

Church and Iarris [Ref. 5: pp. 49-54] developed approaimate confidence limits for
R = P(X>Y), under the assumption that the stress, Y, has a standard normal distrib-
ution and F,(x) is normally distributed with unknown mean and variance.

Throughout this thesis we write X ~ N(u, 6% to denote that X has-a normal distrib-

ution with mean g and variance 6%

o)




1. APPROXIMATE INTERVAL ESTIMATION PROCEDURE FOR
RELIABILITY R = P(X > Y) — EQUAL VARIANCE CASE

A. LCWER CONFIDENCE LIMIT PROCEDURE

Suppose the strength, X, of a mechanical device and the stress, Y, applied to it are
‘independent variables, with normal probability distributions. We assume both means
are unknown and bouth variances are unknown but have common values ¢2. The me-

chanical reliability, R, of the device is defined as follows:

R=P{X>1Y]
X =¥ = (ug—uy) e~ sy
=p .._.} ."),>_ll.x _.“}
G\’Z a\-?. lZ.l)
=@ =EEy,
G\{z
: . ; ; s e e . < Hy—py
where <D is the standard normal cumulative distribution function. Let & =
Then
R=d{—t=. 2.2
i) )
N~
A consistent estimator {Ref. 9: PP.289-294] of § is
_X-F. .
]\ - S ["“)

where

r1t

/:';j.\;—i"):-:-!ﬁn' - ¥

S=\ Ned-nge—2




is the pooled sample variance of X and Y; n is the size of the sample on X; m is the-size
of the sample on- Y;-and ;¥ and Y are the respective sample means. Since X and Y -are

independently normally distributed,

I-r ~'\'(#x“l~lY°’ ( T ))

The general method for deriving confidence intervals [Ref. 9: PP.347-355] can be

J .
S 15

-used to obtain a lower 100(1 — )% confidence limit, 3L',_, , for 6 . Suppose

constructed. from the data. Then under-the general method, 4, ,_, is the value of é-such

that

[ Y-}V _X-—F
amd 2D 225

| S
P X =V = (= )+ iy = wy)
_p af1[n+ 1jm < X=y
_g- _s\/lln + 1/m
[ A Selll
-p o 1n+ 1)m - - (2.4)

/ /5_"7_2 T osdln+1m
ndnt—-2
=P|N.C.T. ( L )s ==t
c\/lln + 1im sln+1jm

=P z‘vC’I( )s ==t ,
Jn+ 1m ~1n+ Hm

where N.C.T. denotes a noncentral t random variable with noncentrality parameter

5 By — Uy X-y
—_— = and K =—5—.
S+ 1fm

The degrees of freedom of this noncentral t is n+m-2. One can use the noncentral t

table to obtain the solution for § in Equation (2.4) which is 3L_ 1-s » Owen and Iua [Ref.




7: pp. 285-311] have taken this approach for the univariate case. Their method required
the-extensive use of tables. We shall take a different approach here, in order to find a
closed expression for an approximation to 5 v

In his thesis, Lee [Ref. 8: pp. 15-22] developed an approximate 100(1 — )% lower
confidence limit for R = P(X > x) where X' ~ N(u, 0%, u and ¢? are unknown, and x a

constant. Lee’s expression is

2
A .11 K« 112 )
S jy=Re= 5 ——— | "oy p1» 25
Ly 1=x X [n 2("_\@)} I=%, n=1 (2:3)
where K, = A E X and I, 5 15 the 100(1 — o) percentile point of the student’s t dis-

tribution with n-1 degrees of freedom.

A method analogous to Lee’s procedure can be used to develop an equation for
3,“,_, in the bivariate case described at the outset of this section. If we substitute
(1/n + 1/m)for (1/n) and (i + m — 1) for (»n)-in Equation (2.5), we would obtain the lower

confidence-limit

A 1, X 2
61" 1-x ™ K- [(T-*‘TI_) + 2(n +m—1 —\/k_) ] 'l-x, nem=-2* (2'6)

where K:Jl%y— . The corresponding 100(1 — a)% lower confidence limit for

R=PWX>Y)is

A
A 61. J-x

= '___ N 2.7
RL; 1=o (l < ‘\12 >, ( )

Our computer simulation results show that this lower confidence limit is quite accurate.

The results are tabulated in Tables 1 and 2. A description of the simulation procedure

along with a analysis on computer results will be given later in this chapter. The im-

portant point of these tables is the comparison between R and Rgg_.), 1a-op 1f these two




values are equal, the approximate lower confidence limit procedures given in Lquations

(2:6).and (2.7) are nearly exact.
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Table 1. ANALYSIS OF 90% CONFIDENCE LIMIT APPROXIMATION OF

R = P(X>Y) FOR EQUAL VARIANCES CASE WITH EQN. 2.6

R | o [0 ]m] Ao | dmeoto | o | e
S|18|  .8928 9130 C1398 0110
1.0 [ 8]30]  .9047 8880 | .09%0 .0068
900 20| 30 7 9033 3890 0704 0033
818 8928 9130 1398 0110
200 | 8 |30]  .9047 .8880 0990 0068
120]30] .9033 .8890 o .0704 0033
S8 | 9450 9130 1092 0073
1.0 | 8|30 9527 .8870 - .0722 .0040
950 120 30 9515 .8900 0508 0019
8|8 94351 9130 1092 0073
200 | S |30 9527 8870 0721 .0040
201 30 9516 8900 | 0508 0019
1818|9877 9200 0563 0025
1.0 | 8]30] .9908 .8820 0310 0009
950 20| 30 9903 .$960 0212 0004
$ 18 9877 9200 0563 0025
200 | 8|30 9908 8820 0310 0009
20| 30 9903 .8960 0212 .0004




Table 2. ANALYSIS OF 95% CONFIDENCE LIMJT APPROXIMATION OF
= P(\> Y) FOR EQUAL VARIANCES CASE WITH EQN. 2.6

R | o |00 Rewesies | imeoro| R | e
8- 8855 9650 1954 0126
1.0 | 830 8983 9530 1332 0078
900 |— 20| 30 .9013 9470 0938 0038
8§18 8855 9630 1934 0126
200 | 8 |30] .8983 9330 1332 0078
20| 30 9013 9470 0938 0038
S|S 9375 9650 1579 0092
1.0 {830 9:186 9510 .0990 0049
950 20| 30 ’7 9498 - .95007—7 .06887’ 0022
§ 1§ 9376 9650 1378 0092
20.0 | 8 | 30 9486 9510 0989 0049
201 30  .9498 9500 0688 0022
S|8|  .9846 9660 0884 0040
1.0 | S 130 9898 9510 0447 0014
990 20| 30] 9905 9450 0299 0006
8|8 9847 9660 0883 0040
200 | 8 | 30 9898 9510 0447 0014
200 30 9905 9430 0298 0006




The above method for deriving o,,,., canno. be used to find a Jower confidence in-
terval for P(X'> 1) when we drop the assumptiun of equal variances. Consequently,
we shall -develop &, ,_, using a different approach which has greater potential for con-

structing confidence intervals ‘when variances are not equal. Let

X-v _X-Y :
‘,_2,=‘S’. (2:8)
NS

K=gX -7V, §)=

The Taylor expansion of K at (uy— py, 0?) , using only first order derivatives, is given

by
T o T 59 = alur— sty 68 4 [F = 7 = (= sey)] —5ee
g¥ =¥, $)=gluy—py, ) + [X = ¥ = (ug — 1y} AT =T |-
(52— o)) 2E )
5= N =5 e iy R (2.9)

py—py X =V =(uy—py 3 2 Hy—Aay
=ttt = —(§*-) TR,

2¢

The expected value and variance of g(¥ = Y, $?) are as follows:
Uy — uyv

E[A’J =‘“82:-—G—.-

=L Var(¥ = 1) +—( —lﬁ-:;-‘)— )2\-’ar(52)
2¢

" <2
1 (_g‘_ _gi) L=y 25* (2.10)
i i) 456 ntEm=—2

¢
( 3
ur—.yl
IS TR P ST
Wi m—2

- =
poo (Lol =7
G}'—\/( notom )+ 2550 + m—2)

~

/ | ) K
='\/(’_7+-’_7-'_)+2{:1+;)x—2) '

@2.11)
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I3 B /. A—.— 3':
where X = =
’d
— Uy .
——% is close to the
Ok

For large sample-size, n and-m, the probability distribution of

standard normal distribution. An.approximate 100(1 — )% lower confidence limit for

ty is K—cyZ,_,, where Z,_, is the 100(1 —¢)%0 percentile of the standard normal dis-

I . . o K—uy . e
tribution. We choose to approximate the distribution of -=—, —= with a . distribution:

Cx

that has n+m-2 degrees of freedor... This approximation sheculd accommodate small

samples better than-the normal approximation. The computer simulations will reveal
the -accuracy of this choice. Consequently an-approximate lower confidet,ce limit for

Hyis given by

A n
-“KLJ_, =K- KN, nim-2

=K 1,1\, K 12 .
—I\—[(_"—-E' m )+ 2 +m=2) :l l—, nam-2 (2.12)

2
=07, -

The corresponding 100(1 — &) % lowe. confidence limit, R, ,,, of component reli-

A
67, 1-
Ry jox= w(—"—'_—"-> (2.13)
A2

I. Example

ability is

We illustrate the -application of this ; “.edure with an example. We cempute
the 90% lower confidence limit ol the component reliability, R, o, given the following

data:

“

q

L {




X: 9.26 10.19 9.79 '1i.27
11.55 9.41 9.99 9.22

10.03 10..33 10.95 8.33

Y: 8.07 8.53 7.74 & %%

7.94 9.15 6.99 7.1

9.97 8.76 7.01 9.9¢

m=30, y=28.308

10.06 9:22 9.75 8.46 9.79 9.52
11.22 9.89 9.54 9.24 8.77 9.86

10. 85

I .36 6.82 8.65 7.00 7.65

5.88 9.56 9.58 7.85 8:91 7.52

A

4% 9..05 9.54 10.72 7.86 7.87

L] 5 m s
(=X +Zn=F)
/H(. 7) Pl(, 5)
S=‘\ " o=

u+m=—2

-7
2

1.587

K=

I_\
07,09=K—

| e—

=1, =
| I

A
. 310, A
Ry o9= d>< L0 > =0.798
'y \12

We note that the point estimator of R,

() ()
(7\12 \'\{2

= 3.978

2

1.1 [ | B
(_”—TW)-*-Z(II'{'"I—Z)] 09, n~m-2

= (1.122) = 0.868,

and the computed 90%% lower confidence limit of R, IA{,_,(,,‘, = (.798 <.0.868 as it should

be. We cannot draw any conclusion

procedure from onc example, We need

about the accuracy of any confidence interval

computer simulations to do tiis. The next sec-

tion considers the accuracy of this procedure.

11
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B. ACCURACY OF THE PROCEDURE
1. 'Measvres of accuracy and the concept of compuiar simulation
‘The accuracy of the interval procecure in Equatiop (2.12) was evaluated in

terms of the {ollowing four ¢characigristics:

* The actual confidence level of the interval, i.c. the portion of times an estimated
liredt will- cover the truc reliability.

* The mean error between thr -estimated limit and the true reliability, which is de-
noted as ‘mean error from R in the simulation result tables.

“ The variance of the error between the estimated limit a..d true rehability, which is
-denoted as ‘variance of error’ in the tables.

¢ The 100(I — e)* percentiie point of the distribution of R, ,_,.

The actual confidence level of an approximate confidence interval can be ac-
cessed during a computer simulation which we will discuss later.
To compute the 100(1 — o)* percentile point of the R, ,_,, one only need to ex-

amine the definition of IAQL,_, as a lower 100(1 — &) % confidence limit for R, i.c.

PR,y s<R) 1 —a. (2.14)

This equ:.t;on says that, R is the 160(1 -- a)}* percentile point of the probabii;ty distrib-
ution of 12,,, -~ 1hus, if we construct the distribution of 1@__,_, by computer simulatior,
we should {ind that the 100(1 — o) percentile point of our constructed distribution is
R, provided IAQL, -, 18 @ true 100(1 — )% lower confidence limit for R. Let R; ,_, denote
the 100(1 ~ a)* percentile poin. of fé,",_,. Then the quantity | R, ,_, — R| is a measure
of the accuracy of the procedure.

We can construct the distribution of I'QL_,_, by generating a large number, say
1000, of random observations on IAQ,",_, for a given set of parameter values
n, i, py py 6% and R, The 100(1 — o) empirical percentile point of the distribution of

Ry, is the 1000(] — «)* ordered statistic of IACL, lea s IAQ,OW“_,,' L=} -




2. Computer simulation

a. Simulation procedure

’ Eighteen sets of values of n, m, py, py, and ¢* were chosen to perform the
simulations. They were selected in a manner so that R= d»(—%_fy") , for R = 0.90,
(2
0.95, 0.99. Thus when random samples of X and Y are ggncratcd, the rcliability
R = P(X> Y) will be at designed v.™e. Parameters were-also chosen according to the

following rules in order to cover practical conditions:
¢ Ux>py
* Reliability, R :-0.99, 0.95, 0.99
¢ Standard Deviations, ¢: 1.0, 20.0
* Sample sizes,-(n, m): /3, 8); (8, 30): (20, 30)

Actual sets of parameters ar - tabulated on Appendix B.

Each set of parameters describes a case. For each:case, the set of parameters
v were used to-generate samples of size n and m for normal variates X and Y respectively.
The developed methods were used.to esumate the-confidence Jimit for confidence levels
of o= 0.03, 0.1, and 0.20. For each.individual ca<e, this procedure is replicated 1000
times producing 1000 random-observations of I%L, 1—se The 1000(1 — o)* ordered statistic
of I'EL, - 15 compared with the true reliability. The actuar confidence levels is computed
by counting the number of the 1000 1§L‘ ... statistics that fall below the true reliability.
We also computed-the sample mean and variance of the estimation error using the 1000
generated values of I‘ZL_,_,.

The simulation procedure can-be summarized as follows:

1) Generate n random normal variates X, X'~ N(u,¢%); m random normal variates
Y, ¥~ Nuyy6).

2) Compute X, ¥, S.

3) Compute K, E Li-sr

A

. 01 1es _
4) Compute R, ,., = (I)(i‘;_—), for o = 0.03, 0.10, 0.20.

-\l-

13




5) Repeat steps 1 through 4, for 1000 times. Then order the R, ,., to get
Ry, ooy Raptiey 1 1 Riosoa-srtgesy s -+ Ruoooy.La-ap fTom the smallest to the largest.

6) Print leu_z).i_u_,).
7) Print max{Ry, yo-a Rip.La-»< R} ,the actual confidence level-of the-approximation

. , 1
will be 000"

8) Compute .and print the sample mean and variance of the estimation error, to
measurethe precision and stability of the approximation.

b.  Simulation language
The zimulations were conducted on the N.P.S. mainframe IBM 3033 com-
puter. The programming language used for the simulations is VS FORTRAN 2. The
random number generator LLRANII was used-to generate normal variates. The IMSL
statistics function TIN was used to compute the percentile of the student t distribution
and ANORDF was uscd to compute the probability of standard normal distribution.
The FORTRAN source code for the simulation on the approximate procedure are at-
tached in Appendix A. The FORTRAN code for the simultaneous comparison simu-
Jation of the approximate procedure and -the nonparametric procedure are attached in
Appendix C.
3. Analysis of simulation results
The simulation results are tabulated in Tables 3 through 5. The results shows
that f&,m,,,,_ La-sy 18 Very close to the true reliability for every case of simulation, so that
we have developed a very exact procedure. The procedure is more nearly exact for large

sample sizes.




Table 3. ANALYSIS OF 80% -CONFIDENCE LIMIT APPROXIMATION OF

. = P(\>Y) FOR EQUAL VARIANCES CASE WITH EQN: 2.12
R | o o] ] s | aomeion | k|

) , 8 18|  .8989 8010 - .0840 .0089

1.0 | 830 .9003 7980 0628 0056

900 | 201 30 9019 .7?80 0449, 0028

818 .8989 .8010 0840 0089

20.0 | $ 130 .9003 .7980 0628 0056

' 20| 30 9019 7880 0449 0028

8§18 9498 .8010 0637 10032

1.0 | 8|30 9511 7910 0450 0030

950 20 30|  .9516 L7850 0321 0015

§ .9499 .8010 0636 0052

200 | $ |30 .9511 7910 0450 0030

20030 9517 .7840 0320 | L0015

$18 9901 7970 0302 0014

’ 1.0 | 8130 .9906 .7830 0185 0006
990 1 20| 30 .9904 7890 0130 0003

s s 9901 7970 0302 0014

20,0 | 8 | 30 9906 7830 0183 0006

201 30 9904 7890 0130 0003




Table 4. ANALYSIS OF 90% CONFIDENCE LIMIT APPROXIMATION OF
R = P(X>Y) FOR EQUAL VARIANCES CASE WITH EQN. 2.12

R ¢ |nlm| 2 True :con'ﬁ- Mean error | Variance of
1000(1-2), L(1~3) dence level from R error
818 8944 | .9060 L1390 0111
1.0 | 830 .9050 - .8880 0989 0068
900 201 30| 19034 ;s’isiso 0703 0033
8|8 .8944 .9060 1390 011
200 | 8 |30 9050 8880 0989 0068
1 20] 30|  .9034 ~.8880 0703 0033
1818 ©.9467 9090 1081 0074
1.0 | 8130 9529 8860 0720 0040
050 go 30 9517 .§890 0507 0019
S|s 9467 .9090 .1080 0074
200 | S | 30 9530 .8860 0719 ©.0040
20 30 9517 - .88%0 0507 © 0019
818 9886 S 9110 0549 0023
1.0 | 8§30 .9909 L8810 0308 0009
990 20| 30 9904 .8950 0211 0004
§18 9887 9110 03549 0025
200 | 8 |30 .9909 8810 0308 0009
20| 30 9904 .8930 0211 0004




Table 5. ANALYSIS OF 95% CONFIDENCE LIMIT APPROXIMATION OF

. ] "R = P(X>Y) FOR EQUAL VARIANCES CASE WITH EQN. 2.12
I r s |Inlm '™ B True Eon;ﬁ- Mean error | Variance of
1000{1-1). L(1-2) dence level from R error
’ s |8 8884 9600 .1942 © 0128
1.0 | 8|30 .8987 9520 1330 0079
1 900 201 30 9015 9470 0937 0038
, S |8 8884 9600 1942 0128 |
200 | 8 |30 .8987 © 9520 1330 0079
20| 30 9015 9470 0937 0038
$18 9406 9620 1539 0093
1:0 | 8§ 130 9489 9510 0987 0049
950 20| 30 9500 9500 0686 0022
s|s 9406 9620 1558 0093
200 | 8 |30 9490 9510 0986 0049
20| 30 9300 940 0686 0022
§ |8 9863 9620 0837 0040
1.0 | & 1|30 .9900 9300 0444 0014
950 20| 30 9906 9430 0297 0006
- sls 9863 9620 0857 0040
20,0 | § | 30 9500 93500 0444 0014
20| 30 9906 | .9430 0297 | .0006




1II. NONPARAMETRIC DISTRIBUTION FREE LOWER CONFIDENCE
BOUND PROCEDURE

The distribution-free confidence bound procedure suggested by Govindarajulu [Ref.
4: pp. 229-238], may be applied to our problem. However we should note that the
Govindarajulu procedure requires large sample sizes and the true reliability values re-
moved from 0 and 1. For comparative purposes only, we evaluated his procedure using
the same computer simulation and analysis methods that were performed on our devel-
oped procedure. The same data was used to evaluate both procedures with emphases

on 1%,000(,_,,| La-s @nd ‘mean error’. The results-are displayed in Tables 6 and 7.
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Table 6 COMPAF 9N OF DIFFERENT PROCEDURES ON 90% LOWER
- CONFIDE ~£ LIMIT ESTIMATION OF R = P(X>Y), EQUAL
) VARIANCLS CASE.

- 7 “Approximate Estimation Nonparametric Bound
: R ¢ [nm I3 | Mean Error | p Mean Error
- 1000{1=3), [{{=2} . B 1000 =2) I{1=1)

25| 30 8998 0650 8225 L1289

1.0 | 50| 70 8969 0419 8417 0915

900 90| 90 7 ©.9000 0322 8602 0676
: 25| 30|  .8998 0650 8225 1289

20.0 | 50| 70 8970 0418 8417 0915

20| 90 9000 032] 8602 0676
25] 30]  .9488 0466 8545 L1289
10 | 501 701 9484 10290 8805 0913

‘;950 90| 90 9499 0220 8997 0677

25| 30 9488 0465 8545 1288

20.0 | 50| 70 9485 0288 8805 0912

] 90| 90|  .9499 0219 8999 0677
25| 30 .9894 0190 8718 1286

1.0 | 50| 70 9896 0107 C o .9068 0908

. 990 90| 90 .9900 0079 9284 0676
25| 30 9893 0190 8718 1286

20.0 | 50| 70|  .9896 0107 9068 0908

90| 90 .9900 0079 9284 0676




Table 7. COMPARISON OF DIFFERENT PROCEDURES- ON 95% LOWER
CONFIDENCE LIMIT ESTIMATION OF R = P(X>Y), EQUAL
VARIANCES CASE.

Approximate Estimation Nonparametm Bound
R o (mm Rioon ~ Mean Error R Mean-Error
{1-2), L(1~2) . - 1000(1~2), L{1~12)
25] 30 8989 0866 7955 1633
1.0 [ 50| 70|  .8976 C 0549 8245 1172
900 90 90 ”'.8994 0422 8466 0868
25130 .8989 0866 7955 1653
20.0 | 50| 70 8977 0548 8245 LHT2
90| 90 8995 042 8466 0868
250 30] 9494 0630 82335 1652
1.0 | 50| 70 9477 0384 8397 L1170
950 90] 90|  .9490 ' 091 8850 0869
251 30 9493 0629 8235 1652
20.0 | 50| 70 9478 0382 8597 1169
901 90 9491 | 0290 .8830- 0868
25| 30 9901 0267 8335 1630
1.0 | 30| 70 9895 . .0146 .8820 1165
990 90| 90 9897 0107 9102 0868
25] 30 9901 - .0266 8355 1649
20.0 | 50| 70 9895 - .0145 .8820 1165
90| 90  .9897 ©0106 9102 0867
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IV. APPROXIMATE INTERVAL ESTIMATION PROCEDURE FOR
RELIABILITY R = P(X > Y) — UNEQUAL VARIANCES CASE

A. LOWER CONFIDENCE LIMIT PROCEDURE
Let X denote component strength where X ~ M(uy03) Lot Y denote stress applied

to the component where Y ~ N(uyo6}) . Then
;v ar 2, 2
A=Y~ 1\'(/J.X—' Ry, Oy + G}’).

The component reliability is defined as follows:

R=P[X>1]

XY=V =(uy— s —

~p (x—ny) l:z sy
5 e
-\/clzy + c%» \/Gi’ +cYy (4.1)
Ky — K1y

= (b( '——’,_._-:_;— ),

'\,/O':y -+ G‘}"

where & is the standard normal cumulative distribution function. Let

A My—Hy
=t 4.2
[} ,..__..._2 ( )

1 3 2
N ey oy
then R = ®(d).
A consistent estimator of ¢ is

__X-F
<2 . o2
N Sk + Sy

, 4.3)

where S% and S3 denotes sample variances and X and T are the respective sample

means.

2]




For an observed value of —=2 , 'the lower 100(1 — ¢) % confidence limit 3L, for

st st

d, using the general confidence interval method, is the value of ¢ in Equation (4.2) such
that

-7 __F-F

l—=a=P <
JSiest Jsdhesd

(4.4)

The probability statement in (4.4)- cannot be reduced to an equivalent statement
about a random variable whose distribution has been tabulated. This problem is similar
to the Behrens-Fisher problem of finding a confidence interval for u, — p, when both
variances ¢} and ¢} are unknown and unequal. B. L. Welch [Ref. 10: pp. 28-335] has
proposed.an approximate confidence interval for u, —pu, in this case using the statistic

¥-F Welch T . T .
—_—m approximated the distribution of this statistic with a Student’s t
N S3in + S¥m
distribution with v degrees of freedom. The degrees-of-frecdom chosen by Welch is given
by

_(Sgin+ S§im)’

Sf—,’nz S )2_!,“2

n—1 m-~1

The Welch statistic.is not useful in our problem, because we need to use a statistic that

is a consistent estimator for —2—£¥
vok+ot _
In particular we choose to use the statistic g= Xz" "2 The mean and variance
S+ 5%
. . . . C e . -E . . .
of this statistic are approximated and the distribution of i—Aﬂ is approximated with

G
4
a Student’s t distribution. The desired confidence interval is constructed using the ap-

proximated Student’s t distribution. The analysis in the following paragraph serves only

as a means te find a plausible expression for the degrees of freedon of the approximated

Student’s distribution.

Ly
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I

¥ =3
AER denotes a value constructed from
skt sk

observed data. The upper case version of the same expression denotes a random vari-

We begin as in equation (4.4), where
able.

-V < X TJ’
Jst+sE Jsk+sh
X - ¥ = (g = py)+ (g — 1)
» \/ cf{ln + a%-[m x—y .\/ s:{)-[n + s?»lm
/ 3 Py 3
N, S‘% + Sy \/ syln + s;zzlm \,fs,% + sy

—_——
\/’afyln + o%;[m

l—a=P

l'— v
Za My — Uy

j 2,0, 2 - -
N cX[n +cy/m T — )
P e @.5)
i
\/ syin + cylm \/ siln + s;"-[m
\j Gy ln—c}]n sX+s;-

where 62, 63, 53, and s? denote constants. The last probability in Equacion (4.5) suggests

a noncentral t distribution. Consequently the random variable

2 2. o2
/ (sg/n + sf-}m)(.bx + Sy)
N (@kin + cpimyis + s3)

in the denominator should be a random variable of the form \_./ L That s,

s;f-]n + sf-lm S,% + Sj’“v 2
vy

2

o';‘;-]n + o‘g'[m sy + s?-

. i
Since Var(y3) = 2v , Var(S}) = —2— —ZE, and Var(sp = ——-T :
- shin +s¥m '\, 1 ( 2% + 205 )
si+ st @in +oymP \ n—1 " m—1

Thus,




A s,%- + 5}2; 2 (0‘2\‘111 +7a“)’ilm)2
y= e
s}»[n +s}2-[mf ) o-g‘-[(n -1) +‘c§vl(m— 1)

53 +—:)2- 2 (sf—]n,-i- s}z-ln:)2
:;-[n +s¥m | sylin—1)+ spllm = 1)

__ Esp?
- sjf-l(n ~=1)+ :S';I(m ~-1)

(4.6)

. . e T —E
In summary, if we fit a t distribution to the distribution of g_,T_[Q ,
G
k4

the Equation-(4.6) might be a plausible random value for the degrees of freedom. The

the expression in

results of computer simulations-will indicate the accuracy of this approximation.
In order to formulate the lower confidence-interval statement.for ,_‘__ ,we first
- 4/03 +0%
A W
—&=Y_ e then ap-
siesy i
£ with a central Student’s t distribution with v-degrees

find the mean, E[g] =pu,, and variance, Var[g] = o}, for g=

. e g-
proaimate the distribution of —

G,
8

of freedom,. where v is given in equation (4.6). The lower confidence limit, £, ., for

#, will yield the corresponding lower confidence limit for reliability
Iy A
'RL, l=x = (b(“g]_' ]_,)'

We-now proceed to find p, and ¢2. The Taylor-expansion of g at (uy — uy, 6% + 0%) , us-

ing only first order derivatives is given by:

og
§(¥ =T, Sg+ 5P =slux— uyok +oPp + [F =V = (ux —#y)]m (ex—ty, 0% ~o})
R TR S . S P P 3 @)
B(SX‘*'SY) Hy = Ky, 0y =0y
My — My X=Y—(uy—n ty — It
i__)'i' ,__1‘2‘_ Y)—ES}'-*'S) (G\-I'G))] ad ‘y +Rc
'\/G/ZY'*-G%' ,\’Iai..*-ag- ‘(Gi TG})

where R, includes terms that converge to 0 at the same rate as max( ,l, ' ,} ) as n and
m become large.

The expected value and variance of g are
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Elg]= s,

P el 4 (4.8).
6‘2" -+ o',.‘;»
and’
Farl ol — <2
Var[g] = o
2
— —_— Ly —
= -—2—1—7 Var(X — Y) + —(l';‘—”zy—),_.;;z' Var(a’,zy + ai-)
cytoy 4oy + o)
_ oxlntofm Lt —uy)? ( 2% 2% ) (4.9)
ot +o> 4ok +oh)P \ #=1  m-1
axintoim | (g —py) ok ¥ )
=T33 2. 23\ n=1 T =1 )
ey oy 2(cx +0y)

An estimator for o, i5

A Stin+SHm (X ~T) Si St e
Ge= T s+ a3 \ 71 + o . 4.10)
SX + S}" 2(5,\' + b.y}

Then an approximate confidence limit for g, is the follows:

i =g—G4

TR e A
T @.11)
=01 1-x

The corresponding 100(1 — ) % lower confidence limit, IA{L.,_, , for component rcliability

is
A A
Ry, 1oy = (67, 1o)- (4.12)

1. Example
Let x, denote the strength of solid missile motor chambers that were pressurized
until they burst, i = 1, 2, .., 25. Let y, denote the maximum pressure observed on 30
solid missile motors that use this type of chamber. X and Y are assumed to have normal

distributions with unequal variances. The coded X and Y data are:

25




X: 292.65 301.86 297.86 312.67 300.61 292.18 297.55
284. 64 297.93 295.22 315.49 294.10 299.85 292,24
312.25 298..87 295.41 292.41 287,71 298.57 300. 34

303.28 309.52 283.32 308.52

Y: 242.52 261.00 229,37 261..82 248.36 174.04 192.50
265.64 199.70 225.52 237.43 285.66 199.20 203.65
274.93 302.13 302.85 233.59 275.95 220.46 318.34
269.86 200.10 318.19 216.69 281.78 301.20 348.56

234. 15 234.45

The corresponding 90% lower confidence liinit for component reliability,

R = P(X > Y) is computed as follows:
n=25, ¥=298.60, s3=7025

m=30, j=25199, s%=1873.79

(5§ + 53"
Ve n
sylin—1) +sy/(m = 1)

= 3]

2 - - 4

A spn+spim (=) Sy sy 1”2

Gg= 2 5 -+ 5 2.3 1 + =1 “=0.23
Sy + 57 2(sy + %) n "

¥~
§=—=
NETE

=1.06

4 A, -
01,09 =8 — Gglp9,31 =0.76

Rp,09= (D(gL, 09) =0.78
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The corresponding 90% Govindarajulu nonparametric confidence limit is 0.69. This is
not surprising because our procedure uscs more information about the distributions of
X and Y. Intervals .stimated by nonparametric procedures are usually wider than those
estimated by parametric procedures. The amodnt of the difference is somewhat sur-

prising-for these sample sizes of 25 and 30.

B. ACCURACY OF THE PROCEDURE
1. Computer simulation
a. Simulatien procedure
Computer s;mulations were used to determine its accuracy for specific sets
values of n, m, uy, uy, 6%, and s3.
Parameters are chosen in a way to cover practical conditions. The sets of

parameters are as follows:

¢ 4>y,
Reliability, R :0.90, 0.93, 9.99
Standard Deviations

oy 10 100
Gyt 20, 40.0

Sample sizes, (n. m): (10, 20); (25, 35); (73, 50)
Confidence leved, 5 : 0.03, 0:10, 0.20 .

Actual sets of parameters are tabulated in Appendix E.

Simulation procedure is summarized as follows:

1) Generate n random norinal variates X, X'~ .N(uy6%): m random normal variates
Y, Y~ Nuy6d).

2) Compute X, ¥, S. Si.
3) Compute 5}.3L.1-:-
4) Compute R,,_, = D(,,,.,), for & = 0.05, 0.10, 0.20.

5) Repeat steps | through 4, for 1000 times. Then order the R, ., to get
Ry, ttteny Rertaronys ooos Rigzsgosniaiosy 1 ++os Roessy, La-ap  f¥0M the smallest to the largest.

9
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6) Print_Riggyu-a), 015"

7) Print max{Ry, 1q-ay Rg,za-» < R} sthe actual confidence level of the:approximation

ey !
will-be 000"

8) Compute and print the sample mean.and variance-of the estimation error.

b.  Simulation language
The simulations were conducted on the N.P:S. mainframe IBM 3033 com-
puter. The-programming language used for the simulations is VS FORTRAN 2. The
random number generator LLRANII was used to generate normal variates. The IMSL
statistics function TIN was used to compute the percentile of Student’s-t distribution,
and ANORDF was used to compute the probability of standard normal distribution.
The FORTRAN source-code for the simulation of the developed approximate procedurc
are attached in Appendix D. The FORTRAN code for simultancous -comparison be-
tween the approximate procedure and nonparametric procedure are attached in Appen-
dix F.
2. Analysis of simulation results
The simulation results are tabulated in Tables § through 10. The results show
the developed approximate procedure is quite accurate, because for every casc the
100(1 — o) percentile point of fé,_, are all very close to the true reliability. Also, the
‘mean error from R’ and "Variance of error’ reduce rapidly with the increases of sample
size.  Comparison simulations were run for the approximate procedurc versus thc

Govindarajulu nonparametric procedure. Results are tabulated in table 11 and 12.
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Table 8. ANALYSIS OF 80% CONFIDENCE LIMIT APPROXIMATION OF
R = P(X>Y) FOR UNEQUAL VARIANCES CASE

"R ox oy |n|ml| & Tru? confi- Mean error Variar.xc.e of |
/ ’ ot-2), (-0 | dence level from R errol
10| 20 .9008 .7960 ~ 0552 0044
1.0 | 2.0 | 25] 35 .8996 8030 | .0388 0021
500 75| 50 8997 8010 0298 ) 0011
10| 20 9019 7910 0530 0042
10.0| -40.0| 25| 35 9012 7900 0392 .0022
’ 75| s0]  .9000 ~.8000 0317 0013
10] 20 9500 .8000 .0409 0024
1.0 | 2.0 | 25| 33 9302 .7980 0278 0011
950 751 30 .9496 .8080 0211 0006
10120 9513 7840 0401 0024
10.0{ 40.0| 23] 35 9514 7820 0287 . .0012
75| 50 9487 8100 0229 .0007
10| 20 .9902 7930 0180 0005
1.0 | 2.0 | 25| 35 9903 7890 0112 0002
99 75| 50 9898 ’.78110 .oosz'i 0001
10} 20 9906 770 0186 0006
10.0| 40.0| 25| 33 9907 7730 0122 0002
75| 50 9899 .8030 0093 0001




Table 9. ANALYSIS OF 90% CONFIDENCE LIMIT APPROXIMATION OF
R = P(X>Y) FOR UNEQUAL VARIANCES CASE

R |oy|op|n|ml|z Trueconfi- | Mean error Varim.)ce of
17 0oxi-2), -y | dence level from R error
| 10} 20 .9008 ~.8970 0893 0052
11.0120]25|35] .8993 9010 0611 .0024
900 75| 50 7 .8990 9070 0465 0013
’ _10] 20 9022 .8890 0869 0030
1 10.0] 40.0{ 25] 35|  .9005 .8970 0624 10025
751 50 .8995 .9020 0499 0015
10 20 .9497 .9010 0671 0032
1.0 1 20 | 250 35]  .9502 .8990 0443 0014
”950 75| 30 .9493 .9030 0332 0007
10} 20 9510 .8960 0667 0032
“10.0] 40.0 25] 33 9494 © 9020 0462 0015
75] 50 .9494 0 .9040 0364 L0008
10| 20 .9899 9060 .0308 .0009
1.0 | 2.0 | 25| 35 .9899 9010 0184 0003
990 75| 50 .9899 9050 0132 0001
10} 20 .990] 8980 0321 .0009
10.0 40.0] 25| 33 .990-4 .$930 0203 0004
751 50 9898 9060 0132 0002
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Table 10: ANALYSIS OF 95% CONFIDENCE LIMIT APPROXIMATION- OF

. R = P(X>Y) FOR UNEQUAL VARIANCES CASE

. ] . True-confi- | Mean error | Variance of

R lox |oy |n|m| R s | dencelevel from R error

| 0] 201 8958 | 9560 1218 | 0059

1.0 120 {25]35] 8988 | .9530 0816 0027

900 75| 50| 8998 9500 0615 0014

10] 20{ ~ .9009 9470 1196 0057

10.0{ 40.0[ 25| 35}  .89s0 |  .9540 0838 0028

75) 50| .8992 9520 0664 0017

10l 201 0461 | 93350 0934 0039

1.0 | 2.0 | 25| 35 9482 9390 0600 | 0016

050 75| 50| 9500 9480 0445 | 0008

10] 20] 9517 9450 0938 0039

10.0| 40.0f 25] 35| 9470 9530 0632 0018

75| s0] 9500 9500 0492 0010

10] 20 9888 95310 0432 0013

10 [ 2025 35] 981 | 9610 0259 0004

- 75] s 9599 9520 0182 G002

. S0 10} 20 9903 9420 0478 0013

10.0| 40.0 25] 35] 9592 9350 0288 Q003

7s] o] 990 9490 0212 002




Table 11.

COMPARISON OF ‘DIFFERENT PROCEDURES ON 90% LOWER
CONFIDENCE LIMIT ESTIMATION OF R = P(X>Y), UNEQUAL

VARIANCES CASE

| Approximate Estimation

Nonparametric Bound

R o|ox |9y |n|mf R Mean error | Mean error
1000{1-1), L{{=12) 1000{1 =2}, L{I=7)
10} 15]  .9013 1004 7707 2018
1.0 | 20 | 70] 35|  .9003 0564 8370 1098
900 90[ 90| 9009 0333 8623 0673
10] 15] 9056 1010 7840 2017
10.0{ 40.0| 70| 35|  .9010 ° 0613 8452 1094
90] 90|  .9001 0349 8684 0672
10] 15| 9523 0767 7974 2015
1.0 |20 [ 70] 35| 9506 0410 8729 1091
950 90] 90|  .9507 0233 9027 0675
10] 15 9550 0790 7974 2014
10.0{ 40.0] 70| 35|  .9505 0456 8807 .1090
90| 90| 9497 0230 9067 0672
10] 15 9915 0370 7974 2021
1.0 | 2.0 | 70| 35 9906 0172 8913 1088
990 90| 90|  .9901 0088 9301 0676
10 15] 9921 0402 7974 2021
10.0f 40.0 70| 35|  .9904 0200 8917 1087
90| 90|  .9901 0098 9320 0675
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Table 12.

COMPARISON OF DIFFERENT PROCEDURES ON 95% LOWER
CONFIDENCE LIMIT ESTIMATION OF R = P(X>Y), UNEQUAL
VARIANCES CASE

Approximate Estimation

Nonparametric Bound

R °x | v n|m ﬁiml_ﬂ Yion Mean Error I‘le!_ﬂ rin Mean Error
10| 15|  .8988 .1388 7266 2593
1.0 | 2.0 | 70| 35 8977 0750 8194 1405
900 90| 90  .9014 - .0439 8529 0865
10] 15} .8975 1414 7399 2592
10.0{ 40.0| 70| 35 .8950 0823 8275 1401
90| 90|  .9005 0463 8575 0863
110] 15 9506 1086 7399 2590
1.0 | 2.0-] 70| 35 9477 0553 8483 1398
950 90} 90 .950’3, 0310 .8890 L0866
10] 15 93503 L1135 7399 2589
10.0] 40.0] 70| 35 9468 0622 8557 1397
90| 90 9509 0334 8927 0864
10] 15 9896 0557 7399 2595
1.0 | 2.0 | 70{ 35 9898 0240 8610 1395
990 90| 90 9903 0119 9117 0867
10] 13 9907 0617 7399 2595
10.0 40.0} 70| 35 9893 0285 8610 1395
90| 90 9901 0134 9132 0867




V. CONCLUSIONS AND RECOMMENDATIONS

The-lower confidence limit estimation procedures developed:in this thesis for equal
variances case as well as for unequal variances cases, are very accurate. These proce-
dures are simple to evaluate and require only the usc of central Student’s t tables, in
contrast to the existing parametric procedures of this type which require extensive use
of noncentral Student’s t tablcs.

Although these procedures are developed for lower confidence limits, upper-or two-

sided confidence limits for the reliability are readily obtained.

34




i

APPENDIX A. FORTRAN CODE FOR INTERVAL ESTIMATION

PROCEDURE - NORMAL EQUAL VARIA NCES-CASE
PROGRAM EQSIGM

Ferededeede T reredeve Tt sene T ae e Tl e YRl T et ey ek e e YT e e Yoo Y ea T v A v sk e e e s b e ook

% ¥
¥* THIS PROGRAM IS TO VALIDATE THE LOWER CONFIDENGCE BOUND APPROXI- *
* MATION PROCEDURE FOR P( X > Y ), WHERE X, Y ARE NORMALLY DIS- ¥
% TRIBUTED WITH UNKNOWN MEANS AND A UNKNOWN BUT EQUAL VARIANCE. ¥
% ¥
% VARIABLES DESCRIPTION: ¥
~r L
* ALPHA - NOMINAL CONFIDENCE LEVEL *
B ANORDF - IMSL FUNCTION FOR NORMAL PROBABILITY *
% CASE - NUMBER OF TEST PARAMETER SETS *
% ER - ERROR BETWEEN LIMIT AND TRUE RELIABILITY *
W ERBAR - AVERAGE OF ER ) *
¥ ERSSQ - SUM OF SQUARES OF ER *
* ERSUNM - SUM OF ER w*
* ERSV - SAMPLE VARIANCE OF ER *
% CLOSE - INDEX OF THE CLOSEST ESTIMATE i %
* DELTA - NONGENTRALITY OF T DISTRIBUTION W
¥ DF - DEGREE OF FREEDOM OF T DISTRIBUTION ¥
% K - STATISTIC TO ESTIMATE DELTA *
¥* LNORM - RANDOM NUMBER GENERATOR FOR NORMAL VARIATES W
¢ M -

SAMPLE SIZE OF Y RANDOM VARIABLE ¥
POPULATION MEAN OF X RANDOM VARIABLE *

’,
=z
[
>
1

W MUY - POPULATION MEAN OF Y RANDOM VARIABLE *
: N - SAMPLE SIZE OF X RANDOM VARIABLE i
: R - REAL RELIABILITY ¥
¥ REP - REPETITION OF SIMULATION *
i RLHAT - LOWER CONFIDENCE LIMIT OF RELIABILITY *
* SIGMAX - POPULATION STANDARD DEVIATION OF X ¥
* SIGMAY - POPULATION STANDARD DEVIATION OF Y (
* SP - POOLED SAMPLE VARIANCE OF X AND Y *
e SUMSQX - SUM OF SQUARES OF X %
¥ SUMSQY - SUM OF SQUARES OF Y *
i SUMX - SuH OF X %
* SUMY - SUMOF Y ¥
* TIN - IMSL FUNCTION TO COMPUTE PERCENTILE OF T DIST. *
* XBAR - AVERAGE OF X ¥
B YBAR - AVERAGE OF Y *
w ¥
* REQUIRED EXTERNAL FUNCTIONS: LNORM, TIN, ANORDF ¥

.........................

a'e
ty

INTEGER REP, CASE
REAL ALPHA, TWO
PARAMETER(ALPHA=0. 05)
PARAMETER(TWWO=2. 0)

[¥5)
o




PARAMETER(REP=1000)
PARAMETER( CASE=18)
%
INTEGER I, I1, J, U, V, XSEED, YSEED, N, M, CLOSE
REAL MUX, MUY, XBAR, YBAR, SIGMAX, SIGMAY, DF, R, RLHAT(REP),
+ K, DELTA, XX(100), YY(100), X, ¥, SUMSQX, SUMSQY, SUMX,
+ SUMY, TIN, ANORDE, RN, RM, DIFF, SP, TEMP, ER, ERSUM,
+  ERSSQ, ERBAR, ERSV
k3
CALL EXCMS('FILEDEF 12 DISK SETUP1 DATA Al')
CALL EXCMS('FILEDEF 18 DISK OPT1 DATA Al')

DO 2000 I=1, CASE
READ (12,2200) XSEED, YSEED, MUX, MUY, SIGMAX, SIGMAY, N, M, R
DF = REAL(N+M-2)
RN = REAL(N)
RM = REAL(M)
ERSUM = 0.0
ERSSQ = 0.0
DO 1000 J=1, REP
CALL LNORM(XSEED, XX, N, 2, 0)
CALL LNORM(YSEED, YY, M, 2, 0)
SUMSQX = 0.0
SUMSQY = 0.0
SUMX 0
SUMY 0

nn
ool
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% < TRANSFORM X, Y TO DESIRED PROPERTIES >

DO 200 U= 1, N
= XX(U) * SIGMAX + MUX
SUNSQ¥= SUMSQX + X * X
SUMX = SUMX + X
200 CONTINUE
XBAR= SUMX / RN
DO 300 V=1, M
Y = YY(V) * SIGMAY + MUY
SUMSQY = SUMSQY + Y * Y
SUMY = SUMY + Y
300 CONTINUE
< COMPUTE CONFIDENCE LIMIT FOR RELIABILITY >
YBAR = SUMY / RM
P = SQRT( (SUMSQX - RN*XBAR*XBAR + SUMSQY - RM*YBAR*YBAR)
+ / DF)
= MAX( (XBAR - YBAR) / SP, 0.0 )
DELTA = K - SQRT( (RN+RM)/(RN*RM) + K*K / (2.0%*(RN+RM-2.0)))
+ * TIN(1.0-ALPHA,DF)
RLHAT(J) = ANORDF(DELTA/SQRT(TWO))

% < COMPUTE THE MEAN AND VARIANCE OF ER >

ER = R - RLHAT(J)
ERSUM = ERSUM + ER
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ERSSQ = ERSSQ + ER * ER
1000 CONTINUE
ERBAR = ERSUM / REAL(REP)
ERSV = ( ERSSQ - REAL(REP) * ERBAR * ERBAR ) / REAL(CREP-1).

% < SORT GCONFIDENCE LIMITS IN ASCENDING ORDER >

DIFF = 2.0
DO 1800 Iil=1, REP
DO 1500 J=I1+1, REP
IF (RLHAT(J) .LT. RLHAT(I1)) THEN
TEMP = RLHAT(IT)
RLHAT(I1) = RLHAT(J)
RLHAT(J) = TEMP

ENDIF
1500 CONTINUE
% < FIND THE CLOSEST CONFIDENCE LIMIT ESTIMATE >

IF ((CR-RLHAT(I1)) .GE. 0.1E-6) .AND.
+  ((R-RLHAT(I1)) .LE. DIFF)) THEN
DIFF = R - RLHAT(I1)
CLOSE = I1
_ ENDIF
1800 CONTINUE
WRITL (18,2100) I, MUX, N, SIGMAX, MUY, M, SIGMAY, R,
RLHAT(NINT(REAL(REP)*(1. 0-ALPHA))), RLHAT(CLOSE),
+ REAL( CLOSE)/1000..0, ERBAR, ERSV
2000  CONTINUE
2100 FORMAT('SIMULATION: ',I2,/,'MUX: ' F5.1,T16,'N: ',12,

+ T35,'SIGMAX: ' F4 1 /, MUY: ' ,F7.3, T16 ',12,
+ T35,'SIGMAY ',F4. 1 / "TRUE R : F7
+ T35, 'RLHAT: F/ 3,/, CLOSEST RLHAT: ',F7.S,
+ T35, 'TRUE COVFIDELCE LEVBL ,F5.3,/,
+ '"MEAN ERROR WIDTH: 5,/,
+ 'VARIANCE OF ERROR: 5,/11)
2200 FORMAT (I5,1X,I5,1X,F5.1,1X, F/ 3 1x F4.1,1X,F4.1,1X,12,1X,12,1X,
+F5. 3)
STOP




APPENDIX B.

93943
93943
93943
93943
93943

COOOOO0O0OCOOOOOOOD

MEAN

SIMULATION PARAMETER SETS FOR EQUAL

8.187
8.187
8.187
63. 740
63. 740
63. 740
7.674
7.674
7.674
53.472
53.472
53.472
6.711
6.711
6.711
34.211

Y
MEAN

VARIANCES CASE
SETUP1 DATA (FOR APPROXIMATE PROCEDURE)

1.0 1.0
1.0 1.0
1.0 1.0
20.0 20.0
20.0 20.0
20.0 20.0
1.0 1.0
1.0 1.0
1.0 1.0
20.0 20.0
20..0 20.0
20. 0 20.0
1.0 1.0
1.0 1.0
1.0 1.0
20.0 20.0
20.0 20.0
20.0 20.0

X Y
STDV STDV
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FILE: SEQ4 DATA -CFOR COMPARISON SIMULATIONS)

16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943

000000000000l RO

SEED SEDD

8.187 1.0 1.0 25 30
8.187 1.0 1.0 50 70
8.187 1.0 1.0 90 90
63.740 20.0 20.0 25 30
63.740 20.0 20.0 50 70
63.740 20.0 20.0 90 90
7.674 1.0 1.0 25 30
7.674 1.0 1.0 50 70
7.674 1.0 1.0 90 90
53.472 20.0 20.0 25 30
53.472 20.0 20.0 50 70
53.472 20.0 20.0 90 90
6.711 1.0 1.0 25 30
6.711 1.0 1.0 50 70
6.711 1.0 1.0 90 90
34.211 20.0 20.0 25 30
34,211 20.0 20.0 50 70
34,211 20.0 20.0 90 90

MEAN  STDV STDV
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SIMULATION OF APPROXIMATE PROCEDURE VS.

NONPARAMETRIC PROCEDURE - EQUAL VARIANCES

PROGRAM COMEQ

APPENDIX C. FORTRAN CODE FOR SIMULTANEOUS COMPARISON

**********ﬁ**********#******************************************#*******
THIS PROGRAM IS TO COMPUTE THE LOWER CONFIDENCE LIMIT OF

= P( X>Y ), WHERE X, Y ARE INDEPENDENTLY NORMALLY DIS-
TRIBUTED WITH UNKNOWN MEANS AND A UNKNOWN BUT EQUAL VARIAN-
CES WITH APPROXIMATE PROCEDURE AND WITH NONPARAMETRIC PRO-

%
%
%
%
o
ko
k14
F
k3

b

CEDURE

VARIABLES DESCRIPTION:

ALPHA
ANORDF
ANORIN
CASE
BIGU
CLOSE
CLOSEN
DELTA
DF
EPS
EROR
ERORN
ERBAR
ERBARN
ERSSQ
ERSSQN
ERSUM
ERSUMN
ERSV
ERSVN
K
LNORM
N
MUX
MUY
N
NU
R
RB
REP
RLHAT
RTILD
SIGMAX
SIGMAY
SP
SUMSQX

NOMINAL GONFIDENCE LEVEL
IMSL FUNGTION FOR NORMAL PROBABILITY
IMSI, FUNCTION FOR INVERSE NORMAL CDF

NUMBER OF TEST PARAMETER SETS

MANN-WHITNEY STATISTIC

INDEX OF THE CLOSEST ESTIMAT (APPROXI PROCEDURE)
INDEX OF THE CLOSEST ESTIMAT (NONPARA PROCEDURE) *

NONCENTRALITY OF T DISTRIBUTION

DEGREE OF FREEDOM OF T DISTRIBUTION

WIDTH OF THE CONFIDENCE BOUND

EROR OF ESTIMATION (APPROXI PROCEDURE)
EROR OF ESTIMATION (NONPARA PROCEDURE)
MEAN OF EROR (ARPROXI PROCEDURE)

MEAN OF EROR (NONPARA PROCEDURE)

SUM OF SQUARE OF EROR (APPROXI PROCEDURE)
SUM OF SQUARE OF EROR (NONPARA PROCEDURE)
SUM OF EROR (APPROXI PROCEDURE)

SUM OF EROR (NONPARA PROCEDURE)

SAMPLE VARIANCE OF EROR (APPROXI PROCEDURE)
SAMPLE VARIANCE OF EROR (NONPARA PROCEDURE)
STATISTIC TO ESTIMATE DELTA

RANDOM NUMBER GENERATOR FOR NORMAL VARIATES
SAMPLE SIZE OF Y RANDOM VARIABLE
POPULATION MEAN OF X RANDOM VARIABLE
POPULATION MEAN OF Y RANDOM VARIABLE
SAMPLE SIZE OF X RANDOM VARIABLE

THE SMALLER OF SAMPLE- SIZES

REAL RELIABILITY

CONFIDENCE BOUND OF THE RELIABILITY
REPETITION OF SIMULATION

LOWER CONFIDENCE LIMIT OF RELIABILITY
POINT ESTIMATOR OF THE RELIABILITY
POPULATION STANDARD DEVIATION OF X
POPULATION STANDARD DEVIATION OF Y

POOLED SAMPLE VARIANCE OF X AND Y

SUi OF SQUARES OF X
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* SUMSQY - SUM OF SQUARES OF Y %
% SUMX - SUM OF X %
% SUMY - SUM OF Y , 7 %
* TIN - IMSL FUNCTION TO COMPUTE PERCENTILE OF T DIST. ¥
' * XBAR - AVERAGE OF X *
v YBAR - AVERAGE OF Y *
¥ o
i REQUIRED EXTERNAL FUNCTIONS: LNORM, TIN, ANORDF, ANORIN i

% K

8 oot . Ny oot ottt e b ek ottt o
SededevededeTesedevedesovevedevnie e dedeseve Yoo el ddevededededede e ededsdedede et dededede dededede dede e de dededede dedeieesd

k]
INTEGER REP, CASE
REAL ALPHA, TWO
PARAMETER(ALPHA=0. 05)
PARAMETER(TW0=2..0)
PARAMETER(REP=1000) ;
PARAMETER(CASE=18) ]
INTEGER I, I1, J, U, V, XSEED, YSEED, N, M, CLOSE,
+ A, B, Al, Bl, CLOSEN
REAL MUX, MUY, XBAR, YBAR, SIGMAX, SIGMAY, DF, R, RLHAT(REP),
+ K, DELTA, X(120), Y(120), X1(120), Yi(120), SUMSQX,
+ SUMSQY, SUMX, SUMY, TIN, ANORDF, RN, RM, DIFF, SIGMA, TEMP,
+ ER, ERSUM, ERSSQ, ERBAR, ERSV,
+ BIGU, RTILD, NU, EPS, ANORIN,ERN, ERSUMN, ERSSQN, ERBARN,
+ ERSVN, DFF, RB(REP)
CALL EXCMS('FILEDEF 12 DISK SEQ4 DATA Al')
- CALL EXCMS('FILEDEF 18 DISK AEQ4 DATA A1")
DO 2000 I=1, CASE
READ (12,100) XSEED, YSEED, MUX, MUY, SIGMAX, SIGMAY, N, M, R
100  FORMAT (15,1X,I5,1X,F5.1,1X,F7.3,1X,F4.1,1X,F4.1,1X,12,1X,12,1X,
+F3.
DF = REAL(N+M-2)
RN = REAL(N)
RM = REAL(M
ERSUMN = 0.0
ERSSQN = 0.0
ERSUM = 0.0
ERSSQ = 0.0
DO 1000 J=1, REP
CALL LNORM(XSEED, X, N, 2, 0)
CALL LNORM(YSEED, Y, M, 2, 0)
SUMSQX = 0.0
SUMSQY = 0.0
SUMX = 0.0
SUMY = 0.0
DO 200 U= 1, N
X1(U) = X(U) ¥ SIGMAX + MUX
SUHSQx= SUMSQX + X1(U) * X1(U)
- SUMX = SUMX + X1(U)
200 CONTINUE
XBAR= SUMX / RN
DO 300 V=1, M
YI(V) = Y(V) * SIGMAY + MUY
SUMSQY = SUMSQY + Y1(V) * Y1(V)

nnnw



SUMY = SUMY + Y1(V)
300 CONTINUE

* PROCEDURE FOR PARAMETRIGC
YBAR = SUMY / RM
SIGMA. = SQRT( (SUMSQX =~ RN*XBAR*XBAR + SUMSQY - RM*YBAR*YBAR)
+ ~/ DF) .
K = MAX( (XBAR - YBAR) / SIGMA, 0.0 )
DELTA = K - SQRT( (RN+RM)7(RN*RM) + K*K / (2. O0%(RN+RM-2.0)))
+ % TIN(1.0-ALPHA,DF)
RLHAT(J) = ANORDF(DELTA/SQRT(TWO))
ER = R - RLHAT(J)
ERSUM = ERSUM + ER
ERSSQ = ERSSQ + ER * ER
U ot o o 4 20 i an o A o e O e 0 e e O e 6 R 0o 80 A m e A e e e oo O e e S he e PO m e f ¥ P e o e e e e e e e e e e bm e
% PROCEDURE FOR NONPARAMETRIC
BIGU = 0.0
DO 500 A=1, N
DO 400 B = 1, M
IF (X1(A) .GT. Y1(B)) BIGU = BIGU + 1.0
400 CONTINUE
500 CONTINUE
RTILD = BIGU / (RN * RM)
NU = MIN (RN, RM)
EPS = 1.0 / SQRT(4.0 * NU) * ANORIN(1.0 - ALPHA)
RB(J) = RTILD - EPS
ERN = R - RB(J)
ERSUMN = ERSUMN + ERN
ERSSQN = ERSSQN + ERN * ERN
1000 CONTINUE
T o e ne o e e e s e e e e e e o e e e S e e e e e o et e e e e o
ERBARN = ERSUMN / REAL(REP)
ERSVN = ( ERSSQN - REAL(REP) * ERBARN ¥ ERBARN ) / REAL(REP-1)
DFF = 2.0
DO 1300 Al = 1, REP
DO 1200 B1 = A1 + 1, REP
IF (RB(B1) .LT. RB(Ai)) THEN
TEMP = RB(A1)
RB(A1l) = RB(B1)
RB(B1) = TEMP
ENDIF
1200 CONTINUE
IF (((R-RB(A1)) .GE. 0.1E-6) .AND.
+ ((R-RB(A1)) .LE. DFF)) THEN
DFF = R - RB(Al)
CLOSEN = Al
ENDIF
1300 CONTINUE
e

B
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* PROCEDURE OF PARAMETRIC
ERBAR = ERSUM / REAL(REP)
ERSV = ( ERSSQ - REAL(REP) * ERBAR * ERBAR ) / REAL(REP-1)
DIFF = 2.0
DO 1800 I1=1, REP
DO 1500 J=I1+1, REP
IF (RLHAT(J) .LT. RLHAT(I1)) THEN

nn
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TEMP = RLHAT(ID
RLHAT(I1) = RLHAT(J)
~ RLHAT(J) = TEMP
ENDIF
1500 CONTINUE
N IF (((R-RLHAT(II)) .GE. 0.1E-6) .AND.
+  ((R-RLHAT(I1)) .LE. DIFF)) THEN
DIFF = R - RLHAT(I1)
. -CLOSE = I1
ENDIF
1800 CONTINUE
WRITE (18,1900) I, N, M, R, SIGMAX
WRITE (18,1910) RLHAT(NINT(REAL(REP)®*(1.0-ALPHA))), ERBAR
WRITE (18,1920) RB(NINT(REAL(REP)*(1.0-ALPHA))), ERBARN
1900 FORMAT('CASE: ',I2,/,'N: ', 12, Ti6, 'M: ', I2, /, 'Rt ', F4.3
+ T16, 'SIGHA : 'z F4.1)
1910 TFORMAT('< PARAMETRIC >

1920 FORMAT('< NONPARAMETRIC >', /, 'RLHAT: ', F5.4, T16, 'ERROR:
+ F5.4,/)
2000 CONTINUE
STOP
END

’

, /, 'RLHAT: ', F5.4, T16, 'ERROR: ', ES. 4)

>
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APPENDIX D. FORTRAN CODE FOR INTERVAL ESTIMATION
PROCEDURE - NORMAL UNEQUAL VAR IANCES CASE

PROGRAM UNEQSM
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THIS PROGRAM IS TO VALIDATE THE LOWER CONFIDENCE LIMIT APPROXI-
MATION PROCEDURE. FOR P( X > Y ), WHERE X, Y ARE INDEPENDENTLY
NORMALLY DISTRIBUTED WITH UNKNOWN MEANS AND UNKNOWN AND UNEQUAL

VARTIANCES

ALPHA
ANORDF
ASVX
ASVY
CASE
ERROR
EKRBAR
ERRSSQ
ERRSUM
ERRSV
CLOSE
DELTAH

SUMSQY
SUMX
SUMY
SVX
Svy

T
TIN
VARHAT

XBAR
YBAR

REQUIRED

NOMINAL CONFIDENCE LEVEL

IMSL FUNCTION FOR NORMAL PROBABILITY
SAMPLE VARIANCE OF X DEVIDED BY SAMPLE SIZE
SAMPLE VARIANCE OF Y DEVIDED BY SAMPLE SIZE
NUMBER OF TESTING

ERROR OF ESTIMATION

MEAN OF ERROR

SUM OF SQUARE OF ERROR

SUM OF ERROR

SAMPLE VARIANCE OF ERROR

INDEX Or THE CLOSEST ESTIMAT

DELTAHAT; A ESTIMATOR OF DELTA

DEGREES OF FREEDOM OF DELTAHAT

RANDOM NUMBER GENERATOR FOR NORMAL VARIATES
SAMPLE SIZE OF RANDOM VARIABLE X
POPULATION MEAN OF X

POPULATION MEAN OF Y

SAMPLE SIZE OF RANDOM VARIABLE Y

REAL RELIABILITY

REPETITION OF SIMULATIONS

LOWER CONFIDENCE LIMIT OF RELIABILITY
SAMPLE STANDARD DEVIATION OF THE DELTAHAT
STANDARD DEVIATION OF X

STANDARD DEVIATION OF Y

SUM OF SQUARE OF RANDOM SAMPLE OF X

SUM OF SQUARE OF RANDOM SAMPLE OF Y

SUM OF RANDOM SAMPLE OF X

SUM OF RANDOM SAMPLE OF Y

SAMPLE VARIANCE OF X

SAMPLE VARIANCE OF Y

PERCENTILE OF THE T DISTRiIBUTION

IMSL FUNCTION TO COMPUTE PERCENTILE OF T DISTRIBUTION

SAMPLE VARIANCE OF DELTAHAT
SAMPLE MEAN OF X
SAMPLE MEAN OF Y

EXTERNAL FUNCTIONS: LNORM, TIN, ANORDF
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100

ats
i

200

300

INTEGER REP; CASE

REAL ALPHA

PARAMETER(REP=1000C)

PARAMETER(CASE=18)

PARAMETER(ALPHA=0. 05)

INTEGER I, T1, J, U, V, XSEED, YSEED, N, M, CLOSE

REAL RM, RN, MUX, MUY, XBAR, YBAR, SIGMAX, SIGMAY, R,
+ X(100), Y(100), X1, Y1, SUMSQX, SUMSQY, SUMX, SUMY,
+ SVX, SVY, ASVX, ASVY, DFi1, DF, T, TIN, DELTAH, VARHAT,
+ SDHAT, RLHAT(REP), ANORDF, TEMP, DIFF, ERROR, ERRSUM, ERRSSQ,
+ ERRBAR, ERRSV

CALL EXCMS('FILEDEF 12 DISK SETUNQ DATA Al')

CALL EXCMS('FILEDEF 18 DISK OPT2 DATA Al‘)

WRITE (18,%) 'UNEQUAL VARIANCES'

DO 2000 I=1, CASE

READ (12,100) XSEED, YSEED, MUX, MUY, SIGMAX, SIGMAY, N, M, R
FORMAT (I5,1X,15,1X,F5. 1,1X,F7. 3,1X,F4. 1,1X,F4. 1,1X,12,1X,12,1X,
+F5. 3)

RN = REAL(N)

RM = REAL(M)

ERRSUN = 0.0

ERRSSQ = 0.0

< TRANSFORMATION OF X, Y TO DESIRED PROPERTIES >
DO 1000 J=1, REP

CALL LNORM(XSEED, X, N, 2, 0)
CALL INORM(YSEED, Y, M, 2, 0)

SUMSQX = 0.0
SUMSQY = 0.0
SUMX = 0.0
SUMY = 0.0

DO 200 U= 1, N
X1 = X(U) * SieMAX + MUX
SUMSQX= SUMSQX + X1 = X1
SUMX = SUMX + X1
CONTINUE
XBAR= SUMX / RN
DO 300 v=1, M
Y1 = Y(V) * SIGHAY + MUY
SUMSQY = SUMSQY + Y1 ¥ Y1
SUiY = SUMY + Y1
CONTINUE

< COMPUTE CONFIDENCE LIMIT OF RELIABILITY >
YBAR = SUMY / RH

SVX = (SUMSQX - RN * XBAR * XBAR) / (RN - 1.0)
SVY = (SUMSQY - RM * YBAR * YBAR) / (RM - 1.0)

ASVX = SVX / RX
ASVY = 8VY / RY
F1 = (SVX + SVY) * (SVX + SVY) / ( SVX*SVX / (RN-1.0) +
+ SVY*+sVY / (RM-1.0) )

DF = ANINT(DF1)
T = TIN( 1.0-ALPHA, DF)
DELTAH = (XBAR - YBAR) / SQRT(SVX + SVY)
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VARHAT = (ASVX + ASVY) / (8VX + SVY) +

+ (XBAR - YBAR) * (XBAR - YBAR) /
+ ( 2.0%(SVX + SVY)ie3 )
+ ( (SVX*¥2) / (RN~1.0) + (SVY¥*2)- / (RM~1.0) )
SDHAT = SQRT(VARHAT)
RLHAT(J) = ANORDF(DELTAH - T * _SDHAT)
%
* < COMPUTE THE MEAN AND VARIANCE OF ESTIMA:. ‘N ERROR >
%
ERROR= R - RLHAT(J)
ERRSUM = ERRSUM + ERROR
ERRSSQ = ERRSSQ + ERROR * ERROR
ERRBAR = ERRSUM / REAL(REP)

ERRSY = ( ERRSSQ - REAL(REP) ** ERRBAR * ERRBAR ) / REAL(REP-1)
1000 CONTINUE
11
* < SORT CONFIDENCE LIMITS IN ASCENDING ORDER >
LY
DIFF = 2.0
DO 1800 I1=1, REP
DO 1500 J=I1+1, REP
IF (RLHAT(J) .LT. RLHAT(I1)) THEN
TEMP = RLHAT(I1)
RLHAT(I1) = RLHAT(J)
RLHAT(J) = TEMP
ENDIF
1500 CONTINUE
7¢
* < FIND THE CLOSEST CONFIDENCE LIMIT ESTIMATE >
k14
IF (((R-RLHAT(I1)) .GE. 0.1E-6) .AND.
+  ((R-RLHAT(I1)) .LE. DIFF)) THEN
DIFF = R -~ RLHAT(Il)
CLOSE = I1
ENDIF
1800 CONTINUE
WRITE (18,1900) I, MUX, N, SIGMAX, MUY, M, SIGMAY
RLHAT(NIVT(REAL(REP)f(l OMALPHA))) RLHAT(CLOSE),
REAL(CLOSE)/IOOO 0, ERRBAR, ERRSV
1900 FORMAT(' SIMULATIOV 12,7, 'MUY ,F5.1, T16 "N: 12,
T33,'SIGHAY: ' F4 1,/, MUY: ,F7.3, T16 "™: 12
T35,'SIGMAY S /7 /r TRUE R : ,F7 5,
T35, 'RLHAT: ' F7 5 /, CLOSEST RLHAT: ,F7.5,
T35, ' TRUE COVFIDENCE LEVEL: ',F5.3,/,
'MEAN ERROR: ',F7.5,/,
'YARIANCE OF ERROR: ' JF1.5,7/)

+ +

R
+
+
+
+
+
2000 CONTINUE

STOP
END




APPENDIX E.

FILE: SETUNQ DATA

16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943
16807 93943

16807 93943 -

OO0 O

SIMULATION PARAMETER SETS FOR UNEQUAL

7.
7.
7.
247,
247,
247.
6.

6.
6.

232.

232,
232,

133
133
133
142

VARIANCES CASE
(FOR APPROXIMATE PROCEDURE)

[ R e

142 10.

142

322

322
322
175

175 -

175

. 799
. 799
.799
. 097

---------------------

X Y
SEED SEED

X
MEAN

Y
MEAN

ety
o
1 D000 0OO0OOCOODOODOO

2.
2.
2.
40,

I~
o .
I OO0 00000O0OTOOOOOO

10
25
75

. 900
. 900
. 900
. 900
- 900
. 900
. 950
. 950
. 950
. 950
. 950
. 950
. 990
. 990
. 990
. 990
. 990
. 990
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FILE: SUQ7 DATA (FOR COMPARISON SIMULATIONS).
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APPENDIX F. FORTRAN CODE FOR SIMULTANEOUS COMPARISON
SIMULATION OF APPROXIMATE PROCEDURE VS.

NONPARAMETRIC PROCEDURE - UNEQUAL VARIANCES
PROGRAM COMUQ7

b

Sestdekabsevededet ':jr Fededde e dededer e koo e e e Sl ek e e de e e e e e oYy ke ve s e e s dene v dle e o
% THIS PROGRAM IS TO COMPUTE THE LOWER GONFIDENCE -LIMITS OF *
* R =P (X > Y) SIMULTANEOUSLY FOR BOTH THE APPROXIMATE PRO- ¥
* AND THE NONPARAMETRIC PROCEDURE, WHERE X, Y ARE INDEPENDENTLY i
¥ NORMALLY DISTRIBUTED WITH UNKNOWN MEANS AND UNKNOWN AND UNEQUAL =

*  VARIANCES o

=% %

¥ ALPHA - NOMINAL CONFIDENCE LEVEL *

% ANORDF - IMSL FUNCTION FOR NORMAL PROBABILITY %

% ANORIN - IMSL FUNCTION FOR INVERSE NORMAL CDF %

¥ ASVX - SAMPLE VARIANCE OF X DEVIDED BY SAMPLE SIZE *

* ASVY - SAMPLE VARIANCE OF Y DEVIDED BY SAMPLE SIZE *

* BIGU - MANN-WHITNEY STATISTIC *

* CASE - NUMBER OF TESTING 3

* EPS - WIDTH OF THE CONFIDENCE BOUND *

% EROR - EROR OF ESTIMATION (APPROXI PROCEDURE) *

¢ % ERORN ~ EROR OF ESTIMATION (NONPARA PROCEDURE) i
o ERBAR - MEAN OF EROR (APPROXI PROCEDURE) *

w ERBARN - MEAN OF EROR (NONPARA PROCEDURE) ¥

2 e ERSSQ - SUM OF SQUARE OF EROR (APPROXI PROCEDURE) ¥
% ERSSON - SUM OF SQUARE OF EROR (NONPARA PROCEDURE) *

w* ERSUM - SUM OF EROR (APPROXI PROGEDURE) *

i ERSUMN - SUM OF EROR (NONPARA PROGCEDURE) ¥

W ERSV - SAMPLE VARIANCE OF EROR (APPROXI PROCEDURE) ¥

¥ ERSVUN - SAMPLE VARIANCE OF EROR (NONPARA PROCEDURE) ¥

% CLOSE - INDEX OF THE CLOSEST ESTIMAT (APPROXI PROCEDURE) %

% CLOSEN - INDEX OF THE CLOSEST ESTIMAT (NONPARA PROCEDURE) %

¥ DELTAH - DELTAHAT; A ESTIMATOR OF DELTA *

¥ DF -~ DEGREES OF FREEDOM OF DELTAHAT =

¥* LNORM - RANDOM NUMBER GENERATOR FOR NORMAL VARIATES W

% M - SAMPLE SIZE OF RANDOM VARIABLE X *

% MUX - POPULATION MEAN OF X W

¥* MUY - POPULATION MEAN OF Y *

* N - SAMPLE SIZE OF RANDOM VARIABLE Y i

* NU - THE SMALLER OF SAMPLE SIZES *

* R - REAL RELIABILITY *

* RB - (CONFIDENCE BOUND OF THE RELIABILITY *

% REP - REPETITION OF SIMULATIONS *

¢ * RLHAT - LOWER CINFIDENCE LIMIT OF RELIABILITY %
* RTILD - POINT ESTIMATOR OF THE RELIABILITY L

* SDHAT - SAMPLE STANDARD DEVIATION OF THE DELTAHAT i

G SIGMAX - STANDARD DEVIATION OF X ¥

' * SIGHMAY - STANDARD DEVIATION OF Y e
¥ SUMSGX - SUM OF SQUARE OF RANDOM SAMPLE OF X v




* SUMSQY -~ SUM OF SQUARE OF RANDOM SAMPLE OF Y %
w SUMX - SUM OF RANDOM SAMPLE OF X %
* SUMY - SUM OF RANDOM SAMPLE OF Y *
* SVX - SAMPLE VARIANCE OF X %
* SVY - SAMPLE VARIANCE OF Y *
* T = PERCENTILE OF THE T DISTRIBUTION ¥
¥ TIN - IMSL FUNCTION TO COMPUTE PERCENTILE OF T DISTRIBUTION *
¥ VARHAT - SAMPLE VARIANCE OF DELTAHAT ¥
* XBAR - SAMPLE MEAN OF X ¥
I YBAR - SAMPLE MEAN OF Y t
* REQUIRED EXTERNAL FUNCTIONS: LNORM, TIN, ANORDF, ANORIN ¥
¥ ¥

dededeedede v de v Terk TS oot e e de vk e de s e e e e enksbaede st e dede sk e e vk s sk e dedeae e e e e ek ook
INTEGER REP, -CASE
REAL ALPHA
PARAMETER(REP=1000)
PARAMETER(CASE=18)
PARAMETER(ALPHA=0. 05)
INTEGER I, I1, J, U, V, XSEED, YSEED, N, M, CLOSE,
A, B, AL, B1l, CLOSEN
REAL RM, RN, MUX, MUY, XBAR, YBAR, SIGMAX, SIGMAY, R,
X(100), Y(100), X1(100), Y1(100), SUMSQX, SUMSQY, SUMX, SUMY,
SVX, SVY, ASVX, ASVY, DFi, DF, T, TIN, DELTAH, VARHAT,
SDHAT, RLHAT(REP), ANORDF, TEMP, DIFF, EROR, ERSUM, ERSSQ,
ERBAR, ERSV,
BIGU, RTILD, NU, EPS, ANORIN, ERN, ERSUMN, ERSSQN, ERBARN,
ERSVN, DFF, RB(REP)

+

A

CALL EXCMS('FILEDEF 12 DISK SUQ7 DATA Al')
CALL EXCMS('FILEDEF 18 DISK AUQ7 DATA Al')
WRITE (18,%) 'UNEQUAL VARIANCES'
DO 2000 I=1, CASE
READ (12,100) XSEED, YSEED, MUX, MUY, SIGMAX, SIGMAY, N, M, R
100  FORMAT (I5,1X,15,1X,F5.1,1%,F7. 3,1X,F4. 1,1X,F4. 1,1X,12,1X,12,1X,
+F5. 3)
RN = REAL(N)
RM = REAL(M)
ERSUM = 0.0
ERSSQ = 0.0
ERSUMN = 0.0
ERSSQN = 0.0
DO 1000 J=1, REP
CALL LNORM(XSEED, X, N, 2, 0)
CALL LNORM(YSEED, Y, M, 2, 0)
SUMSQX = 0. 0
SUMSQY = 0.0
SUMX = 0.0
SUMY = 0.0
DO 200 U= 1, N
X1(U) = X(U) % SIGMAX + MUX
SUMSQX= SUMSQX + X1(U) * X1(U)
SUMX = SUMX + X1(U)
200 CONTINUE
XBAR= SUMX / RN

-



DO 300 V=1, M
Y1(V) = Y(V) * SIGMAY + MUY
SUMSQY = SUMSQY + Y1(V) * Y1(V)
SUMY = SUMY + Y1(V)

300 CONTINUE

YBAR = SUMY / RM

SVX = (SUMSQX - RN * XBAR * XBAR) / (RN - 1.0)
SVY = (SUMSQY - RM * YBAR * YBAR) / (RM - 1.0)
ASVX = SVX / RN

ASVY = SVY / RM .
DF1 = (SVX + SVY¥) * (SVX + SVY) / ( SVX*SVX / (RN-1.0) +
+ -SVY*SVY / (RM-1.0) )
DF = ANINT(DF1)
T = TIN( 1.0-ALPHA, DF)
DELTAH = (XBAR -~ YBAR) / SQRT(SVX + SVY)
VARHAT = (ASVX + ASVY) / (SVX + SVY) +
(XBAR - YBAR) * (XBAR - YBAR) /
( 2.0%(SVX + SVY)#*3 ) ¢
) ( (8VX**2) / (RN-1.0) + (SVY*¥2) / (RM-1.0) )
SDHAT = SQRT(VARHAT)
RLHAT(J) = ANORDF(DELTAH - T * SDHAT)
EROR = R - RLHAT(J)
ERSUM = ERSUM + EROR
ERSSQ = ERSSQ + EROR * EROR
g g g g T L L L e
“ PROCEDURE FOR NONPARAMETRIC
BiGU = 0.0
PO 500 A =1, N
DO 400 B = 1, M
IF (X1(A) .GT. Y1(B)) BIGU = BIGU + 1.0
400 CONTINUE
500 CONTINUE
RTILD = BIGU / (RN * RM)
NU = MIN (RN, RM)
EPS = 1.0 / SQRT(4.0 * NU) * ANORIN(1.0 - ALPHA)
RB(J) = RTILD - EPS
ERN = R - RB(J)
ERSUMN = ERSUMN + ERN
ERSSQN = ERSSQN + ERN * ERN
1000 CONTINUE

4+ +

ERBARN = ERSUMN / REAL(REP)
ERSVN = ( ERSSQN - REAL(REP) * ERBARN * ERBARN ) / REAL(REP-1)
DFF = 2.0
DO 1300 Al = 1, REP
DO 1200 B1 = A1 + 1, REP
IF (RB(B1) .LT. RB(Al)) THEN
TEMP = RB(A1)
RB(A1) = RB(B1)
RB(31) = TEMP
ENDIF
1200 CONTINUE
IF (((R-RB(A1l)) .GE. 0.1E-6) .AND.
+ ((R-RB(A1)) .LE. DFF)) THEN
DFF = R - RB(Al)
CLOSEN = Al



ENDIF
1300 -CONTINUE
,r-----------.-----—-_--—--—---------—----—---—---—--—--i ------------------
* PROCEDURE OF PARAMETRIC
‘ERBAR = ERSUM / REAL(REP)
ERSV = ( ERSSQ - REAL(REP) * ERBAR * ERBAR ) / REAL(REP-1)
DIFF = 2.0
DO 1800 1I1=1; -REP
DO 1500 J=I1+1, REP )
IF (RLHAT(J) .LT. RLHAT(I1)) THEN
TEMP = RLHAT(I1)
RLHAT(I1) = RLHAT(J)
RLHAT(J) = TEMP
ENDIF
1500 CONTINUE
IF (((R-RLHAT(I1)) .GE. 0.1E-6) .AND.
+  ((R-RLHAT(I1)) .LE. DIFF)) THEN
DIFF = R ~ RLHAT(I1)
CLOSE = I1
ENDIF
1800 CONTINUE
WRITE (18,1500) I, N, M, R, SIGMAX, SIGMAY
WRITE (18,1910) RLHAT(NINT(REAL(REP)’(I 0-ALPHA))), ERBAR
WRITE (18 1920) RB(NINT(REAL(REP)”(l 0-ALPHA))), ERBARN
1900 FORMAT('CASE: ',12,/,'N: ', 12, T16, 'i: ', 12,7/, 'R: ', F4.3,
+ 116 'SIGNA X: ', Fa4. 1 T35, 'SIGMA Y: ',F4. 1)
1910 FORMAT('< PARAMETRIC >, 7, RLHAT ', F5.4, T16 ERROR ', F5.4)
1920 FORMAT('< NONPARAMETRIC >', /, RLHAT ! FD 4, T16 ERROR g
+ F5.4,//)
2000 CONTINUE ’
STOP
END
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