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San Diego, CA 92152 | :
R“\ ,'D\O I
S ummary : !

This paper develops a systematic approach to the
estimation and diagnosis or classification of systems
through the use of general fuzzy set systems. Some

xamples for tracking problems are illustrated.
\_S\f Introduction - -

The paper presented here is a further development
of previous work in the area of general diagnosis and
estimation through use of general fuzzy set systems.
See, for example, L1-4] .) For purposes of clarifica-
tion , many of the previously obtained resylts”are
extended and reformulated here.

The
followjrig:

(1)™An unknown state parameter vector consisting of
subvectors whose values are known to”1ie in
specified attribute domains. The yector is in-
dexed by time and evolves ac\:c/o’?d ng to a known

stcproblem treated here consists of the

process up to fuzzy errors, cofresponding to
prior possibility distributions which may be
modeled empirically utitizing a panel of experts

or obtained from physical and logical consider-
ations.

(2) “bserved data vectors arising from possibly
many different sources and indexed also by time,
corresponding to conditfonal data possibility
distributions, modeled as in (1),

(3) An unknown diagnosis or classification parameter,
corresponding to a possibility distribution
over some known domafn of values.

(4) A collection of fuzzy relations connecting the
unknown state vector with the diagnosis
parameter, often in the form of inference rules
modeled as in (1).

Aspects of this problem have been treated in the
Titerature from varfous viewpoints, but essentially
using only Zadeh's original fuzzy set system, where
negation 1s represented by 1-(.), conjunction by min,
and disjunctfon by max. §ee the comprehensive survey of
Dubois and Prade [5], pp. 189-207 for dynamic fuzzy
systems, and -pp. 335-340 for fuzzy diagnosis. See also
the interest ng paper of Sira-Ramirez L6] concerning
1inear dynamic systems where-measurement and state
system errors only are modeled by fuzzy sets. He obtains
a general solution for the fuzzy set of statec, and, by
specfalizing the fuzzy set error models to gaussian-
Tike forms,obtains results similar to previous determin-
istic ellipsofdal bounded uncertainty approaches.)

. First, general fuzzy set systems and their role
in modeling natural language inputs are discussed. t-
norms and t-conorms play a large role in this develop-
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menfi In turn, this leads to the concept of general

fuzzy conditional sets, which leads to a general fuzzy

Bayes' theorem. An application of the latter enables

one to compute more complicated joint and posterior

possibility distributions analagous to classical prob-

ability and Zadeh's fuzzy set approaches. In a different

direction, it is shown that a feasible form may be

obtafned for the singl best"mpn of

an unknown par§metefr?ﬁ;ough different sources="The

mafn application of this result is that several possi-

bility.distributions describing the same object arising

froof different crigins may be combined into a single

possibility distribution by generalized conjunction

acd that this distribution-maximizes the utilization of

information present concerning the unknown object.Com-

bining the last result with the application of fui?}h _

Bayes' theorem leads to the main result of -the pap r:

a fuzzy set description of the state and diagnosi;\\

parameters based upon all the available information

present-i.e., the observed data and relations or infer-

ence rules used. Finally, this result is specfalized to :

the large tlass of Frankfan fuzzy set systems, where a |

relatively simple approximation to the fuzzy maximum |

Tikelihood estimator of the state vector is obtained. ;
|

Analysis

Briefly (for a much more extensive discussion, see
L71), a generalized fyzzy set system F consists of the
triple of operators (n,g,h), representing negation,
conjunction, and disjunction, respectively, relative |
to some fixed collection of spaces. These are augrented
by arbitrary formations of cartesian_products from 1
which arbitrary strings of predicates of the form
< xe AV , interpreted as*x s in A™ or as "x has attri-
bute A", connected by the basic linguistic-multiple
valued logic connectors "not", "and", "or" ,.are formed.

» Then choose n=1-(.), g to be a t-norm, and h to be a t-

|
i
|
conorm, with the last two connected usually by the |
"Deborgan relation, for all X5€ £0,13, j=1,..,5 ,

|

h(xys.ooxp) = 1-g{l-xy,.0 %) (1)

(Because of their symmetry and associativity, t-norms

and t-conorms may be defined as binary operators over

0,03 and unambiguously extended to an arbitrary

number of (at most countable, in general) of arguments.
See [7,8] for a presentation of properties of t-norms

and t-conorms.) The evaluation of the truth value of

any of the above-mentioned strings can be accomplished

by replacing the occurence of the 1inguistic-logical
connector by the corresponding fuzzy set one with the
interpretation for each elementary component predicate

truth(<xe D) = ¢,(0) (2 3

where ¢A(x) 1s the membership function -of fuzzy subset
A at x.” Choice of which is the most appropriate




.

system for a given situatfon remains a difficult prob-
Tem (see [91 for cne approach } and Zadeh's original

fuzzy set system F=(1-(-),min,max) may not always be

suitable , in light of recent results connecting fuzzy
set systems and random set ones (see, e.g.,[9 Jg).

General conditional fuzzy sets are defined simply
from the relation

9(¢A|y(x) ’ ép(ﬁ) (.Y)) =¢A(xi.Y) s (3)
Y
where Aly is the fuzzy set from A conditicned on y
and pW\) is the projection of A into Y given by
¢py(A)(.Y) =( h (¢A( xr.Y)) 14 (4)

over “all xeX)

where A 1s a fuzzy subset of Xx¥, for .11 xeX and by
See [71for additional detafls.) With this , fuzzy Sayes
theorem may now be presented:

Theorem 1. Fuzzy Bayes' Theorem

Fix fuzzy set system F=(n , g ,h ); let B he a fuzzy
subset of X and for each xeX; let C_ be a fuzzy subset
of Y. Then there exists a unique fu§zy subset A of X
such that

ox(A) =8 , (5)

(6)

Alx = x , a1l xeX ,

oalxn) = gl eg(x)sec (v) ),
in turn determiring pfA) as in eq.(4) ,Yand finally
determfning Aly by use of eq.(3) -

. Al
¢"X(A) is called the prior possibility distribution

functioh for x. @ ! is calied the conditional data
possibility functiofi! * for y given x, ¢, 1s caiTed the
Joint possibility distribution function tor x and y ,

an ¢M s called the posterior possibility distribu-
tion Y function for x given y. Thus one can formally
identify 231 of the above with classical probability
counterparts in Bayesian anmalysis, and for convenience,
from now on, we will use the typical notation p(x]y) for
éAly{x), plx.y) for ¢,(x.y), p(y) for ¢°Y (n > etc.

Theorem 2. Application of Fuzzy Bayes' Theorem
Fix fuzzy set system F and suppose that

p(afe,y)= p@a]e) ; al1Q,s,y . (n
Then
pQ,0]y) = a(p(ale) .ps8ly)), (9
and hence
pl@ly) = h ( g(p(Qle).ple]y)). (9
all o)
Note that although -
p(Qly) # Hole=y) (19

when 0 ard y have the same range of values, because of
the difference in meanings - 0~ conditioning represents
true values, while y-conditicning represents observed
vilues, etc., nevertheless p{Qlo=y) is a simple estima-
tor of p(Q]y), avoiding the possibie tedious repetitious
use of operator h in eg.(9).

Theorem 3. Uniformly Most Accurate Estimator
Let g be a fixed nondecreasing function-such as a
t-norm- over £0,11 ™ - and suppose unknown 8 s described
by n possibility functions Pys-«sp, from different
sources at confidence levels'a ...','u , reipectively:
pj(e) z2as, J1,..n {ff ec ﬂ pHCey,11) . (11)
J ujsnj B
Then there exists a uniformly most accurate (seel(3]
for details ) single fuzzy set description of 6 at g(cl,
"’°r) confidence level, for all possitle a,'s :
* 3

p(e)d g(p{&) s-opp(0)) 2 glog,.cha) . (12)
]
Theorem 4. Basfic Estimation-Classification Result .

Fix fuzzy set system Fidefine 0¥(oy,..,05) ,y Y etc
true attribute state vector ejﬁ(elj,..,emj)cxlxmxxm=x;

3 ¢ XxX+ 0,11 ’Tjté{ 2wWa[0,11and al1 1svem,

ocserved data vi or y.ef,XY countablestrue classifica-

tion parameter Qc¢:. Fofl all j:1,suppose ;jj)((-»x,kj:‘(#:)
< i 2ee i

3 Wlstsn,C,:Z+ 00,1711 Khownifuch thit

P(ej l’e(j-l) )$s J'(ejs ‘J.(ej_l)) '»P(.leoj) ‘Tj()’j-kj(ej) ): (13)
py@]6.y0) =p (q |d) i gty (otmy ) oc ) (19
\J!thxigf‘ertl.nce rule p, “connecting any QeZ and 04 (85~

€ or §V§ﬂ.

’ ‘i’hen the uniformly wst accurate single fuzzy set
description through y'J; o v 2 and 05 is givgn in eqs { §)
and ( 9) ,where 6 is replaced by 8;,°y by yPand khere

i {

KOl g ofp(alog) 5 b (ogls“= b (p (e Tyth); 9

Ky Wz g (Lyslod) sio D)= g (Koglopy)); 08

Ky heti)=g ({y Do @), o DfFH 991 (o0,
and p (64 |y()) {s determined from the equation

3 X,Htv XgxXe+

Ay, e@) = g (o Py ,p (yI)), a8)
where jm'n‘gaténn operator ¢ is determined from
v(a,b)8 h(n(a),b) 5 811 &,b e €0,11. (19)

. . - |

Next, define for any unknown parameter ¢ and -, ts
vaxtor y, the possibilistic maximm 1ikelihood esti ™ or
of 8 through y as that value of 0 for which mx

Hy,3)
occurs, equivalently, for which mx ({e]y) 069urs_;é_(_.y) .

In additfon, consider the DeMorqanm Frankian-Archimedian
class of fuzzy set systenms FN 1 -) ,94,h), Ossgim

g a.b)dog ( 14 a-1)(sb-1) /( 5-1))) ,a11 a,be L0,11, (20)

When s=0, Fo=(1-( ) ,min,mx) and s=1, F {14 -} ,prod,
probsum}, 1imiting cases.(®e (7] for de%aﬂs.)

Suppose now the hypoth(esi; of Theorem? holdsiwithh
F=F¢ for some s. Thus, eq.(16) is applicab oting the
m xnd at'lo;) simplifies to that for 'n((sP?yJ’?éj:]’-!. J
(sPlO5195-11-1)) over 0sjkj, i £ s#0,1, or +=,{Corres-
ponding forms hold for min,prod, and minbndsum. 'Seef71)
Finally, a natural suboptiml estimator Sty‘i’) relative
to & can be obtatned recursively from the equation Q1)

o 9,800 )=g (30 ﬁ'l’.g‘i-l’)guef (ol yjlep Ko, le =B

Yhen g=1 254 S ; and T, are in fransiation gaussian-tike
fonr.;,vj reduces to Ythat estimtor generated by the
Ka*man“filter, except for the formal replacerent every-
where of the state estimtion covariances by the state
nofse covarfances.

References

Pt
.

Goodman,I .R.,"Applications of -a combined probabilis-
tic ..”, Proc.20 TEEE C.D.C., 1981, 1409-1411,

Goodman,I .R.jApplications of possibility theory to
ocean surveillance..”,Proc. 48 MO ,1981, 101-109.

3. Goodman,l .R.,"PACT:possibilistic aporoach to corre-
latfon and tracking”,Proc.16 Asilomr CirsS ysC, 1982,

Goodman,l .R.,"An approach to §he data associatiot_n
problem..", Proc. 5 MIT/QNR ¢ Sys.,1982, 209-215.
Sira-Ramirez H .,"Fuzzy state estimation in linear
dynamic systens”,Proc.19EEE C.D.C.,1980,380~382.

6. Dubois,D. £ H. Prade, Fuzzy Sets and S ystems:Theor
and Applications , Academic Press,New York, 1

7. Goodman,l .R.,'Some fuzzy set operations which in-
duce homomorphic..”,Proc.2650c.Gen Sys 1982817-42§

8. Klement,E.P., "Operations on fuzzy sets and fuzzy
nurbers related..”,Proc.115 ymp, Hullog.1981,218-225

Goodman,I .R., 'Some connectfons between probabilis-
tic and fuzzy..”,submitted J.Math.Anal.% App}ici983

1237




