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APPLICATI 06 OF FUZZf SET IN EORI TO PARAMETER

ETIMATION AND TRACKING

I.R. Goodman .DC

Surveillance Systems Department ' 'la t
Code 7223 " t el

Naval Ocean Systems Center s t O
San Diego, CA 92152 \

S ummary 3 9

This paper develops a systematic approach to the ment. In turn, this leads to the concept of general
estimation and diagnosis or classification of systems fuzzy conditional sets, which leads to a general fuzzy
through the use of general fuzzy set systems. Some Bayes' theorem. An application of the latter enablesxamples for tracking problems are illustrated, one to compute more complicated joint and posterior

possibility distributions analagous to classical prob-
Introduction ability and Zadeh's fuzzy set approaches. In a different

The paper presented here is a further development direction, it is shown that-a feasible form may beof previous work in the area of general diagnosis and obtained for the singj3.bestifuzzy set ion of
estimation through use of general fuzzy set systems, an unknown pareteE through different source .?The
tsee, for example, 11-44 .) For purposes of clari ca- main application of this result is that several possi-tion , many of the previously obtained res tare billty.distributions describing the same object arisingextended and reformulated here. e fonf different origins may be combined into a single

em hpossibility distribution by generalized conjunction

ol eThe a: robl em treate d hee .~cn~s~s~'s o~ft~he ad that this distribution-maximizes the utilization of
follow : -tinformation present concerning the unknown object.Com-,., /" . - fbining the last result with the application of fuizy-

(1) n unknown state parameter vector con isting of Bayes' theorem leads to the main result of -the pap t:
subvectors whose values are known t' llie in a fuzzy set description of the state and diagnosis
specified attribute domains. The yector is in- parameters based upon all the agailable information ,

dexed by time and evolves accorfifng to a known present-i.e., the observed data and relations or infer-
process up to fuzzy errors, cWresponding to ence rules used. Finally, this result is specialized to
prior possibility distribyt;Vons which may be the large class of Frankian fuzzy set systems, where amodeled empirically utJlzing a panel of experts relatively simple approximation to the fuzzy maximum
or obtained from p ysical and logical consider- likelihood estimator of the state vector is obtained.
ations.

(2) 'nbserved data vectors arising from possibly Analysis
many diff.rent sources and indexed also by time,
corresponding to conditional data possibility Briefly (for a much more extensive discussion, see
distributions, modeled as in (1). L7] ), a qeneralized fuzzy W systm F consists of the

triple of operators (n,g,h), representing negation,(3) An unknown diagnosis or classification parameter, conjunction, and disjunction, respectively, relativecorresponding to a possibility distribution to some fixed collection of spaces. These are augented
over some known domain of values, by arbitrary formations of cartesian products from

(4) A collection of fuzzy relations connecting the which arbitrary strings of predicates of the form
unknown state vector with the diagnosis < xc A> , interpreted as"x is in A" or as "x has attri-
parameter, often in the form of inference rules bute A", connected by the basic linguistic-multiple
modeled as ir (1). valued logic connectors "not", "and", "or" ,-are formed.

- Then choose n=l-(.), g to be a t-norm, and h to be a t-
Aspects of this problem have been treated in the conorm, with the last two connected usually by the

litera.ture from various viewpoints, but essentially "DeMorgan relation, for all xjc EO,13, J=1,..r.,
using only Zadeh's original fuzzy set system, where
negation is represented by 1-(.), conjunction bymin, h(x1 ,..,x,)= 1-g(1-x I ,..,x n) (1)
and disjunction by max. (See the comprehensive survey of (Because of their symmetry and associativity, t-normsDubois and Prade [5], pp. 189-207 for dynamic fuzzy and t-conorms may be defined as binary operators oversystems, an 4 -pp. 335-340 for fuzzy diagnosis. See also [O,l 3 2 and unambiguously extended to an arbitrary
the interest ng paper of Sira-Ramirez 16] concerning number of (at most countable, in general) of arguments.
linear dynamic systems where-measurement and state See 17,83 for a presentation of properties of t-normssystem errors only are modeled by fuzzy sets. He obtains and t-conorms.) The evaluation of the truth-value of
a general solution for the fuzzy set of states, and,by any of the above-mentioned strings can be accomplishedspecializiig the fuzzy set error models to gaussian- by replacing the occurence of the linguistic-logical
like forms~obtains results similar to previous determin- connector by the corresponding fuzzy set one with theistic ellipsoidal bounded uncertainty approaches.) interpretation for each elementary component predicate

First, general fuzzy set systems and their role truth(< xc A ) A(x) (2)in modeling natural language inputs are discussed. t- where *A(X) is the membership function-of fuzzy subset
norms and .t-conorms play a large role in this develop- A at x. Choice of which is the most appropriate
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system for a given situation remains a difficult prob- orserved data V(. or y cY,X,Y countable;true classifica-lem (see [91 for cne approacii ) and Zadeh's original tion parameter Qt;-. Fo all j.,suppose f-:X+X,k.4Y,
fuzzy set system F=(l-(-) ;rin,max) may not always be S C:Xx ,,T - ([0. ,1Tand all 1sv-cm, Ji
suitable , in light of reccnt results connecting fuzzy X, tv:XtxXt+'lDJ ,st C:Z+(,11 ,all kown, uht
set systems and random set ones (see, e.g.,E9 3). p(oj e(-)) j(oj,-j(ej_) ) (;p(yjJoj) Tj(yj,k (0)). (13)

General conditional fuzzy sets are defined simply P ,CI-)) , (14)
from the relaion ( isih infermnce rule pt connecting any Q cZ and 01-3.

g(0Ajy(x)' p(A) (y)) =OA(X 'y) I (3) cX,for lgv<n.
Y Then the uniformly 4ost accurate single fuzzy set

where Aly is the fuzzy set from A conditioned on y description 0tlrough yt3*" Q and o is givin in eqs4 8)
and pA) is the projection of A into Y given by and ( 9) where o is replaced by e ,Jy by y J,and where

() = h ( (x,y)) , (4) AI) .QIj) ; p(j,."'.. h . y 1 h M A
(over all xcX) Ky(Jo(J gly .oj)) ;PO ) St ito.ej, I))j o1

where A is a fuzzy subset of XxY, for 1 xcX and "Y. yCo 00 )=g ((y a 7)ee r7]for additional details.) With this , fuzzy dayes and p (oCS) lyi)) is determined from the equation
theorem may now be presented: " p " 0 Q
Theorem 1. Fuzzy Bayes' Theorem pIy(J)V 0 J)) = g ( P(a( J) IY(J)) ,p (Y W))), (18)

where imjct~noperator ~,is deterined frowFix fuzzy set system F=(n , g ,h ); let B be a fuzzy w (arb)e a (n (a)tb) all ab c (0,1d n (19)
subset of X and for each xcX; let C be a fuzzy subset
of Y. Then there exists a unique fuzzy subset A of XxY Next, define tor any unknown parameter 0 and .ta
such that vtor y, he possibillstic maximum likelihood estinaorPA = , ix  - C , all xcX (5) of 0 through y as that value of a for which TRxW ,5Yoccurs, equivalently, for which max K 0ly) ocurs:.y).A(x,Y) = g(OBWx ,C x(Y) ), (6) 0In addition, consider the DeMor an, Frankian-Archimedian
in turn determiplnL p4A) as in eq.(4), Xand finally class of fuzzy set systes F - .) ,ggs, hs, s s- ,
determining Aiy by use of eq.(3) Q1 gs(a,b)dlogs( lI(a_-1)(sb-I)/( s-))) ,all a,bc 10,1].(20)

pX(A) is called the Prior possibility distribution lhen s=O, F m-(l-(.),in,ax) and s=l, F =( 14-) ,prod,functioti ftr x.' is called the conditional data probsum), limiting cases.(3e E7) for deails.)
possibility functio !  for y given x , 0A is calTed the Suppose nowthe hypothesis of Theorem 4 holds with

o possibility distribution function tor x and y , F=F for soma s. Thus, eq.(16) is applic bl oting the
and 0A, is called the posterior possibility distribu- ma mijatiop simplifies to that for 16L
tion ."' function for x given y. Thus one can formally (si Oj idj-0 )) over Osji'j, if s ,l, or +-,(Corres-
identify ail of the above with classical probability ponding forms hold for min,prod, and mnbndsum. See[71.)
counterparts in Bayesian analysis, and for convenience, Finally, a natural suboptimal estimator 6(yOJ) relative
from now on, we will use the typical notation p(xly) for to 6 can be obtatned recursively from the equation 1)
@Aly(l) p(x,y) for *A(x~y), p(y) for 0, (A) (y), etc. lig(2 _iP .1) -e

Theorem 2. Application of Fuzzy Bayes' Theorem 4 hen =1 a S4 and T. are in ?ranslation gaussian-lik4
forr.,u reduces to thatestirator generated by theFix fuzzy set system F and suppose that Ka.an filter, except for the formal replacement every-

Then p(Q1 ,y rwI ; a. ( where of the state estimation covariances by the statt

and hence p(Q,ey) = g(p(Q10) ,pely)) , (8) noise covariances.

p(QIy) = h ( g(p(Q0) ,p(ely)). (9) References
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