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Pyrotechnic Device Reliability

Lyn R. Whitaker and Michael P. Bailey

Department of Operations Research

Naval Postgraduate School

Monterey, CA 93943

(408)646-3482

December 19, 1991

Abstract

This report looks at the problem of determining when to award bonuses for reliability

improvement in pyrotechnic devices based on data gathered under a lot acceptance

sampling plan.

1 Introduction

As government procurement contracts are now written, contractors have no incentive to

improvc the quality of the items they providc. To improve quality, the Naval Weapons

Support Center, Crane, IN, has decided to implemen a bonus system. If, as a result of

the sampling inspection plan currently required for lot acceptance, there is evidence that

the lot has a reliability that exceeds the minimum requirement for lot acceptance, tilen the

contractor will 1e eligible for a bonus. The difficulty with implementing such a system of

bonuses is that the sampling inspection plans are designed to provide clear cut criteria for



lot acceptance or rejections. They do not readily provide a single measure of quality or

reliability of the item being tested.

The first item for which a bonus system will be implemented is a pyrotechnic device.

The sampling inspection plan for this device involves sampling items from a lot, subjecting

them to a manufacturing test and exposing them to one of three environments. An attempt

is then made to activate each device. Specifically, a lot of 500 to 1000 devices is accepted if

all of the following criteria are met:

1. Of 20 items subjected to the manufacturing test. no more than 1 can fail to activate.

2. Of 20 items subjected to the join anufacturing and temperature and humidity test

no more than 1 can fall to activate.,

3. Of 32 items subjected to the joint manufacturing and vibration test no more than 2

can fail to activate.,

4. Of 20 items subjected to the joint manufacturing and altitude test no more than I

ran fail to activate.

The samples in tests 1-4 are dLtinct . thus a totalof 92 items are tested.

Attempts have been made to estimate the reliability R of a device (here reliability is

defined as the probability that an item would activate after the manufacturing test and

exposure to all three environments) based on data from the sampling inspection plan ([4]

and [5]) , The methods used to produce lower confidence hounds LICB for this reliability

based on data from a lot which is just barely accepted have yeilded values that are much

lower than observed in the field.

The most obvious reason for this discrepancy is that requiring successful activation after

exposure to all environments is much more stringent than requiring a device off the shelf



to activate in practice. An operational environment would not include all these adverse

conditions. It is also likely that items which ac.tivate after exposure to one environment

would he more likely to activate after exposure to other environments. Unfortunately the

presence or absence of such dependence cannot be inferred from the data yielded by the

current sampling inspection plan. Thus, the models that have been used to estimate the

reliability have assumed independence of the events that a device activates after exposure to

the three environments given that it would have activated after the manufacturinr, test. If

there is positive dependence between these events then estimation under the P,4umptlon of

independence yields reliabilities and LCB's that are lower than they would be if dependence

were accounted for. It ihould he noted that even if exact LCB's can be found, if the

modeling assumptions are changed to include dependence (where these new assumptions

are supported by empirical evidence), and if the 'true' reliability could be defined and

estimated from the available data, the ICB's could still he rather low for the simple reasn

that the sample sizes of the sampling inspection plan are too small to give a sharper lower

confidence hound.

In Section 2. we find the maximum liklihood estimator (MLE) of R under the assump-

tion of independence of the events that a device activates after exposure to the three en-

vironments given that it. has passed the manufacturing test. In the process, we uncover a

diffi,.ulty with estimating R under this assumption. Specifically, this procedure can yield

lower estimates of R for samples which have fewer failures. To fix this, lower bounds for

the MLE of R under the conditional independence assumption are derived and shown to

be lower bounds for MLE's under weaker and more realistic assumptions. Approximate

95% LCB's for R and the MLE are provided explicitly for the 24 rcalizations of the sam-

pling plan leading to lot acceptance. In Section 3 a direct approach to awarding bonuses
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is takcn. It provides an alternative to using LCB's for decision making. Conclusions and

recommendations are. given in SWction 4.

2 Estimating Reliability

Tests 2, 3, and 4 in the lot acceptance sampling plan in,,ilve trying to activate the device

after it Is subjected to the manufacturing test and one of the environmental tests. To

distinguish between the outcome of these joint tests and what would have happened had

the device been subjected to one of the tests alone, let EI,E 2,E3 , and E4 be the respective

Pvents that a device can artivate after being subjected to just the manufacturing test, the

temperature and humidity test, the vibration test, and the altitude test. Then, R1 . P(EI)

and R, a P(E n Ei), i = 2.3,4 are the probabilities that a device activates after being

suhjected to tests 1, 2, 3, or 4, respectively. The reliability of a device is defined as

R = P(El r E.2 r E l n 4 ).

H will be estimated based on X, the number of devices which activate out of the ni

that are s,bjected to test i. The sampling plan uses different devices randomly chosen from

the lot in question. Thus. it is reasonable to assume that X 1 ..... X 4 are independent and

X, , Binomial(n, R,). i =1. 4.

2.1 Maximum Likelihood Estimation

The likelihood of observing X, = X1. X4 X4 is given as

4 (n,
L = \ - R

X=.,I



where 0 < R, < 1,0 </i _< R1, i = 2,3,4. For the sampling plan described in the intro.

duction, there are 24 realizations of X ... , X4 that lead to lot acceptance. The maximmn

likelihood estimates (MLE's) R, of Ri for these 24 realizations are given in Table 1.

Because the same device is never actually subjected to more than one of the environmen-

tal tests, the estimators R, of Ri alone are not enough to construct an MLE for R. In the

suhmequent subsections, we describe an estimator hC for R which is based on the aunmp-

tion of conditional independence. After examining the shortcomings of Rcg, we provide a

second estimate RLB which requires no assumptions concerning dependencies between test

mtcomeq and which provides a lower iound for R.

2.2 Conditional Independence

Additional assumptions about the dependence between the events El .E... 4 are needed

to estimate R based on the current sampling plan data. The most direct approach for

estimating R based on this data is to assume that, given r-. that -2. F.1, F4 are independent

events, (see [4] and [5] for further discusmion.) The MLE's ir. Table I are aL6o the NILE's for

R, under the assumption of conditional independence. With this assumption, when R, > 0,

we have

R = P(EmnE 2 nE 3 nE 4 )

= P(E2 nE3 nE 4IE1)P(E1) lous e
tTIS GRAR t !

= P(E2IE1)P(E 3JE1 )P(E4JE1)P(E1) DTIC TAB 03
Unannounced Q

I? R3 RI4 Just it4catIMoL
R2

Thus the MLE Rc of R under this assumption is given by
Diet-IML

L18% SO"l



Table 1: MLEs for Rj,..., R4 computed for the 24 realizations of the sampling plan leading

to lot acceptance, where (4j, k, I) represents the number of failures in tests 1,..., 4.

(0000) 1.000 1.000 1.000 1.000
(0001) 1.000 1.000 1.000 0.950
(0010) 1.000 1.000 0.969 1.000
(0100) 1.000 0.950 1.000 1.000
(1000) 0.989 0.989 0.989 0.989
(0011) 1.000 1.000 0.969 0.950
(0101) 1.000 0.950 1.000 0.950
(0110) 1.000 0.960 0.969 1.000
(1001) 0.986 0.986 0.986 0.950
(1010) 0.983 0.983 0.969 0.983
(1100) 0.986 0.950 0.986 0.986
(0020) 1.000 1.000 0.938 1.000
(0111) 1.000 0.950 0.969 0.9so
(1011) 0.975 0.975 0.969 0.950
(1101) 0.981 0.950 0.981 0.950
(1110) 0.975 0.950 0.969 0.975
(0021) 1.000 1.000 0.938 0.950
(0121) 1.000 0.950 0.938 1.000
(1020) 0.983 0.983 0.938 0.983
(1111) 0.962 0.950 0.961 0.950
(0121) 1.000 0.950 0.938 0.950
(1021) 0.975 0.97S 0.938 0.950
(1120) 0.97S 0.950 0.938 0.975
(11.1) 0.950 0.950 0.938 0.950



0 hi =0.

Realizations of RC! for the 24 outcomes that lead to lot acceptance are given in Table

2.

From Table 2 it Is clear that the assumption of conditional independence is unacceptable.

Under conditional indepence, there are several cases where sampling plans resulting in fewer

failures give smaller estimated value of R than with more failures. An example of this

is the failure configuration (1, 1. 1,0) with -c f .944 compared to the case (0, 1, 1,0)

with R1c = .920. What happens in the (0. 1. 1, 0) cam. is that the conditional indepence

amumption will attribute a disproportionate amount of the cause of failure to the lot's

inability to pass environmental tests 2 and 3. Thus. the estimated probability of passing all

tests is downgraded too much. This contradiction will lead us to dispose of the conditional

independence assumption altogether. We will now make the results of this phenomenon

formal.

Data from the lot acceptance sampling plan can be thought of as censored. For tests 2- 4,

it is unknown whether failure is due to the manufacturing test. the particular environmental

test. or both. This lack of information, along with the conditional independence assumption,

cauL the apparent reversals in fAC! obs.rved in Tahle 2. To e this, suppose that we could

determine the cause of failure for a particular device which fails to activate. For test i, let

o ni - .r be the total number of failures for test i;

* ,ij be the number of failures resulting from only the environmental exposure (these

would have passed the .,imple manufacturing test):

* x,..2 be the number of failures resulting from only the manufacturing test. (these would

7



Table 2: The MLE for R and an approdmate 95% LCB computed for the 24 realizations

of the sampling plan that lead to lot acceptance, where (i,j, k, 1) represent the number of

failures in tests 1-4 respectiwly

( j, ) Act 95% LCB

(0000) 1.000 1.000
(1000) 0.989 .900
(0010) 0.969 .906
(1010) 0.969 .855
(0001) .950 .850
(0100) 0.950 .SO
(1001) 0.950 .828
(1100) 0.950 .926
(1011) 0.944 .802

,(1110) 0.944 .800
(1111) 0.939 .765
(0020) 0.938 .S75
(1020) 0.937 .813
(1121) 0.937 .751
(0011) 0.920 .823

(0110) 0.920 .823
(1101) 0.920 .775
(1021) 0.913 .765
(1120) 0.913 .761

(0101) 0.902 .800
(0021) 0.891 .775
(0120) 0.891 .788
(0111) 0.874 .750

(012.) 0.846 .717

8



have passed the simple environmental test).

V .0 be the number of failures resulting from both the manufacturing and the environ-

mental tests.

The likelihood L is then proportional to

L P(E 1)I(1 -P(Ef))" -"
4[I P(E, n E,)" P(Ej r) EFll',, P( Ec n E,)-r-., P( Ec n Efll',.

i-2

Let n = n,. Conditioning on the event El gives

L x P(Ej)E.2z'--"(I- P(EI)-E'-2x'-z"
4

I P(Eil E)"(I - P(E,l F))-r-l P(Eil E)r-O (I - P(E,j Ef))':".J

Therefore, the MLE's of interest are
4

P(EI) = n

P(E4tEj) = ." f or i= 2.3. 4.
X1 + .r,,

With these MLE's in hand, we can explain the behavior of the estimates in the condi.

tional independence case. When E2, E3 , E4 are independent given El, we have
I

Pci = P(Ej)rIlP(EiE)
4 4

- +=iJx,+zUI~i~ .r,
n ,=2 Xi + ,ri.1

When the zxl are not observed, the maximum likelihood approach assigns values

r P(E'11,-IE')

P( E, r) EI)



RIR

to z,.l where R1 are found by maximizing (1). This is what leads to the seemingly non-

sensical ordering of reliabilities seen in table 2.1. The worst came was failure configuration

(1, 1. 2. 1), for which we can compute

= =a 0

.I3~ ~~9 -0 .9375)
.9375

S0.01333.

Altern~atively, configuration (0. 1. 2, 1) results in

191-.95
.95

-P. 30 1 - .9375
= .0(9375)

.95

Thus, the second configuration, although being clearly superior to the first, results in assign-

ing blame to thc env'ironments as the cause of failure. Since our definition of reliability is

the joint probability of activating under all circumstances. the failure configurations which

appear to point to the inannufactunring test as the cause of niost of the failures actually yield

gYreater reliabilities.

10



Allowing the maximum likelihood procedure to assign values to the censored observa-

tions leads to an ordering of the estimates of R that are counterintuitive. In the next

section, we will develop a bound for R which doesn't use conditional independence, and

which produces an ordering of estimates of R which is more blievahle.

2.3 A Reasonable Lower Bound

An alternative approach is to note that no matter what the censored observations are. we

still have

P(EI) >-V~x
it

P(E;iEj) t - -' i= .3:.4.

Thus, under the assumption of conditional independence

I , 'ri

Note that the lower bound of ic.

R.B = (E x)Il r -. (2)

is also equal to the MLE when there is as much dependence between E1 .. E4 as is possible.

This maximum dependence case arises if we assume that all of the failures observed are the

result of BOTH the manfacturor's test and and environmental test. i.e. , 3  ni - .ri,

2.3,4.

RLB for the failure configurations leadiLg to lot acceptance are shown in Table 3. There

are two ad\antages to using [LB rather than kCj to estimate R. First. estimates JLB are

ordered in a reasonable way. failure configurations with more failures always have lower

11



Table 3: The lower bound for the NME of R computed for the 24 realizations of the sampling

plan leading to lot amcptance where (Q~, k, 1) represent the number of failures in tests 1-4

respectively.

ki,Jb) A'

(0000) 1.000
(2.000) 0.999
(002.0) 0.958
(2.010) 0.948
(000.) 0.940
(02.00) 0.940
(1.00L.) 0.938
(2.2.00) 0.930
(0020) 0.9V.
(1.020) 0.907
(00.2.) 0.900
(0.2.0) 0.900
(1.01.2) 0.890
(12.10) 0.890
(02.02) 0.883
(2.2.02) 0.873
(02.20) 0.862
(002.) 0.862
(1.02-t) 0.852
(11220) 0.852
(02.2.2) 0.346
(LILL.2) 0.836
(022) 0.809
(12122) 0.800

12



Avalues- of kLB- Second, kLB provides a lower bound for R? under much weaker a~sumptions

about the dependence of the test outcomes.

Following [4J, suppose that a device is more likely to activate after exposure to an

environment if it has ativated after exposure to a previous environiment. Specifically,

Suppose

P(EaIE, nE 2) > P(E.31E1)

P(E 4IEjflE2 lE3) ! P(E41Ii),

then

R = P(Ei)P(E21E1 )P(EaIE1 ii L.)P(E41IE E 3)

Thus, RLB given in (2) provides a lower bound for the NILE of R under these much more

plaulsible assumptions.

2.4 Lower Confidence Bounds

Also given in T1able 2 are approximate 95% lower confidence bounds found by bootstrap-

ping [3],. For Parh of the 24 realizations under consideration. 1000 bootstrap samples were

generated as follows. Let~ Pik i = 1... 1.,- 24 represent the vale of k?, comput-

ed for the kth renlization., rhen, for the kdl realization, the bootstrap samples consist of

generating 1000 independent realizations Of X1.k. . X4,k where XIA... XU are indepen-

dent and X, - Birniid(n1, P~) From each of the 1000 bootstrap samples, the NILE of

a R is computed. and the 95'A lower confidence bound is taken as the 5h~ percentile of the

empirical distribution of thewe estimates of R,



The lower confidence bound for configuration (1, 1,2, 1) is slightly higher than the lower

confidence bound of [4]. These lower confidence bounds are, however, approximations and

are possibly biased. To see how these lower confidence bounds perform, it is a simple

matter to compute the probabilities that they cover the true value of R under prescribed

dependence assumptions. Returning to the conditional independence case, we can use (1) to

compute the probability of any sampling outcome given values of R1 ... , R4. For simplicity,

take RI = ... = R4, so that, under conditional independence, R = Ri. For R > 0.9, the

confidence intervals given by the lower confidence bounds in Table 2 ALWAYS cover R if

there is at least one failure. Thus, the true level of confidence for these bounds is precisely

the probability that at least one failure occurs during lot acceptance testing. 1-a = -1 92 .

(n = 92 is the number of tested units.) Thus, for R - 0.99. the confidence level for the

lower bound is approximately 60%. and decreases to 37% when R increases to 0.995.

This strange effect is due to the design of the lot acceptance plan , The plan is designed

to ensure with 95% confidence that a lot is accepted if rin(Rj,.. R4) > 0.99. With higher

reliabilities, there is a very good chance that there won't be any failures during the test.,

and we are powerless to produce an accate 95' lower confidence bound for R.

In this section. we have attempted to produce an accurate point estimate and lower

confidence bound for R, with the ultimate goal of establishing thresholds for assigning

bonuses. In the next section, we reapproach the problem of assigning bonuses.

3 Alternative Formulation

In this section. we take a fresh approach to the problem of awarding bonuses. Our decision

will be of the form. award a bonus if

1-4



R(X) > c

where A(X) is a statistic, possibly an estimate of reliablility, based on the number of

devices that activate in tests 1-4, X = (XI .  X4). As we have stipulated in the previous

section, for R(X) to be reasonahle, it must be nondecreasing in each of its arguements, thus

if x_ y,, i = 1,..., 4 then R(x) _> R(y) where x = (X.. X4) andy =.......j). In

the previous section, kLB has this property.,

The ultimate goal of the bonus program is to reward manufacturers who provide goods

which are more useful in operations than the government.specified level of acceptability.

Thus. the bonus rule will be based on the goal of rewarding all manufacturers for which

rin(R ..... t4) > r with probability at least 1 - a. The decision rule which accomplihes

this is to award bonuses if

(x) > c'

where c is the largest value of c for which

1 - a _< P(R(X) > c) (3)

for R, R, = r,

As an example, take 1(X) to assign numbers 1 ... , 24 to the outcomes leading to lot

acceptance as listed in Table 4. Table 4 gives the cumulative probabilities P(R(X) > r)

when R1 = ... = R4 = r for different val s of r. Thus. if bonuses are to he award-

ed to manufacturers for which min(Ri ..... R) > 0.995 with 95% chance of identifying

these vendors based on a lot acceptance sampling plan, thea the threshold score c' = 17.

Here. bonuses are given to manufacturers which have one or zero total failures. or have

(0. 0. 1. 1). (0, 1, 0. 1). or (0. 1. 1.0) failures. Note that in this example the values were arbi-

trarily assigned and don't take into account the fact that test 3 uses a larger sample of 32

15



while the other tests are based on a sample size of 20.

Depending on the environment that the device will be used in, the reliability is prob-

ably closer to a weighted average of Rl,..., R1. Because these weights differ for differ-

ent types of pyrotechnic devices and the weights themwelve~s must be estimated based on

the mission the devices are used in, a simple and conservative alternative is to consider

Rmj. = min(Ri~, R4). The minimum also has the attractive feature that it's INLE

ran be found from the lot acceptance data without assuming anything about, the depen-

dencies between E1 _.. E4. Table 5 gives the MLE R,n, = min(R,. . .. , k4) along with

P(Rh, .... c) when RI = .. , R = r for various values of r.

To see that this rule acheives the desired goal, in otherwords that

for R~msn 2! r where e is chosen as in (3). and R(X) is a nondecreasing function of

.j..X4, we need the notion of stochastic ordering. The random variable X is stochas-

tically greater than the random v-ariable Y. denoted X >Y. if P(X > x) >: P( Y> xr) for

all .r. In the multivarinte extension of this notion. the random vector X is stochastically

greater than the random vector Y if

E~h(X)I ! E[h(Y)]

for all real-valued functions h which are nondecreasing in their arguements for which

the expectation exists.

Now let X 1 ., X4 be independent with X, - Binorniad(n1 , R,) and 'j,.. be in-

dependent with Y, BinomiaL(n,, r), where R,> r, Then X, : 1 for i =,.. 4 and by

Theorem 4.13 of [1]

.X ... UY140.

16f



Table 4: Cumulative probabilities for A(X) when R1 = r..., r = , where (j, k,l)

represnt the number of failures in tests 14 respectivlwy.

PAX) 2: 9)

S (ij,,L) R-. 991 -. 9. 999

24 (0000) 0.401 0.634 0.913
23 (000L) 0.482 0.697 0.971.
22 (0010) 0.610 0.800 0.960
2L (0100) 0.691 0.863 0.979
20 (1000) 0.772 0.926 0.997
19 (001L) 0.798 0.936 0.996
i8 (0101) 0.8.L4 0.943 0.996
17 (0110) 0.840 0.953 0.999
is (1001) 0.856 0.959 1.000
1.3 (1.01.) -0.882 0.970 L..000
14 (1100) 0.899 0.976 L.000
13 (0020) 0.919 0.984 L.000
12 (o1.) 0.924 0.985 L.000
it (1011) 0.929 0.986 L.000
10 (1101) 0.932 0.987 L.000
9 (L.o) 0.938 0.968 1.000
8 (0021) 0.942 0.989 L.000
7 (0121) 0.942 0.988 1..000
6 (1020) 0.947 0.989 1.000
5 (LILL) 0.948 0.989 1.000
4 (01.21) 0.948 0.989 1..000
3 (L021) 0.950 0.990 1.000
2 (1120) 0.950 0.990 1.000
1 (1121) 0.950 0.990 1.000
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Table 5: Cumulative probabilities for &in~ when RI = R4 . r, where (4~j, k, L)

repreent the number of failures in to'ts 1-4 respectively.

P(Aw., a)

(i4 ,k, 1) R"m.99 R'.993 Ru. 999

1.000 (0000), 0.40L. 0.634 0.92.3
0.969 (2.000) 0.482 0.697 0.93.
0.969 (002.0) 0.636 0.809 0.961,
I(2.02.0)

0.960 (01120) 0.667 0.1.9 0.962
0.950 (0002.) 0.9.8 0.980 2..000

(02.00)
(001L2)
(02.02.)

(0.2.L)

0.938 (0020) 0.952 0.990 L.000
(002.)
(02L)

(1.020)

(12.222) 0.950 0.990 2..000



This gives us .R(X) >- R(Y) so that

*P(f(X) > c, P(>R(Y) c) > 1 -

More formally, the procedure to award bonuses tests the null hypothesis H.: RI >

r,..., R4 _> r. Defining the null hypothesis in this way alows us to control the IPvel of

significance a, i.e. the probabilily of not awarding a bonus when one is deserved. The

likelihood ratio test (e.g. [2]) for this problem is to award a bonus (i.e. fail to reject H.) if

f?(X) > c where /(X) is given by

-~ ~[~n 4 ) + -X) r~(..4)IR ~

where I(A) is the hidicator function of the set A.

4 Conclusion

There are several factors that make using acceptance test data to award bonuses challenging.

They all stem from the fact that the data is gathered from a lot acceptance sampling plan

which was not designed to estimate an overall reliability, nor was it designed to give good

estimates of reliabilities when they are higher than the minimal lot acceptance standards.

To use the data from the lot acceptance sampling plan, the most reasonable approach

.seems to use Rmji,, and its distribution for R1 = .. R. = R4 to decide whether to award a

bonus.

There are several ways that this decision rule can be improved. These initiatives were

mentioned earlier, and include

J 1. Takc larger samples or sample sequentially. This will reduce the chances of awarding

a bonus to undererving manufacturers.,
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2. Construct a better mcasurc of overall reliability. A viablc option is a weighted avcrage

4

R = w,R4

where the weights ,Wj represm.nt the proportion of the devices in the field that are

subjected to environment i. This would involve either constructing or estimating

different weights for different types of devices.

3. Use R = P(El rl E2 r) E3 n E4) as the mcasurc of overall reliability. but collcct data to

estimate the interaction hbtween the environmontal tets. R rould then he estimated

using a Inglinear mod(el based on censored ohservations.,
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