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13. ABSTRACT (Masimum 200 words)

Many schemes have been developed to transform discrete seteorological vertical pro-
file data into continuous forme. However, probleme with fitting highly nonlinear|
equations such as similarity formulations to discrete values of wind, temperature,
and specific humidity in the surface boundary layer still exist, since the date
deviates from the smooth theoretical profiles due to natural fluctuations and
inetrumsent errors. The suthore have compared the results of the tried-and-truel
method with the results of their method that (s based on the mean value theorea of
calculus. The authors have dealt with the unstable, stable, and nasutral cases,
showing no significant difference in using either method.

sicromstecrology, surface boundary layer, siailarity
scaling paramsters, Obukhov scaling length, windepeed,
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3. INTRODUCTION

Many schemes have been developed to transfors discrete meteorological ver-
tical profile data into continuous forme. The roote of profile analysise
apparently are buried in the past; a comprehensive literature search failed
to produce any documentation pertaining to the origins or a postulate to
serve as a basis for data analyeis. Although these “a priori” techniques
work well, problems with fitting highly nonlinear equations such as similar-
ity formulations to discrete values of wind, temperature, and specific
humidity in the surface boundary layer exist, since the dats deviates f{ros
the smooth theoret:-al profiles dus to natural fluctuations and instrument
errors. As & firewt step, since the data are discrete, micrometeorclogists
have suggested that the measuring devices be spaced exponentislly (for
instance, 1/4, 1/2, 1, 2, 4, and 8 a above the surface). A second approach
18 to plot the data at the heights where they were ssasured, and {it a smooth
curve by eye through these data points, and then pick off values at the
geometric mean heights. These data are then used to calculate values of the
unknown constants and variables inherent in the protfile formulations. Of the
methods available, we have selected a technique ueed by one of the authors
based upon information from Panofsky (196)) and Businger et al. (1971} (which
has worked rather successfully) illustrating the tried~-and-true approach.
Then we present a method we have developed that is based on the mean value
theorem of calculus.

2. PROFILE SMOOTHING TEBCENIQURS

Hypotheses concerned with the structure of turbulence in the surface boundary
layer of the atmosphere generally follow the central limit theorem--the
fundamental frequency distribution of statistical analysis. This would
intuitively imply that the mean flow is stationary and homogeneous. 1n
actuality, over short-time intervals, the atmosphere may be assumed statjion-
ary, but not homogeneous. Ellison‘'s (1957} infinite rough plane does not
exist as a real surface. The surface of the earth consists of roughness
elements that vary with height and, at best, are randomly distributed. These
protuberances, when coupled with vertical sensible heat fluxes, have a pro-
found effect upon the mean flow. The mechanical and convective production of
turbulence generates a state of fluid flow where the instantaneous eddy
velocities exhibit apparently random fluctuations. Thus, in practice only
statistical properties can be recognized and ultimately analysed.

Micrometeorclogical data collected on a tower or mast over some finite sam-
pling time must be smoothed as a preanalysis operation. Means and standard
deviations for each measured entity are formed at sach measurement height
above the surface. Plotting the temporally averaged data as a function of
height and smoothing by eye, as illustrated in figure 1, reveal that the
averaged data exhibit a root-mean-square error (rmse) distribution about the
simulated vertical profile curves. The rmse can be attributed to variable
upwind fetches, a random distribution of roughnesas elements, a nonuniform
vertical flux of sensible heat, and induced vertical motions.

This arbitrary empirical smoothing technique can be improved by considering
that the vertical profiles in the surface boundary layer are measured in an
environment where the data are limited at one end of the range and unlimited
at the other. Also, the data tend to show a constant rate of change from one




A o+ A At S A+t

height value to the next. These are the characteristice of values that fors
a geometric progression, that ie, follow the exponentisl law

I'lt.. (1

where £ i9 height above the surface, & and r are constants, and b Le vari-
able. Equation (1) is usually referred to es the lew of nstural growth. PFor
micrometeorological data, international agresment requires that measuresents
be made at heighte based upon the progression listed in table 1.
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Figure 1. FPFitted profiles to temporally meaned experimental data
at observational heights.




TARLE 1. TR UNIVERSAL GEOMETRIC PROGRESSION POR RICRO-
NETRORDLOCICAL MEASURINENTS WITE & - ), £ = 2

b -2 -1 0 1 2 3 . s e . .

z (m) 0.2% 0.% 1 2 4 8 16 2 64 . . .

Using such & scheme for obeerving profile data vitimately simplifies the
analysie, owing to the fact that the implied vertical gradients through a

layer from z, to z, are always tangent to the profile at the geometric mean

: 1/2
height lq . (xl 12) .
Businger et al. (1971) found that in thermally straetified unetable flow
conditions, a differentiated second-order polynomial in In(z) provided an
excellent fit to the raw data. For a stable regime the polynomial cz = & ¢
bln(z) was used. This procedure provides a more exacting fit than the semi-
empirical technique of figure 1.

At this point, a preliminary analysis of the data must be undertaken. The
profiles must be smoothed in the vertical to assure equilibrium with the
local roughness and heat flux environment. Gradient Richardson (1920) num-
bers are calculated for éach geometric mean height. Sutton (19%3) indicates
that the gradient Richardson number is given by

Ri = g ﬂwé.!-z. ’ (2)
#§ (dv/adz)

where g is the gravitational acceleration, # the potential temperature, and v
the mean horizontal windspeed. The overbar represents a temporal average.
Fquation (2) may be restated in a more useful form as

Ri = (80 ¢ 220) . i (3)
¢

(avy? 9
whaere I' is the dry adiabatic lapse rate.

Using an approximation for the height derivative of Ri for an unstable atmo-
sphere, as implied by Lettau (1957),

L =3—-—= ¢ (t=1,2,3 ..., (4)




s value of the Obukhov {(1946) scaling leagth L ie obtained faor the observed
profile conditions for unstable flow, (f the premise that the Monin and
Obukhov (1954) ecaling ratio z/L is equal to R{ is accepted.

1t follows then that the surfacs friction velocity, u®, takes the form

< ~1/4
where 0- - (l - 1% E]

(5)

and that the temperature scaling parameter, T*, can be calculated by

k(02 ’.)

. - 1/2
1 3
TSy vhers ¢ [1 s f ] . )
‘H In zi

In a stable regime this is not the case. Investigations by Webb (1970}, Oke
(1970), and Hicks (1976) suggest that {n stable flow the profiles are log-
linear. Hanesen (1977) found that

z
: 7
L " R, (7

2nd 4, (1 + 1SR . (8)

Again, values of Ri at each geometric mean height are calculated and the
Monin-Obukhov scaling ratio determined from

E « Ri(1 + 15 Ri) . (9)

The representative values of z/L for such z_ are then calculated by using
equation (9) and the Obukhov length from

L-1 = §1£LEl! . (10)
Z(:t)

If the Obukhov length L or the scaling ratio z/L are readily available and
the gradient Richardson numbers are desired, then




s 1/2
Ry = - 0.0313 [1 - (1 ¢ 60)£ ' (11

as suggested by Sutherland, Hansen, and Bach (1986).

Roughness and slbedo discontinuities in the upwind direction will appeer in
the analyeies through a relstionship with horizontal advection, These
heterogenecus effects may be detected using an approsch suqQqested by Panofeky

(1963). If In z + ¢ (2/L) is plotted as a function of V, #, then k/u® or
kx/T* will be the profile slope and In L or To the intercept.

Advection effects upon profiles are illustrated in figure 2. The plotted
wind data lie upon the theoretical profile while the temperatures in the
upper portion diverge towards warmer values indicating horizontsl advection
of heat. If advective effects are not recognized early on in the anaiyses of
profile data, erroneocus conclusions are essily formed, and the values of the
diabatic constante and variables more easily misinterpreted.
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Figure 2. Normalized wind and temperature profiles illustrating advec-
tion of heat above 1 m in the surface boundary layer.
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We surmise that the geometric progreesion approach for establishing verticel
gradients had ite 0Origing in the mean value theorea of calculus. Thie
inference will be explored in section J.

3. BRACNELE/TORICK (RT) APFROMSE

Based upon the Obukhov (1946) theory and the mean value theorems, this
approach first assumes that the wind, potentiasl temperature, and specific
humidity vertical protfiles are representable by damp similarity forme, the
gradients of which are given below for unetable conditions.*

AR PR - e 12
az ks L t14)
L AN PR s (13)
dz = ka Tt

g (o, 2]

aq , ¢ . , 1
dz kz [l v Lv] 114

where
v = windspeed
z = height
u* = friction velocity

k = Karman‘'s constant
2
L = Obukhov length = - u* Tr/kql'

0 = potential temperature of moist air
§*« = potential temperature scaling length
g = acceleration due to gravity

T = reference level temperature

2

L = moisture modified Obukhov length = - u® th/kqo;

*The neutral and stable cases are treated in appendix A.

10




Tvr s virtual temperature = Tr(l + 0.61 qr)

¢ 8 4+ 0.61 48 Q"

Integrating equations {12) through (14) yields
x
. u* x - 1 )

Viz) = V(z') ¢ X {ln ;G:Mi] + 2 tan :}t . {(1%)

b4
(16)

vy

Y
. 1N

vy

. Y.
o [ )

where

2z « some arbitrary height

: 1/4
x T [1 Fél L] (18)
1/2
z
Yy - (l Y L} (19)
Yo YL :
v
Figure 3 illustrates a wind profilie, as formulated in equation (15). Figure

3 shows that this curve is a realization of a strictly increasing monotonic
functional form. If we properly select three points on this curve, that is,

z, <z, <z, we can apply the mean value theorem of calculus (see appendix

A). Given a pair of points z, and z, the mean value theorem asserts there is
a point zr' z, < zr < z2 such that the chord connecting these pointe is
parallel to the tangent line at z . rigure 3 also shows this relationship.

11




From equation (12) the derivative at ‘r ie

1/4
z
52 ue [ 3
- i i} . b)
celr kz [ L ] e
[ 4
From the mean vajue theorem we Can write
v
(20 ViR ) 4y i
b . " drr (22)
P 1
-
E *
. -
__——-—“”'/
T v v T L L

Figure 3. Illustrative wind profile as formulated in equation (15).
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From equation (1%) we can write

z
ue x 1 1 ?
- ' . . 2)
V(zz) V(zli X Xn[,l . x] + 2 tan » {23y
z
1
combining equations (21), (22), and (23)) we abtain
|z (z 2.) 2 )-1/4
X 1 1 2 2 1 r
- . 1 .
ln[‘ . 1) * 2 tan x . 1 B (24)
r, (44

Usi1ng equation (24) we can solve for 'rv for specified values of 2, and :2

and an estimate (firet approximation) of L.

Using ¥, we can write an equation similer to equation (24) to solve for Ly
that 18,

[y 2 (xp o) e
y ¢+ 1 L ’ 129)

Now we make use of messured data, and, as suggested in section 2, we draw »
amooth curve through these measured data points. Having determined z for

specified heights zl and 22, we can evaluate g: r using equataion (20).

subotituting this value 1nto equation (21), we compute u®, that is,

1/4
V(zz) V(zl) zr
u* = kzr e T 1 - 8 i (26a)
2 %
In a similar fashion we compute T*,
T(22) T(zl) L 1/2
T = kz =l & U " (26b)
ré z. - 2 L
2 1
13
Ty




Note that for moderately unstable conditions g{ - g{. Having computed u* and
d* for a first approximation for L, we then compute & second approximation
for L ueing

0'27
[ 4

L - h‘ei"." . {27)

The procedure for computing u* and #° outlined above is repeated using the L
values from equation (27) giving a second spproximation for u® and #*, which
are then used to obtain & third approxisation for L. Thie process 1s con-
tinued until! u*, #°*, and L converqge.

Having values for u*, §*, and L, we then approximsate q° making use of! equa-
tione (14) and (17).

Note, however, that equations (14) and (17) require Lv instead of . We move

in the direction of L, by evalusting

u'var
L = - = ’ (48)
v "
kg v
where
‘e’ . 29
Ov «-§ ¢+ 0.62 'r q . (29}

Hence, even though the first approximation for q* is based on L, the second
approximatiocn ies based on Lv. This process is continued until q* and Lv
converge.

The overall procedure above ia repeated for several pairs of values of z_ , =
giving sets of estimates of u*, #+*, qg*, L, and Lv. Each set of thoese valued

is averaged giving G', i‘, a°, E, and L_. These average values are then used
in equations (15) through (17) to conpu!o vertical profilee of v, 4, and q.

An approach that we have used successfully for refining theee values is to
generate profile values using the average values of u*, #*, q°, L, and Lv

These values are then averaged with the original swmoothed data values, and
these averaged values are used in the solution procedure. This process is
repeated until profile convergence ie attained. This process assures that

the final profiles are of the similarity form. This refinement is not con-
sidered in the study.

14
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4. CALCULATION PROCEDURES

waer

The traditional method presented (n section 2 presumes that sither messure-
mentes Of wind and temperature or smoothed values are available at heights
defined by a geometric series. As such, the basic data points represent
discrete vertical profiles.

The first atep in this computational procedure produces a discrete vertical
potential temperature profile from the temperature values using the relation-
ship

¢ =T+ Tz , (30)

where [ ie the dry adiabatic lapse rate.

The second step produces Richardson numbers for the geometric mean heights,

that 18, z = (zi 3-1’1/2' of paire of heights z, and LR using the expres-
s10n 9
Ly .
Ri = g A ~~}~llj xq in zWA . (31)
v i -
{ X Vi—l) i-1

The third step makes use of the results of the second step to obtain
estimates of the Obukhov length by ueing

L = iﬂ ) (32
i

Note equation (30) requires that § = vy.

The fourth step yields estimates of u*®* and T* using the relationships

z 1/4
- | - _9'
.. (Vx vi-l) 1 1% |

z (33)
in 4
Fi-1
. -1/2
(0, - oi_l)[} - 18 —g]
T* = . . | . (34)
in ;—&“
-1 4
! i
15
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In the fifth step one cComputes avereage values of L, u*, and T* for the total
n

layer of interest, H = ¥ (z - 8 ).
el Y 1~1

The RT procedure 3180 presumss that tempersture and wind dasta (measured or
smoothed) are available at discrete heights, but not neceessarily as defined
by & gecmetric series.

The first and second steps in the RT procedure are the same as in the tradi-
tional procedure, that ie, we use equation ()0) to compute 0‘, Knowing T‘ and

equataon (31) to compute Ri.

The third step is used to compute L knowing l‘ using the relationship

2 3
dogm? L. B oL (3%)
I2 l2
i i
instead of equation (32). For y = § equation (3)) reduces to equation (32},
however.
The fourth step yields heights LI and z . the heights between pairs of vy

and paire of § that satisfy the mean value theorem constraints. The expres-
siones that eatisfy these constraints are given by equations (24) and (295).
Unfortunately, these expressions must be solved for t. and LI by iteration.
We use zq a® a first approximation for LI and 2,

The fifth step produces estimates of u® and T* using equations (26a) and
(26b).

In the sixth step u* and T* of step 5 are used in equation (27) to compute a
new estimate of L if necessary, and the above process is repeated until u°*,
T*, and L converge.

S. RRSULTS

To clearly illustrate the differences between our method of determining :t(v)
and zr(O) and the profile smoothing technique, which assumes L to be equal
to the geometric mean of 2, and z,, we have chosen two purely theoretical

case etudies. The first case considers the neutral atmosphere. The second
case focuses on an atmosphere that is characterized as strongly unstable.
For each case we assign a roughness length (:o) of 1 cm, a reference height

temperature of 30 ‘C, and select L and s, oqual to 1 and ¢ m, respectively.

In addition, both § and 7 are set equal to 15. The similarity scaling and
Obukhov lengths chosen are shown in table 2 as well as our computed reference

16
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heights. MNote the numbers in parentheses reflect those constants computed by
the traditional method. They are clesrly equivalent to those of the RY
method.

In figure 4 we present the windspeed profile derived from the two met hodse
discussed in this report for the neutrsl cese. Figures % and 6 depict the
wind and temperature profiles, respectively, for the unstabie case. Note
that the two sethods give equivalent representation of the wind and temspera-
ture structure in the lower boundary layer.

TABLE 2. SINILARITY CORSTANTS AND CONPUTED REFERENCE NEIGHTS

Neutrsl Cane ue = 0.4 m/» zr(V) = 1.16m
Te = 0.0
L ==

Unetable Case ue = 0.4 m/8 zr(v) = 2.1% &
(u* » 0.398 m/e) zr(v) - 2.1 m

T* = -0.5 °C
(T* = -0.498 °C)
L » -24.74 =

(L = -24.67 m)

w
2 1 s
£ 4 }

™~ -
o b
~
¢

o

L4
S L

~
(]

L v v
0 1 2 3

‘
vV

Figure 4. Windspeed profile in the surface boundary layer for the
neutral case. (x‘s trace the traditional approach.)
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Figure 5. Windspeed profiles in the surface boundary layer for
the unstable case. Traditional approach (dashed line).
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Figure 6. Temperature profiles in the surface boundary layer for
the unstable case. Traditional approach (dashed line).
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6. CONCLUSIONS

Note that the exacting mean value theores of calculus can be excellently
approximated by the application of & lognormal, geometric progression. The

ditferences in the derived values of u*, T°, L, V. and # from both approaches
are not eignificant. This mean value theorem may be interpreted geometri-
cally, for it states that & tangent to & smooth curve is parallel to any
intermediate point on a chord of the curve. Generalization leads to an
extended®* mean value theorem.

No formal documentation of the melding of geometric progressions and the
extended mesn value theorem has been discovered; however, we did find that
the lew of natural i1ncresse had some solid footing in mathematics.

Resultes from the two examples considered in this report show that the dif-
ferences in u*, T*, L, V, and # using the traditional and RT modules are not
significant. Purthermore, there 18 less labor required .n executing the
traditional model than the RT model. This aspect may have been the motiva-
tion for the design of the traditional approach.

However, if [ » y, then the relationship R, = z/L should be replaced by
equation (39%) in the traditional approach. :

Finally, it was gratifying to find that this problem lent itself to such a
good and reasonable sclution by using the mean value theorem.

*Van Nostrand’'s Scientific Encyclopedia, Seventh edition, D. M. Considine,
ed., Van Nostrand Reinhold, New York
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APPENDIZ A. RACHELE/TUNICR (RY) APFROACE

Neutral Case
{.et
av Ve
PP (a-1)
then
v
Ve | ]
vV - . ln['—‘;] (A-2)
From equation (A-2)
z
Ve 2
Vi Y Tk l"[zl] (A-3)
Pividing equation (A-}) by (12 zl) gives
\' \' z
2 Ve 2
B S T T AL P (A-4)
2 1 2 1 1
From the mean value theorem
V2 Vx = v where z_ < z < 2
z z dz 1 r 2 (A-5)
2 1 zr
From equations (A-1), (A-4), and (A-5)
Va Vi av Ve ve *2
z. —z. " dzlz " kz_ " K(z, - z,) i (A-6)
2 1 r r 2 1 1
, Solving equation (A-6) for L gives

i
%
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f z (A-7)
2
ll\;—
1
Now suppose that z, - 100 cm and 12 * 400 cm,

then zr v 216.4042% cm.
Now consider the case where V* = 20 cm/s and 'o e« ] cm, then

V(400) = 299.3%7322

V(100) = 230.2%850
From equation (A-9)

v

s 0.231049
dejzr

Assuming 'r = 200 ~m, and using equation (A-6), we get

av

Ve = —
z

»
»

. c 0.231049(.4)(200)

18.4084

$o : V(100) = 212.80%

av

7zls 0.23%36
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v v 2 174
2 2 Ve r
TG S ot I SEEC §- S (A-8)
3 2 ks L
2
T T . 172
2 1 Te r
z z, * ke 1 1% L (A-9)
2 1
V'zfr

. 1/4
r z
zr(v) - [12 111[1 - 18 L ] ln[!r~~!] 2 (A-11)
x ¢+ 1}z
1
1/2
3 Y
. B r Y 1 2 ~
LTI AN | e O O a1
where
=1 a1s ¥ M =1 15 % 1 A-13
x = L L y L ( )
Stable Case
Let
av Ve z
iz " kz [1 + s E] (A-14)
then
Ve 2 2
Ve [1“ : '8 E] (A-15)
o
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From equation (A-1%)

[ 3 {2 z.)
v v. ~Ylin 2. 2 L ! ] (A-16)

Y % z (z, - z2)
2 1. . V"- In 2.4 2 L ! (A-17)
I 4 (2 1! '
From the mean value thecrem
\" v
2 1 - av where 2 < 1 < 2 (A-18)
z z dzir 1 r 2
2 1
From equations (A-14), (A-17), and (A-18)
v2 A _av Cve - 2. v In z? ‘s (z, )
9 -
22 zl dz lr kz: L k(12 zl) zl L (A-19)
Solving equation (A-19) implicitly for zr gives
lr
LI (12 - zl) 1+8 L
[ :2 (:2 - :1)] (A-20)
iIn— ¢+ § ———
tl L
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APPENDIX B. TENOREN OF THR MEAR

if f(x) .8 continuous in the interval & < x < b and has a der.vative between
% = & and x s b, then

t(b) - tia) = (b - &)f ' (f) (8-1)
wheare

a8 < f <D,

EZquation (B-1) ie :tllustrated in the figure below

t (0§

f (x)

s 3 b X

Figure B-1. Illustration of the mean value theorem
for a given function f(x).

The theorem asserts that there ie a point (p) at which the tangent f°({) is
parallel to the chord AB.

If we let f(x) = V(z), then equation (B-1) can be written as

dez ¢ z, - LR

avl _ v(b) - V(a (8-2)
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