-A249 481
A[\)\\\\\\\\\ \\\\\\\\\\\\\\\\\\\\\\\\\\“\\‘

FINAL REPORT
to

OFFICE OF NAVAL RESEARCH

Fractal and Multifractal Approaches to Clustering Phenomena

Grant No. N00014-91-J-1133

Grant Period: 1 October 1v30 - 30 September 1991

DTIC

Submitted by: FLECTE :: I,
S
Center for Polymer Studies S MAYO 1 1862 “‘rj i

590 Commonwealth Avenue

Boston University . E
Boston, Massachusetts 02215

Tel: 617-353-8000

Fax: 617-353-3783

o [
H. Eugene Stanley

University Professor

Director, Center for Polymer Studies
Principal Investigator

Tel: 617-353-2617

Fax: 617-353-3783

————— e o o A < e M

This du:;;::*t has Been cpproved i
for public release and aa‘n ite
distribution is uulimited. ]

14 la6 92-09421
92 4 13 IR




Accesion For

NTIS CRA&I
TIC TAB

Unannouaced

Fractal and Multifractal Approaches to B o o e
Clustering Phenomena - -

N00014-91-J-1188

[RII

Final Report (1 October 1990 ~ 30 September 1991) \ '

A

Statement A per telecon
Dr. Mike Shlesinger ONR/Code 1112
Arlington, VA 22217-5000

. 4/30/92
I. Introduction and Background N 47301

Recently considerable efforts have been made in understanding the dynamics of
non-equilibrium interface growth in the context of a variety of fractal cluster-
ing models.! ~* Many recent investigations have concentrated on the dynamic
scaling properties of interfaces obtained in experiments and in various cluster
growth models. Particular attention has been devoted to the scaling properties
of the rms interface width

w(f,t) = ((h(z,1) — (h(z,1)))*)}/? ~ € f(2/€°/7). (1)

Here h(z,t) is the surface height at time ¢, the angular brackets denote the
average over z belonging to an interval of size ¢; also, f(u) ~ u® for u < 1 and
f(u) — Const for u > 1.

It has been widely believed that many such problems belong to the same
universality class as the the Kardar-Parisi-Zhang (KPZ) equation,®

Oh(z,t)
ot

Here 7(z,t) is a random noise term. One such model is ballistic deposition,® for
which the surface width exponents a and £ satisfy the general scaling relation”®

= V?h + %(Vh)2 +1(z,1). (2)

a
a4+ — = 2 30

3 (3a)
and can be calculated exactly in the case of normally distributed uncorrelated

noise 7(z,t) in one dimension (d =1+ 1):
1
a = 'é,
There have recently appeared several experiments on surface growth which yield
exponents quite different from those of (3b). For example, in some experiments
-~ ‘zuniscible displacement of viscous fluids in porous media it was found that

1
B=3 (3b)

Jusulicerion
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a = 0.73+0.003 [Ref.9], « = 0.81, 8 = 0.65 [Ref. 10] and, in recent experiments
on the growth of bacteria colonies a = 0.78 £+ 0.06 [Ref.11].

II. Roughening with Power Law Distributed Noise

Recently Zhang!? suggested that the anomalous roughening found in experi-
ments can be explained by an uncorrelated “noise” 7(z,t) obeying a power-law
distribution, p(n) ~ n7#~! where n > 1. This anomalous noise can be simu-
lated in a deposition context by depositing rods of size £ sampled from a power
law probability distribution,

p(f) ~ £+, (4)

The growth rule is similar to the conventional ballistic deposition rule, i.e., a
deposited rod is attached to the highest nearest neighbor surface site. The site
at which deposition next occurs can be chosen either deterministically'?:!® or
randomly. 1t

The Zhang idea!? has received recent support from both mean field theory!®
and numerical simulations,!2~!4 both of which suggest that the exponents a
and f are anomalously large, and depend continuously on the parameter u (at
least for p < p, =~ 5).13-15

Figure 1 shows the comparison of our results'* for different values of u with
the Zhang-Krug prediction,

o= g
p+1 2u—1

It can be seen that for 4 > u. = 4.5+ 0.5 both « and 3 are almost independent
of u and are very close to the classical values @ = 1/2, 8 = 1/3. For 4 < p.
both exponents deviate from their “classical” values and approach the limiting
values & = 1, f = 1 predicted by the Zhang-Krug relation for u = 2. As a
final consistency check, we found excellent agreement with the scaling relation
a + a/f = 2 in the entire range of studied values of p > 2. For u < 2, see our
discussion below.

In a recent work!® a closed-form expression for the probability distribution
for the fluctuations éh(z,t) = h(z,t) — (h(t)) in surface height h(z,t) was
suggested based on a formal analogy between anomalous roughening and the
statistics of a Lévy walk.

By a Lévy walk we mean that each unit of time a random walker steps a
unit length. The walker moves £ successive steps in the same direction before
randomly changing direction, and £ is taken from a Lévy distribution!” p(£) ~
¢~#~1 The probability density P(x,n) that the walker is at position z after n
steps has a tajl distribution (z > n!/#) of the form!®

(1> 2]. (5)

P(z,n) ~ n/z**! = ! ( i )—#_1. (6)

ni/s \nl/u
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Fig.1. Comparison of numerical results for exponents o (¢) and 8 (o) with theoretical
predictions given for 4 > 2 by Eqgs. (5) (solid line), and for 4 < 2 by Eq. (10) (solid line).
After Ref. 16.

By mapping the surface growth to Levy walk we obtain!® that for t 3> ¢, ~
L* the distribution of h(z,t) has the asymptotic form

1 sh 7" -
POMLE> b~ gty (gotes) IR IO0ML ()
Since for t » tx, 6h ~ w ~ L® we find a self consistent equation for a,
a=(3—-a)/pu,or a=3/(u+1), the same as Eq. (5). Note that o assumes its
classical value a = 1/2 at p = p. = 5. Substituting a = 3/(x + 1) into (7), we
obtain the predicted scaling form

1 éh  \7H!
P8k, Lyt > tx) ~ f3r6m (L3/(u+l)) ' ®
To test (8), we performed simulations of ballistic deposition using Eq. (4)

for several values of 1 and for a sequence of values of L.!® Figure 2 supports
the predicted data collapse of Eq. (8) for u = 1.5 and 3.
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Fig.2. Log-log scaling plot of wP(6h, L,t) against |6h|/w. Here w is the first moment of
P(6h, L,t) for (a), » = 1.5 and for (b), x = 3. Symbols in (a) are: + (L = 1028,t = 64); ¢
(L = 2048,¢ = 256); x (L = 2048,t = 1024); A (L = 256, > 4096); O (L = 512,¢ > 4096);
o (L = 1024,t > 4096). Symbols in (b) are: O (t = 32, L = 2048); A (¢t = 128, L = 2048); o
(t = 512,L = 2048); + (¢ > 16384, L = 512); x (¢ > 16384, L = 1024); O (¢ > 32768, L =
2048). The straight lines have slopes of (a) 2.5 and (b) 4, as predicted by Eq. (7). After Ref.
16.

To obtain the early time (1 « ¢t < tx) dependent probability we use again
the time-space scaling relation ¢t = L%/# of (1) and L in (7) should be replaced
by tL = t}+1/7 yielding

1 6\
P(6h,t) ~ t(z4+1)/pz (t(z-&—l)/uz) ) ©)

Since 6h ~ t? we obtain 8 = (2+1)/uz = 3/(2u—1), the same as in (5). Figure
2 shows also data for the time-dependent probability density supporting (9).

The above considerations, Egs. (7)-(9), are valid for g > 2. For u < 2,
the relation tx L ~ L**? fails since tx is bounded from below by L. Thus one
must repeat the arguments leading to Egs. (7)-(9) using tx L = L? from which
follows!®

2
;a [[l < 2]. (10)
Note that (10) complements the Zhang-Krug prediction (5) for values of u
below 2. Numerical data supporting (10) are shown in Fig. 1. The analogy

a=ﬂ=
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Fig.3. (a) Log-log scaling plots of log[P(6h = 0, L,t)/P(6h, L,t)] versus |6h|/w for p = 3
for different system sizes L and times t. The straight line has the slope 2, as should be for
Gaussian distribution. The symbols are the same as those used in Fig. 2(b). (b) Log-log plot
of log[P(6h = 0, L,t)/ P(6h, L, )] as a function of |6h|/w for different values of x (the data for
each value of i obtained for L = 1024 and large ¢, greater than tx ): O (p = o0); x (p = 6); +
(u=05); ¢ (4 =4); 0 (g =3); A (s =2). The crossover value of 6h/w at which the behavior
changes from Gaussian (straight line with slope 2) to power law increases gradually with the
value of u. After Ref. 16.

to Lévy walks predicts not only the tails of the probability densities but also
their behavior in the range of small fluctuations. In this range and for u > 2
the distribution of Lévy walks is known to be Gaussian,'® predicting that for
6h < w the probability density of surface heights is also Gaussian. Indeed,
plotting the data in Fig. 3 as log{log[P(é6h, L)/ P(0, L)]} versus log 6h for several
values of L shows a clear range of slope 2 supporting a Gaussian form. The
crossover from Gaussian to a power-law occurs at a value of y = §h/w which
increases as u increases as expected from the analysis of theory in Ref. 18.

As seen from Fig. 2, both time and size dependence have the same scal-
ing relation. Indeed, Eqs. (8) and (9) and the Gaussian form found for small
fluctutions can be combined for u > 2 to a single scaling relation

P(6h,L,t) ~ %F (%") , (11a)
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where w = w(L,t) is given by Eq. (1), and

exp(—ay?®) [y <y
F(y) ~ (11b)
y~r! [y > vl

The data collapse shown in Fig. 2 supports (11). Similar numerical results,
suppertng (11) for p = 3 were presented in Ref. 13.

From the analogy to Lévy walks we expect that in the case of conventional
ballistic deposition (u = 00) the distribution will be Gaussian:

1

fxahJ)AJ;ﬁge-““hV/”” (12q)
for t € tx, and

P(§h,L) ~ #e-a“h)’ﬂ (125)

for t > tx ~ L'/%. In Fig. 4 we show numerical data supporting (12).

The Zhang'? model, which is based on the assumption that the noise in the
system has power law distributed amplitudes, may be the explanation for the
anomalous surface roughening in experiments but the origin of such a noise in
real systems remains unclear.!®

IT1. Correlated Noise

Anomalous surface roughening can be also due to long-range correlated noise.
Next we review recent studies on the effect of long-range correlated noise on
surface growth models.

When the noise itself is the result of another stochastic process, then the
noise cannot be treated as random—the noise is correlated in space and/or
time.2? In this case, the exponents depend on the strength of the correlation.
Medina et al® used dynamical renormalization-group analysis to study the KPZ
equation with long range correlated noise. The noise they studied has the cor-
relation

(n(x,8) (X', 1)) ~ [x = x[22=(8=D) Jp — ¢/26-1, (13a)

where d is the overall dimension of the system (d — 1 is the dimension of the
surface). If the noise has no temporal correlation, i.e.,

(n(x, ) n(x',¢')) ~ x = x'[PP~@=D §(t —t"), (13b)

the exponents obey the relation a + z = 2. Since then there is only one inde-
pendent scaling exponent, it is sufficient to give g; ford =1+1

1/3 0<p<i

B = (14a)
(1+2p)/(5 - 2p) 1<p<L
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Fig. 4: Log-log plot of log[P(6h = 0,L,t)/P(6h,L,t)] as a function of
[6h|/w for p = oo, which is the case of conventional ballistic deposition.
Here w scales according to Eq. (1) with & = 1/2, 8 = 1/3. The Gaussian
behavior is found in the entire range of éh: O (t = 64,L = 4096); A
(t = 256, L = 4096); o (t = 1024, L = 4096); + (L = 512,¢ > 16384);
x (L = 1024,¢ > 16384); & (L = 2048,¢ > 32768); o (L = 4096,¢ >
32768). After Ref. 16.

The other feature of the KPZ equation is that it can be mapped to the
directed polymer (DP) problem?!. The noise plays the role of a time-dependent
random potential. Thus, the results of Ref. 5 can also apply to the DP problem
in a correlated potential field.

Zhang?? used a replica method to study the DP problem with correlated
noise 7 given by Eq. (13b). Due to the analogy between the DP problem and
the KPZ equation, Zhang predicts ford =1+1

(14b)

{(1+2p)/(3+2p) 0<p<}
(1+20)/(5-2p) j<p<l
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Hentschel and Family®? studied the scaling behavior for dissipative dynam-
ical systems and proposed a new relation:

1
3-2p’

Note that the three predictions [Eqgs. (14a), (14b), and (14c¢)] differ for 0 < p <
1/2.

There have been several prior attempts to verify the analytical results with
correlated noise.?* This work relies on numerical methods that probably gener-
ate undesired correlations in the noise. Here we review a recent work?® where we
generate algebraically-correlated noise,?® integrate numerically the KPZ equa-
tion, and also simulate the DP growth in a correlated potential field. The
results of Peng et al.?® for Loth KPZ and DP agree with each other, and qual-
itataively agree somewhat better with (14c) than with (14a) or (14b). Finally
we implement correlated noise into the BD model, and were surprised to find
surface roughening exponents that differ from both the KPZ equation and the
DP problem.

To construct the algebraically-correlated noise, we first generate a represen-
tation of random Gaussian uncorrelated noise 1,(x,t), then Fourier transform
it to obtain 7,(q,w). We define

n(q,w) = (™ [w]~° 70(q, ). (15)

The noise n(x, t) is obtained by Fourier transforming n(q,w) back into the space
and time domain. It is straightforward to verify that n(x,t) obtained in this
way has the correct correlations (13a). We restrict ourselves to the d = 1+1
case and the noise has only spatial correlation (6 = 0) as in Eq. (13b).

(i) Consider first the KPZ equation with noise  described by (13b). For a
one-dimensional surface, the discrete form of Eq. (2) is

het ar(i) = he(d) + Atlhe(i + 1) + ho(i — 1) — 2ho(2)]

p= 0<p< ;. (14c)

N =

(16)

AAt [Re(i + 1) = he(s — 1)]?
+25 dChy )2"‘(’ D" 4 VamG).

Small At is needed to obtain good convergence, and we choose the appropriate
time step by verifying that smaller time steps do not change our results. We
obtain the exponent 8 from w(¢,t) defined in Eq. (1), since w ~ t# for At <
t K ty.

We start with the case A = 0 (no non-linearity) for which z and 8 can
be found exactly from dimensional analysis???: a change of scale z — bz and
t — b*t implies b — b*h and

n(z,t) — W72 2 (a, 1)

[from Eq. (13b)]. Equation (2) is scale invariant for the choice

1
=2 ﬂo=z+g- (17)
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Fig. 5. Comparison of our numerical results and theoretical predictions of (14a), (14b), and
(14c) (solid, dashed, and dotted lines respectively). Typical error bars are shown for each
of the three models treated. The dot-dashed line, Eq. (17), is obtained by neglecting the
non-linear term in Eq. (2). After Peng et al., Ref. 25.

Our numerical simulation for A = 0 confirms (17).

When A # 0 the exponents change. We find that the exponent § approaches
the same value for non-zero A. Since changing A should not change the univer-
sality class, we carry out our simulation for that value of A which gives the
fastest convergence to the correct value of 8; then we vary the parameter p.
The results are shown in Fig. 5. The solid, dashed, and dotted lines are the
predictions from three theories [Egs.(14a), (14b), and (14c)], respectively.

To check our results, we also study the DP growth. By a simple transfor-
mation W(x,t) = exp[(A/2)h(x,1);, we obtain from (2)

ow
e
Here W is the sum of Boltzmann weights for all configurations of a DP connect-

ing (0,0) and (x,?), and n(x,?) is the potential field. The Boltzmann weight
for all paths joining the points (0,0) and (z,t) is

W(z,t) = ) exp[~Ec/kT). (19)

VW + %n(x,t)W. (18)

Here E. is the sum of the potential field  on configuration ¢, and the sum is
over all configurations joining the two end points.

The typical transverse fluctuation scales with the length of the polymer ¢ as
(z2(2))*/? ~ t*. At zero temperature, only the optimal path (configuration with
minimum energy) makes a contribution. Since the optimal path still dominates
at finite but low temperature, we choose T = 0 to simplify our numerical task.
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We generate a representation of n(z,t) [obeying Eq. (13b)], and record the end
point of the optimal path z(¢). We average over many realizations (typically 10°
of n(z,t)). The exponent v is related to the dynamic exponent z = a/f =2—a
of KPZ equation via v = 1/z. Hence to compare with the KPZ results, we define
Bpp = 2v —1 and show the results in Fig. 5. The agreement with our numerical
results for the KPZ equation provides an excellent consistency check on our
numerical methods.

(11) Next we study the BD model with algebraically spatial correlated noise.
For uncorrelated BD,'~* particles rain down vertically onto the substrate until
they reach one of the growth sites. A growth site is defined as the highest
site on each column that belongs to the nearest neighbors of the deposition
surface. Once the particle reach the growth site it stops and become a part of
the deposit. Note that the deposition rule defined above allows lateral growth,
which is believed to be described by the non-linear term [(Vh)?] in Eq. (2).

We introduce correlated noise according to (13b). As seen from Fig. 5, we
find significant differences between exponents obtained from the BD model and
the DP growth (or the KPZ model).

IV. Experiment and a Directed Percolation Model

Next we present experiments in which ink, coffee and other suspensions are
absorbed by a hanging paper, forming a rough interface between wet and dry
regions. We analyze this morphology and measure its roughness exponent a, Eq.
(1). Based on the experiment we propose a new model for interface roughening.
Both the model and the experiment produce interfaces with an anomalously
large value of a.?®

(a) Ezperiment. The experiment was performed by clipping paper to a ring
stand, and allowing it to dip into a basin filled with suspensions of ink or coffee.
The suspension was absorbed into the paper, forming a rough interface between
the wet and the dry regions. We allow the interface to rise until it stops and
no change in either height or shape of the interface is observed. The stopping
can be attributed to the evaporation of the fluid in the wet regions. After
drying, we digitize this rough interface. We then calculate the height-height
correlation function!® ¢(£,0) = w(¢) on different length scales ¢, averaging over
ten different interfaces. Figure 6a shows the data, which support a scaling of
the form ¢(¢,0) = w(€) ~ £* with a = 0.63 £ 0.04.

(b) Model. The model we propose is defined as follows: on a square lattice
of edge L (with periodic boundary conditions) we block a fraction p of thLe cells
to correspond to the inhomogeneous nature of the paper towel. At ¢t = 0, we
regard the “interface” to be the bold horizontal line shown in Fig. 7a. At t =1
we randomly choose a cell (labeled X in Fig. 7b) which is one of the unblocked
dry cells that are nearest neighbors to the interface. We wet cell X and any
cells that are below it in the same column. Lhis process is then iterated. For
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Fig.8. Log-log plots showing the dependence on length scale ¢ of the height-height cor-
relation function ¢({,0) ~ w(f) for (a) the experimental data (averaging over 10 different
experiments), and (b) the numerical results (averaging over 1000 different realizations for
system size L = 16,384 and for p = 0.4675, very close to p. for the infinite system). The
slope for the set of experimental points indicated by solid circles (two decades) is 0.63 £ 0.04,
while the slope for the simulation point indicated by solid circles (three decades) is 0.6310.02.
After Barabdsi et al. Ref. 28.

example, Fig. 7c shows that at t = 2 we choose cell Y a second unblocked cell
to wet, while Fig. 7d shows that at ¢t = 3 we wet cell Z and also cell Z' below
it.2?

We find that for p below a critical threshold®® p. = p.(L) the interface
propagates without stopping, while for p above p. the interface is pinned. Figure
6b displays the scaling behavior of the model at criticality, and we find that
a = 0.63 £ 0.02, a value identical to the experimental value of Fig. 6a.
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(a) (b)
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Fig. 7. Explanation of the model for interface growth with erosion of overhangs. Wet cells
are indicated by shaded cells. Dry cells are randomly blocked with probability p (indicated
by 0 or unblocked with probability 1 —p (indicated by 1). The interface between wet and dry
cells are shown by a heavy line. (a) t =0, (b) t =1, (c) t =2, and (d) t = 3. After Barabdsi
et al., Ref. 28. :

Next we argue that the model presented above is connected to directed
percolation,*3! thereby providing a theoretical basis for the observed and cal-
culated values of the anomalous roughening exponent a. The propagation of the
interface will stop when it reaches for the first time a directed path of blocked
cells leading from West to East—this path is such that one can walk on it from
West to East without turning to the West. Such a ‘directed path’ is a path
on the directed percolation cluster formed by the cells labeled 0. We assume
that a single transverse length characterizes the directed percolation clusters
so that the width w of this interface scales as the transverse correlation length
€1 of the directed percolation problem (£ is a rigorous upper bound). Thus

we assume w(f) ~ £, and € ~ £, where §; is the longitudinal correlation

length in the corresponding directed percolation problem. Since £ ~ {ﬁ*/""

we identify3132 o = v /vy ~ 0.03.

To probe the dynamics of the growing interface in the model, we study
the height-height correlation function ¢f¢,t). Our numerical results support
an exponent 3 = 0.64 & 0.04. The usual exponent identity attributed to the
Galilean invariance, which is known to be valid for the KPZ equation,’ is vi-
olated; we find a + z ~ 1.69, smaller than two. This is a consequence of the
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strong anisotropy of the mechanism which excludes the overhangs: An infinites-
imal tilting of the pinned interface will result in removing blocked cells, thus
allowing the interface to propagate further.

Further support for the directed percolation model can be obtained if we
consider a finite system at a fixed value p, < pc. If §)(p,) is larger than the
system size L, the interface may be stopped by the directed percolation path.
Thus we identify two regimes: Kegime I where £, > L and Regime II where
§); < L. In Regime I, we observe only anomalous roughening (a =~ 0.68), while
in Regime II we predict a crossover to behavior described by the KPZ exponent
(a = 0.5). A similar crossover®? is observed, both in our calculations and even
in some recent experiments (Fig. 3 of Ref. 10).

V \% \9» e
‘\' QQ'I: '"\'
)

\‘( "]r\

0

Fig.8. A two-dimensional “directed surface” with erosion of overhangs using the rules de-
scribed in Fig. 7. The critical probability of blocked sites is p. ~ 0.74.

We also studied several variants of the above model. One interesting vari-
ant arises if we replace the blocked-unblocked percolation substrate by one used
in invasion percolation. At every cell of the lattice we put a random number
between 0 and 1, and advance the interface to the nearest neighbor with the
smallest random number. We use the same mechanism as in the previous model
to erode the overhangs. In this model the interface never stops propagating un-
less we introduce a cutoff (a particular value of p = p;; cells possessing a random
number p > p, are blocked cells). Thus the interface that stops propagating is
generated by the same mechanism as in the normal percolation model, i.e. they
are in the same universality class. However, one significant difference is that
the normal percolation interface is generated basically by a local growing rule,
while in the invasion percolation the growing rule is global. Numerical studies
on the moving interface—both of invasion and normal percolation substrate—
give the same roughness exponent, a = 0.68 £ 0.05, slightly larger than for the
pinned interface.

Barabasi et al ?® also studied the above model in higher dimensions, for
which there are no theoretical predictions on the values of the scaling exponents
(see Fig. 8). Our results suggest o = 0.51 & 0.05 for 2 + 1 dimensions, which
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is larger than the most accurate available numerical result®** for KPZ growth

= 0.4 £ 0.01. Using similar arguments as for d = 1 + 1, we obtain here a two-
dimensional “directed surface” with correlation exponents v and v;, which
obey a = v /vy = 0.51.
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