
% aw

AD-A250 213 AEOSR-TR- 1 2 u 9

SI~ i l ni gjjl lillnlli D T IC
3ELECT E

S MAYI. 9 19921 !

C ,
POLY-WRI-1589-92

In-Situ Fault Detection by the
Hybrid Ray-Mode Method

Final Technical Report to
Air Force Office of Scientific Research

Grant No. AFOSR-90-0088

Submitted by

Leopold B. Felsen
Polytechnic University

Weber Research Institute
Route 110

Farmingdale, New York 11758

April 20, 1992

• I~~it ~ibLl.nmijted

92-13010

92 5 14 1



rMASTER COPY KEEP THIS COPY FOR REPRODUCTION PURPOSES

REPO T D CUM NTATON AGEForm Approved

I. REOR DO U E T TIN PGMB No. 0704-0188
quoic 'eooning orurcer , , !nl Cllecjlon 'jf nforrhation is estimated to average I ' Our oe, fesoorse, inluding the time for reviewing instructos IN ting e..stnq data sorces.
qathef gn d mainnq the data ne-eed and Corholitting an reiwn the ColleCtaon Of Information. Send commientS reqirg I~ibfen estimate or any other asclec, of this

cOI~et~n ~I .,o~n cl cudinq iuqqesttons for reoucing this Ourden. to W/asitngton 'Ieadoaners Services. Directorate Of Information Oceracions and Recorts, 12)5 Jefferson
Oav., muihway. S.j.te 1204. ArtOn, VA 22202-4302. an~d to the Office 'If Management and Budgqet. Paperworkc Reduction Project (0704-0 188). Washington. OC 20S03.

1. AGENCY USE ONLY (Leave blank) 2. REPORT DATE 3. REPORT TYPE AND DATES COVERED
I4/20/92 Final Report 3/l/90-9/30/91

4. TITLE AND SUBTITLE 5. FUNDING NUMBERS

In-Situ Fault Detection by the Hybrid Ray-Mode Grant No.
Method AFOSR-90-0088

6. AUTHOR(S)

Felsen, Leopold B.

7. PERFORMING OkGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
REPORT NUMBER

Polytechnic University
Weber Research Institute POLY- WRI- 1589- 92
Route 1.10
Farmingdale, NY 1.1758

9. SPONSORING/ MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSORING/IMONITORING
AGENCY REPORT NUMBER

Air Force Office of Scientific Research
Boiling AFB, D. C. 20332-6448 - Proj. Task No.

2306/A3

11. SUPPLEMENTARY NOTES

The view, opinions and/or findings contained in this report are those of the
author(s) and should not be construed as an official Department of the Army
position, policy, or decision, unless so designated by other documentation.

12Za. DISTRIBUTION / AVAILABILITY STATEMENT 12b. DISTRIBUTION CODE

Approved for public release; distribution unlimite d.

13. ABSTRACT (Maximum 200 words)

See over

14. SUBJECT TERMS15NUBROPAE
Gaussian bea'TI complex- s ource- point method; beam-to-mode 15NUBROPAE
conversion in elastic plates; transducer output modeling by 16. PRICE CODE

Cbussian beams: hybrid beam- -zle metlhods; weak debond ultlasonic

17. SECURITY CLASSIFICATION 18. SECURITY CLASSIFICATION 19. SECURITY CLASSIFICATION 20. LIMITATION OF ABSTRACT
OF REPORT OF THIS PAGE OF ABSTRACT

UNCLASSIFIED UNCLASSIFIED UNCLASSIFIED U

NSN 75dO-O1-290.5500 standard Form 298 (Rev. 2-89)
P'escftbed by ANS4 Std. 139-18

- 296-102



-A I

The objective of this research effort has been to develop algorithms for in-situ
location and identification, by ultrasound, of flaws in plates or laminated layered
elastic materials. Achieving this objective requires detailed knowledge of the
excitation, propagation, scattering and detection of high frequency sound waves in the
unflawed and flawed environments. Based on an understanding of these fundamental
wave phenomena, one may then attempt to construct analytical models with
accompanying algorithms, so as to parametrize the NDE problem in terms of "good
observables."

During this final period, the research program under the predecessor Grant No.
AFOSR-86-0318 was phased out. Major effort was expanded on completing research
items initiated under the predecessor grant, and on preparing final manuscripts for
publication. For the description of these previous studies, the readers should refer to
the Final Report on the predecessor grant.

A new phase was initiated during the current period, namely, a systematic study of
nonspecular reflection of ultrasonic acoustic beams impinging from a fluid onto planar
and cylin, ,al layered elastic materials. The nonspecular effect occurs when the
incident beam is phase matched to a leaky mode in the structure and thereby causes
the reflected field to be dominated by strong interaction between the specularly
reflected beam profile and the leaky mode. The resulting interference pattern is a
sensitive indicator of the leaky mode, and therefore of the state of the layers
(including bonding layers) which generate that mode. Our effort has generalized
previous studies -- which have dealt only with well-collimated (Fresnel zone) incident
and reflected regimes, and only for plane geometries -- to arbitrary regimes allowing
diverging incident beams. The new results show that the nonspecular effects are
strongly affected the incident beam profile and by surface curvature.
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Abstract

The objective of this research effort has been to develop algorithms for in-situ
location and identification, by ultrasound, of flaws in plates or laminated layered
elastic materials. Achieving this objective requires detailed knowledge of the
excitation, propagation, scattering and detection of high frequency sound waves in the
unflawed and flawed environments. Based on an understanding of these fundamental
wave phenomena, one may then attempt to construct analytical models with
accompanying algorithms, so as to parametrize the NDE problem in terms of "good
observables."

During this final period, the research program under the predecessor Grant No.
AFOSR-86-0318 was phased out. Major effort was expended on completing research
items initiated under the predecessor grant, and on preparing final manuscripts for
publication. For the description of these previous studies, the reader should refer to
the Final Report on the predecessor grant.

A new phase was initiated during the current period, namely, a systematic study of
nonspecular reflection of ultrasonic acoustic beams impinging from a fluid onto planar
and cylindrical layered elastic materials. The nonspecular effect occurs when the
incident beam is phase matched to a leaky mode in the structure and thereby causes
the reflected field to be dominated by strong interaction between the specularly
reflected beam profile and the leaky mode. The resulting interference pattern is a
sensitive indicator of the leaky mode, and therefore of the state of the layers
(including bonding layers) which generate that mode. Our effort has generalized
previous studies -- which have dealt only with well-collimated (Fresnel zone) incident
and reflected regimes, and only for plane geometries -- to arbitrary regimes allowing
diverging incident beams. The new results show that the nonspecular effects are
strongly affected the incident beam profile and by surface curvature.
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I. BACKGROUND AND ACCOMPLISHMENTS

A. Previous Effort

For general information and previous accomplishments pertaining to this effort on
in-situ fault detection by the hybrid ray-mode method, the reader is referred to the
final report on the predecessor grant, appended as Appendix A.

B. Present Accomplishments

1. Completion of pending tasks

During the present period, the phase-out period for this effort, research tasks
initiated earlier were brought to completion, and major effort was expended to
prepare manuscripts for publication of the results. Publications are listed in Section II
and are identified by [ ] in the text. With reference to Appendix A, items in this
category include the following:

a. Multiple reflected beam synthesis of fields excited by a high frequency oblique

beam input in an elastic plate.

This study was motivated by the results in item II.A2 of Appendix A, which showed
that the initial field profile is beam-like before it eventually converts into the guided
modes of the plate. The beam model was utilized in the flaw detection scheme
proposed in item II.A3 and Ref. [7] of Appendix A. The present study extended the
previous investigation by systematically tracking the initial beam through successive
multiple reflections (with P-S coupling) in order to identify the limits of resolution due
to overlapping multiples. The results are contained in [1], and a copy of the
manuscript is attached as Appendix B.

b. Ultrasonic beam method for localized weak debonding in a layered aluminum
plate.

This is a completion of item II.A3 of Appendix A. A manuscript has been
prepared and published [2], and is attached as Appendix C.

c. Transducer output modeling by Gaussian beam decomposition.

This effort is described in item II.B of Appendix A. During the present period,
manuscript [9] of Appendix A has been published (see [3] in Sec. II) and is attached as
Appendix D. A manuscript dealing with the three-dimensional Gaussian beam
modeling (see Ref. [10] in Appendix A) has been published [3]. It is attached as
Appendix E.
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2. New task: nonspecular reflection of bounded beams from multi-layer fluid-
immersed elastic structures.

Anomalous nonspecular reflection of bounded beams from fluid-immersed layered
elastic structures is a sensitive indicator of the physical properties of the layers,
including those formed by adhesive bonds. The nonspecular effect occurs when the
incident beam is phased matched to one of the leaky modes in the structure, thereby
giving rise to strong coupling between the relevant leaky mode and the geometrically
reflected beam profile. Previous studies of this phenomenon have been restricted to
planar geometries and to the Fresnel zones of highly collimated input and output
fields. To exploit this diagnostic tool more universally, we have generalized the
previous analyses so that they appiy to arbitrarily collimated or diverging input and
output fields. Moreover, cylindrically curved layers have been considered. These
generalizations have been accomplished through rigorous spectral analysis, complex-
source-point modeling of a Gaussian input beam (see item II.A1 of Appendix A), and
uniform asymptotics for reduction of the spectral integrals. The results in [4] and [5],
attached as Appendix F, show the sensitivity of the nonspecular effect with respect to
the degree of collimation of the input beam and the type of leaky mode (Rayleigh or
Lamb) for planar configurations. Layer curvature introduces further modifications.
These new effects have been explained and quantified in terms of physical wave
processes, and their understanding enlarges substantially the signal processing options
for parametric inversion of output data.

3. Summary

Taken together, the accomplishments under Grants AFOSR-86-0318 and
AFOSR-90-0088 have identified new options for the analytical modeling of wave
phenomena that are encountered when high frequency beams are used for QNDE of
layered elastic materials in vacuum or in a fluid. These options have been expressed in
terms of robust wave objects such as beams, guided modes and leaky modes, with
self-consistent combinations constructed so as to reproduce observable features in
data. We have referrcd to these algorithms, which have been developed by
simultaneous use of the physical space and spectral wavenumber domains, as
observable-based parametrizations (OBP).

In order to test the utility of the OBP options for processing of real data and for
design of experiments aimed at extraction of specific NDE information, we have made
contact with Prof. Dale Chimenti at John Hopkins University, Baltimore, MD, to
coordinate our studies with his experimental program. However, this collaboration
could not be pursued due to termination of the present program.
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Thompson and D. Chimenti, Eds., Plenum Press, New York, Vol. 11, 1992 (to
be published).

III. Personnel

Dr. L.B Felsen, University Professor, Principal Investigator.
Dr. J.M. Klosner, Professor, Dept. of Mechanical Engineering.
S. Zeroug, Ph.D. Candidate, Dept. of Electrical Engineering.



APPENDICES



APPENDIX B
Multiple reflected beam synthesis of fields excited by a high-
frequency oblique beam input in an elastic plate

*I Smaine Zeroug and Leopold B. Felsen
Department of Electrical Engineering! Weber Research Institute, Polytechnic University.
Farmingdale. New York 11735

(Received 30 May 1991; accepted for publication 18 November 1991)

Transducer-excited beams provide important diagnostic tools for ultrasonic nondestructive
evaluation (NDE) of elastic materials. For bonded multilayer elastic plates, an ubliquely
injected high-frequency compressional (P) beam crcates interior dynamic fields that are

* sensitive to weak debonding between the layers. In an effort to clarify the wave phenomena
that are operative under these conditions of excitation, a highly idealized model has been
chosen wherein a lossless plate in vacuum is insonified by an internal oblique P-beam source.
This problem was analyzed in a previous investigation [Lu, Felsen, and Klosner, J. Acoust.

Soc. Am. 87, 42-53 (1990) 1 by expressing the total field in terms of a sum of P-S (vertically
polarized or in-plane) coupled normal modes. While the resulting field assumed oscillatory
modal patterns at interior cross sections far from the source region, the modally synthesized
field near the source clearly outlined profiles interpretable as incident and singly or multiply
reflected P-S coupled beams. The problem is therefore studied here directly by Gaussian beam
tracing as implemented via our previously employed complex ray field algorithm. The results
clarify the observed phenomena by revealing the successive buildup from initially well-resolved
beams into oscillatory mode patterns synthesized by overlapping multiples. For the same
idealized model, the beam algorithm has been applied elsewhere to the detection and
identification of weak debonding in a layered plate [Felsen and Zeroug, J. Acoust. Soc. Am.
90. 1527-1538 (1991) ]. With an understanding of the physical mechanisms that arise in the
beam-to-mode conversion, one may now explore how their utility is affected under realistic
NDE conditions.

PACS numbers: 43.35.Pt. 43.35Zc

INTRODUCTION spectral beam integrals with complex-source-point (CSP)

The present study is concerned with the analytic model- excitation are presented in Sec. 11. The asymptotic solutions
ing of the dynamic fields generated in a lossless elastic plate for the scalar P and S potentials as well as the horizontal and
in vacuum by an internally injected high-frequency oblique vertical displacements include the fully developed multiple
Gaussian compressional (P) beam. In a previous investiga- beam fields and also paraxial approximations that describe
tion [ Lu. Felsen, and Klosner. J. Acoust. Soc Am. 87, 42- the major contributions in simplified form. For the problem
53 (1990) 1, the total tield generated by such a beam was parameters employed in our previous studies.' Sec. III con-

modeled through expansion into a sum of P-Scoupled nor- tains det'iled numerical comparisons between the beam
mal modes. While the resulting field assumed oscillatory tracking results and the modal reference solution along the
modal patterns at interior cross sections far from the source upper and lower plate boundaries, and in transverse cross
region, the modally synthesized field near the source re- sections. Primary emphasis is placed on the ability of beam
vealed profiles that are evidently attributable to incident and field clusters, as identified by the P-S beam trajectories, to
singly or multiply reflected P-S coupled beams. The synthe- construct local features of the total field response. Such local
sis in this paper is therefore performed by tracking the input construction works well for the first few multiples. which
beam via P-S coupled multiple reflections as implemented can be clearly resolved, but its quality deteriorates for clus-
via our complex ray algorithm, and the results are compared ters corresponding to higher-order multiples, due to non-
with an independently derived modal reference solution.' negligible overlap with preceding and successive multiples.

In the pursuit of these objectives, we begin in Sec. I with When this overlap occurs, the internal fields undergo a tran-
a summary review of our previously developed analysis and sition from beamlike to modelike behavior, and the beam
synthesis options, which include (a) decomposition into algorithm per se has reached the limits ofits phenomenologi-
co)ntinuous plane wave s;ectra: (b) expansion into normal cal utility, although adding enough overlapping beams will
modes: (c) expansion into multiply reflected beams: and (d) reconstruct even fine details in the total field response. Use-
combination into a self-consistent beam-mode hybrid that ful estimates are provided for an assessement ofthe strengths
emphasizes the best features of each. Details of the imple- and the domains of influence of the individual beam multi-
mentation of option (c) via the asymptotic (saddle point) ples. aid predictions based on the estimates are confirrmedby
reduction of an initial rigorous representation in terms of the data.

20" Acr.s. Soc A- 91 i,1, Ar 92 D00"-49-692 04201.-9500g0 '992 4 ,cOs'caI Socketof Arer,.ca 2016



Although thc rwJel in these studies is highly idealized, while the horizontal and vertical displacements. respective-

the relevant w...c mechanisms remain intact even under ly, are
more realistic conditions encountered, for example, in NDE o1 01T
applications. Of course, the quantitative effects of realistic u = x - 3z (3a)

environments will have to be explored before one may judge ax dz

the ultimate utility of NDE techniques- that seem promising w = 0 + - (3b)

for the idealized case. dz ax

I. FORMULATION II. SOLUTION

We consider a lossless elastic isotropic plate of thickness A. Spectral decomposition

a, with Lame constants A and j, and density p, embedded in Plane-wave spectral decomposition along the x coordi-

vacuum and excited by an interior time-harmonic line nate, via Fourier transform, leads to"

source at (xz) = (xz'), as shown in Fig. 1. They-indepen-

dent displacement fields u(xz) and w(x,z) along x and z, V(k;z,z') = V(x,x',z,z')
respectively, and the stress X(x,z) in the plate, can be de- f

rived from two potentials ')(xaz) and 'P(xz) representing xexp[ - ik(x - x') ]d(x - x'), (4a)
the compressional (p) and vertically polarized (s) waves

with respective speeds v, = [(A + 21u)/p]J1 :  and
v, = [/p] ':. If the line source excites only compressional V(x,xF,z,z') = F V(k;zz')exp[ik(x - x') Jdk.

waves, the potential fields satisfy the wave equations (a time 2-,r

dependence e .... is assumed and suppressed), 3  (4b)

4- - k P(xx';zz') Here, Vand Vare potential vectors in the configuration and
x: a P "spectral domains, respectively,

-(x-x')6(z-z'), k P = and la--[]. (n

-___ (x~x':zz') = 0, k, = - . lb), The spectral potential functions and 4 satisfy the reduced

kx 3,,,2 wave equations

The boundary conditions accompanying (I) are the vanish- dI+K )i(k;Z.z')= -b(Z-Y), K2 =k2

ing of the normal and shear components, or, and r,, respec- dz P k

tively, of the stress field 1 (x.z), at the plate surfaces z = 0. a. (6a)

In terms of the potentials 1) and T, or. and r,, on a plane d2 2

) 2=const.. are expressed as'  - + K IV(k;z.z') = 0, K = k k- 2  (6b)

d . =P -+- 2,u( (D + IV (2a) with boundary conditions at z 0, a,

le 2 d 2 4 d .'q (2b) Az k'++i , (a
)e Y, Jx (3 20x(2 ddzz

. 2ik d i + -k _d T 0.'=0 "  (7b)
1- dz d?)
'n --. \/' ( -. V The solutions of (6) can be synthesized in terms of upgoing

and downgoing compressional and shear waves that are cou-

pled at the plate boundaries.' If ray paths are associated with
'" 0" , / , ,. these waves, one distinguishes four categories depending on

d " ,- ' .T a, the directions of departure from the line source and arrival at
h ,,n A- 3 B'-C s k D-- ,' the observer (see Fig. 2). The total spectral field is corn-
" - prised of the sum of the fields of each category,

'7 - 4
,- V(k;z,z') - V (k;z,z'). (8)

FIG I Physical configuration, with global (x.z) and beam centered (4,ri) In category I, for instance, the first three reflections (with-
rn coordinate systems. input and output beam schematics, with multiple beam out distinction between P and S waves) are shown by the ray

reflections and couplings between source and observer, are shown in correct

proportion for the problem parameters listed below. Dashed lines: P-beam paths in Fig. 3. Summing all waves in this category we can
II axis trajectones. Solid lines: S-beam axis trajectones. Plate parameters: express

a - 0 3 in. v, - 1 209 10' n /s, v, = 2.36'v 10' in/s. p = .53x 10 ( I d

lb in ' Incident beam parameters (complex source point modeling) V i(k'z,') = E (a - z) R-E(a - z')

2- 20 M Hz. u, 00335 n.. a. = .5". [1 F . 4 
- (F d) 2 - ] S, (9)

i.,)= r b,cos Y. - ib, sina.). (T.z) (00,006) in.

y h, - n I 3 I )- or, compactly.

?() 7 Acot:s* Soc Am Vol 9' No 4 1. A rl '992 S Zeroug and L B Felsen Reflec*ed beam synthesis of fields 2017



•*Xz E(a-z)-R-E(a-z' ). 1=1,
zlE~ -J z 1, T=l  2 2a

S1 E(z).R".E(z'), = 3, (12a)

FIG. 2. The four ray categories that order the propagation process accord- E(z' - z), 1 = 4,
ing to waves that are upgoing or downgotng, respectively, with respect to .d
the source depth z'and arrive at - from an upward or downward direction. F = d," (12b)SFdA, /=3,4.

The vector A")' removes the direct wave when it does not

V''(k;z,z') = E(a - z).R-E(a - z') exist in the respective category,

0, = 1,3,

where I is the identity matrix, E is the propagator matrix, - U(z - z)E(z - z)S, 1 = 4,

Ed) e ' 1b) U(1) =[, 1>o0,

S is the source vector corresponding to a P line source, tO, 1 < 0.

S=(- I/[2iK,) (lOc) B. Alternative representations

From the closed form expression of the solution in (4b)
and F is the reverberation matrix given by and (12), it is possible to derive alternative representations

= QAQd (l0d) with different physical content. These alternatives, dis-
cussed in detail in Ref. 6, are summarized here. For conve-

Q" = E(z').R".E(z'); (lOe) nience, the superscript "1" for the 1th category is omitted in
Qd = Eta - z')'Rd.E(a - z'). (of) what follows.

The reflection matrices Ru and Rd are phase referenced at
z = 0andz = a, respectively (the uppersign goes with "u"), 1. Modal representation

R" RP (PSlog) By deforming the integration contour around the pole
,R )(0 singularities k,,, satisfying the resonance equation

with the following expressions for the plane-wave reflection detlI - F) = 0, (13)

and coupling coefficients: one may write the total field as a sum of normal modes,

R =R, = [4k 2A-K, - (, - k 2 )2 D -', (lla) ",
V(x,x',z,z') = y, V, (x,.',z,z'),R , = 4(x- k 2)kK, D - ,( I lb) ,,=I

R, = - 4(K2 - k 2 )kKPD - (lIc) V,, = i limo [(k - k,,m"iek '-]. (14)

D =4k 2KK, + (x- k ). (lid) with Vgiven by (12). Explicitly, (13) becomes

Including the contributions from the other categories, it is (1 - e" °, .,a)2 - R 2 (e'. - e"a)2 = 0, (15a)
fount.; that or equivalently, 7  PP

4

V(k;zz')= V '(k;zz') tan(K,a/2) 1 + RPP

4 tan(Kpa/2) 1 - ( ± )RPP

- T"-(I - F ) - 'S+ Al", (12) for symmetric/antisymmetric modes.
l-=1

with
2. Ray representation

By power series expansion of (I - F) Y,=oF",
one may write the total field as a sum of generalized ray
integrals V,.

R V(xx',z.z') = V,,(xx',z.z').

V,= 2 f T-F"-Sexp[ik(x- x') ]dk. (16)

The factor T-F".S can be expanded further to yield V, as a

FIG The first three multiple reflected ray paths lor ,'ave fields in care- sum of ordinary ray integrals J,,, and J ,. with y or v index-
gory 1ing the different P or S waves, respectively, with the same n,

2018 J Acoust Soc Am Voi 91 No 4. PT 1,. Aor, 1992 S Zerouq and L B Feisen: Reflected beam synthesrs of fields 2018



II I

V= (17a) (I -F)-t P F+(I -F) - PFv (0

!:" -which, upon substitution into (12) and (4b), yields a finite
.... sum of generalized ray integrals and an integral remoinder

J,, L - f B ., (k Iexp iP ., (k) ]dk, (17b) Rv

V(x,x',zz') = ( V,(x,x',z,z') + R (x,x',z,z'), 
0-0

qJ. J,, ,(21a)
I where

J'. =.__ B,(k) exp[iP.(k)]dk. (17c)
21- - - R , (xx',zz') = T.(I - F)-

Here, B,,,, and B ,., are amplitude functions that incorpo- 21r _

rate excitation coefficients, reflection coefficients, etc., while .F.S exp[ik(x - x') ]dk. (21b)
P,, and P ,, are rapidly varying phase functions having the The remainder integral can be efficiently evaluated on a
generic form "rapid convergence" path CN that passes through the ob-

server-dependent saddle point of the integrand correspond-
=k(x- x') + KPZ+ Kz,, (18) ing ton = N. Modal pole singularities intercepted during the

lP, 'contour deformation furnish contributions, which establish
with zP, denoting the vertical projections of all ray segments the hybrid form; the number of intercepted normal modes is
associated with the P and S waves, respectively. A general- determined uniquely by the saddle point for n = N and the
ized ray with n = 1 and I = 1 (category 1), emanating from associated path C v. The resulting hybrid ray-mode repre-
a Psource, is schematized in Fig. 4(a). Grouped within it are sentation becomes
eight ordinary P and S rays (four of each), shown in Fig. S-
4(b). These eight ordinary rays, each having four segments, V(x,x',z,z') = 1',, + V, + R,, (22a)
can be denoted by p dppp , pdppS , p dpsP , p dSpp,

P dPSS, P dSPS', P dSSP", and p dSSS . The superscripts where

on the first and last segments denote the downward depar- 1 T
ture and upward arrival of the ordinary ray. R 2.v = -y c T.(IF)i.F.S exp[ik(x-x) ]dk.

For example, the ordinary ray integral J ,6 correspond- (22b)
ing to ray PdSPS' [n = l,v = 6, in category 1; see Fig. When parametrizing measured or synthetic numerical4(b)] is We aaerzn esrdo ytei ueia

data in terms of the hybrid algorithm, one chooses Nso as to
J 6 = f B,.6 (k)exp [iP'.6 (k) ] dk, (19a) include all well-resolved "raylike" features in the data. For

21r the collimated beam input, the meaning of raylike is clarified
where in the discussion to follow. Since the ray-mode decomposi-

tion is self-consistent [see (20)], the choice of N does not
B ((affect the result of the total field in (22) but it will affect the

P .6 (k) = k(x - x') + K. (2a - z') + K, (2a - z). rapidity of convergence as well as the quality of the "basic
(19c) physics" responsible for generating the data at the observer.

3. Hybrid ray-mode expansion C. Beam excitation

A hybrid form combiring modes and generalized rays By analytic continuation of the real coordinates of the
results from partial series expansion of the resonance matrix, line source in Sec. I to complex values, 9 -

i=x'+ibp cosap, !=z'+ibP sin aP, b,>0,
(23)

the wavefield generated by the P-wave isotropic line source is

. , converted into a P-wave directional beam source (Fig. 1).
, .. ,' , : ,, .,/ This complex source point (CSP)-generated beam has its

waist centered at (x',z'); its (l/e) width w at the waist is
related to the complex displacement parameter bp via

a) b) w; = 2bp/kp, from which one recognizes that bp itself ex-
presses the Fresnel length corresponding to w,. The angle ap

11G. 4. Generalized and ordinary rays. (a) Generalized ray n 1. 1 denotes the direction of the beam axis with respect to the
[see (16)1. (b) The eight ordinary ray paths [see ( 17a) and (17b) I asso- horizontal axis.
ciated with the plane wave congruences corresponding to the generalized
ray path in (a). with the Psource only. P-ray trajectories: dashed lines. S- The CSP-extended wave potentials F and ' (the over-
ray trajectories: solid lines, tilde denotes beam excitation quantities) continue to satisfy
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formally the respective wave equations and boundary condi- observer. The complex ray integral can be evaluated asymp-
tions. The convergence of the different representations, how- totically by the saddle point method5 app*ied in the complex
ever, needs to be verified in each case. This aspect has been k plane to the analytically continued integrand. The integra-
considered in Ref. 1. Use of the global or plate-tied x-coordi- tion path is deformed from the real axis, where the phase is
nate spectral decomposition leads to convergence problems highly oscillatory, to a steepest descent path (SDP) that
for strongly oblique spectra with respect to beam axes that traverses the first-order complex saddle point k.d defined by
characterize nearly horizontal propagation. Problems also dP, (k d;x,z) d 2-P, (k.,;x,z)
arise from nonphysical growth of evanescent spectra upon = 0, with 2- 0. (25)
reflection at the boundaries. It has been found that, in the dk dk2

modal representation, these problems can be deemphasized The first-order steepest descent evaluation yields'
by ignoring evanescent modes with eigenvalues k. >kJ
since their excitation strength by the P-beam input is mini-
mal. In the ray representation, these problems are avoided XBf (k , )expiP ,(k,.;x¢z) ], (26)
by tracking the CSP-extended ordinary ray integrals along where arg(V) = arg (dk), with dk denoting an element at
local coordinates defined with respect to the axes of the indi- k~d of the SDP.
vidual beams. As has been shown,2 (26) corresponds to a beam field.

III. FIELD SYNTHESIS BY BEAM MODELING The same expression without the CSP extension corresponds
to a real ray field. While a multiple reflected real ray field

The CSP-extended normal mode expansion in (14) has generally yields a significant contribution for all launch an-
been used in Ref. 1 as a reference solution for charting the gles from the source, a multiple reflected complex ray field is
evolution of a P-beam input inside the plate. The numerical significant only over a relatively restricted angular spectrum
results show that the field behaves initially as a well-colli- surrounding the beam axis; this paraxial domain of influence
mated beam that converts eventually into oscillatory mode- limits the angular spectrum of significant ray fields at the
like patterns; the latter are a consequence of interference observation point, even after multiple reflections. For the
between overlapping multiple P-S coupled reflections. problem configuration in Sec. II, where the P-beam input
These observations suggest that in the near zone or early radiates downward (see Fig. 1), complex ray fields with up-
phases of the field, a beam (ray) modeling would be numeri- ward launching angles at the source (categories 3 and 4 in
cally more efficient and physically more appealing than Fig. 2) can be predicted, and are indeed verified, to have
mode summation, while in the intermediate region of con- negligible contributions at all observation points. The parax-
version from beamlike to modelike character, a hybrid ial approximation of (26) for the direct (P) complex ray was
scheme would be an attractive option. Accordingly, here we obtained in Ref. 2 as
explore synthesis of the fields in terms of beams as furnished exp(in/4)
by the CSP-extended ray expansion. As in our previous in- 7(47) -
vestigation,' the CSP-extended mode expansion in (14) 22ir
with (23) will serve as a reference solution. In the following, exp{ik [4 + ?7/(2R (')) - rf2/w 2 (_) I
we shall refer to the CSP-extended ray field as a "complex X ________

ray" field; the "beam axis" is the trajectory along which the Jkp (- ib )
complex ray field magnitude is maximal. q I_ + b , (27)

In principle, at any given observation point, the poten-
tial field vector V is obtained by summing over all ordinary with (4,e7) denoting the local coordinates along, and trans-
complex ray integrals, n = 1,oo; I = 1,4; u = 1,,.,, verse to, the P beam axis (Fig. 1). We note that for this

v = l,v.. The generic form of each component of j , hence- complex ray, B, = (i/2KP). In (27), RP (4) is the on-axis

forth denoted by J,, involves an analytically continued com- radius of curvature of the beam wave front, while wp, (4) is
plex ray integral as in (17b) or (17c), evaluated along a the le width at a distance 4 from the waist. Along the taxis,
multiple reflection trajectory; for brevity we use E instead of i.e., 7/= 0, the complex ray amplitude decays like

n,u or n,v to denote either a P or S ordinary ray. In particu- 1/22i [ kP + b -/2, (28)
lar, the function P, in (18) accounting for the accumulated wwhile for fixed it decays transversely in Gaussian fashion
complex phase along the (PS) propagation path becomes like

P,(k;xz) =k(x-x'-ib cosa72/P) +Kpl exp[ W (29)

-pNpa + ,,V~a +-,Z (24a) with w,() given by

where wp() =wp (0) [ I + 2/b w(0) = 2b/k.

f1 .a-z' -ibp sinap, I= 1,2 (30)
[z' + ibp sin a., 1= 3.4, A paraxial expression for the multiple reflected complex

ray field has also been derived in Ref. 2. It yields a Gaussian

with . , = .VP., denoting the number of (P,S) excursions beam, which, when compared to (2 7 ), may be interpreted as
across the plate, and z, denoting the vertically projected seg- a complex ray field emanating from an equivalent virtual
ment that connects the latest complete excursion with the CSP located at distance D, - iy,,bp along the extension of
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.,he last segment of the corresponding input beam into the Theon-axis magnitude ofeach complex ray is given by (39).
infinitely extended medium (see Fig. I, on the extended part However, in order to compare the strengths of various corn-

on the right; e = p or s). The distance D, is given by plex ray fields, it is convenient to express this quantity rela-
DisEL, + y,L5, (31) tive to the magnitude of the direct P complex ray, given by

with (28), evaluated at the lower boundary (i.e., after it traverses
by wih =a distance l. )

5), = k, sin' a,/k, sin2 a, (32a) I, = (a-z')/sin a,. (43)

Y',S = k, sin 2 af/k, sin-2 a,. (32b) Dividing (39) by (28) (with"= l,) yields the on-axis nor-

Here L. (L,) denotes the total distance traversed by P (S) realized magnitude of the multiple reflected complex ray
waves along the corresponding multiple reflected beam axes, field potential as
not including the last segment, A(4) = 2kksin a, 1.i, (k )

L,., = zp.,/sin a ., zP = a - z' + Npa, z, = N a, 2 2111/4.

at (33) X{(1u +bp)/[(± + D,) + ,b}]"4 4
where NP, denotes the number of complete (PS) excursions (44)

d. across the plate. The angles ap., are related by So far we have focused on the parameters of the complex

k. cos a. = k, cos a.. (34)' ray fields representing the potentials () and 'P, but similar

formulas can also be derived for the physical observables, the

The equivalent paraxial beam has a Fresnel length, horizontal (u) and vertical (w) displacements. Since the

is = r,,bP, (35) displacement fields are derived from the potential fields in
the spectral domain, the derivative operations in (3a) and

ad m(3b) become multiplications by spectral wave numbers.

WE = v 2b/k,. (36) These multiplicative factors are incorporated into the slowly
The total distance along this equivalent beam to the on-axis varying amplitude terms of the integrand inside the spectral

t projection of the observer location is therefore given by integrals, which are then evaluated asymptotically, as de-
scribed above and in more detail in Ref. 2, to yield the corn-

n D + YEL, L (37) plex ray displacement fields

e and the l/e width there is [see (28) 1,u = ik ,, (4- i± T ; (45a)

w,( w,l + y LP + y,,L,) b/r ]b , (38) w= -( )iKP()+ik P, (45b)
with w, given in (36). The amplitude decays along the axis with the upper (lower) sign denoting upgoing (downgoing)
like2  waves. Accordingly, the amplitudes of the displacement

fields u and w, due to the () potential only, arek, sin a,/-10 ( ,)[k.v'( + D,)' + F b - '/2-

(39) Jul = k 8 w=K1). (46a)

As defined in Eqs. (17), B, is a function incorporating exci- while those due to the Tp potential only, are
tation coefficients as well as reflection and coupling coeffi- ut = 1K Tl, w = kd'pl, (46b)
cients. The on-axis real value k °d of the saddle point is given w ( 6b)
by -dwhere k-d is the complex saddle point and K.., (k,.d) as de-

fined in (6a) and (6b) are likewise complex, but their com-
k S.. = kE cos a,. (40) plex-plane deviations from their on-axis (7 r= 0) real values,

To determine whether a multiple reflected complex ray as 1771 increases, are minimal over the distance ", (4). fhere-

is significant at a given observation point, two parameters fore, it is sufficient to use the on-axis real value for k,., as

have to be considered: the width of its paraxial domain of given in (40), which leads to real values for x and K,

influence and its on-axis strength. We shall use (38) to esti- K = kp, sin ap.. (47)
mate the first parameter, the width ~E4,and (39) to ob- P. Ptama the secon parameter, the mgitude (5, a t a39) oca- The formula in (42) is then used toevaluate the horizontallytain the second parameter, the magnitude A, ( ), at a loca-

tion on the axis. Selecting (4) arbitrarily as the value of projected widths of the paraxial domain of influence of the
i/that corresponds to an amplitude decay to 5% of the on- various complex ray displacement fields, while their on-axis

ytao5 o h o magnitudes are obtained from (46a) and (46b). Again, for
axis maximum, and noting that e- z0.05, one has convenience, these magnitudes can be expressed with refer-

/ (4) = ,[w, (4), (41) ence to lul and Jwl derived from the direct P complex ray

with w, (4) given in (38). It is convenient to use the horizon- potential (D, evaluated at the lower surface. In particular:

tal projection A, () given by [see (38)] For a P ray,

sin dE,()C i(4) f1 ) =A,(4); (48a)
sin aI Z'

for an S ray:
1 2b ,( , P+yL

).3 I(+C") /sin a,/cos aP) A(41 48b)
sb 2  (4) =\cosa,/sina ka, A,(,). 48b)

(4 2
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TABLE I. On-axts normalized magnitudes 5, and aW, and horizontal projections of 7, (4') in (41) for the first ten complex rays. These quantities are
evaluated at the lower and upper plate surfaces, i.e.. = a/sin a,,, 0. Subscripts b and I denote these two locations. Formulas (42), (44) and (48a) and
(48b) are used to generate this data. The normalizations of! u and w, are with respect to the maximum magnitudes 4.847 X 10 'in. and 4.878 X 10 7 in., of
u and w. respectively, derived from the direct P complex ray evaluated at the lower surface.

CSP ray 2XB, (k) Np /N. D, (in.) liI/!, 1 i, I (in.)

P 1 0/0 0.0 1.00/- 1.00/- 0.124/0.082
PS R,o  0/0 1.152 1.38/1.28 0.54/0.50 0.124/0.145

PP R, 0/0 0.340 0.51/0.38 0.51/0.38 0.124/0.225
PSS R,,R, 0/1 1.474 0.61/0.65 0.24/0.25 0.167/0.145
PSSS R,p (R, ) 0/2 1.796 0.31/0.29 0.12/0.11 0.167/0.190
PSSP R,,&R, 0/2 0.530 0.33/0.25 0.33/0.25 0.167/0.274
PSP R,,R, 0/1 0.434 0.52/0.67 0.52/0.67 0.249/0.145
PPS R R ,p 1/0 2.592 0.50/0.52 0.19/0.20 0.249/0.225
PSSSS R,, (R,) 1 0/3 2.117 0.14/0.15 0.05/0.06 0.213/0.190

PPP (R,)-" 1/0 0.764 0.16/0.19 0.16/0.19 0.336/0.225

with AP.,() given by (44). The overbar on u and w denotes termination ofA., (), and those forN and N, for the deter-
normalized quantities. mination of D, from (31), (32a), (32b), and (33). The

values of I 1i and AP', listed in the fifth and seventh columns
IV. NUMERICAL RESULTS of Table I are utilized in Fig. 5 to sketch the paraxial domains

SWe now employ the paraxial relations in Sec. III to cal- of influence (shaded) of the various complex rays. A num-

culate the magnitudes and widths of the paraxial domains of ber next to the centerline (beam axis) indicates the magni-

influence of the first few complex rays, for comparison with tude itI at that location normalized with respect to the maxi-

results predicted from the full asymptotic complex ray fields mum magnitude 4.847 X 10 - in. ofu generated at the lower

given by (26), (25), and (24). Furthermore, we test the surface by the direct incident complex ray. For each corn-

beam modeling algorithm against the mode series algorithm plex ray the horizontal width of the shaded area corresponds

for the total field magnitude at horizontal and vertical cuts of to twice the value of AP., ( ). These qualitative sketches are

the plate, and show that both algorithms yield consistently confirmed by plotting along the lower boundary the hori-

the same results. We conclude by highlighting the advan- zontal displacement field magnitude Ii (normalized to the

tages of the beam modeling in the observation range not too magnitude Jul of the direct P complex ray displacement

far from the source. field) contributed individually by these rays, and obtained

The parameters used for the numerical simulation are from the full asymptotic result in (26), (46a), and (46b)

the same as in Ref. 2. The aluminum plate has thickness applied separately to each complex ray integral (Fig. 6). It

a =0.3 in., wave velocities up = 2.36X 10' (in./s),
v, = 1.209x 10' (in./s). and density p = 2.53 10-' 4 X
(lb s-/in.3 ). The 20-MHz P source has its waist centered at (a) -1 "b, 1

x' = 0.0 in., z' = 0.06 in., with width at the waist .43rS '- s
w. 0.0335 in., and beam axis inclination angle ap = 45*. " .

Figure 1 shows the plate and beam source geometry. (() .1
The axes of P and S beams along the various segments are P Pss3

shown as dashed and solid lines, respectively. The notation . X ".

P, PS, PP, etc. identifies the wave process along each seg- () "1

ment of the beam axes. Moving away from the x = 0 cross Psss PS
section along a constant-z path close to the lower surface, Z .6 . . .
one encounters the beam axes of the following complex rays: a - ,

P,PSPP,PSS,PSSS,PSSP,PSP,PPSPSSSS,PPP, etc. PsP j• PPS

Table I contains pertinent parameters for the horizontal and . .j . g

vertical displacement fields u and w, respectively, carried 0) 1 .l-
along these complex rays. The parameters are A,, ( ) from Ps§ k\p • ,

3-r .3(42), and i5(')J and Jw(4)J from (48a), (48b) and (44). zt .3 .6 .9 z . . .9
Both are computed at the lower and upper surfaces, i.e., at
_Both0 a/sn coputedt the ubscripts uppbottom rfacdstop.,are FIG. 5. Estimates of the paraxial domains of influence for the complex ray

fields listed in Table I. The horizontal widths of the shaded areas corre-

used to designate these two locations. The first four columns spond to twice the values of ., listed in the last column of Table I. The

of Table I indicate the complex ray considered: the expres- numbers between parentheses refer to the normalized magnitudes ii at the

sions for the excitation function B, are required for the de- lower and upper ,urfaces (see the legend of Table 1 ).
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PS

• 6 '.' . I

P SPs 4... ........ 0
PP ,_ ps

0.5 .#__ -- " s
S sssss* . "......

0.0 Of__ __ _ _ 4F ~I
0.00 G.15 0.30 0.45 3 0.75 0.90 0.0 0.1 0.2 0.3

x(in.) z(in.)

FIG. 6. Normalized magnitude i of horizontal displacement u along low- FIG. 8. Displacement Iul at cross section x = 0.45 in. Solid curv: mode
er surface: = 0.3 in. (for actual magnitudes, multiply by 4.847 X 10-' in.). summation reference solution. Dots: sum of complex rays whose individual
Conmibutions of the individual complex rays listed in Table I are identified, magnitudes are identified in Fig. 7. Parameters are as in Fig. I.
Parameters are as in Fig. .

centerline by the factor exp ( - 3r'), with r being the ratio of
may be observed that the normalized magnitudes and the the observer-centerline and edge-centerline distances along
widths in Table I agree well with the data plotted in Fig. 6, the same normal. For example, if one seeks to synthesize the

thereby confirming the validity of the formulas derived in totae alo th e on at ynt.45i. the
Sec. 11.total field along the cross section at x = 0.45 in., these

Sec. II. sketches reveal that the important contributors are the rays
The sketches in Fig. 5 help to predict the number of pPs SPSPS S SP n o ietnn

comlexray tat ontibte o te tta hoizota diplae- PP, PSS, PSP, PSSS, PPS, PS, PSSP, and for fine tuning
complex rays that contribute to the total horizontal displace- (especially for small z) also PPP. Figure 7 shows the individ-
ment field at any observer location within the region x < 0.6 ual magnitude profiles of these ray fields along the vertical

in. (for x > 0.6 in., additional rays would have to be includ- ut x pr.5 i as ompted rom (26) and t 4e an
cut x = 0.45 in. as computed from (26) and (46a) and

ed). Roughly speaking, for a given observer location, a com- (46b). All of the rays have significant strengths, including
plex ray contributes to the total field if the observer falls ray PPP near the upper end of the plate, i.e., z < 0.05 in. To
within its shaded area. Knowing that at the edge of the illustrate use of this procedure, refer to Fig. 5(g), where the
shaded paraxial domain of influence, the magnitude decays ray is PSP, the observer 0 is located at x=0.45 in., zzO.20
approximately to 5% of the value at the centerline, one may in., r = OA/A'A z, QA/QP ; one deduces that the
assess qualitatively the importance of the contribution of normalized magnitude atnoralied agntud at A is approximately
each ray by estimating the normal distance from the observ- 0.67 - (QA/QP)-(0.67 - 0.52) zO.5 9 5 , whereas at point
er to the centerline and referring to the magnitude at the Oitis0.595"exp[ - 3(1/2)'] z0.28.Theactualmagnitude
centerline. While formulas (48a), (48b), and (44) yield the a0t is then 0.28-4.847x 10 -7 = 1.357 10- 7 in., which
correct normalized ray field magnitude along the centerline,
a good approximation is obtained when assuming a linear
variation between the magnitude values at the upper and
lower surfaces, which are given between parentheses for 10
each ray in Fig. 5. Moreover, the off-axis magnitude can be efe.r nc

approximated through multiplying the magnitude at the ; .

point of intersection of the normal from the observer to the - s

01l
..-

4 b) I
A 8 , C 0

P S .... ...........

2t. . PSSS.

2 .. ." ,. ... ... ___,___ ........

_.............. . . .... (

*P . ".. .. '*ssP 0.0 0.3 x(.. 0.9
...............,............... ........

, .. _ .3 FIG. 9. Displacement Iut along lower plate surface. Solid curve: reference
0.0 0.1 0.2 0.3 solution. (a) Local reconstruction, using complex ray clusters identified in

zvin.) regions A, B, C, D of Fig. 1. (b) Reconstruction (dots) using sum ofcom-
plex ray clusters in (a); good agreement for x < 0.6 in., but discrepancies for

FIG. 7. Contributions of individual complex rays to displacement ui at x>0.6 in. due to the omission ofcomplex rays beyond region D. Parameters

cross section x = 045 in. Parameters are as in Fig. . are as in Fig. I.
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1.5 - ---- .. _... A more striking illustration of the merits of the beam model-
-- Reference

p ray ing is given in Fig. 10, which shows the magnitude of the V
,0 potential at cross section x = 0.12 in. near the source. The

reference solution (solid line) generated by the mode sum-
mation algorithm in (14) with (23), accounting for 64 CSP-

- 05 .. extended normal modes, is recovered by the single direct P
complex ray field computed fram (26). Moving away from
the source, the number of reflections proliferates and the

0.0 ....... "....... beam summation becomes numerically less convenient and
0.0 0.1 0.2 0.3 physically more obscure. Mode summation may then be pre-

zlin.. ferable.

FIG. 10. Magnitude of P potential at cross section x 0.12 in. Solid curve:
reference by mode summation (64 modes). Dots: P complex ray. Para- V. SUMMARY
meters are as in Fig. 1. In this presentation, we have established the utility of a

direct beam tracking algorithm for synthesis of the total dy-
namic fields generated near, and at moderate distances from,

turns out to be a reasonably good approximation of the cor- an oblique high-frequency Gaussian P beam injected into a
rect magnitude plotted in Fig. 7 for the PSP ray at the loca- lossless elastic plate. It has been shown that predictable
tion z = 0.20 in. Adding the contributions of the complex beam clusters for early multiples can synthesize local promi-
ray fields in Fig. 7, with inclusion of phase information from nent features in the total field, thereby rendering the clusters
(26) and (45a) and (45b), one obtains the total field magni- phenomenologically correct descriptors for the wave phys-
tude Iu identified in dots in Fig. 8, which is seen to agree ics. This circumstance can be employed in a weak debonding
with the reference curve (solid line) obtained from the mode detection and identification scheme, as has already been
summation algorithm. demonstrated 2 for the highly idealized model employed in

For another comparison between the beam and mode this study. To what extent such a scheme is compromised by
summation algorithms, the horizontal displacement magni- realistic NDE conditions remains to be explored. Neverthe-
tude j uI on the lower surface of the plate is plotted in Fig. 9. less, together with the mode summation algorithm in Ref. 1,
The solid line in both parts (a) and (b) is the reference the present results permit the construction of a beam-mode
solution obtained by mode summation; all other curves have hybrid for systematic and physically incisive charting of the
been generated using (26) and (45a) and (45b). Contribu- field response anywhere in the plate.
tions from the complex ray clusters identified by their beam
axes within regions A-D in Fig. 1, and repeated on the bot- ACKNOWLEDGMENT
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APPENDIX C
Ultrasonic beam method for localized weak aetonaing
in a layered aluminum plate

Leopold B. Felsen and Smaine Zeroug
Department of Electrical Engineering! Weber Research Insttute, Polytechnic University, Farmingdale,
New York 11 735

(Received 14 September 190; revised 22 May 1991; accepted 23 May 1991)

Weakened bonds in layered materials cannot easily be detected by vertically probing ultrasonic
beams because the flaw is insensitive to the predominantly compressional (P) wave input. By
tilting the incident P beam, which is taken to be Gaussian in this model study, it is possible to
generate tangential shear components parallel to the bond line and thereby induce scattering
from the flawed region. This scenario is explored here for a two-layer aluminum plate with a
weak localized debond. A two-dimensional obliquely incident Gaussian P beam, modeled
rigorously by the complex source point technique, is tracked through multiple reflections with
P-SVcoupling. Its interaction with the flaw is treated in the Born approximation that renders
the induced source distribution along the flaw equal to the unperturbed field multiplied by the
weak debonding profile, taken here as quasi-Gaussian. The resulting scattered field is
computed by spectral wave-number synthesis, and the displacements of the plate surface
generated by the incident and scattered fields furnish the desired data. The accuracy of the
computation is confirmed by comparison with an independent solution developed previously3'4

by modal summation. Examination of the data reveals a weak, but separately identifiable
contribution due to the scattering if the incident beam interacts directly with the flaw without
having undergone reflection. Because all relevant phenomena are dominated by quasi-Gaussian
wave processes, a simple Gaussian beam tracking and scattering model is proposed and found
to be capable of explaining the relevant features in the data. This beam modeling of the
problem is then applied to determine from the data the location, extent, and strength of the
Gaussian debonding profile. Both the forward and inverse algorithms are structured around
physically transparent wave processes and can easily be implemented.

PACS numbers: 43.35.Zc

INTRODUCTION unflawed plate for the purpose of establishing the horizontal
and vertical displacements that would be measured with a

Obliquely incident (predominantly P wave) beam in- detector on these boundaries. The flawed environment is de-
puts from an ultrasonic transducer into a layered bonded fined next, with a description of the analytical procedure
composite elastic plate are suitable for detection of weak de- employed for generating the scattered field and its contribu-
bonds because they generate on the bond lines the tangential tion to the particle displacements on the plate surfaces. Be-
shear to which this kind of flaw responds. In previous stud- cause of the assumed quasi-Gaussian pliability profile along
ies, the beam-flaw interaction and scattering mechanisms the flaw line, the scattered field can likewise be modeled as
were explored by expressing the fields in both the unflawed quasi-Gaussian. For convenient tracking of these quasi-
and flawed environments in terms of the set of P-SVcoupled Gaussian (incident and scattered) beams, we introduce a
modes capable of propagating in the plate.-' The reference paraxial propagation algorithm that simplifies the forward
data generated in this manner exhibit beamlike features of (direct) problem substantially. Moreover, via back propa-
the fields in observation domains covered by only a few P- gation, this algorithm can be employed for the inverse prob-
SV coupled beam reflections between the outer boundaries lem aimed at source as well as flaw location and identifica-
of the perfectly bonded plate, thereby indicating that the tion using the measured displacements on the surfaces of the
normal modes are not matched to the features observed in unflawed and flawed plate environments. In this manner,
the data. Such features in the data shall be referred to as the forward and inverse problems have been modeled entire-
"observables." The problem is therefore restructured here ly in terms of beam propagation events.
by direct beam tracking. As before,' 2 our model is two-di- Extensive numerical computations have been carried
mensional and comprises a two-layer aluminum plate in out to establish the validity of the strategy proposed above.
vacuum, with a weak debond region modeled by a quasi- This is done by comparing results generated from the beam
Gaussian pliability profile. algorithm with the previous reference data obtained by

In what follows, we outline the solution strategy for mode summation. Representative samples are included to
tracking the input beam via a rigorous complex source point illustrate (1) the buildup of the observables in the reference
(CSP) algorithm through multiple P-SV coupled reflec- data by selective addition of beams, (2) the quality of Gaus-
tions to an observer on the. pper or lower boundaries of the sian matching to the observables, and (3) the quality of the
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In a final corupariwf. the paraxtal algorithm i sm- .".0E-*
•2.,-

ploed for detecting, locating, and identifying the param- ",
eters of a flaw from the surface displacement data produced \ 2,,wg

b% the forward reference solution. , /

I. FORMULATION

A. Background

The physical configuration, schematized in Figs. 1 and 011 14
4 .0 " 0.12 0.162, involves a bonded plate of thickness a and the constitutive x ( in.

parameters (Lame constants) A, /i, and (density) p, with
excitation provided by a two-dimensional ultrasonic time-
harmonic (of the form e -"') Gaussian P-beam input whose =(0.090.15) in., WK = 0.025 99 in.

waist is centered at (xz) = (x',z') and whose inclination
with respect to the x axis is ap. A longitudinally oriented
thin flaw of length 21 is centered at (x,zf). A (x,,z) A(z)exp[ikx]dk, (2)

The physical observables generated by the input forcing 2 f
function are the horizontal and vertical displacements where
u (x,z) and w(xz), respectively. To set the tone for the pres- corresponding to A(x,z), and K = k(k) is the vertical wave

ent investigation, it is useful to summarize the spectral con- number. The relation between k and is expressed by the

siderations for the unflawed plate' that enter into the genera- dispersion equations

tion and interpretation of the data. The interpretation may d k

require use of different coordinate systems "matched" to k 2 + Kp*, = k ,, kP., = /v,.,, for P, SV waves,

particular phenomena [ for example, beam-centered coordi- (3)
nates instead of the plate coordinates (xz) 1. Moreover, it with Im(k or K)>0 to ensure convergence when the wave
may be convenient to use the scalar potentials 4)(xz) and number is nonreal; a is the source angular frequency. It may
'P(x,z) pertaining to compressional (P) and vertically po- be recalled that P-SVcoupfing at the layer boundaries im-
larized shear (SV) motion, respectively, to generate the dis- plies that both wave types have the same horizontal wave
placements' number k. Alternatively, decomposition along z organizes

o4 a0-q o94 oq the response in terms of a discrete spectrum of guided modes
U = WX z ' , = -+ . ( 1) with vertical wave number ,. :

The P and S- waves have the propagation speeds A(xz) = ZA.(z,,.)expik.(K.)xJ, x>O, (4)
vP = [(A. +p)lpl"" and v, = [pip]" 2 , respectively. For I
waves "tied" to the plate, the spectral decomposition is along where m is the mode index and Am (z,x,,,) contains the verti-
x or z. Decomposition along x organizes the response in cal mode function as well as modal amplitude factors.
terms of a plane-wave spatial spectral continuum with (hori- Although the displacements in (1) involve contribu-
zontal) wave number k: tions from the differentiated compressional and shear poten-

tial simultaneously, one may encounter parameter regimes
where either (b or %P predominates. The observed displace-

S ...... ments can then be anticipated from the form of the appropri-

1 L3 M ' ate dominant potential. This observation is based on the
P ,/ PP / spectral representation, for each spectral x- or z-based plane-

--- , : wave element, of the displacements in (1):'PPS0D= ikOv+_-~sixp (b +_,+ iki. (5)

6 C D 9 Thus for large K,/k, w is dominated by 0, and u is dominat-
ed by T. This guideline can be employed to select input

FIG. I. Trajectories of the incident and reflected beamas i the un- beams that favor the excitation of strong compression or
flawed plate, with P-S coupled species and path lengths L,,L, for a corn- strong shear.
plete excusion between the boundaries identified. The initial segment
from the source location is L,,, and the final segment along the beam axis B. Beam parametttati o
to the point 4', or 4,, nearest the observer is L, or L,, for a final Por SV
beam. respectively I see last sketch). Here, (4,i/) are the beam-centered The guided modes in Ref. 3 are phenomenologically un-
coordinates, with 77 denoting the paraxial perpendicular displacement of suited to construct the observables in the early phases where
an observation point (x.z) from the nearest point 4 on the axis. Dashed the nonflawed plate fields, before encountering several re-
lines: P waves; solid lines: SV waves. Plate parameters: a = 0.3". v, flections, appear more bearnlike than modelike. Therefore,

= 1209 x10 in./s, v, = 2.36x 0 in./s.p = 2.53 x 10 - lb s'/in.'. in-
cident beam parameters (CSP modeling):f= 20 MHz, w0 = 0.0335 in.. in this region the wave fields should be modeled in terms of
a, = 45'

, 
(i,.!) = (x' a- ib, cos a, z' + ib, sin a,). (x'.z') = (0.0.0.06) beam functions. Beam modeling is based on the generalized

in-b, = 03 in. 0 =, - 1) ray integral superposition in Eq. (15) of Ref. 3 and modified
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" 'I, -',ear input 1,% the CSP ,,Lib,m utw n i .14 1 ' ,o Rcf - . - - I ,.

After changing coordinates from the global (.,..z) to the

x' -- ib cos at. - ib sm a., b, > 0. (6) beam-centered (Z.,') system (Fig. I.

where i is the imaginary unit, an overtilde denotes a complex x - X'= cos ap + 77 sin ap,(

quantity associated with the CSP model, and the subscript p : - z'= sin - 7 cos a,(13)

refers to quantities associated with the P-beam source. The t p r of the am f

CSP-generated beam has its waist centered at (x',z'); the the paraxial region of the beam is defined by

l/e) width we of the waist is related to the complex dis- :r/1 \2-+b (14)
placement parameter bp via w6e = 2bplkp, from which one

placmen paametr b, va wg= 2,,/~ frm wichone When 7 = 0, i.e., for observation points on the beam axis,

recognizes that bp itself expresses the Fresnel length corre- the sd poin is fou o be real:
spondng t wo.the saddle point is found to be real:

spending to We.

The generic form V, of the beam integral for the (P or k 1 =k cosap. (15)

II') potential along a multiple-reflection trajectory (Fig. 1 ) is Paraxial expansion of 9, (k;xz) then leads easily to the off-

V, (XZ) 1 dkF.k) 
axis saddle point

2v (xrz = J kf " k d = k. cos ap + kP 77 sin a,,( ib,) (16)

X exp [iO, (k;x,z) ], v = ps, (7) and to the corresponding complex paraxial phase

where F, (k) is a function incorporating dependence on the 0, (k,d; ,71) = k, ["- ib, + iT/ 2 ( I + b '/" 2 ) ]

source parameters as well as on the reflection and coupling
coefficients. The function 0,(k;xz) is the accumulated com- + i(/7[ ()2b,/k,)(1 + 42/b ) ]}.
plex phase along the (PSV) propagation paths:
- k )From (9) and (17), the exponential amplitude profile on a

0, (k;xz) transverse plane " = const is given by
=k(x - x' - ibP cos a,) + KP (a - z' - ibp sin ap ) exp [ - w' (0 (18)

+ KPNa + K,N~a + ,Z(, (8)

where N, = NP., denotes the number of (PSV) excursions where w, ( -) is the beam width at ',

across the plate, and z, denotes the vertically projected seg-

ment from the last complete excursion to the observer. The Wp w' (0) (I + 21b wp (0) = w 2b,,k,,

integral in (7) can be evaluated asymptotically by the saddle (19)

point method,7 applied in the complex k plane to the analyti- and, as mentioned earlier, bp is identified as the Fresnel

cally continued integrand length of the paraxial beam corresponding to the beam waist

(lie width) wP (0). The real phase variation at "is given by
1 r~ /-1Tz 12kr F ri exp{ikp[ + 7-/2Rp()} Rp~g=+

2-7 (20)

X exp [iO, (k,ad x,z)], (9) where RP () is the on-axis radius of curvature of the beam
wave front. Normalizing (9) by omitting the constant term

where arg( ) = arg(dk), with dk denoting an element at exp(kPbp ) [see (17) ], the full paraxial beam field is

k.d along the steepest descent path. The first-order saddle e( ,1) -[exp (i1r4) / (22 af)

point k,,d is defined by

30, (k.,;x,z) -, with aO(kd;xz) $0. (10)exp(ik, { + 77 /[ 2R,
Ok = ,wt k 2 7-. 10kXJ_ ( - ibp )

Equation (9) furnishes the contribution of each beam. The (21)

superposition of all possible beam contributions at the obser- with arg [ k (4 - ib,,) ] chosen such that it tends to zero as

vation point (xz) furnishes the beam-modeled total field. bpl/-.. Expression (21) is in accord with variously de-

rived widely used formulas in the literature.' - 2 Deriving

1. Paraxial ifeld (21) here from the CSP expression, which is an exact solu-

tion of the wave equation, permits a better understanding of
An explicit analytic solution for the saddle point is diffi- the nature of the paraxial approximation. "

cult, but an approximate expression in the paraxial region For the multiple-reflected beam, the beam-centered

near the beam axis is easily obtainable through expansion of ( ,r7) coordinates (see Fig. 1) along the last segment are,

the phase function 0, (k;x z) up to the quadratic term. We with v = p or s,

consider first the incident P-beam potential 4(xz) before

encountering a boundary. The phase of this beam is given by x - = (z, cota, +z, cot a,) ± 22cos a) + sin a ),

(8), with z'= sin a - 77cosa, (22)

N, =N, =0, KP(a -z') + KZ,-K,(Z-Z'), (11) where

and the source function is given by [Eq. (7) of Ref. 3] zP = a - z' + Npa, z, = Na, (22')
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....\ ph"i.e Iit hcocn,. alter rearrangement that cxhh-

it, theradiusofcuratureR, (Z)ofthebeam wave frontand

the beam width t-,
The phase in S now becomes

0, (4 7P.) = k(t: cot a, cot a, -,- cosa,
-, sk, 77'/2R, ( ) + ir2/w.(g), (26a)

- r/sin a, - ib, cos)S
with

K+ I. (Z K,- b ina -gZ, I P k , is in - a / k sin ,

A:-, (.'sina, - lcosa,. (24) ,., =k, sin 2 a,/k, sina,(26b)

Approximating paraxially by expanding up to second order R, () = " + y,,L + y,,,L,
in the off-axis distance r and in the deviation in k from the

on-axis saddle point valuekd = k, cos a,., one obtains, for + ry.Pbp/(" + y + y,,L,), (26c)

the saddle point corresponding to an off-axis observer at 2y,,bP + yP L" 2dL.

j ( L , - ib , b ) +(pP k ,y , 2 ek,.d= k, cos a, + - ( = k' - k,) (26e)

sin a, A-p sin ap Furthermore, using the lowest-order approximation

- kd zk ,which is adequate for an amplitude function,
+ -k.) (25)k, sin-" a, k sin2 a,.) d 20,,(k 0 ; ,O) k,

= ( + r ,L,
Here, 3k 2 k'. sin a.

L, = z,/sin a,. (25') + rL, - i.,b,). (27)

represents the total distance traversed by P and (or) SV When the results in (26) and (27) are substituted into
waves along their respective beam axes. The resulting com- (9), one finds

, ,|Ur

7(,7 ) -k, sin a, exp[i(C, - ,/4)] F, (k dexpik, [ L + y,.,L, + y 2/2& it)I . ( ) (28),2 [k, (_+ r,, Lp + r,,L, - in,, bp ) ]/2

where C. Flaw characterization and excitation

C, = C - ik, yPb,. (28') 1. Characterization

with the argument of the square root in the denominator of We consider longitudinally varying bond imperfections

(28) chosen such that it tends to zero as that manifest themselves only with respect to the shear resis-

(0,p1p)('+ ,, + - ,,L,) '-0. Comparing (28) with tance while retaining full strength in the normal direction.

(21), one observes that the paraxial beam field V, at (¢,r/ When the bond thickness t is much less than the ultrasonic

may be regarded as emanating from an equivalent virtual wavelength and uniform shear stress through the thickness

v =p or s CSP located at (_.7/) = ( - yL of the bond is assumed, one may express thejump discontin-

- y,L, - iy,pbP,0) outside the plate region in the infinite- uity Au = u - u- of the horizontal displacement u(xz)

ly extended medium. This equivalent paraxial beam has a across the bond layer as4'14

Fresnel length Au(x,zf) = r,.,(x,zf)K(x), K(x) =Ysd(x)/t. (32)

b, - y,.Pb, (29) Here, r,. (xdzf) is the shear stress, d(x) is theshear modu-

and minimum waist lus along the debond, and K(x) is the spring stiffness vari-
ation in the bond model comprising distributed weightless

w,. 2 vb, /k,. (30) springs. We shall assume for the reciprocal of K(x), i.e., the

On the upper plate surface z, = a, this beam field gives rise to pliability profile, the Gaussian function

the real phase variation I/K(x) = (l/Ko)exp{ - [ (x - xf)/wl, (33)

Re[ 0,. (k;x,z, a)] C' + k,, cos a, x where WK is the Ile width, (I/Ko) is the maximum

"" + (k, sin a,,/2R,. ) (x - x.) 2, strength, and x is the location of the maximum (see Fig. 2).
(31)

where x, is the intersection point of the beam axis with the
surface (see Fig. I ) and 2. Excitation

k, With the flaw in place and knowledge of the incident
C ,field at the flaw from the results in Sec. I B, one may formu-

- L, cosa, )cos a, -,- a sin a, J. (31') late the scattering problem. In general, this requires thesolu-
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.." ,t a ,urilice ltc,'rai cquaion , h unkno, 11 HiduCQd. C
,,ur,:es on the law." Ho%4eser. in 'cs of the a,,umd I,
ekeakness of the imperfection. the induced sources can be

a1pproximated by those sources corresponding to the inci-
dent field on the flaw (Born approximation). " According- -
1%. from (32). the displacement discontinuity across the ___

weakened zone becomes

Au(x.z, ) z Au(x.zf) = , (x,z,-)iK(x). (34a)
FIG 3. Trajectories of the axes of beams scattered by debond. Dashed lines:

( -(t'(x,z) 3 P waves: solid lines: SVwaves.

d. xz) xdz )' (34b)

same manner as for sources incident in the unflawed plate; in
where ,, (x.zf) is the shear stress over the debond region particular, we shall use the ray integral expansion as in Eq.

induced by the incident P-beam potential W(xaz() in the (15) of Ref. 3.
perfectly bonded plate, and K(x) is taken from (33). We shall show in Sec. III that because of the assumed

Gaussian pliability profile in (33) for the flaw, the induced
D. Flaw scattered fields source distribution in (34) when the incident beam axis

1. Formulation in the spectral domain passes through xf can be matched to a linearly phased Gaus-
sian

The displacements u' and w can be evaluated by su- Aul(x,zf) = U exp{ - [ (x- xf)/wa. 11
perposition in the configurational domain of the fields radi-
ated by the induced sources Au'(x',zf):4  Xexp[ifl(x-x,)], fl=k,cosa,,

= •d (35a)(39)
U-(X,Z =J (x'z 1 :x,z)Au(x',z1 )dx, (35a) where U, is the maximum amplitude, w,, is the l/e width,

f, represents the phase gradient, and xf locates the maxi-
I' (x.Z) J -:,z (x'zf;x,z)Au'(x',z1 )dx', (35b) mum of the debond profile. The spectrum of (39) is

where 21 is the length of the weak debond region, and the Au'(k,zf) = (Jw. Q, exp( - {[(k - fl)/2]w,} 2 ).

Green's stress functions 1:_ and ".,z represent the shear (40)

stress along the perfect bond line at z, due to horizontally This induced source distribution gives rise to Pand SVscat-

and vertically polarized concentrated forces, respectively. tered fields in the shape of Gaussian beams. These beams
For modeling by beams, it is more convenient to synthe- generate similarly behaved P and SV displacements on the

size the scattered fields in the spectral domain. 7 The dis- upper surface. Therefore, the beam parametrization in Sec.
placements in (35) can be derived via ( 1) from the scattered I B for the field in the unflawed plate applies equally well to

potentials 1> and %"P. With the details relegated to Appen- the flaw scattered fields. We shall exploit this feature in the

dix A. the source terms for these potentials are, respectively, construction of the inversion algorithm.

S'(k,z) =(36a) II. INVERSE PROBLEM

S( k,z)= i[(k _ )/2x,k u'(k,z), (36b ) In view of the remarks at the end of Sec. I D, the promi-

where Au'(k,z,) is the spectrum of the induced source in rent features in the unflawed and flaw scattered displace-
(32). The debond scatters symmetrically in the upward and ment fields on the upper surface can be parametrized in
downward directions, as distinguished by the superscripts terms of phased Gaussians. By reversing the forward pro-
-d" and "u" in (36) (see Fig. 3); the plus sign in (36a) cessesin Sec. I B, the beam modelcan beemployed for con-
corresponds to "d." Before encountering reflection, the scat- struction of a back propagation algorithm that locates the
tered potential fields are flaw and identifies its features. This is the inversion strategy.

"(X - X1 .Z) = f _ (I"Y) (k,z) A. Beam modeling of observed displacements on the
21--. - upper surface
xexp[ik(x - x,) ]dk, (37a) A Gaussian SV beam (either incident directly or flaw
1 p, (',)Xd_ X(,Z))=scattered) impinging obliquely on the upper surface of the

()d2(x- T x-.z) - , (qV)() plate produces displacements having a projected paraxial

Xexp[ik(x - x) Jdk. (37b) phase (31):

where C" 4- (k, cosa,)x
( )d(k~z) =S"' exp[ +iK(z -z,)J + [(k, sin2c,)/(2R,)](x-xo)2=0, (41)

k (38) where a, is the incidence angle of the beam axis, R, is the on-
-S exp[ +K, (Z - Z,) 1 axis radius of curvature of the incident wave front, xo is its

Multiple-reflected scattered spectra are generated in the intersection point on the surface, and C denotes a constant
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;-hAie term. Applnz a least-square,-fitting technique to
this data .ields both the linear and quadratic coefficients in

41 ) From the former coefficient one may estimate a,, and f ace
from the latter one may estimate the radius of curvature R,. -- Surfac,.

The amplitude profile of the data permits direct estimation a , / -

ofthe maximum amplitudeand the determination ofthe lie / ,N
width of the projected Gaussian that matches the data (see b / / /

Appendix B). This completes the characterization of the ob-
served data in terms of beams. It should be noted that in the /

flaw scattered case, the SV beam contribution produces a
clearly identifiable precursor in the total horizontal displace-
ment (see Fig. 12). thereby legitimizing single-beam model- 0 N redprojecteding. waist plane

B. Actual or induced source reconstruction
FIG. 4. Back propagation schematic for SV-beam data on the plate upper

As will be seen, the flaw identification algorithm re- surface via a direct path to waist. L, sin a, <a. a = plate thickness.
quires knowledge of the sources that establish the scattered
field as well as those that establish the incident field at the
flaw site in the absence of the flaw. The sources (actual or the incidence angle a,. The horizontal displacement attrib-
induced) are located at the site of the waist of the appropri- uted only'to the SV wave incident along the direction a, is
ate back propagated beam. From the procedure in Sec. 1I A U,, = 1K,' and can be used to remove %P from (45). The
the incidence angle a,, radius of curvature R,, and lie quantities D,, U,, and 41 attain their maxima essentially
width w, (L) of the SVbeam that established the data are along the beamaxis, and the spectral wave numbers there are
known, and one may determine the waist location L, and real and related by k = k, cos a,, K, = k, sin a. Using these
Ile width w, (0) along a direct path from formulas (42). relations in the already modified equation (45), one may
The relative strengths of the displacements at the source and derive the following expression for the maximum displace-
flaw sites are derived in the spectral domain via the poten- ment amplitude due to the incident SVbeam in the physical
tials 4i and 41: On the beam axes. where displacement and domain:
potential maxima occur, their values in the physical domainman = sin a,/ tcos a, r,
are readily inferred from the spectral formulas since here the

spectral wave numbers k and K, are real. Thus on the inci- + sin a, ( 1 - r,)] ju, 1.," (46)

dent beam axis from the actual source, k = k, cos ap. Back propagation of I u,,,,,, along the beam axis from
K, = k. sin a, and similarly for the other beam segments. the upper plate surface at L, to the waist location at L, = 0
This substitution is used repeatedly in what follows. (see Fig. 4) depends solely on the factor

A(L,) =k, (L ' + b,) t  - , where b, is thebeam Fres-
I. Direct path to waist (Fig. 4) nel distance. The maximum amplitudes at L, and L, = 0 are

Here, one has therefore related by A (L,)/A (0), so that the maximum hor-
,- [ 1+ 4R W/(k w4) , izontal displacement strength Iu, (0) m,. at the waist is giv-

w,(R, [I 4R;- ,L,/k] u0)(42) en by
W,(0 4R -L,)L Iu,(0 = (L,/Ib, + 1) ,/4, U., (47)

with the Fresnel length

(43) 2. Reffected path to waist (Fig. 5)
Gaussian beam on a horizon- If the surface data is established by reflection, the im-

The projected lie width of the pinging SV beam may be modeled equivalently by a virtual
tal plane at the waist is

source outside the plate region, with the waist location L,,
w,(0) =w, (0)/sin a,. (44) width w, (0), and Fresnel distance b, determined from (42)

The quantity L, sin a, must be smaller than the plate thick- and (43). Then in terms of the parameters defined in Fig. 5,

ness a if the waist is to be located on a direct path. The the location of the actual P source is given by

strength of the source distribution is determined by starting I, = (L, - a/sin a, )/y., z. = a - 1P sin a,, (48)
from the maximum horizontal displacement field Iu, Ja, in where
the data on the upper surface. These data contain the com-
bined contributions of the incident SV, reflected SV-SV, and Yp = (k,/k,) (sin. a,/sin2 a,,) (48')

converted SV-P beams. In the spectral domain [ from ( ), and

Ci, =ik ru,, ( ( i,)'- (ir)FI, (45) a, = cos'cosa,(k,/k,) (49)

where 41 refers to the incident SVspectral potential, and ru is the incident P-beam angle. The Ile width w(0) and
and F, are the plane-wave reflection and coupling coeffi- Fresnel distance b of the Gaussian beam matched to the P
cients at the upper surface given in Ref. 3 and evaluated at beam at the waist are
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- -~ ~ ured data o~er unflawed regions is accompished %ta the
reflected path-to-w.aist route in Sec. 11 B, whereas the direct
path-to-waist route permits reconstruction of the waist loca-

A1 P>., f- tion and the Ile width of the induced sources %u(x,z,) on
- I -/ , 'the flaw. The maximum strength of the induced sources

/.% ,,A on the flaw can be extracted from the maximum of
eal the displacement ,u, (0) mxat the waist location on the

flaw. In the spectral domain, but evaluated along the beam
/ .axis, from ( I) one obtains

f~e 7ra Ifi (0/. =K 1IK ,sna (55)

Then from (A), evaluated at the flaw location z =f

/i I~(0). = JK,(k K )/(2k K,)I

xlul. k=k~cosa,, (56)
/ so that

-,M) , 'A (2/cos 2a~l,()m. (57)
virtual soutrce To extract information about the flaw pliability profile

l/K(x,zf), (34a) is used, which in addition to Au'(xzf)
FIG. 5 Back propagation schematic for SV-beam data on the plate upper requires knowledge of the extent and strength of the incident
surface via a reflected ( P wave) path to waist shear stress field. The forward propagated input Gaussian P

beam with the waist location at z, from (48) arrives at the
U.A,(0) = ul,(O)sin a./sin a, b. = b~yp (50) flaw center (xfzf) with the inclination a, (see Fig. 6). This

If the maximum horizontal displacement field from the data produces on the debond line an incident shear stress field
on the upper surface is, u,, m, (46) furnishes the maximum with the strength
displacement field corresponding to the impinging SVheam r., 'ma = uk,, sin a, (b '(d 2+ b 2) 1/41
along the direction a,. Back propagating along V (see Fig. 5)
y ields X< up(0);Ma. (58)

u,(/') ,, and the projected Ile width

=sin a,/[cos aS, -- smal ( ) i al,(d) = w, (),VI .d -'b I /sin ap) (59)

{(L b b~/(L, - a/sin a, bJ} where dis the source-to-flaw distance

Upon conversion of uIW) ,to the P-beam portion 'UP (0)'.. in (8isgvnby (54), andus= pv' is the Lami

incident dn the lower surface along ap and subsequent back constant of the aluminum plate. Equation (58) Cfolows from
propagation to the waist located at level zr,. one obtains the the recognition that the maximum strength of the shear
displacement strength up, (0) ',. of the actual source. De- stress rZ (x.zf) is derived from the incident P-potential
noting the horizontal displacement field associated with the strength as I ';mr., = P(klir,)!4)1... [see (34b)J1. In turn,
converted P-SP'beam by fi, W1) and the one associated with (Plma, can be related to the displacement field maximum
the incident P beam by fip (P), then Iup (d) 'm_ at the flaw, which is obtained by forward propa-

11U)= A,'4 1K rI w ikii1, (52) gaino up (0)I, 1 . through the distance d in Fig. 6 via
%P Up (d) k I (k I .... Again, in the above, the spectral pa-

where I' is the plane-wave coupling coefficient at the lower rameters, on the beam axes are to be interpreted in terms of
surface and evaluated at the P-incidence angle ap, There- their equivalents in the physical domain.
fore,

Along the axes of the converted P-S lVand incident Pbeams. 
W PO C

fi I') along the distance I (see Fig. 5) to the waist location 1%Nyields .N

1up(0) mn=(cosa,/sina,)(/rd', N_

x(121b~ -- I) Wu() an (54)NN \

C. Flaw parameter reconstruction

Reconstruction of the parameters of the actual down- FIG 6 Forward propagation schematic for the incident Pbeam from wanti
ward radiating input P beam from the upper surface mea- location to debond plane.
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DC)ICrM I t 'n f (fie pIi blII.I prolile parameters, 1 "
now, straighf'tr~aard. The I , width ii, s 2;%en by

l,'Au';. / 7., (0) - Ii L2 (d). (60) -

w~here F 0) and T(d) are the projected I/e widths of the "

induced displacement in (44) and incident stress in (59) on
the debond line. respectitvely. The maximum strength of the -

pliability profile follows from (34a) as angle :, (,eg.)-

l/K,, lu __ ,, , =... (61)

with Au and r,, ._ given in (57) and (58). respec-

tivelv . --- ------------

It should be noted that this inversion procedure has U..

been based on the availability of the horizontal displacement

field data. However, the procedure can be applied as well to - ..

data of the vertical displacement field, in which case the lo-
cations and extents of the sources are derived from formulas * .

analogous to those above, whereas the source strengths re- angle C0 (d e0

quire some modification of these formulas. Furthermore, it

has been assumed from the problem structure that the rel- FIG. 7. Maximum d-splacements lul-. (dashed curves) and Iw,,,. (sold

evant upper surface data is generated by a Gaussian SV curves) as a function of the P-wave downward incidence angle ac. Case of

beam. Should this information not be available a priori, the theunflawed plate Source parameters are as in Fig. 1,except that z' = 0.12

nature of the impinging field can be established by examin- in. If ;u .,,iw!_,,, > 2.5. the wave incident on the upper surface is SV If

ing the observed u , ,/ u, ,, , ratio. As the plots in Fig. 7 u ... /.. < I or z 1. the incident wave is P (Ref. 4). Note that
k. cos a, k, cos a,. (a) First peak on the plate ouwer surface (ray cluster

show, the relative maximum strength of ,u /,, differs de- A in Fig I). The data identifies an incident P wave. (b) First peak on the
pending on whether a P or SV wave is incident. Since the plate upper surface generated by the converted beam in Fig. I The data

incidence angle is known through the data processing in Sec. identifies an incident SVwave.

II A. one may refer to Fig. 7 to decide whether the displace-
ment is caused by a Por SV wave. curves have been generated by beam tracking along the tra-

jectories in Fig. I using the full beam CSP asymptotic ex-
Ill. NUMERICAL RESULTS pressions (9) and (10). Contributions from the ray clusters

To test the beam model developed in Sec. II for the for- identified within regions A-D in Fig. I have been calculated

ward and inverse problems in the unflawed and flawed plate individually and plotted in Fig. 8(a); these ray clusters are
environments, we return to reference data computed pre- repeated at the bottom of Fig. 8(b). One observes from Fig.
sIouslv by mode series summation. " In the reference data 8(a) that the relevant ray clusters synthesize the local sur-

the beamlike appearance of the fields not too far away from face displacements very well in region A, reasonably well in

the beam source provided the motivation for the present region B (but with some loss of fine detail), less well in re-

study. gion D, and very poorly in region C. The deterioration of the
The problem geometry for the unflawed and flawed

bonded plates is shown in Figs. 1 and 3, respectively. For the

computations, we use the same physical quantities as in Ref. .. .a eference

4 as follows.
We use an aluminum plate of thickness a 0.3 in., with

the wave vilocities t, = 2.36x (in./s). t, .209 " X,, 10
(in./s) and density p = 2.53x 10 4(Ibs2/in. 4 ). The , , ..

source is a 20-MHz P beam with the waist centered at .
x' = 0.0 in.,z' = 0.06 in.. a width at the waist ofwo= 0.0335
in., and a beam axis inclination angle ap = 45". The flaw b.

A1B C D
(weak debond) isaGaussian pliability profile (see (33) and - '

Fig. 21 centered at x, = 0.09 in.. z =0. 15 in.with a maxi- .

mum strength ofK,, = 5 X 10' (Ib/in.') and a l/e width wA - ' \

0.025 99 in. (this corresponds to a debond length ,.: ./.,' " /
21 = 0.09 in.. with a pliability strength 20 times weaker at the ' J" " ,- ml09

edges than at the center 
X (in 1

FIG 8 Honzontal displacement u on the lower surface of the unfiawed
A. Beam parametrization in the unflawed plate plate generated by the incident beam in Fig. I Solid curve: reference solu-

The solid curve in Fig. 8 is the reference solution ob- i10n a ) t.Uxal reconstruction using the wave species identified in regions
_ -DofFig I (hi Reconstruction (0) using the sum of the wave species in

tamed by mode summation for the horizontal displacement a). good agreement firx. hin. but discrepancies for x > 06 in. due to
u on the lower surface of the uriflawed plate. All other the omisston of the % etipecies heyond region D



quaslitN of the local reconstruction Awith the increase in the 4

number of reflections is due to spillover contributions from 1 4 ,- ,,

beams at earlier and later reflections. This fact is demon- 30 0

strated in Fig. 8(b), where the sum of the individual contri- 8amplitude / phase

butions is identified by the heavy dots. The fine structure in Za 2.0 2. is 2.0

region B has now been recovered, region C is synthesized -
very well, and only region D is deficient because of the trun- T " / ' t

cation there of the beam sum.
The numerical efficiency and physical clarity of the 0. o0

beam synthesis is evident when compared with the mode x (in.)
series reference sum that requires 64 modes. As seen in Fig. FIG 10. Displaceme
8 (a), beams P, PP, and PS in Fig. 1 suffice to synthesize the FI.1.Dipaeet source distribution induced on the flaw. 0: actual

profiles of amplitude and phase obtained from the incident shearing stress
total horizontal displacement field at the plate lower surface (Fig. 9) and pliability profile (Fig. 2). Solid lines: amplitude (Gaussian) fit

for x < 0.3 in. Away from this region, the PSS, PSSP, and from (39), with the parameters U. = 3.1414 in., w,,, = 0.023 in.; phase

PSSS also begin to play a role, and so forth as x increases. (linear) fit with fl = k. cos 45'. The incident shear stress and pliability pro-

For x > 0.45 in., the first cluster (P, PP, and PS) can be file parameters are as in Figs. 2 and 9.

omitted because its contribution becomes negligible. Esti-
mates of the contributing beams in any region of observation tributions from the beam clusters in regions A-C of Fig. 3;
can be made by looking at the relevant beam widths. These the first and second peaks of the reference curve are well

aspects are explored in detail in a separate study. ' As the reconstructed by clusters A and B, respectively. Summing
number of reflections proliferates, beam summation be- over all 15 beam contributions from A-C, as in Fig. 11 (b),

comes numerically less convenient and physically more ob- does well for x<0.3.
scure. Mode summation may then be preferable. The amplitudes of the total horizontal displacement

fields at the upper surface for the unflawed and flawed plates
B. Beam modeling in the flawed plate are shown in Fig. 12. Clearly visible as a precursor is the

The shearing stress generated by the input beam along weak, but identifiable, scattered S-beam contribution.

the bond line of the unflawed plate, as calculated from
(34b), is shown in Fig. 9; the amplitude profile centered at C. Flaw reconstruction

x = 0.09 in. has the shape of a projected Gaussian, and the The flaw parameters (location, extent, and strength)

phase is quasilinear. The linear portion of the phase on the can be reconstructed from the upper surface displacements
projected plane z = zf is equal to kP cos ap, where ap = 45*. generated in Sec. III B by following the back propagation
The product of the pliability profile in Fig. 2 with the inci- sequence in Sec. I1 C. The displacement data for the un-

dent shear stress in Fig. 9 yields, as (34a) stipulates, the flawed and flawed cases are shown in Fig. 13(a) and (b),
induced sources on the flaw. The result is shown by the respectively, which are enlargements of portions of Fig. 12.
heavy dots in Fig. 10. Gaussian fitting to the amplitude and Following the data processing described in connection with
straight line fitting to the phase agree very well and lead to (41 ), one may extract from the precursor data in the region
the linearly phased Gaussian-shaped distribution assumed 0.13 <x<0.16ofFig. 13(b) theangleofincidence, radiusof
in (39). The parameters U, and w, are obtained from this curvature of the incident wave front, projected Ile width,
Gaussian matching. Figure 11 shows the scattered horizon- and maximum amplitude of the data producing the scattered
tal displacements on the upper plate surface, with the solid SV beam on the surface:
curve for the mode summation reference data.

Beam modeling of the scattering problem can now be -__,
performed as in Sec. II A with reference to the beam axis a // ',D // reference

trajectories in Fig. 3. Figure 11 (a) depicts the separate con- F A B I

2.0 4.0 . /

,,. precursor
0,0 .-.0-i :leu ?, . .,w '

I- * , / '

0.6 o, 02 o o '00 a (in.) o6
( (nn.)

FIG. II. Horizontal displacement zu' on the upper plate surface due to
FIG 9 Amplitude and phase ofthe shearing stress generated by the incident flaw scattering. Solid curve: reference solution. (a) Local reconstruction
P beam along the bond line z, 0 15 in, in the unflawed plate. Source pa- using the wave species identified in regions A-C of Fig. 3. (b) Reconstruc.

rameters are as in Fig I. tion (0) using the sum of the wave species in (a)
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with flaw rAHI L I Comparison m ilritIti and reconstructed parameter,without flaw ."

-. -Values for

generating Reconstructed
- precursor ,, Problem parameters initial data values

' " / Pbeam source

C7 _, 0.339 in. 0.321 in.
0C 0 2 J (in.) J 4 06 (0).w0  0.033 5 in. 0.033 8 in.

up (0),,1o-5.940x 10 ' in. 5.935x 10
-  

in.

FIG 12. Total horizontal displacement amplitudes on the upper plate sur- Debond pliability
face of the unflawed and flawed plates. h is shown that the precursor (Fig. (x,2 1 ) (0.09,0.15) in. (0.082,0.168) in.
I I) in the otherwise quiescent region is due to flaw scattering (parameters K0 (b/it.) 5.OOOX 10' 5.002X 10'

are as in Figs. land 3. 0.025 99 in. 0.025 65 in.

Scattered SVbeam
69 R =0.50in.L, 0.182in.

a,, (0) 0.023 05 in.

w, =0.0270 in., Ju,.,, = 2.135x 10- 7 i I (0) 3.152x10'it.

Then using the back propagation formulas in (42), (43), Induced shear stress on flaw
(46), and (47), we construct the flaw location, width w, (0), Ir,., j,,, (lb./in 3 ) 1576.4
and strength Iu,(0) m. of the horizontal displacements at w,(d) 0.0525 in.
the flaw. In addition, IAuI... is deduced from (57). By the
same route applied to the unflawed data in the region
0.30 < x < 0.42 of Fig. 13 (a), one finds, for the incident SV ed beam algorithm for efficient forward analysis as well as
beam at the upper surface, inversion of the data. The weak debond responds to tangen-

a, = 68.7, R, = 2.174 in., tial shear that can be induced on the bond line by an oblique

w, = 0.075 48 in., I u, 1 12.88 x 10 - ' in. (but not by a vertically incident) Pbeam. Subject to Born-
type approximations validated by the weak-scatter assump-

From formulas (48)- (51 ) and (54), this data is back propa- tion, we have shown that the problem can indeed be modeled
gated to the lower surface and then to the P-source beam effectively by simple beam tracking that is intimately tied to
location, furnishing the input parameters w(0), etc. For- the actual wave processes (i.e., the observables) which are
ward propagation establishes the induced shear stress field operative here. Combining paraxial approximations with

(x,z/) at the flaw of the strength and width given by (58) CSP modeling of Gaussian P, SV, and P-SVcoupled beam
and (59), respectively. The flaw parameters w and Ko then multiples, we have constructed a forward algorithm for re-
fkllow from (60) and (61). The results are shown in Table 1, producing the unflawed and flaw scattered data on the upper
which lists the source and flaw parameter values for generat- plate surface, and we have shown how the input source as
ing the surface displacement data; the values reconstructed well as the flaw location, extent, and strength can be recon-
by the beam algorithm; and, also, the auxiliary parameters structed from this data by simple back propagation. Central
that enter into the algorithm (those pertaining to the in- to the beam modeling has been the assumption that the
duced sources on the flaw and the scattered SVbeam). smoothly tapered debond profile can be approximated by a

Gaussian; this leaves the Gaussian imprint as well on the
IV. CONCLUSION flaw scattered SV beam, which appears as a distinct and

In a previous two-dimensional model study of ultra- readily identifiable precursor in the total signal.
sound scattering from a smoothly tapered weak debond of The simple physical model employed in this study may
moderate extent in a two-layer elastic plate,' it was found be a poor approximation to actual debonds. Nevertheless, it
that the surface displacements generated by an obliquely in- serves to demonstrate that smoothly tapered weak flaw
jected Gaussian P beam in unflawed and flawed plates have zones of moderate extent, even of a more general type,
distinct features that suggest suitability of a multiple-reflect- should be amenable to detection and identification by a

beam-modeling scheme such as the one presented here. Re-
finements can be achieved by Born-type induced Gaussian-
like volume source distributions for representing fault re-

. 4 .gions, improved Born approximations, etc., but it remains to
0 .,. " t be seen how the algorithm is complicated thereby. Extension

"" - to three-dimensional beam inputs is straightforward and al-
ready being considered. Extension to curved layer geome-

___.- ___-___ - _____" __ tries is planned for the near future; an advantage of the G aus-0 2 1 , 0 5 0,10 "9 'f ' ' l lp
X (1.) 0.sian beam algorithm is the ability to adapt it to environments

that deviate from the plane layer prototype. Finally, even
FIG 13 Amplitude and phase of horizontal displacements u for portions of when the input beam and/or flaw profile deviate from Gaus-
Fig 12 (a) Without flaw. (b) with 'aw (precursor) sian shapes, the method pursued here remains relevant be-
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C~8.(0') "(k,z) = ( ikIk2) Au'(k,zf)

x exp[ iK,,(Z - Zf)I (A5a)

APPENDIX A: EQUIVALENT POTENTIAL SOURCES 51,)ukz ~ 2 -~/2~,A~~~

FOR THE SCATTERING PROBLEM X exp[ iK5 (Z - z,)] (A~b)

Taking the Fourier transform of (35a), one obtains, for thereby obtaining the equivalent source potentials corre-

the spectrum of the scattered horizontal displacement sponding to the scattered P and SV waves in (38), respec-

Sd~u k,zf) i= ) u( I-- (A6)
= ex( -S~*(k,zf) =i(k 

2 - ,)/(2K,k 1)&u'(kzf).

X fdx expi - ik(x - x'17,,,(x - x,z;z). APPENDIX B: GAUSSIAN MATCHING TO 01BSERVED

(Al) DATA

The second integral in (AlI) is the spectrum of To estimate the Ile width w., of the Gaussian that
1,, (x - x'.zf;z). The first integral becomes the spectrum matches the quasi-Gaussian data referenced to the point 0
*Su'(k,z, ) of the induced source distribution (subjected to where the beam axis intersects the surface, the following
the Born approximation) as the integration limits are ex- scheme has been found effective. The projections Ax,,., of
tended to - oc and + ox. This latter operation is justifiable the Ile widths wA, = Ax,,, sin a, of the incident Slbearn
because at the limits xt ± -I the Gaussian induced source onto the plate surface at points A and B, respectively (see
strength is assumed to have decayed to negligible magni- Fig. BI), can be deduced by locating these points through
tudes compared to the maximum value attained at xf. There- the fraction Ile of the beam amplitude maximum in the on-
fore, with similar considerations for u," (x~z) in (35b). surface data. In the present case, we have access only to the

__1k1z maximum IuI,.at point 0. However, knowing that the
a ~ k~zz)A'(k~ 1),amplitude maximum along the beam axis depends on the

uw (k~z) = 7-,,. (k~z1 ,z) Au'(k.z.). (A2) factor A(L,) =k,(L 2 + b 2)' 
2  

-1
2 , one finds by simple

* Expressions for Y-:,, (k:z,,z) and Y.,,. (k~z. .z) can be de- approximation that the maxima at A, B, and 0Care related by
rived from the stress tensor forms given in the Appendix of max (A,B) =:max (0) ( I + 6ido,.a,
Ref. 4:

do 4 O = AX .,4 cos a,, (BI)
I,_ (k;z,,z) where

[Lu/(2poc))]I-(2)k 2exp tiK.(z -z,)J f=L,[2(L2,±b1)fl, with fldoAoy'(l

(A3a)
Here, L, is the distance traveled by the beam from the waist

I~(A;z,.Z) location to the surface, b, is the Fresnel distance, and doA,

-u I/ 2pto)I J t2kK,,exp[ 1iKZ - Z,. are the distances fromO0 to AandO0 toEB, respectively (see

- (k2 - (k)1k/A)expl iK(Z - ZI)I
(A3b) u6

where the plus and minus signs correspond to downgoing
and upgoing waves, respectively. XA'

Recalling that (,u/pow2) =(t,'2/w 2 ) (Ilk -I and sub- 0 pe ufc

stituting WA) into (A2) yieldsas Axi

u' kz) lL
-(ik){ - ik/1k.)bu'(k~z,,)exp[ iK, (z - z,) ]v herbola. TI(L) =ws(0)[1ti 1 2

-4 K, ){0~ -, / (2k 2K, Au'(k~z1  defirning the I/e width

X exp[ -+1K(Z - Z )I I,} (A4a)

u~~(k ~ ~ ) = + ik AA{ j/).Su (k.z)
* 1l FIG BI Parameters pertaining to the Gaussian matching of the surface

'exp[ ~iK,(Z - Z") data.
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-APPENDIX D

Source field modeling by self-consistent Gaussian beam
superposition (two-dimensional)

L. B. Felsen,) J. M. Klosner,b I. T. Lu,') and Z. Grossfeldbi
Polytechnic University, Farmingdale. New York 11735

(Received 19 February 1990; accepted for publication 5 August 1990)

Gaussians are useful models for high-frequency source field inputs into complex environments
because they approximate the outputs of certain transducers, have favorable spectral and
filtering properties, and can be propagated similar to ray fields. By recent analytic
developments, any source field can be expressed exactly as a self-consistent superposition of
Gaussians on a discretized (configuration)-(wave number) phase space lattice. This extends
the use of Gaussians systematically to realistic transducer outputs. The method is already
being applied to electromagnetic and acoustic propagation. It is here extended to modeling the
radiation from transducers into an elastic solid. Restricting to the two-dimensional case, a
distribution of forces over a finite, one-dimensional planar aperture is expanded self-
consistently into Gaussian basis elements, which are then propagated into the unbounded
medium. Numerical results reveal how successive addition of Gaussians for the compressional
and shear potentials, as well as the displacements, homes in systematically on the assumed
aperture profile, and on an independently generated numerical relerence solution for the
radiated near and far fields. Moreover, it is demonstrated how different self-consistent choices
of beams affect the convergence. Furthermore, the validity of complex-source-point modeling
of the Gaussians is explored for later applications where the input will be required to propagate
across interfaces, as in a layered medium.

PACS numbers: 43.20.Ye, 43.20.Wd, 43.60.Qv

3'

INTRODUCTION To cope with non-Gaussian effects without losing the

Analytical modeling of ultrasonic NDE requtires under- attractiveness of the Gaussians, various efforts have been

standing of the propagation properties of source-excited afoot to employ a distribution or superposition of Gaussian
high-frequency fields in an elastic environment. The sources basis fields for modeling general source configurations.

Some of these schemes, like those based on Hermite or La-
may be actual, as generated by a transducer, or they may be
induced in a fault region that disturbs the tinfiawed sur- guerre Gaussian expansions, are rigorous while others areindued n afaut rgio (ht diturs te uflaed ur- more heuristic,.t- We shall introduce here a new procedure
roundings. One effective approach to dealing with wave phe- more heurit Weanrouce here a n ewou
nomena in the source-excited configuration is to decompose whereby an arbitrary planar source distribution is decom-
the source distribution into basis elements, propagate each posed rigorously into a discrete superposition of linearly
basis element from the source region to the receiver, and phased and nonphased Gaussian elements located self-con-
recombine them to synthesize the total field. Because Gaus- sistently on a lattice in a (configuration)-(spectral wave
sian beams have favorable propagation characteristics and number) phase space. Nonphased elements generate for-
represent physically observable entities, they have played a ward beagaTi beam whee s has elemet gen* pr min nt ole in m ny odeing sche es.~2  ausian tilted beams. This beam lattice synthesis has recently beenprominent role in many modeling schemes. 1" Gaussian apid( lcrmgei n cutcfedadi shr
beams individually raiay furnish approximate replica of fields applied to electromagnetic and acoustic fields, anti it is heregenerated by ultrasonic transducers withI smoothlly tapered developed for elastic fields. The basic prope;- ties of this beam
aperture distribution. These beams, because they are highly algorithm have been discussed in connection with these ear-lier applications,' and we present here a similar treatmentfocused, are conventionally propagated through the envi- for the elastic case.
ronment by paraxially aproximated phases and ampli- In what follows, the beam synthesis is illustrated for two
tudes, thereby facilitating description of beam preserving
narrow-angle encounters with planar and curved interfaces, simple models of time-harmonic finite planar aperture
etc.2 However, scattering from localized fault zoies or source distributions in an unbounded elastic solid: linearly
abrupt terminations is not beani preserving, and (ie output phased smoothly tapered, and abruptly truncated, aperture
from many transducers (like flat pistons) gives rise to side profiles. The problem is two-dimensional and involves
lobes and other marked deviations from a well collimated compressional (P) aiid vertically polarized shear (SV)
Gaussian. waves. The formulation and formal solution by Green's

function and spectral techniques is presented in Sec. I. The
bean lattice expansion is summarized in Sec. II, and various
options for evaluating the propagation of individual beams

"Dept. of Electrical Engineering, Weber Research Institute. are developed in Sec. Ill. Some representative numerical re-
"Dept. of Mechanicul auid hidmistrial Engineering, suits for aperture, near-field, and far-field synthesis, extract-
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-to irom a very comprenensive set O data, are shown and &D4(xz) 3qV(x,z)
discussed in Sec. IV, with concluding remarks in Sec. V. u(x,z) = x az '

I THEGRY (Sa)

An infinite homogeneous elastic isotropic medium char- W(X,Z) = 4b(xz) + (Xz)

acterized by Lami constants A, li, and by density p is as- & 4x

sumed to be excited by a y-independent, z-directed pressure and the vertical normal stress component by
or body force distributionf(x) Iwith suppressed harmonic ( 2 4'(x'z) a 24'(xz)

time dependence exp( - it) I acting on a plane surface ,, (X,z) = ax + d -
z=0 between -a<x<a (Fig. I). Following Ref. 5 the az2

body force problem can be reformulated as a boundary value + 2,( '(x,z)) + 8 2'I'(X,Z) ) (5b)

problem defined as bed dexos )a e

t-f(x)/2, for - a<x<(a The potentials can be decomposed into plane-wave
"'(xO+) = tO, forlxl >a u(x,) 0, spectra by Fourier transforming along thex coordinate,

A(kz)= A(xz)e- dx, A=4b or 4',
where o,, and u are, respectively, the vertical normal stress f

and horizontal displacement. The resulting elastic fields at (6a)
z > 0 + can be derived from two potentials '(x,z) and with the inverse
4I(x,z), which represent pressure (P) and vertically polar-
ized shear (SV) waves, respectively. The potentials due to A(x,z) A (k,z)e"Lxdk. (6b)
the distributed sourceftx) nan, in turn, be synthesized in -1

terms of a scalar line force excitation at (x', z') = (x',O) as The resulting spectral amplitudes, expressed in terms of the
follows (see the Appendix): source spectrumf(k), are

-- L f(x') dx', (k,z) = VBk)/2! ele"'

=('Z = I~ I i.. ,  (7)4(~z = 'W f~ !d' 8Z '(k,z) = Jf(k)k/2p9,ew " 7

(2) -=1k , . - k ,

I'(x,z) = , JfAx') -rg dx', with Im K ., > 0. By inserting (7) into (6b), one obtains the
plane-wave spectral representations for 41 and T, and by

where g,., satisfy the two-dimensional (x,z) wave equations inserting into (5) and performing the partial differentiations

(V 2 + k , )g,., (xz;x',z') - 4irt5(x - x' )6(z - z'), on the integrands, one obtains the corresponding representa-

k, /u,, (3) tions for the displacements and normal stresses. This corn-

subject to a radiation condition at IRI -. oo, where pletes the problem formulation and solution strategy.

R = (x,z). With subscripts p and s referring to the compres-
sional and shear waves, respectively, v., in (3) are the II. GAUSSIAN BEAM EXPANSION
compressional and shear wave propagation speeds Motivated by the considerations in the Introduction we

v, = 1(A + 2 p)/p, v, = F1LP. (Y) now seek to express the solution for the potentials and dis-

The solution of (3) is given by placements defined in Sec. I in terms of a self-consistent dis-
cretized Gaussian beam expansion over a configuration-

=p., -_irrH~o)(k.,r), r = J(x - x' + (z - z,), (4) wave number phase-space lattice (see Fig.2). For the aper-
ture function ftx), this expansion becomes"

whereH'" is the Hankel function: In terms of the potentials Ax) A.. W(x - mL )e""', (8)
in (2), the displacements u and w in the horizontal (x) and
vertical (z) directions, respectively, are given by where W(x) is a normalized Gaussian window function de-

fined by

-F(x)-(x)." W(x) = (L] ) L/2 expf-!---, I W(x)12 dx = 1.
f(x)-h(x) •-1e 9 (9)

rX The spatial displacement index m in (8) locates each Gans-
sian envelope along the space coordinate x, whereas the

spectral displacement index n tags the superimposed linear
phase shift. The spatial lattice separation parameter L,
(which also defines the width of the Gaussian) and the spec-
tral lattice separation parameter It I which defines the width

FI. I. Body force distribution in n infinite domain. of its spectrum; see (14)] are constrained by the condition
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beam tilt 0 m k(Spectrum) can be obtained by substituting (8) into (2) and (5) (spatial
I I i superposition form), or by subostituting ( 13) into (7), (6b)

n- L x and (5) (plane-wave spectral form)I Choosing the latter, we
*~ Ai- ( -- ~.ACoordinate) find

n--iXz)q~xz
m -2 m=0 m-2- beam displacement

t 1/2

Z, fl5-i AB2. x),,,.(

m -~ beam displacement (5

n - beam tilt and
_ 1/ A B,,..,(x,z) 3B,.,. ,(xz)

FIG. 2. Phase-space lattice. 4 ip o)2  
ax~" az

(16a)

(1-L AB,,.. ~(xgz) JIBm, (xgz)
4- mw dz a x /

flL, = 2,. (10) (16b)

The amplitude coefficients are expressed in terms of a biorth- The beam functions B,.,,,. are defined by the integrals
ogonal function r(x),6

where y(x) is determined from the biorthogonality relation B,., (xgz) = f - exp [ i~s (k) Idk,

f W(x)yr(x -mL)exp( - inflx)dx = 6_6, with

(I la) 4,.,kM = k (x-mL ) + K.z +(U410i M.- 2n).

Uorq = 0(18)

' (,forq #0, These expansions, which are valid anywhere in the half-
and the asterisk denotes the complex conjugate. For the space z > 0, reduce to their form in the aperture plane when
Gaussian window in (9), the function rwx is given by Z-0

)2 ( ) -2 e X 2 The beam integrals become physically more transparent
r()i x(IrL2) when they are expressed in angular spectrum form in local

rotated beam-centered coordinates (4')(Fig. 3). The co-
(12) ordinate transformation is given by

=i W / ~exp[ i~+ )J (x -mL,) =i7sin 01"I ±+'Cosol 1 ,

with K, = 1.854 074 68 representing the complete elliptic (19) O sn0 ''
integral of the first kind of argument 1/2.='1s '?-4n9'?

A similar expansion can be performed in the spectral where the beam angles 09" are defined in (14a). The angu-
domain. Here, lar spectrum variable will be denoted by l. Because of the

diff'erent normalizations introduced by the compressional

f(k) = ,,,Wk- -iL,(13) and shear wave propagation speeds v, and v, we append to

where

W(k) = ( /_L. " expi - ir(k I/fl) J(14) I(XW=w(x-rnLx)el(2x

is the spatial Fourier spectrum of W(x). The evident sym-
metry of the spatial and spectral forms of the expansion fa-
cilitates simultaneous interpretation of wave phenomena in
the spatial and spectral domains. The index n in ( 13) places
the spectral peaks at k., = nil =2vin/L,, thereby identify- -(.1q)-018SERVER
ing mL.

0 e'-5sin-' (2rn/k ~L,,) 14a) (2ink 1 5

,later on as the angle of tilt of the nth Pand S beam axes away Z .
from the normal to the aperture. 7

The Gaussian beam expansions for the potential and
displacement fields in, and away from, the aperture plane FIG. 3. Coordinate transformation ror tilted beam.
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/the distinguishing subscripts p and s to identify spectral Fresnel length of tile projiected beam waist transverse to the
integration of quantities pertaining to compression and beam axis along 0q -? The asymptotic result, after perform-
shear. Accordingly, ing the integration, is readily inferred from (22).

fl,,= sn -'(kIk,, ),k,,= wv,.,. 20) B. Far-field approximation
With this notation, it must be kept in mind that 13, are
generally complex spectral variables, whereas k..,, denotes Because the phases 4,,, are complex, the numerical
the fixed compressional and shear wave numbers. The phase search for the saddle points is generally time consuming.
in ( 18) then becomes Therefore, it is useful to explore approximate alternatives

k, [ co(#,. - ("')+ 0that simplify the determination of the saddle points, and,4~(/,,)~k,,~os/3, -~2) ~in/9, -9,' subsequently, ofthe beam integrals. One such simplification

+ i( k,,,L 2141r) (sin fl.,, - sin e ~n'j. (21) occurs for observation distances r. from the beam waist cen-
ter (x = mL,,z = 0) so large thatThe integration in the complex 3, and /3, planes proceeds

along the well known Somnmerfeld contours C,, and C,.' c,., _=b.,,/r, 4 1. (26)
Upon expanding # (' in (25) in terms of the small param-

Ill. APPROXIMATE EVALUATION OF THE BEAM eters ,,,(omitting ,the subscripts),
INTEGRALS 0 =A f,+C,2+---,(7
A. Saddle point asymptotics and equating the coefficients of the powers of c to zero, one

Because the phases defined in (IS8) or (21 ) vary rapidly obtains an explicit expression for the saddle point
at sufficiently large distances away from the aperture plane, 30-9

the beam integrals can be evaluated asymptotically by the 0 + ib, Icos' 0~'
saddle point method, whereby the integration paths are de- x cos 6(sin 09 sin ('r)) + . (28)
formed into paths of steepest descent (SDP) thi ritgh saddle which, when substituted into (22), yields the final results
points at which the functions are stationary. Implementing
the integration in the complex k-plane yields the following (XZ =k Csasymptotic result (cf. Ref. 7), B,,, (xgz) J sin 0J ik,,,r,,,IB"m, (xz1 21r X exp{ik,, r,. I I + 0~,,,12r,,)

with the saddle points k "0 defined by .To obtain (29), the two-term expansion (28) has been re-
(k) tained for the phases but only the first term for the ampli-

0~ k)= at k (0), (22a) tuldes.
dk

and 4,,(k) given in ( 18). Here, the superscript "0" denotes C. Paraxial approximation
evaluation at the stationary points k I') with the subscripts Explicit results can also be obtained in the paraxial re-
p~s on 4,, distinguishing the wave type to which k '") refers. gion near the beam axis. A small dimensionless parameter
In the angular spectrum domain, the saddle point condition 

17(becomes explicitly, via (2 1), Ep 1/(7 - ib,,*,), 1, I /072 + b 02.,I(30)

- isi(/3 -, ~) ± 4cos(flp -~f is introduced, and the angle fl~ is now expanded in powers
+i(k L'/21r)(sinfl'o' -sin 0 t "$)cos/3l 0 ' -0. of F as in (27). Substitutingino(3adprcengs

(23) above yields

An alternate form is obtained by substituting the transfor- fl3(0)- ±? +()
mation (see ( 19) and Fig. 31 P..,

4= ,,,si(9-6,'),~ =mcs(96") (4) from which one finds via (18) and (22),
rnt (23) to -e 0 71,, (=z cos 1joO) - i'r(4

ino(3 oy.e tB(xz) k,, sinfl3(0)V ik,,, ( 7 - ib,,.s)
sin(fl' -90) - O bp,,, Cos, 0 1

x (sinf (0)- sin 8 ") )os f (25 A

where

b,., k,,,[ (Lr cos (') 2/2n (32)5a
P.R D. Complex source point model

and _ (. -m, )2+ zl (1 2 + 2) (5b) The complex source point (CSP) method furnishesaI(X~~L) 2+~1f2= (7242)(2 (2b) useful alternaive to approximating the beam integrals in the

It may be noted that the parameter b, which plays a crucial paraxial region. It is knw" that assigning complex values
role in the complex source point analysis, is equivalent to the to the source coordinates in the two-dimensional free-space
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polential Green's functionsgp,..n (4) generates a beam-like The expressions in (37), (40), and (41), with (37), have
wave field that continues to satisfy the source-free wave been used in the numerical calculations that follow. TheCSP
equation and outgoing wave condition. Interpreting (4) in format, when it applies, systematizes and simplifies the nu-
the beam-centered coordinate system ( ,77), the complex merically more cumbersome saddle point asymptotics. For
source coordinates will be taken as I' = 0, ' = ibp.,, with the parameters selected in the computations, g., can be ap-
the overbar denoting a complex quantity. Already at moder- proximated by its far zone expression in (33). Although va-
stely large values of k.,j, the analytically continued solution lidity of the resulting CSP formula has been established only
may be approximated by its asymptotic large-argument in the paraxial region, that formula has been retained intact
form, for all observation angles away from each beam axis. This

.- iir(2/irk,.,i) "2 exp(ik.,F - imr/4), greatly simplifies the overall numerics and, as will be seen,
_j the damage caused thereby is insignificant.= 2- + 7ibp.,) , Re(?) >0, (33)

where ? is the complex distance to the observer. In the origi- IV. NUMERICAL RESULTSnal global coordinates, the complex distance 7 can be recog- A sequence of numerical calculations has been carried
nized as the distance between the observer at (x,z) and the o in e o ni a taliiof he a pic

compex oure pint at (L. ib., in p") out in order to: (I) assess the validity of the asymptotic
p.s complex source point (CSP) formulation to represent the

ib, cos 0Z): asymptotic beam integrals, and (2) gain insight into how the

[(x - mL,, - ib,., sin o ( 0
)

2 choice of parameters in the Gaussian beam lattice represen-•S ttation of the aperture excitation affects the behavior of the

+ (z - ib,., cos 0, ')']1/2 (34) elastic wave fields. Data hiave been generated for a range of
When 7 in (33) is expanded paraxially, one finds beam basis elements spanning the interval from very wide to

= (7 7 - ib,, ) + (4/2) , + - I< (35) very narrow in the aperture plane. Both near and far fields of
the potentials and displacements have been determined from

which leads to (15) and (16) by asymptotic evaluation of the beam inte-
g,., - ti ex p(kp., b,) 21rlikp., (77 - ib,., ) '/2 grals of ( 17 ).

722 + All results are plotted for observation points along a
X exp{ik., [,7 ± ib,~ 2/2(r ± b .}, (36) circular contour with radius R centered in the aperture. Al-

thereby providing a form as in (32). Performing a detailed though a planar cut would be better suited to revealing the
comparison of (32) and (36) leads to the following CSP physical behavior of the near zone fields, the circular con-
expressions for the beam integrals: tour has been retained throughout for convenience. The test

/ exp( - d lg (37) aperture fields have a linear phase taper with amplitude pro-

IB,,,,, (xz) 1 a I files h(x) that are (a) smoothly tapered toward the edges,

with g,., taken from (36). In the far zone b.,/r,, 1 !, the and (b) uniform (abruptly truncated). Specifically,

alternative approximation h W cos2(lrx/2a), IxI <a, case a,

7=r,,-ib.,71/r,,, r,, =I (38) hx=I I, I<a, case b. (42)

A. Beam Integral asymptotlcs versus CSP

xexp{ik.r,, [I + i(b,,1/r,, )(I - cos(0- 0,."')) }. To test the quality of the various approximations de-

(39) scribed in Sec. Ill, results from the saddle-point expression

Expanding (33) with (38) to O(bp./r,, ) in the phase and (22) for the beam integrals (labeled BI) and from the CSP

0( I) in the amplitude, substituting into (37), and compar- representation in (37), with (36), are compared with a ref-
ing with (29) confirms that both results agree in the far erence solution that has been obtained by direct numerical
zone• integration from the exact form in (2). Figures 4 and 5 show

Corresponding expressions for the potential fields in typical comparisons (selected from a comprehensive set of

(15) are given by data) between beam integrals evaluated asymptotically from

(22) and by CSP from (36) and (37). For a narrow nontilt-
[,(x'z -kp (2L.)" 2  ed beam (L, =0.2AP) (Fig. 4), with observations at

IFp(xZ) 4 2  R = 5AP, CSP is seen to reproduce the BI results (which, in

XX -m Pb^. [dg,/dz turn, agree completely with the reference solution) within
A .,e ""Idg,/dx 1 (40) the angular regions 10,I< 80, 1 <42; agreement for the

displacements in these regions is to within 1%. Near
and for the displacements in (16) by (R = 10AP) and far (R = 250A,) field results for a wide

l (L,)" /2  k _, 2/axazl nontilted beam (L, = 10AP) are shown in Figs. 5 and 6.

2 4X A.. k,e- a 2/C72, Observe that CSP reproduces the BI results over the entire
IW 41rpw angular region of the near field, and over the narrow angular

xg, - - 2 1. (41) region produced in the far field by wide Gaussians. It has
-k,e - _3 ldx2 ' also been found that the far field phases agree well within the
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FIG. 4. Potential and displacement rLsponse at R = 5.4, to a body force body force distribution defined by a single-basis runction. Wide nontilted

distribdtion defined by single Gaussian basis function. Narrow nontilted beam: L, = 10., n -= 0. Beam parameters (Fresnel lengths):

beam L, = 02A, n = 0. Beam parameters (Fresnel lengths): b -100, b, = 187, .

b, = 0.04A , b. - 0.07A,.The numbers on the graphs express the peak am- I

plitudes.

paraxial zone 10 I< 15'; since the amplitudes are negligible potentials but together in the displacements. in general, for a

elsewhere, the discrepancies there are of no consequence. given index n, the 4)-beams are tilted more than the T

Narrow tilted beams (InI > 0) have evanescent spectra away beams. With increasing tilt, the validity of the wide beam

from the aperture plane [0(" - sin -(2nrr/ k,, ,L,) is paraxial approximation becomes constrained to a smaller

complex), and they therefore contribute negligibly in their domain near the beam axis. Therefore, the CSP and 81 re-

far zones. The far zone for Fig. 4 has already been reached at suits show more discrepancy for P than for SV. The calcula-

R = 5A . On the other hand, wide tilted beams ( In > 0) are tions confirm that B! can be approximated by CSP in the

important contributors in the far zone, as illustrated in Fig. 7 I < I regions of both wide and narrow beams. From these

for a wide basis element in the aperture plane. Here, heuristic comparisons, it may be inferred that Ii , I< I, with

L, = OP, n-9, 8(') = 64', 29, and the angular regions idefined in (.10), furnishes a good estimate for the range of

of good agreement between B1 and CSP are, respectively, validity of CSP asymptotics.

- 0 (9
11 <5", 16 - 6 (9 1 < 20". The observation circle at Because narrow-waisted beams have a broad angular

R 50A , is within the Fresnel zone for the shear waves but spread, the f?1 < I domain does not cover the entire angular

outside that zone for the compressional waves. The linear pattern. However, when such beam elements are employed

phasing (n = 9) produces distinct P and SV beams along

axes e, and 0, respectively, that appear separately in the

M .M).602

-.6 -0-00 0. O 9 0 .023 ot 1

s.o .3yoeg s so go .s.o0 . 0  o oo --0 --S-o "-3o 0 4 3

e a

* 9

FIG. 5. Poten tial and displacement reSPOn"e in ""oer Reid~" R --0AI, to FIG. 7. potential and di-p|aceme'nt resPrm. e of R 50 A, to R W ,lfrce

body famee distribution defined by 9 single-bosis function. Wide nontilled distributiom defind by a single-Gaussian basis function. Wide tilted beam-,

beon. L, - IOA,., = . Bea- prrnmeters (FIrfsncl letgths): L, -- 10, , n =- 9. seaum prarmeters: b, - 19Ae, b, = 763,:1ef,,. 15 1 car.
b, U. 100A,. . - 187A,. reponds to 18- 0, <5". 19- 0.1 < 2'.
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in the lattice synthesis of an aperture field, their close spac- .3-...4... ,

ing causes their far fields to overlap, thereby minimiziig lte 1.3 Al .. W

: damage from these inaccurate wide-angle contributions. i 1
j Therefore CSP synthesis with nontilted narrow-waisted 16

beams works well in the intermediate and far zones. The "
contrary is true when synthesizing with wide beams. Be-
cause of the asymmetry associated with tilted beams (see - _ . ..
Fig. 3) and the narrowing of their jil < I domains, CSP here .- e-30 0 3 0o -,, -0-30 0 30e0

is less satisfactory. This is demonstrated in the examples be- 2.11

low.

B. Smoothly tapered aperture profile

1. Narrow beam synthesis

For narrow beams, with respect to aperture width, the

A,,, expansion coefficients in (8) for a smoothly tapered -0o -40 -30 0 -00 -ft -30 a30 o

aperture field profile are known to be concentrated around
the n = 0 line in the phase space lattice of Fig. 2, and the,,, FIG, 9. Radiation patterns at R = 5A, for nonphased cos' aperture, using

coefficients can be determined directly by sampling the pro- 27 (irl< 13. n = 0) narrow-beam (L, = 0.2A,) elements. Fresnet zone of

file, thereby avoiding need for evaluating the integral in aperture: b.,, = (2)WA, = 25A.. Aperture field synihesis with same num-

(11). (Ref. 10) This is confirmed in Fig. 8(a). For aperture ber ofbeams is shown in Fig. 8(b).

plane synthesis, the individual n = 0 basis fields sample nar-
row regions, but the resulting spectral gaps [see oscillations
In right-hand portion of Fig. 8(b) I can be filled by small but shifted locations Iml > 0 are much less important (Fig. 1I).

essential contributions from the Inl > 0 elements. Away Although only the Inj<5 (m = 0) beams were required to

from the aperture plane, the (tilted) beams corresponding to synthesize the Gaussian-like aperture field, many more are

,nj > 0 are evanescent ,qnd therefore negligible except in the needed for field synthesis in tfhe near and far zones because

1 very near zone. For the parameters in Fig. 8, the Inj > 0 each of the tilted beams covers only a narrow angular inter-
beams can already be omitted at R = 5L,1e , which is in the val. The expansion coefficients An have amplitudes that

' "far zone" of each element. CSP synthesis with nontilted match the far zone angular pattern (not shown) at the spec-tral samplin ofnt; each elelows the estitation wit theset

beams is seen to be adequate and the number of beams re- tral sampling p this allows the estimation of these
quired is relatively small (27 beams: mIr < 13, Il = 0) ( Fig. coefficients without going through the numerical evaluation

9). Results obtained for linearly phased aperture distribu- of( II). Discrepancies due toomission ofspatially displaced

lions (Fig. 10) indicate that use of the same number of beams can be remedied here by including all spectrally dis-

beams yields comparable accuracy in the far zone of each placed (tilted) beams at them - ± I spatial locations as

element. illustrated in Fig. 12 for near field (R = IO, ) observations.
Comparison of extensive numerical data generated by B!

I Wide beam synthesis and CSP in (22) and (37), respectively, has shown that CSP
on4 hsummation is adequate when R > 10 - 15A.,, which repre-, For wide basis elements (L. = 10A, = 4a in the exam-

sents 0 lb, and00b;i a ercle htteCPcm
pies), phase shifts (beam tilts) InI >0 are imortant but . and 0.OSb,; it may be recalled that the CSP com-

/27 ekmerIs3

6.ol s.* .

I O*0I

-- 41 -- 3 90 s -a 0 0

I ) (b) -ao o o o 060O -0 -so-0 30 so to
06

'FIG. 1. Nonphased cos' aperture field synthesis using narrow beams:

IL, -0.2A,, 2 = S A,. (a) Normalized expansion coefficients IA_ I/IA,,,I FIG. 10. Radiation patterns ot R = 3A. for phased cos' aperture, using 27

aeluated from (i I). (b) Aperture synthesis using 27 (Iml <I 3, n = 0) and (ltnl<l 3,n =0) narrow-beam L. = O.2A,,) elements. Fresnet zone of ap-

S(iol<13. Il<l) elements. eriure: b,. = 25A,.
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FIG. 1I. Nonphaed cos: aperture held synthesis, using wide benin: X
L, = 10A, 2a = SA,,. (a) Normalized expansion coefficients IA, .1/IA, ,I
evaluated from (II). The dominant coeflicients are localized around
m -0. (b) Aperture synthesis using II (m = 0. Ind4) elements.

-so -go030 -W0 -9 -30 0 30 W0 X
9 I

plex displacement b,, (see (24) J expresses the Fresnel FIG. 13. Far-field radiation patterns a R = 250,, ror phased aperture,
using 4A (ilml, - 15,r<n0) wide-beam L, = IOA,) elements. Fresnel

length ror each beam. CSP inaccuracies, which arise for zone ofaperture: b, = 25,.

strongly tilted beams, affect especially the (l-beam contribu-
tions (the deterioration of the corresponding displacement

fields is small when 'P contributions predominate). These beams is the dominant contribution made by the in = n = 0

effects are illustrated in the far zone results for a highly beam to the main lobe of 4' and w in the far field pattern.

phased smooth (cos2 ) aperture function (Fig. 13). Because of the increased contribution of the tilted beams for
the phased aperture profile, CSP inaccuracies occur ini the

3. Matched beam synthesis radiated fields due to the inability of the CSP to reproduce

Basis elements matched to the aperture size (L, = 2a) the highly tilted, nonsymmetric 4' beams.

afford still another ynthesis option. Now, the contributing C Abruptly truncated aperture profile

elements (mn), with approximately equal weighting, are
localized around the central element in = n = 0, which gives A much more severe test of the beam synthesis tech-

the dominant contribution for a smooth noriphased aperture nique is posed by an abruptly truncated aperture profile as in

field profile. Considerably more beams would be required case b of (42). Narrow basis elements, as in Fig. 8. now have

for accurate synthesis of radiated, and especially aperture, amplitude coeficients that inchlde more InI > 0 contribu-

fields when the aperture profile deviates strongly from a tions, and the exact A,,, coeflicients reveal irregularities and

Gaussian. For the smooth Gaussian-like profile chosen for spikes caused by the discontinuities at the profile edges I Fig.

illustration in Fig. 14, the number of beams required to 16(a) j. Aperture synthesis with beams comparable to those

synthesize the aperture fields (Fig. 14) and radiated fields in Fig. 8 does correspondingly more poorly IFig. 16(b)I.

(Fig. 15) is moderate. One feature of interest with matched The discrepancies can be reduced, but not removed entirely,
by increasing the number of beams retained. Near and far
zone synthesis, however, proceeds as before, and with com-
parable accuracy. Analogous conclusions pertain to the wide

-ga-W -3o 0 / 0 o 90 -3o ow go

.9 N

- W .3o@ so 0 .g -. soo a) so zo -50 0 30 W g0 -a1 on a9 . 9 e m fbi

FIO. 12. Radiation patterns 91 R = 1OAr for nnphased cns' Xpertre. u%- FIG. 14. Nonphased c(s aperture feld synthesis, using matched beams:

Ing 5 1m=0, lnl<2) and 93 (Iml<1. In< S) wide-beam (L, = 10A,) 1, = 5A,. 2a = SA,. (a) Normalized expansion coefflicients ,JAl/,As.

elements. Fresl4 zone of operure: b,, - 25A, . (b) Aperture synthesis using 25 (Imli = JnJ) elem-ts.
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2
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FIG. 15. Near-field radiation pattern at R = 10A, for nonphased aper-
ture, using 15 (Im<l, InI2). and 95 (lnI2, ln1<9) matched-beam FIG. 17. Near-field radiation patternat R = 10, forphaseduniformaper-

(L, = 5A,)elements. Fresnelzoneofaperture:b.,, = 25A,. Aperture field lure, using93 (ImIl, InJlS)wide-beam (L, = I0, )elements. Fresnel

synthesis for 25 elements is shown in Fig. 14. zone of aperture: b., = 25.4,.

beam synthesis, illustrated in Fig. 17 for the near field. A proximated by more convenient complex source point
comparable number of matched beams fared much worse (CSP) fields. Narrow beam synthesis away from the aper-
than either narrow or wide beams, and adding more beams ture plane involves nontilted (n = 0) beams only (the tilted
produced no systematic improvements. I"I >0 beams are evanescent), and these beams can be

tracked along almost real trajectories because of the small

V. CONCLUSIONS complex displacement component of the narrow beam

A self-consistent superposition of Gaussian basis ele- source location. This ray-like behavior makes narrow beams

ments on a configuration-wavenumber phase space lattice, interesting candidates for negotiating complicated environ-

and the corresponding Gausiian beam propagators, have ments at high frequencies. "" However, many of them are

been utilized here for the rigorous representation of finite required for accurate field synthesis.

planar source distributions and the resulting radiated fields The algorithm developed so far is for two-dimensional

in an unbounded homogeneous elastic solid. For two simple fields but extension to three dimensions has been initiated. 3

linearly phased aperture profiles with smoothly tapered and It is intended to explore this technique for modeling of trans-

abruptly truncated amplitude behavior, it has been shown ducer outputs, and for coupling these outputs across inter-

how the choice of nontilted and tilted narrow, wide or faces and other structural inhomogeneities. Being rigorously

matched beams with respect to the aperture size iffects the based, the Gaussian beam algorithm presented here may

field synthesis, how well asymptotic approximations of the provide a potentially more accurate (though probably more

beam propagator integrals (BI) agree with a numerical ref- computation intensive) alternative to beam formulations

erence solution, and how well the asymptotic BI can be ap- employed elsewhere. " The virtue of the algorithm is its rig-
orous foundation that makes possible the systematic assess-
ment of approximations that tiust be incorporated into a
working computer code. This can help toward establishing

1.18. confidence. The algorithm may also furnish a potentially
S *............. more accurate NDE option for the modeling of scattering

A!AA.A/.,V,, due to induced source distributions in fault zones. These
matters remain to be explored.
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- 4 APPENDIX: REFERENCE SOLUTION
-18 -12 -6 0 6 v2 I8 - 0

ta) "l b) To synthesize the distributed body forcef[x) in terms of

FIG. 16. Phased uniform aperture field synthesis, using narrow beams: a scalar line unit force excitation at (x',z') = (x',0) we pro-
L. = 0.2,, 20 = 5A,. (a) Normalized expansion coefficients IA.. -IA,,I; ceed as follows.

fb) Aperture synthesis using 93 (ImI< IS. Ii< I) elements. Green's displacement tensor defined by'
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Gj(XaX'X) k16,g - 2 -(g -, ), '(x,z)--- gf(k)etadk,,4r'pa 2 x, (7xs  4tv (XZ

i-x or z, (Al) = -
%PI,) -Jk ~~~x dk, (AB)represents the displacement vector component in the ith di- 4 irpo? K ,

rection at point (xz) due to a unit concentrated body Force and
in an unbounded medium applied in the j]h direction at
(x',z'). Here, g., is the scalar two-dimensional free-space u(x,z) I 4 f kfk)e(e'r"- e-')dk,
Green's function 4 -rp J

g =inrH0o(k ,r), r= 4(: - x')2 +-(z-z')7 , w(x,z) 4 f Ak)eA4Kxe" - .e"'k )
WA) 41rpw if, K

which satisfies the two-dimensional wave equation W)
W2 + V )g, (x,:;x',z') - 41r(x - x'),5(z - zk. whereK,, 5  k, and.[k) is thespatial spectrum of

(A3) .Ax).
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APPENDIX E
Three-dimensional source field modeling by self-consistent
Gaussian beam superposition
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A self-consistent superposition of Gaussians on a discretized (configuration) -(wave number)
phase space lattice has recently been applied to two-dimensional wave propagation into an
elastic solid [ Felsen et al., J. Acoust. Soc. Am. 89, 63 (1991 ) ]. It is here generalized to three
dimensions by modeling the radiation from planar finitely extended two-dimensional source
distributions into an elastic solid. A distribution of forces over the source aperture is expanded
self-consistently into Gaussian basis elements, which are then propagated into the unbounded
medium. Numerical results are presented for simple smoothly tapered and abruptly truncated
source profiles. As for the two-dimensional case, the valility of complex-source-point
modeling of the Gaussians is explored by comparing the fields obtained from them with those
generated by an independent numerical reference solution. Moreover, it is demonstrated howI different self-consistent choices of beams affect the convergence of the Gaussian series
expansion.

PACS numbers: 43.20.Bi, 43.20.Rz, 43.60.Cg

t

INTRODUCTION propagating beams, whereas the phased elements generate

Interpretation of ultrasonic NDE tests requires under- tilted beams.
standing of the propagation properties of source-excited In what follows, the beam synthesis is illustrated for two
high-frequency fields in an elastic environment. An effective axisymmetric simple models of time-harmonic finte aper-
approach in dealing with wave phenomena in the source- ture source distributions in an unbounded elastic solid: lin-
excited environment is to decompose the source distribution early phased smoothly tapered, and abruptly truncated, ap-
into basis elements, propagate each element from the source erture profiles. These source distributions may be due to a
region to the receiver, and recombine to synthesize the total transducer on an air-solid interface (although wave effects
field. Because Gaussian beams have favorable propagation attributable to the interface are neglected here), or they may
characteristics and represent physically observable entities, account for forces induced on cracklike imperfections inside
they have been used as elements in many modeling the solid. The formulation and formal solution by Green's
schemes."' However, when excitation or scattering pro- function and spectral techniques is presented in Sec. I. The
cesses are not beam preserving, it may be necessary to ac- beam lattice expansion is summarized in Sec. II, and various
count for marked deviations from a well-collima, Gaus- options for evaluating the propagation of individual beams
sian. are developed in Sec. III. Some representative numerical re-

To cope with non-Gaussian effects without losing the suits for aperture and field synthesis are shown in and dis-
attractiveness of the Gaussians, various efforts have been cussed in Sec. IV, with concluding remarks in Sec. V.
made to employ a superposition of Gaussian basis fields for
modeling general source configurations." - A new proce- I. FORMULATION
dure, which has recently been applied to electromagnetic The analysis for the three-dimensional case follows
and acoustic fields4 and more recently to two-dimensional along the same lines as described in Ref. 5. The unbounded
elastic fields,' is now extended to three-dimensional elastic domain is assumed to be excited by a two-dimensional, z-
fields. In this scheme, an arbitrary source distribution is de- directed time-harmoric pressure or body force distribution
composed rigorously into a discrete superposition of linearly f(x,y)e - ,', acting on a constant z = 0 surface as shown in
phased and nonphased Gaussian elements distributed self- Fig. 1. For the general case, the elastic fields can be derived
consistently over a lattice in a configurational-spectral wave- from a scalar potential 4P(xy,z) and a vector potential
number phase space. Nonphased elements generate forward %I(xy,z) with components ('P,,q/',q/,), which represent
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F(xyt)=f(xy)eiwt fx,yz)-- - dxdy,,
47rpo)2  aF( xqi 

(xyz) f f(x',y') - - dx' dy', (6)
-b41.pW 2 Js dy

a 0 XTy(X~yz) f 2 f(x',y') Lg dx'dy',S

where

-' gp., = exp(ikp.,r)/r,

(7)
r =/(X _ X ) 2 + (y -y )'2 + (Z _ z )"2

is the scalar Green's function for the compressional and
z shear waves. The displacement components in (4) can thus

be expressed as

FIG. I. Body force distribution in an infinite domain. U(X,yz) = I f(x',y')G (x,x',z')dx' dy',

v(x,y,z) = I f(x',y') G, (xzx',z') dx' dy', (8)

pressure (P) and shear (S) waves with wave propagation c
speeds v. = V (A + 2,u)/p and v, = x,-l. The shear waves w(x,y) =Jf(x'y')G.(xzx',z')dx' dy',

are equivoluminal; thus
where Green's displacement function is7v 0 . (1 )

With u,u, and w denoting the displacements in the horizontal Gij (xy,z;x',y',z')

and verticaJ directions, respectively, the body force problem I k25 - ao)
can be reformulated as6  4"trpW 2 (xi axj

O'r (x,y,O ) i,I = XYZ, (9)

- V(xy) for - a<x<a, - b<y<b with 5= I or 0 for i =j or i:Aj, respectively.
0, f >aThe potential formulation in the spectral wave-number

for IxI > a, IyI > b domain, (kx,ky) corresponding to the spatial domain (xy)
u (x,y,O) = 0, v(x,y,O) = 0. is obtained by Fourier transformation along x and y coordi-

The relevant potentials satisfy the wave equations nates

(V 2 + k)4)(x,x',a) = 0, k, = o/v, (2) A(k =(k, + kY) dx dy,
(V2  + k )P(x,x',w) = 0, k,= olv,, (3) *0 0d

where x ---x(x,y,z) and x'=x'(x',y',z') locate the field and A = (D or %P, (10a)

source points, respectively, with the inverse
In terms of these potentials, r+rkA =xz A(k,,k ,z)e ')d d

otp(x,y,zz)(xz) (x,yz) A_(x,y,z) . f du(x,y,z,) xd d lbU(,xZ 0y '3 3z 147(10b)

d)(x,y,z) 'V, (x,y,z) 0W,, (x,y,z) The spectral amplitudes are given in terms of the spectrum
v(x,y,z) ay (3x + z f(k, k,) of the source distributionf(x,y) as (Appendix B)

(4) $(k,,k,z) = [f(k,k,)/2p? ]e ,
S = (x,y,z) , ,(X(,Z) Wkx) yz)

W(xyz) 0x ay l = - [ (k,k,)k y/2po), ]e" ,

and ii'T, (k,,,k,,z) = [ f(kx,ky)kx/2po)2K ]e'k ,

a (xy,z) = AV24)(x,y,z) + 2,u 2 .3xy ' (k,,kyz) =0,

a IT,,, (xy~z) a (xyz) where ., = k k - k 2. The representation for (P,

+'. (5) IF., and 'i, in the space domain follows by inserting (11)
+ xdz d3yd3z / into (10b), and the corresponding representation for the dis-

It can readily be shown (Appendix A) that the poten- placements and normal stress by the subsequent insertion
tials due to the forcef(x',y') distributed over the surface area into (4) and (5), with the partial differentiations performed
Scan be expressed as on the integrand.
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II, GAUSSIAN BEAM EXPANSION w(k,,k ) (2LL,)1'/ exp( - k + y/f, ))

By a straightforward generalization of the procedure in (19)

Ref. 5, the expansion of the aperture function f(xy) into a is the Fourier spatial spectrum of w(xy).
6) series of Gaussian basis functions distributed over an infinite Substituting the aperture function spectrum (18) into

Gabor lattice in a discretized four-dimensional (11) and inverting the order of integration and summation
(x ,yp,k, ,kq) phase space takes the form yields the following Gabor series representation for the po-

tentials and displacementsf(x,y) = E E Am.w(x- mL ,y -pL,)
p q {4,,TyPy}(x,y,Z)

Xexp(i(nflxx + qfly)), (12) (2LLy) /2

7) where the spatial lattice separations L., Ly and spectral sep- 2poe2  - X A m,,{B ,B2 ,B3 }(x,y,z),

arations fl., fl are constrained by the conditions u(x,y,z)

nd flL2 =21r, fyLy =21r, (13) (2LxLy)1 / 2  
[ 3B, dB3

ius and - o < (m,n,p,q) < ao. The two-dimensional normal- 2pw 2  ax +  z
ized Gaussian basis function is defined by (20)

1(x,2) exp[V- + (, z)12) 1/2 EE+_7)
-l Z 2 X''y A,,,,, + B

8) W (xy)12dxdy= 1. (14) 2pw 2  ay az )I
f ( Z (2L L, y 1/2
The amplitude coefficients are p(x,y,z) =2

X (B, dB2  dB3A.pq =f f(x~yy(x -mL,y-pL,) az - y ax)'

X exp( - i (nflxx + qflyy))dx dy, (15) where the beam functions are defined as follows:

where y(x,y) is determined from the bi-orthogonality condi- B, (x,y,z)= - ff exp(i4v(k,,k,,z))dk, dk,,

9) tion

,er f f w(x)y*(x - mLxy - pL,) B 2 (x,y,z) = J. f exp (i4, (k,,kz))dkx dk,,
,y) - o47r2 J K,

di- xexp( - i(nflxx + qfl y))dx 6. 6 ,6pfq, (16) (21)
J1, forj= 0,
O, for j00, B 3 (x,y,z) = f ±- exp (i4, (k,kyz))dk. dk,,

and the asterisk denotes the complex conjugate. 41- J 2 K,

)a) For the Gaussian window function in (14), the function with
y(x,y) is given by' with

1\ /2 (K . 3 X( 2 
+ I-2Sy )Ss(k,kz)=kx(x- mL)+ky(y-pL)+ +Kpz

LLL )Y) Lj 2 + (i/4r) [ (kL - 21n) 2

'b) (17a) + (kyL, - 2n'q) 2]. (22)
Ian The generally tilted beam fields corresponding to the beam
B)( - +))functions are expressed more conveniently in angular spec-SS--1 ) exp - + trum form tied to the local rotated, beam-centered coordi-

j > xL, - 1/2 nates (7,0) (see Fig. 2):
X (-1)'exp(-- j++ )1b (-rL,

>) _L - 1/ 211 7b~) (xmL.)
I ) , > y l L , -- I / 2 = ( s i n y l . ' c o s 0 1 " )q  - -p s i n 0 s i n ¢ '

and K, = 1.854 074 68 representing the complete elliptic in- si
tegral of the first kind of argument 1/2. A similar expansion + p cos 9 cos -(".q) cos 0

" '
0,

exists in the spectral domain (y - pLy)

Ak = ,= (i sin Y ,, sin0 ,0' ) +p sinOcos b(n'q) (23)

is- q p cos 0 cos y n"q) sin -.q,
1S-iPmL k +pLk,)) p,

n X t (k, - nfl,,k,, -- qfy) e i(Lk + p~ ,I .

d (18) Z = 1 COS y .,' - p cos 0 sin Y"(,nq)
where where
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= sin - '[(2irn/k, , L ,) + (21rq/kpL,)' ] 1/2 where the subscriptsp,s distinguish the spectral domains for
(24) the compressional and shear waves, respectively, one findsfor the transformation from the rectilinear to the angular

is the angle of tilt of the P and S beam axes away from the oman

normal to the aperture plane, and domain,
"'  = ta n -' ( q L n L , ) ( 2 5 )01,q,= an 'qL In, (5) k kp, sin ap, cosfl, k, = k,, sin ap, sini,

is the circumferential angle in the plane of the aperture (Fig.
3). Introducing the angular spectrum variables, Kp., = k,,, cos ap.,. (27)- "

ap., = sin - X-k + k l/k .)j =tan -(k lkj),

(26) When L. = LY, the phase in (22) becomes, accordingly,

4 ., (a, .., ) k,,5  [77 (sin a,,, sin y.q. cos(fi - 0("-q)) + cos a,. cos r2 '3) + p (sin ap, cos 0 cos 7/,(,nq)

X cos(fl - 0 q)) + sin a..j sin 0 sin(,6 - - cos a,,, cos 0 sin(M.q (n))

+ (ik p,,L 1/41r) (sin 2  a p, + sin2  y 'p q - 2 sin a ., sin Y '; co s(f6 - '(n 'q)))] . (28 )

The beam integrals are ak a dk5B,(xy~z 4- f f e p~i .(a ,B~) l da dB (2 a) . = dap., 1/53,(-.= expVi,,(a,,lz))J, dc, dfi, (29a) , k = k ', sin ap. COS ap,. (30)

B 2 (x,y,z) = I ftana, sinfi aa,, O

Xexp(i4,(a,,z))J, da, d6, (29b)

B , ( x ',y , z ) = - t a n a . c s f i e x p ( i 45 ( a , . , z ) ) J d a , d f ' ,. . .3 , --.- -

(29c)0

where JP., is the Jacobian transforming from (k ,ky) to I I,

-16 -68 -36 a 36 68 7S8 - 68 -30 6 36 66

3.13-
3.0- r 1.1-

, 1 X o -----ss

(mLA, pLy) 9 1q).. 1.0 o R"
--- a-o

X7.* L 
,,X

-90 -68 -36 a 38 66 -98

. -96 -66 -36 1 38 66 8 N

Z/ obse lve

-9 6 0 -3183 i S-0 -1 -8 #9

77 FIG. 3. Potential and displacement response in "far field" R = 5A, to body
beam force distribution defined by a single Guassian basis function. Narrownontilted: L. L, 0.A, n = q = 0. Beam parameters [ Fresnel lengths;
see (38)1: bp 025A, b, = 0.47A,. Solid curves: reference solution in

FIG. 2. Coordinate transformation for tilted beam. (6), (8). Dashed curves: CSP in (60), (61).
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III. APPROXIMATE EVALUATION OF THE BEAM 2

INTIEGRALS a sgn di  (34)

A. Saddle point asymptotics

Following Ref. 1, the beam integrals in (29) are ap- and di are the eigenvalues of the matrix whose determinant is

proximated asymptotically by the saddle point method, given in (33). Applied to (29), one finds

which may now be applied in the two-dimensional
(at., fip.) domain. The generic form for the lowest-order B (i/2ir)k P sin a° cos a° (det) - ,/2
approximation for integrals having the form X exp(i , (ao.8Oz)), (35a)

B' "1,r k- 2in a' sin,6 [ 1(det),]i
I=fff(a,,.,) exp(il4/., (a,,f,z))da,., d) (31) B2  (i/21)k sin n

XJ exp(i4, (a°.4,,z)), (35b)

is given by9
I~i) f~~5~85)(2T/l) e~/ 4 Q/(dt~jl],B 3  (i/2rr)k sin2 o~ cosl (dt,(f) _pfa°,,! 6°., ) (2r/1) [ e'(''/ (det),., 1/2],0

(32) X exp(i (a,fiz)). (35c)

where aher(a2),f ) .a (,fJ_ 1  o The saddle point (a , (0)) is defined by
2 0 0 4 90)IS A

(det)., = a a/3° j ,° , fir o a)(a0,% (0 )(

- which relations imply, respectively,

7 [cosa:1 siny7 q) cos(o,2 -o.q) -sin cos , "q)] +p [cosa() cos9cos y",cos(f3 - (n.q).S P's -- sin P'sCO ps j

(0), (0) q ik.L_/_) sn ,' cs .+cos a(.° sin Osin(fl - '' 1) -6 sin a, 1 cos sin y9, j +(ikP 5L'12ir) [sin a _€cos ,

- cos a(.° sin Y. costp.S ( q))] 0, (37a)

r/sin 'q),, sin(,6°O)l - ¢(n'q)) + p [sin O cos(/6(fl q)

cos 9 cos .q, sin( W() - 0(1.q))] + (ik,.,L /27r) [sin y,'q, sin, €o _ qj€,.,))] = 0. (37b)

B. Far-field approximation 4,= k,.,r [sin a,., sin ycos(i- 1) + cos ap., cos y1

As for the two-dimensional case in Ref. 5, we look for + (ik ,L '/4ir) [sin' a, + sin2 Y, Tq)

approximate alternatives to exact solution of the saddle
point equations in (37). Assume that the distance r from the - 2sin a.,"q) sin y." cos(fi- 1 €"')] (41)
beam waist center at (rnL, ,pL ,,) is so large as to satisfy the and thereby the saddle point equations in (37) as
inequality • (cos lo, sin cos(,1 . _) - sin a (o sin y)

.= b ./r.,4 1, b .= k L '/21r. (38 ) + (ik L/4 r)(2 sin 'o s 1 o1

.. $ P. s CO2S p.s

Here, bp., are Fresnel lengths corresponding to the widths L, - 2 cos a,(,) sin p";q) cos(f (, ). - (.,q))) - 0, (42a)
of the Gaussian basis fields in the aperture. This suggests the - r sin Y sin(fi (0)- W ) + (ik.,L /4r)
expansionsP.

...,.exaions -(2 sin €y'p( ;q) sin(fl (j - q0(Lq)) = 0. (42b)
. + ep. aSP + 6,0) ,6 c fi + (39) Substituting (39) and equating the coefficients of powers ,.,

to zero, one obtains the saddle point approximations
which will be substituted in (37). Before performing the sub-
stitution, the observer location is expressed in spherical co- o= + i(bn,,9/rcos2
ordinates as (see Fig. 2) r '

YX - mL -rsin ycos , y -pLy = rsin ,sin , X(sin y './sin r)sin( -6( '
q)+

' ,

s), = r+ ib../rcos 2 ypt.q) cos, Cos Y.. (40) -.,,.~ ~ ,,~cs

Letting L. = L,, and inserting these and (27) into (22), we X (sin y, - sin 7,nq) cos(- - 0 1) )) + •can write the phase of the integrands as (43)
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Inserting these into (35) yields the far-field approximation When... issmall so that cos' . z and b;,zb€,
for the beam integrals the approximate values of the beam integrals can be written

B, - (ik,/21rr) cos y expfikpr as

X [1 + (ib,/2rcos2 "'q1)(sin 2 + sin2  'q) B, -ikPcOsy,"'ql [(ikp (7l+ ib)py ]  (5la)
- Y''") r 21T(7- ib,) 277' + 2 1

-2 sin y sin y COS (0 (44a) -

-ik, sin y,") sin 0bt"'q)

B2  ( - ik,/2rr) sin Y sin exp{ik, r B2 -- 21r(77 - ib,
X [1 + (ib,/2rcos2 yp,•q)) (sin 2 y + sin 2 ,(,.q)

-sin ,sin yCn91cos ( "q') ))I (44b) 2exPlik, jl+ 2(r2+b2))]

B,- (ik,/2nrr) sin ycos d exp{ik,r (51b)

x[1+(ib/2rcOs2 yp')q) ) (sin 2 - + sin2 Yy.q) B3 ik, sin /r.,"') cos (7 + ib5 )p2)]
B,- xpi ik5 ,j~ +ii. 2

-2 sin sin r2 '-ql cos( - 0qb0")))]} (44c) 212(7 - ib,) [ 2(72 +b) c)J(Sic)

C. Paraxial approximation D. Complex source representation

In the paraxial region near the beam axis, the saddle We now investigate whether the complex source point
point can be expanded in powers of alternative small dimen- (CSP) method can here provide a useful alternative to ap-
sionless complex parameters . and i;., so that proximating the beam integrals in the paraxial region. As-

ji 3 ' = .o ± E+ 1 + "", a = a. + a , signing complex values 0 0, 0, ' ibp. to the
(45) source coordinates leads to the three-dimensional free-space

where Green's function

E;., =P/(77 - ib.), ' =p/(71 - ib'.), (46) g,,(xy,z) = exp(ikpi5 )/ , (52)

and where the complex distance i to the observer is
b k, , =kk5 (L, cos , .)./2r = bp., cos2 ,.q). (47)

Introducing these into (37) and equating coefficients of the + V2  + (_1 ± 2 1

powers of?, Fto zero, one obtains the following saddle point = [p2 + (7 - ibl) 2 ]1/2 , Re(i) >0. (53)
approximations

a (0) _ /(,q) + COS 0,6;,,

y.3 + cos The analytically continued function generates a beamlike
f ( "1 + (sin 0/sin ())? + " (48) field that is symmetric about; and propagates along, the 77

axis, satisfying the source free-wave equation with outgoing
Retaining i terms of first order in the phase and zeroth-order wave condition.o
terms in the amplitude, one may reduce the asymptotic ex-
pressions in (35) in the paraxial region defined by ji< 4 1
explicitly to 1. Far zone approximation of complex source field

B, ik COS _ exp(ik Q,), (49a) In the far zone, the complex distance can be expanded in
2 r (1 -- ib, ) (i7 - ib) terms of the small parameter e,, = b,,I/r in (3 8) as

B - ik, sin y, ' in 0(n.9)
B2 - exp(ikQ) (49b) 7= r(1 - i(b,,1r) cos(,- ,5q)) + ). (54)

2wrr (f7--ib5 )(17 - ib;)

ik sin y 7 'q) cos 0(n.) Consequently, the free-space complex Green's function field
B3  - exp(ik, Q), (49c) can be expressed as

where 2r(,7- ib,)(7l - ibg) g -., - (lIr) exp(k,,bp,)
Q, =i7[ -J(i sin2 0 + cos 2 )] × P[ 1+)

P' (55)

+ -2 ( cos 2 0  + sin 2 0- + ibp.P 2  and its derivatives as
7 - ib"__ 7 - ib, ) 2 9gp ikP

X~ ~ ~ ~ ~ ~ ~~~o ( "t O2 
,nq 03 O exp (k b,cos2 0cos2  + sin 0 (50)

181 _ois; Sc A. (-1 4 ibp., exp[ikr[12 +i(b r)(l-cos(r- 181)))],
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dg, _.ik, exp(kp sbp.s ) ( + ( -q + ibp, )p]-.n----- sin y" sin . exp(k,b, )(56) gP.5 expl ,// -

4 y r 0I - ibp (72+b2

Xexp[ikr[ I + i(b/r)(l - cos(yr- y,("q)))] ] (59)
is of the form as given in (51). Substituting (59) into (57)

dg, ik, exp(k b,) and comparing with (51) confirms that both results agree
dx r for r"' 9 < 1.

×expik, r[I + i(b,/r)(1 - cos(_ -".q))] In summary, the above formulations are valid under the
following conditions: (a) , (b) the observer is in

Comparing (56) with (44), we note that these far-field ex- the paraxial zone of the beam 0=0(,.
q

" and y"r1'q. Thus
pressions are not equivalent. However, when the observer is CSP field replacement of the three-dimensional beam inte-

in the paraxial zone of the beam axis such that = ("?) and grals, which simplifies numerical computations substantial-
7 Z YP.,.q), the amplitudes and phases of both expressions are ly, is justified for narrow beams (where all tilted beams are.5 evanescent in the far field) and for moderately tilted wide
equal. Thus, in the far paraxial zone, the beam integrals can eans in the faril nd fo odere tictidebe wittn i th ters o cople souce iel asbeams in the paraxial region. Subject to these restrictions.be w ritten in the term s of com plex source field as t ep t ni l a e e p e s d a s e( 0the potentials may be expressed as (see (20)1]
{B , , ,B 3 I (M> F V y = ( L L ) /2

14irpa 2  EEE2Am,-

1,,dy1 dz [kkbdg akgsdg 4,,dI I,7 -kb, L9' e 57)
it where b, is defined in (46). z dy dx(60)

and the displacements, via (20), as
2. Paraxial approximation of complex source field

In the paraxial region ( I. = lp/(71 - ibp, )Il 1), u (xz) (2L L y )1 2 /Am e

can be approximated by 4rrp(,2 P k

r- (77 - ibp,,) + p /2 (7- ibp., ).(58)

Thus

1.19

10 20.

7 8 -98 -60 e -38 8 38 68e 7 go --9 --6 -8 8 .0 1 . SO

II1 -98 -68 -39 38 6 6 3 86
-10 -48 -3 19 -8 6- 

-6 
90 

8 3 28 0 2. 1
nI' I- r scsp-

-38 -q -38 8 38 6 98 .1

. .

CSS

- •1

J
1 -68 -38 8 38 898 -98 -68 -38 8 38 68.98 -98 -68 -38 8 38 68 ..AI"-- - -64 -- 9 3 68 r 98

FIG. 5. Potential and displacement response in "far field" R---250OA,
FIG. 4. Potential and displacement response in "Far field" R =250A , to along = 45", to body force distribution defined by a single Gaussian basis
body force distribution defined by a single Gaussian basis function. Wide function. Wide tilted beam: L, = L = 10A,, n= q =6 (tilt angles:
nlontihted beam: L, =L = 10,,p n q=0. Beam parameters (Fresnel '059" I' 2.8,¢'=4).Ba prmers(enl
lengths)2 a  lOOAo, b, = 187A,. lengths): b, = 283, ,=79.
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g 32 e - kb (g) merical tests have been conducted to assess the quality of this
XxZ (g/ , approximate treatment of the beam integrals in the Gabor

(2LL ) 1/2 / lattice synthesis. In all cases, the reference data for compari-
v4(xrz)2 4A1o,' A e( bP) son are established by direct numerical integration of the

exact forms in (6) and (8).

e ×- (g d - e  - Y"6
y)/Z (g, (61) A. Beam integral asymptotics versus CSP

w(x,y,z) (-- 4rp 2 L A e ( - kb,) Typical results of a study to determine the validity of the
47rpO 2 CSP representation are presented here for narrow and wide
32X d 2 + e' - kb,) 2 (g, Gaussian beam aperture profiles. All results are plotted for

x- (y2 observation points along a circular contour with radius R
centered in the aperture. The radiation pattern obtained at

+ e x-kA, 2 (g'). R =- 5AP for a narrow nontilted Gaussian beam profile
(L = LY = 0) is shown in Fig. 3. CSP from (58) is seen to

reproduce the reference solution (REF), obtained by direct
The numerical calculations that follow are based on the numerical integration of (6) and (8), over the entire angular

expressions in (57), (60), and (61). Use of the CSP repre- region for (D, and within the narrow angular region I y, 1 < 35'

sentation, when it applies, simplifies the numerically more for T,' and kly; agreement for the u and v displacement corn-
cumbersome saddle point asymptotics. For the parameters ponents is excellent over the entire angular region, while the

selected in the computations, gp., can be approximated by its w displacement is reproduced for I y, I < 35". The Fresnel
far zone expression in (55). Although the validity of the CSP length is of the order of a fraction of the wavelength, so that
format in (60) and (61) has been established only for the the far zone has already been reached at R = 5AP. Far-field
paraxial region, it has been used for all observation angles (R = 250A.) results for wide nontilted and tilted beams
away from each beam axis. A detailed discussion of the er- (L = L' = 102P) are shown in Figs. 4 and 5. Note that for

rors introduced by applying CSP outside the paraxial region the nontilted beam, CSP reproduces the REF results over :7
follows.

IV. NUMERICAL RESULTS

Because of the numerical advantages associated with A 5ii. ]
the CSP formulation discussed in Sec. III D, extensive nu- 20'/ .... (;,1 5.0

Y 0

! 1.162 -8 -6 -35 8 38 60 9 - 8 -6 -36 0 38 6I

1.0 ZS( -

, .ZS A

51.0 5.0

REF

-f P 0

-50 -68 -30 8 3 e 6858 - 68 - -38 3e 693

Y1.0 4.0

1k P
f (P) =COS2(irp/2a)

-a P -9 -6 -38 8 3 8 6 8-SR1 -90 -68 -38 8 3 6 68 . 91

FIG. 7. Radiation patterns at R = 10A, for nonphased cos2 aperture using

FIG. 6. Nonphased cos
2 aperture field synthesis using 69(1mf = Ipj<5. 69 (i = 1p)<5, n =q = 0) narrow beam (L, = 0.SAP) elements.

n = q = 0) narrow beams with L, = = 0.5A, 2a = 5A,. Fresnel zone of aperture: b,, = 25A,.
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the narrow angular region within which the amplitudes are used throughout, no numerical examples are presented here
significant. For the tilted beam (n = q = 6), the angle of tilt for phased aperture fields.
of the P and S beams away from the normal to the aperture
plane is = 59* and y 6. = 28.8, respectively, and the 1. Smooth aperture profile
circumferential angle is 0(66) = 45*. While CSP agreement is a. Narrow beam synthesis. For narrow beams
good for T. and IV,, this is not the case for b, due to devia- (L = LY = 0.5,P = 0.2a), the Am oo coefficients were de-
tions in CSP for highly tilted beams. trmined by sampling the profile (A,,. = (v2/L,)

xf(mL. ,pLY) ], thereby avoiding the excessively time-con-

B. Aperture and field synthesis suming evaluation of the integral in (15). As was demon-
strated in the two-dimensional problem, oscillations likeFor illustration, the Gabor expansion is applied to two toei i.6cnb lmntdb nldn ml u s

aperture profiles, which are analogs of those used for the

two-dimensional problems discussed previously (Ref. 5) sential contributions from the tilted beams Inl, 1l > 0. Thetwo-imesioal poblms iscusedpreiousy (ef.5). tilted beam fields are evanescent, however, and therefore

The aperture fields are axisymmetric and nonphased with nile exe in the very n z . therete
(a) smothtermnatd pofie, ad () aunifrm brutly negligible except in the very near zone. Foj: the parameters

(a) a smooth terminated profile, and (b) a uniform abruptly used, the tilted beams can already be omitted at R = 10,,P,
terminated profile: which is in the "far zone" of each element. CSP synthesis

fcos2(irp/2a), pI1 <a, case (a), with nontilted beams (Fig. 7) is seen to be adequate. Using

Il, jIp <a, case (b), all the beams contained within the aperture, good agreement

where p = (x2 + y 2) "2 , and 2a = 52P. with the reference solution is obtained for the main compo-

Narrow (L. = LY = 0.2a), wide (L. = LY = 4a), and nent of the displacement vector (w). The two other compo-

matched (L. = LY = 2a) beams are used for aperture syn- nents, u and v, show discrepancies of about 4.5% in the

thesis. For narrow beams, the Gabor coefficients are esti- mainlobe but these components are small compared to w.

mated from the aperture profile, while for the matched and b. Wide beam synthesis. For wide beam elements

wide beams they are calculated by numerical integration of (L = L, = 102P = 4a), phase shifts with Ini, jql > 0, are

(15). Results, which here are independent of the circumfer- important but shifted locations with Im 1, [pI > 0 are not (see

ential angle 6, are plotted for observation points along a cir- Ref. 5). Both the aperture and near fields were synthesized

cular contour of radius R centered in the aperture. The CSP using In Il I <5 beams (Figs. 8 and 9). Discrepancies in

paraxial representation [(59), (60), (61)] is compared
with the reference solution obtained by direct numerical in-
tegration of (6) and (8). Due to the time-consuming evalua-
tion of the exact Gabor coefficients on the PC, which was ' i -.. .

2.0 .. =~ 5.0

4

1.0 .882

-9q -6 -38 8 38 68 -1 98 -98 -61 -38 8 38 68 98

- 8

[4 -9 -68 -38 a 38 68798 -94 -68 -38 1 38 SoIf (0) =Cos,(a)

4.5 4.45

I -

F T G-1 /6 3 8 a 3 8 - i i 9 _ 11 4 1 -3 8 1 8 3 ' 5
-a a

FIG. 9. Radiation patterns at R = IOA, for nonphased cos' aperture using

FG 8. Nonphased cos2 aperture field synthesis using 121 (Irn = pi =0, 121 (Iml = P1 = 0, Inl = jql<5) wide beam (L, = LY = IOA,) elements.

'V = .q ,. 5) wide beams with L, = LOA, elements. 2a = 5A,. Fresnel zone of aperture: b.e, = 25Ar.
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the i.ainlobes are within 5% for the dominant w displace- .-

ment and about 8% for the smaller iiand v transverse displa- rip) -.. f 5.0

cements.
c. Matched beam synthesis (L. =LY =52. =2a). For the -

smooth Gaussian-like profile chosen for illustration, only - "
nine beams (m =p = 0, In = lql<l) were used to synthe-
size the aperture and radiated ficid (Flgs. I0 - 11). At - 9 3

R = IOAP, the observer is in the near field of each individual
beam. Satisfactory (within 3%) synthesis of the mainlobes
of the displacement fields is accomplished with only nine 01.34 5.1.0 o- REV 5
beams.

0.

2. Abruptly terminated aperture profile -

a. Narrow beam synthesis. As has been noted for the two-
dimensional case, a much more severe test of the beam syn- -98 -68 -3- a Ua 90 -98 .8 -3 8 3 6- 91

thesis technique is posed by an abruptly truncated aperture
profile as in case (b) of (62). The A,,oPO coefficients were
estimated from the aperture profile. Convergence of the 1.34-

beam series to the aperture profile is slow, and many ele- 1.o . 4 .

ments are needed to reduce the resulting oscillations (Fig. 0
12). Near zone synthesis using 49 beams (Fig. 13) is seen to x -
be inadequate, and it is not until 81 beams are used (Fig. 14) .
that CSP synthesis is acceptable. Even for this case the
smaller u and u displacements reveal significant errors.... .

b. Wide beam synthesis. Aperture synthesis (Fig. 15) - - 38 - 3 48 58 -g9 -U -3 S U U
using the same number of beams as for the smooth profile
(Fig. 8) reveals that many more elements are required here. FIG. 11. Radiation patterns at R = 10A, for nonphased cos2 aperture using
Comparison of the near-field results (R = 1OAP) show (Fig. 9(1m = pI =O, In)= ql)matchedbeam(L =L , =AP) elements.

16), however, that comparable accuracy is obtained by using Fresnel zone of aperture: b, 25A,.

1.0,,. r r\ A , 118,
1 0 r . ;

14.4 1-- " 1
I I'

/ h7

-4,1. , - p 3.l

r TI- -I. 4 t

0

-a a P-a a

FIG. 12. Nonphased uniform aperture field synthesis using 91
FIG. 10. Nonphased cos' aperture field synthesis using 9(!ml I 1pi = 0. (1r-1 Pj<5, In!= jql= 0) narrow beams with L, -- L,= 0.5,,
in j = !qj< I) matched beams with L, = L, = 5A , 2a = 5A, 2a = SAP.
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6.0 .- 1S.8 --1 [ 21.3II
_ / 1.22"7
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_j7 1.0 ; \ f*

-98 - -8 -38 8 38 685 8 8 3 8 -0 6 8 s

-.8 9 . 3 3 t-

=,I o- , , l<a '
3.5 " I

1.0 Y
a8 a

-i8 -;-38 a 38 0 98 -98 -68 -389 38 6890

FIG. 15. Nonphased uniform aperture field synthesis using 121

" .... : (1"1 =lql< 5, m -= p= 0) wide beamswith L. = L:, 10,A., 2a = 5,1,.
FIG. 13. Radiation patterns at R 10A, for nozIhased uniform aprture

S using 49 (Iml = [pi 03, Inj = jqj 0 ) narrow beam (L, =L, 0.5A.,)
elements. Fresnel zone of aperture: b., 25A,.

i's,33

10.

6.06.

ii I I ),-y . ., .33 -

,, -.8 -68 -33 8 38 8 9 -58 -8 -30 1 38 68 98

..: e 68 -30 a 35 f11 I 11 -e - 30 M 1 11 gs1

33

usig 4 m 0 nr e.
3.111 ¢SP,'

sing

.,6.- f( l 3

- - -90 -68 -38 8 38 68 98 -98-66 -388 3868 338
. •" -98 -6 -38 8 38 68 g - -6 8 - 1 8 31 60 8 so

3.89

35o = Es; X'3.54

Cs, I ii "

4 1 1 4 ! I Y I A I A _ _ _ _ _ _ _ _1 . 0._

.- -3e i ,0 I ;91 -3 -60 80 30 64 -9 e - 68 -38 8 38 68 98 -99 -68 -38 S 38 68, 9

FIG. 14. Radiation patterns at R = 10, for nonphased uniform aperture FIG. 16. Radiation patterns at R =10A, for nonphased uniform aperture
ng 81 sing 81 (1-n1 =_ pi<5, ]In = ql = 0) narrow beam (L . L = 0.5A) using 121 (Inj = j 0q< , Ir!l = IPI =0) wide beam elements. Fresnel zone
0. 5A., elements. Fresnel zone of aperture: b , = 25A. of aperture: b ., 25P..
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the same number of elements as for the smooth profile. Ac- beam tracing, even in the paraxial approximation. By de-
curate synthesis of the rapid oscillations in the sidelobes, composing into narrow Gaussian basis beams, each of which
which are due to the abrupt termination of the aperture pro- has a very short Fresnel length and is already in its far zone
file, would require the use of many tilted beams. However, as when it encounters the environmental changes, local CSP
has been shown (Sec. II1), the CSP tilted beams are not good ray tracing is validated and readily implemented for each
approximations of the tilted beam integrals. Consequently, it basis beam. The global effect on the wide incident beam is
is expected that the addition of the tilted beams will not re- established by recombining the indi ,idual basis beams. Be-
pair the discrepancies. cause the Gabor decomposition is rigorous, the algorithm

has the potential of producing benchmarks for wide-beam-, -

interaction with curved interfaces, irregularities, etc., which
V. CONCLUSIONS are "large" on the scale if the basis beams but have critical

A discrete superposition of linearly phased and non- dimensions on the scale of the input beam. For .une aper-

phased Gaussian elements distributed self-consistently over ture field transmission through curved fluid layers, this pro-

a lattice in a configuration-spectral wave-number phase cedure has been implemented (within the context of electro-

space, and the corresponding beam propagators, have been magnetics) with remarkable success.'° Extension to fluid-

utilized for the representation of two-dimensional finite solid interfaces and layers is presently being considered. Be-

planar source distributions and the resulting three-dimen- cause many basis beams need to be considered, the algorithm

sional radiated fields in an unbounded homogeneous elastic is computation intensive but, we repeat, of potential accura-

solid. Using two simple axisymmetric aperture profiles with cy not achievable with other methods employed at present.

smoothly tapered and abruptly truncated amplitudes, it has It may therefore serve to generate reference data for com-

been shown how the choice of nontilted and tilted narrow, parison with other, more efficient but approximate, tech-

wide or matched beams with respect to the aperture size niques.
affects the field synthesis, and how well the asymptotic beam ACKNOWLEDGMENT
integrals can be approximated by the more convenient com-
plex source point (CSP) fields. Due to the inaccuracies in- -This work has been supported by the Air Force Office of
herent in using CSP for highly tilted beams (such was not Scientific Research under Grant No. AFOSR-86-0318.
the case for the two-dimensional beams in Ref. 5), synthesis
of the field away from the aperture might best be carried out
with narrow beams since the tilted InI > 0 beams are evanes- APPENDIX A: REFERENCE SOLUTION

cent. These beams can be tracked along almost real trajector- To synthesize the distributed body forcef(xy) in terms
ies becaiise of the small complex displacement components of a scalar unit force excitation at x' = (x',y',z') = (x',v',O),
of their source location, and this raylike behavior makes we proceed as follows. Green's displacement tensor defined
them interesting candidates for negotiating complicated en- by7

vironments at high frequencies. 4"' However, many beams 1 / a a
are required for accurate field synthesis. Gy (x,x) =k _ -- (g, - )Y

More numerical calculations need to be performed to 4ITpco' ax, ax/

assess the full potential of the beam summation method for i, j -xy, or z (At)
prediction of three-dimensional fields radiated from more
general source distributions-, for example, those generated by represents the displacement vector component in the ith di-
practical transducers or induced on more realistic flaw pro- rection at point (x,y,z) due to a unit concentrated force in an
files, and their subsequent interaction with elastic propaga- unbounded medium applied in thejth direction at (x',y',z').
tion environments. Broadly speaking, the present study has The scalar Green's function
been comprehensive enough to provide guidelines for the
potential use of the modeling schemes examined here. Con- g, = exp(ik,,,r)/r,

cerning the complex source point (CSP) method, its advan- r = ,/(x - x')2 + (y -y,) + (z - z'), (A2)
tages as a rigorous solution of the dynamical equations have
been exploited systematically in a variety of applications for satisfies the wave equation
single Gaussian-beamlike inputs. These applications include
beam-to-mode conversion in an elastic plate," interaction (V2 + 2,)g,,,(xx') 41 5(x - x'). (A3)

with weak debonding in a layered plate," and nonspecular Upon equating the displacements in the horizontal and verti-
reflection of a beam incident from a fluid onto a plane or cal directions as given in (4) and (Al), and appealing to

curved interface near the Rayleigh angle."d (A2), we have

For the decomposition of arbitrary source distributions

into Gaussiaas, the most robust procedure, as noted above, : O qD , , a1. a _)
involves narrow, but many beams. This decomposition is u = - + - - - - g')=
particularly effective when wide aperture inputs interact dx dy dz 4rrpo2 dx dz
with relatively arbitrary interfaces, local inhomogeneities, V =(p + = - (
etc. Here, the environmental variations may be appreciable dy ax dz 4nrpao2 dy dz (gP - g" '
over the Fresnel beamwidth, thereby invalidating direct (A4 )

1820 J. Acoust. Soc. Am., Vol. 91, No. 4, Pt. 1, April 1992 Klosner et aL: Source field modeling 1820



de-+ + v- - , (B4)
hich (9Z ax dy dy dx 5z
zone a I ( + 2 g" + 2  ). a 8o, ap
each 41rpw 2  ayg +v g " g (-x dy

m s whereas the normal stress is
Be- Thus the potentials for a unit concentrated z-directed body w te (a 2 2kp a 2_L "thn force are xy - + -- axz = yz)

,eam ,D I 3g, .3,g (B5)

*hich 4rrpco' 3z 41rpW 2 3y  In the spectral domain, the reduced wave equations are given
tical I eg,

iper- V= , 'P. =, (A5) by

+ 4(k ,ky~~)=O
L(T + K ro-- ± 0,

and the potentials for the distributed sourcef(xy) are given

by dg Pi(k.,kyz,a)=0, i=x,y,z, (B6)

iD (xy,Z) - F ff(x',y') z dx' dy',
:ura- 4irp w 2 f J dz where
sent Ix, (A6) ,., - k -k - k Im 0. (B7)
:or- .(xz) = 4-rpdf fA 'y

ech- f3 The displacement spectra become
1P, (xz) = - f(x',y) Lg' dx' dy'. .. .q~y(x~~z)= 4rpc z

d.-T (kx,,ky,z) = ik, (P + iky, -- -3z'

-e of .. -~ a8
APPENDIX B: BODY FORCE POTENTIALS b(k,,k.,z) = ikyP.- ikx T' + --- (B8)

An infinite eiastic isotropic medium characterized by (9p -

Lame constants A and y and by density p is assumed to be w(kxk,z) - + ik2 IVY - iky x,

excited by a z-independent time harmonic pressure or body and the normal stress spectrum,
rms force distribution f(x,y,z,t, =f(xy)ee acting on a con-

, stant z = 0 surface as shown in Fig. 1. The body force prob-

ned lem can be reformulated as the following boundary-value , = A [ - -- y

problem' + /(+2/.z-- (D + ik,, iz

Or, (x,y,O +  ()Z dz
- f(xy) for - a<x<a, - b<y<b, or(B9a)

1) 0.0 for [xI>a, jyI>b, &,=kyzl -v,2k'(+ 2,[k 2+k2(
di- u(x,y,O) =O0, v(x-Cy,O) =O0, (BI) P,(,,kz/ X Y k]

an where o, is the normal stress while u and v are horizontal V2 -- ik Bb
displacements. Using the Helmholtz vector decomposition, + i z dz"

the displacement vector is expressed as

u = V4P + V x '. V ' = 0, (B2) For waves propagating in the positive z direction,

where (P and W= (q/,,PY,'.) are scalar and vector elastic = Ae P, , = Be' "*,

2) potentials, respectively. Upon introducing the above into the IV Y Ce ' ", \1 = De , (B 10)
elastodynamic displacement equations, we obtain the wave
equations, for the potentials which, when substituted into (Bg) and (B9a) and evaluated

at z = 0, results in .

3) (V2 + k )(x,x',o) =0,
i- (B3) h(k,k,) = (ik )A + (ik,)D- (iK,)C,

to (V2 +k )T,(x,x',wo) =0, i=x.y,z, D(k,kO) (iky)A - (ik )D+ (ix,)B,
{b~ ,k ,O =(iKp)A + (ik,)C- (iky)B, (BII)

where xx(xy,z) and x'= (x',y',z') denote the field and

source points, respectively. In terms of these potentials, the and
displacements u, v in the horizontal direction and w in the
vertical direction are ir ( k,,kY)/p= -o 2 A+2v (k ±k )A

a4D d4', d'P- 2tv2(k K,C - kK,B). (B12)

4) Jx ay dz Matching the transformed boundary conditions
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ABSTRACT

Nonspecular reflection plays an important role in acoustic beam interaction with

fluid-immersed elastic media. Such anomalous reflection is attributed to the strong

interaction which occurs when the incident beam is phase-matched to one of the leaky

waves supported by the structure. The properties of the incident beam as well as those

of the interface geometry exert a marked influence on the observed nonspecular return.

Previous investigations have been limited to rather special beam and interface

conditions. The present study removes many of these limitations by allowing for

arbitrarily collimated beams incident on plane and (cylindrically) curved layered

geometries as well as simultaneous excitation of multipte leaky waves. By use of the

complex source point (CSP) method for modeling quasi-Gaussian beams, the reflection

problems are solved rigorously by wavenumber spectral &composition. They are then

reduced by asymptotic techniques to yield physically meaningful wavefield contributions,

which explain the phenomenology and also allow efficient computation. The accuracy of

the CSP asymptotic algorithms, and that of more restrictive conventional algorithms, is

assessed by comparison with purely numerically generated reference data. The results

establish the accuracy and versatility of the CSP strategy for a broad range of beam-

interface conditions. While the present study is for two-dimensional problems, the

method has also been extended to the three (lirncrsional case.
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I. INTRODUCTION AND SUMMARY

The excitation of various types of leaky waves in layered elastic media by beams
incident from an exterior fluid at or near the leaky wave phase-matching angle is of

interest for NDE applications. In particular, much attention has been given to the non-

specular reflection of beams under such conditions of incidence. While various methods

have been employed to study and clarify these phenomena for well collimated beams in

plane layered environments [1-21], much less has been done on the corresponding

effects when the incident beams are diverging and/or when the layers are curved. To

extend the plane layer results to more general conditions, it is desirable to employ

analytic modeling that adapts the wave phenomenology locally from planar to curved

geometries. Because the phenomena occur in the range of high frequencies, ray field

modeling affords an attractive option. By the complex-source-point (CSP) technique,
which places a radiating source at a complex coordinate locat*on, a conventional line or

point source excited field can be converted into a two- or three-dimensional quasi-

Gaussian beam field that is an exact solution of the dynamical equations [22-25]. When

the CSP field interacts with a plane or cylindrically layered elastic medium, the resulting

internal and external fields can be expressed rigorously in terms of wavenumber spectral

integrals [26]. Asymptotic reduction of these integrals, achieved by the method of saddle

points applied to deformed contours in the complex spectral wavenumber plane,

accounts for all relevant wave phenomena. For the reflected field, this yields explicit

waveforms which are synthesized by interacting specularly reflected beam, leaky wave,

and possible lateral wave contributions.

The solution strategy outlined above offers a systematic approach to analyzing

beam interaction with fluid-immersed layered elastic media, especially the anomalous

nonspecular reflection that occurs when the incident beam couples strongly -- by phase

matching -- to a leaky wave supported by the structure. Previous studies of this effect

have been concerned primarily with well collimated Gaussian and plane layered

configurations. Here, we broaden these studies to arbitrary incident beams, well or

poorly collimated, and to curved layer geometries. In addition, simultaneous phase

matching to multiple leaky waves is accounted for. This reveals a substantially enriched

range of nonspecular phenomena which can be explained by the various (reflected-

wavc)-(leaky wave) interactions pertaining to the generalized conditions. Moreover, the

CSP generated quasi-Gaussian beams remain valid for arbitrary incidence angles and

degrees of collimation, whereas the customarv' spectral decomposition for oblique
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incidence, based on projected linearly phased Gaussians, is valid only for moderate

departures from normal incidence. These issues are critically explored here, both with

respect to modeling of the incident beam field and to its interaction with plane or

cylindrically layered elastic media. The various problems are formulated and solved

rigorously, and thereafter evaluated asymptotically for extracting their physical content

as well as simplifying the generation of numerical data. Selected numerical results, by

comparison with numerically generated reference data, demonstrate the accuracy of the

physically based asymptotic algorithms. It may be concluded from this study that the

present application of the CSP technique offers a versatile tool for modeling Gaussian

beam interaction with general layered elastic environments. While only two-dimensional

problems are treated here, extension to three-dimensional beams has been carried out

as well and will be reported in the future.

II. EXCITATION OF GAUSSIAN BEAMS (GB)

In this section, we discuss two methods for modeling excitation and propagation

of a two-dimensional Gaussian beam (GB) inside an unbounded fluid medium. In the

first method, excitation is from a line source at a complex coordinate location, which

conver's the cylindrical wave field due to a line source at a real coordinate location into

a beam-type field. In the second method, excitation is from an aperture with a linearly

phased Gaussian profile.

A. Complex-Source-Point (CSP) Beam

By this approach, one finds first the wave field radiated by a line source located

at a real source point (P'), and then analytically continues the solution by displacing the

source point into the complex coordinate plane. Let D(P;P') be the potential in the fluid

emanating from the "real' line source, satisfying the wave equation

(V2+/,f)(D(pp')=-5(p-p !, kf =°/vr" 1
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Here, co is the angular frequency, and vf is the sound speed in the fluid. A time

dependence exp(-ico) is suppressed. The pressure field !P in the fluid can be derived

from the potential (D by the relation

R7p_;P')= CfV 2D(p;p') =-pfo (.)(p;p'), for p #p' (2)

The quantity Cf is the fluid compressibility, and pf is the fluid density.

We seek spectral wavenumber decompositions of the line-source-generated field
along a plane or cylindrical surface for subsequent application to interaction with plane or
cylindrically layered geometries, respectively [261. For the plane layered geometry, where

P =(xy) and layer interfaces lie on planes y= const., the spectral decomposition is alongx,

and the spectral wavenumber is denoted by k; for the cylindrically layered geometry,

where P=(p,o) and the layer interfaces lie on surfaces p=const., the spectral

decomposition is along 0 and the spectral wavenumber is v. Denoting spectral domain
quantities with a caret, the spectral representations for the planar and cylindrical cases

yield, respectively, [26]

IP\ (x.y; x',y') = - J ( ky,y') exp{ik(x- x' )} dk (3a)

• , , 1 4..l (P.P;,) )= -, . (v~pp') expIiv(0- 0')} dv (3b)

Note that k has the dimensions of length-1 while v is dimensionless. In (3b), the physical
-n!5 < x azimuthal domain has been extended to a multisheeted infinite domain
-- c < 0 < -c in order to remove the 2i-periodicity constraint from the azimuthal wave

spectra. This extension, with a radiation condition at 101 -- ) -c, allows the inclusion of

angularly traveling waves with arbitrary angular periodicity and makes the treatment in

cylindrical coordinates analogous to that in rectangular coordinates [26-28]. The reduced
wave equations for the planar and cylindrical spectra are solved to yield

0 1(ky"y')= exp{iK -y} (4a)2 -Kf 
(4a)
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yI(v; pp')= l yh2)(A&p ( ) HJ2(kfp,) (4b)

with Kf defined as

1:f = Pk-k 2 , Re{Kf}>0 when IM<kf, Im(Kf}>0 when IMA>/f (5)

In (4b), p< and p> denote the lesser and greater of p and p', respectively.

Using (4a) in (3a) or (4b) in (3b), one obtains the spectral integral representing
the incident cylindrical wave field corresponding to a line source at the real coordinates

P. To convert this isotropic wave field into a directional or beam-type field, we perform

the following substitution [22-25],

x'---.'=x'+ibsinzo , y'--->.'=y'+ibcosca, breal>O, -x_ _+7r (6a)

' p' ',2 j 2 , Rep'l} > 0; 0'-- 0'= tan-{X' } with 0'= n when i'= 0 (6b)

where the tilde " denotes complex quantities generated by the CSP substitutions in (6a)
and (6b). The field radiated by this complex-coordinate source has a quasi-Gaussian
profile which attains its maximum along the direction c. (see Fig.la). Its waist is

centered at P, and its width wo is specified by the real parameter b via Wo =fb ,
which identifies b as the Fresnel length of the excited beam. The spectral integrals
representing the incident beams now become

€c-SPIP q,(ny) [K [ expfi ,(k)}dk P,(k)=k(x-,F)+Kf(y- ') (7a)

f_.2 (PO) (k,,p, ) t P,' (k ' , ) e xpXi v [0 61' ]} d v (7b)
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where p, p> ,and [0-0'] are defined as follows

I, p==p , if Re{P'}I> P ~f '_0 if Re{0'} 9
<= p' if Re{f'}<p p1-0' if Re{0'}< (7c)

These integrals furnish the exact (reference) solution for the CSP beam. A radiation

condition has been imposed in the beam integral in (7a) through the conditions on the
propagation coefficient Kf in (5) that ensure bounded and outgoing fields away from the

source plane. The integration path in (7a) and (7b) runj along the real axis with
indentations around the branch point pair for the former integral, due to the square root
in (5), specified as shown in Fig.2a. In observation domains located a few fluid
wavelengths away from the source, the integrands in (7a) and (7b) vary rapidly along the

real k and v axes, respectively. It is therefore appropriate to evaluate these integrals
asymptotically by the saddle point method [26] applied in the complex k and v planes to
the analytically continued integrands. To separate the highly oscillating phase from the
quasi-constant amplitude in the integrand of (7b), the Hankel functions are
approximated by their Debye asymptotic forms that are valid in the parametric regimes

of interest here [26],

9j 1"'2 (r) - 2/_ntsiny exp{i7r/4}exp{±icsin7T-ivy} (8)

where

COSY=i. O< Rey < n argl)}< 5/, jvj < Jx, jv -zj> ql( V~)  (8a)

Assuming

/p >> 1, pj >>1 (9)

then

(,O = i , "exp{i/,(v)} (1
Ci 4rkf P(J)_. sinysin' (10)

where

6



Non-Specular Reflection of Beams

PY (v) =/kf(p, sint> -9 p, iny. )- v(y,> - yc -[ 01DO' (10a)

c O  ,  = kfP (10b)

To apply the saddle point method, the original integration contour running along the
real axis is deformed into the steepest descent path (SDP) (see Fig.2) that traverses the

saddle point ;, of the phase iP(;). The first-order complex saddle point .= or v, is

defined by

d Aith 2( 0. (11)
d; -0

For the planar case, the saddle point condition can be solved explicitly to yield

= kf sin(0 ), 0 = tanl{X- (12a)

whereas for the cylindrical case, the condition remains implicit,

cos-' /I( kf - cos-'(/ l =p., (12b)

The SDP, along which the phase is constant, satisfies the requirement Re{P(q)} =const.,

where P(;) denotes either Fp-1(k) or Pcyl(v). Since no spectral singularities are

intercepted during the deformation from the original contour into the SDP, the SDP
integral is well approximated by its saddle point contribution [26]

i 1 _2n ei_()
k id 2P (/k)/,dk- expi 1(k) (13a)'4'CSPy1 (X.Y) id2Tk 5 ,dk
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i 1 J --O)2t expfi 1(vl

csP 4 7r kf Cpp-'sinysiny' idPYI (v')/dv (0b)

In (13a) and (13b), the argument of the square roots preceding the exponential equals

the argument of dk and dv on the SDP at ks and vs, respectively. The saddle point

conditions (12a) and (12b) have the geometrical (ray) interpretations shown in Figs.3a

and 3b, which permits rewriting of the asymptotic expressions (13a) and (13b) in ray

form. Accordingly, the CSP incident beam field, synthesized either via planar or

cylindrical spectral decomposition, can be expressed as a complex ray field

(DrP(xy) - exp{iit!4} explikff} =(x_-,)Z+(y_ Rf' Re{!} 0  (14)
2171 kf4 1 ~~-' 2 (-7 2  e1}O (4

It is to be noted that in the numerical implementation, (14) has to be normalized by
multiplication by the constant term exp{-kfb}. Each complex ray, parametrized by the

corresponding complex saddle point, originates at the CSP with a complex angle of
departure that leads to the observation point after traversing the complex coordinate

space. When the complex ray field interacts with boundaries, it does so with the complex

extensions of these boundaries; reflection coefficients, for instance, are evaluated at

complex angles or complex wavenumbers.

To show that (13a) or (14) defines a real-space Gaussian beam, we reduce these

CSP expressions by approximations. First it is convenient to define beam-centered

coordinates ( ,rl), which are related to the global coordinates (xy) through the rotation

(see Fig. la)

= (x-x')sincz0 + (y -y')cosao, 71 = (x-x')cosot, -(y -y')sinao°  (15)

The inclination angle o:, corresponds to the real saddle point value OQs=tan-1 [(x-x')/(y-y')]

in (12a), which defines the real ray on which the complex phase in (13a) or (14) assumes
its maximum magnitude. Transforming (7a) to the ( ,ri) coordinate frame, carrying out a

S
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quadratic expansion of the resulting phase in both the k variable and the off-axis

distance ri about their real on-axis values k£o)=kf sino, Tl=O, and solving (11) for the

resulting approximate saddle point yields [291,

k,=kf sinOo+kfcosoa,-b) 17 << +b2  (16)

The restriction in (16) defines the paraxial regime wherein the approximations apply.

Substituting (16) into (13a), one finds for the paraxial beam field (normalized by
omitting the constant term exp{kfb} in (13a))

4 csp(X,y) - exp{it/4} exp{iy ( + r CSl22/ ( 1))- 2 / w 2P( )} (17)
2 k( -i b)

where () a;,iJ P -_,p(-, are the beam width and the on-axis radius of curvature of the

beam wavefront at 1,

R( = + b/ ], (= Wo(l+ 2 lb2)V 2  (18)

The beam Fresnel length b and its lie width wo at the waist are defined in the paragraph

following (6b). These expressions agree with the conventionally used formulas for

paraxial Gaussian beams [30,311.

B. Linearly Phased Gaussian (LPG) Aperture

The conventional alternative to the CSP formulation for the excitation of

Gaussian beams in Sec.IIA is a real spectral decomposition applied to an aperture with

an assumed linearly phased illumination tapered by a Gaussian amplitude profile. As

noted in connection with (3a) and (3b), the choice of the "aperture plane" is conditioned

by subsequent interaction of the beam with a plane or cylindrically stratified medium.

For the former, the aperture is confined to a v=const. plane, whereas for the latter, the

aperture conforms to a cylindrical p=const. surface. The assumed linear phasing steers

9
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the beam away from the directions normal to the aperture surfaces, but at the expense

of asymmetries about strongly inclined beam axes.

The spectral formulations adhere to the formats for the real-coordinate line

source excitation in (3a) and (3b), with the same propagators as in (4a) and (4b) but

different spectral amplitudes. For aperture profiles specified by

exp{-(.x- x')I / }exp(ikf sinc (x- x')}
(x'Y =Y')= -- '(19a)

exp{-(4o- 0)2 / A2 } exp(ikf p'sinp3o(4-4V)}
AcY(0,p = p')= - AO (19b)

the respective spectral amplitudes are

4j(k,y,y')= i[2Kf. fexpt-v (k- kf sinx 0)2 /4} expi Kf (y -y')}, (20a)

xp - ' -
4,,(Vp pop') = exp/-(v - kp p/sin AL p) p'(kp)• (20b)

For the planar geometry, kf and Kf are defined in (1) and (5), respectively, w is the 1/e
width of the Gaussian amplitude profile at y='V, with waist centered at x=x', and (x. is

the angle along which the beam is steered (see Fig. 1b); for the cylindrical geometry, the
beam waist is located at (p',#)'), 13o=i-e'+a 0 is the beam axis angle measured with

respect to the source radius p' (see Fig.ld), and A. is the 1/e width of the Gaussian

amplitude profile specified along an arc of radius p'. If the 1/e width of the (actual)
Gaussian profile on the oblique rl axis (see Fig.lb) is given by wo, then w. and w, are

related by the first-order approximation

w = w,/cosc,. W 2T i f (21)

The spectral integral in (3a), with (20a), can be expressed in closed form if the paraxial
expression for Kf is utilized [21
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lCf = cosx o0-tancx o (k-k sinaot)-[2 krcos3 ax(k - kfsina, )2 (22)

The resulting paraxial field can be put in the following form

LPG(xY)=- 24-k ( )exp{ikf i -[ 2/j(1)]} ' wr( )=w°[+ i(1- r tana0 /)/b/ 2 (23)

where the beam-centered coordinates ( ,Ti) are defined in (15).

The paraxial expression (23) has been widely used in the literature [2,3,8]. It is

interesting to cast it in the following form that shall be useful for direct comparison with

the CSP-generated paraxial beam,

DLPG(XY) = exp i 71:4 ex k( (24)
2 k( -ib)

The beam width wLPo( ) and the on-axis radius of curvature of the beam wavefront
RL,(q) at , are given by

RPGP(;)L--- +3b 2/ ,]/1 , wVLPG( )= 1M(1+3 2 ,/b 2) 1 2 ; 3 =(1-ritana 0 / ) (24a)

It should be noted that in going from (23) to (24), the factor w,(') in the algebraic term

before the exponential has been approximated by replacing the factor P defined in (24a)

with unity. The direct numerical integration of the integral in (3a) with (20a) furnishes a

reference solution against which the paraxial expression in (23) can be checked.

The corresponding expression for the cylindrical case can be derived from the

asymptotically (via (8)) reduced spectral integrand in (3b) weighted by (20b). The result

is not required later on and is therefore not included here.

11
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C. Comparing CSP and LPG Beams

In the LPG procedure, wide beams (wX>>Xp ?f= 27r/kf) are essential to

approximate a tilted GB by a projected linearly phased Gaussian. Narrow beams diffuse

very quickly, and render the assumptions (for the oblique case) of plane-wave-like phase

progression as well as symmetric amplitude profile in the projected aperture plane

inadequate. Using the paraxial phase in (17), one can assess when plane-wave-like

progression is adequate. The resulting condition

w0 >> (25a)
X" tancc,

depends on the tilt angle of the radiated beam. Furthermore, the conventional GB

expressions in (17) and (18) agree with those in (24) and (24a) when the factor 3 defined

in (24a) is close to unity. This occurs when

Titanc 0! << 1 (25a)

i.e. for weakly tilted beams, and in observation domains confined to the vicinity of the

central axis. Thus, the closed form paraxial expressions in (23) or (24) are good

approximations in the paraxial zone of a well collimated GB where the contour lines of

constant magnitude (the phase paths associated with the beam field) are all essentially

parallel to the beam axis. On the other hand, the asymptotic CSP beam in (14), without

paraxial apprc-. mation, is capable of modeling a GB everywhere except in the near zone

of the complex source where the asyrnptotics used in the derivation are invalid. The

excluded region is confined to a few wavelengths away from the equivalent real-space

source distribution in Fig.la. The numerical results in Figs.4a and 4b serve to quantify
various comparisons between wide-waisted and narrow-waisted LPG and CSP beams.

Anticipating the reflection problem in Sec.II, the (moderate) chosen incidence angle
cX-=30.593 ° is phase matched to the leaky Rayleigh wave supported by an aluminum

half space in water. The wide and narrow waisted beam parameters are b=50, IV0 =4.0,

and b=5. w,,= 1.26, respectivcl. normalized with respect to the wavelength in the fluid.

The profiles in Fig.4a shov the magnitudes of the %kide-waisted GB on the v=0 plane,

12
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for beam waist locations offset to (x',y')=(-19 .5 6,-50) and (-118.25,-200) which place the
v=0 plane inside and outside the beam Fresnel zone b, respectively; both beam axes
pass through the origin x=v=O. The curve with the largest magnitude in Fig.4a
corresponds to the well collimated case inside the Fresnel zone. The LPG reference

solution computed by numerical integration of (3a), with (20a), is shown as the solid

curve, while its paraxial approximation, given by (23), yields the dashed curve. The

dotted curve depicts both the reference and asymptotic CSP solutions computed from
(7a), and (14), respectively: the results are essentially identical. Excellent agreement is

noted between the reference and asymptotic solutions and also between the LPG and
CSP solutions, although the profile outside the Fresnel zone is much broader than that

inside the Fresnel zone. In the broader profile, there is a small discrepancy between the
LPG reference solution and its paraxial approximation, which is magnified for the

narrow-waisted strongly diverging beam in Fig.4b, also observed on the y=0 plane. The
beam parameters here are b=5 (wo=1.26), with (x',y')=(-11.825,-20). Magnitude and

phase for the LPG reference and paraxial solutions are shown by the solid and dashed

curves, respectively: the reference and asymptotic CSP solutions, again being essentially

identical, give rise to the dotted curve. There i. now substantial disagreement between
the LPG paraxial and reference solutions, thereby rendering the former inadequate.

III. REFLECTION OF GAUSSIAN BEAMS

A. CSP incident beams

The CSP spectral representations developed in Sec.II anticipate interaction of

incident GB's with plane or cylindrically layered elastic structures. For evaluation of the
field reflected from the outermost layer, the incident beam spectra in (4a) and (4b) must
be augmented by reflected spectra whose amplitudes are given by spectral reflection
coefficients RpI(k) and Rcvl(v), respectively. These rcilected spectra are propagated away

from the interfaces into the fluid with "outgoing" propagators phase referenced to the

outermost boundary in their respective coordinate systems. The resulting spectra are
given by

13'
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(Dp,(k,y.vy)= [ exp{fy--,,} + IZp (k)exp(-i*K (y +y')}], y 0 (26a)
2Kf

in I //((kf
cyt-Y,(V*,P'P') = 4 (V) R 1 1( ) (kfa) (p) /I,?(,p,), p a (26b)

Insertion of (26a) and (26b) into (3a) and (3b), respectively, with subsequent extension

into the complex domain via (6a) and (6b), synthesizes the total (incident plus reflected)

CSP field in the presence of plane or cylindrical geometries. For the reflected CSP fields

alone, one has (omitting the subscript CSP),

or , (x.y)= JR(k)[,,FlexpiP-,(k)}dk , f 1 (k)=k(x-.i')-Kf(y+') (27a)

gv2 I1 2 (kfa)(Dr ) I-- () (k/a) H' (kfp)expiv 0-P'Jtv (27b)

When evaluated numerically, the exact solutions in (27a) and (27b) furnish

reference data for the reflected field in the fluid region. Asymptotic evaluation furnishes

simpler explicit results with physical interpretation that highlights the relevant wave

phenomena. Of special interest are GB's incident at the angle which phase matches to a
leaky wave supported by the layer configuration. Leaky waves are manifested by poles kP

in the spectral reflection coefficients. In the phase matching regime, the pole lies near

the saddle point of the k-integrand phase in (27a) or the phase of the asymptotically

approximated v-integrand in (27b) (cf.(8)). The saddle point furnishcs the reflected

wave, and its proximity to a reflection coefficient pole implies strong (reflected wave)-

(leaky wave) interaction. This requir-- uniform asymptotics as described, for example, in

[26]. We first locate the saddle points = k, or V, which are defined by (11) when

applied to the phases

P,' (k ) = k( -)- K ; ' + .) (28a)

1-4
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Ij(v) = k. psin7 + p'siny'-2asiny,)- v(Y + 7'-27, -[0- 'j (28b)

in the reflected field integrals. The quantities y and 7' in (28b) are defined in (10b),

whereas Ya is given by

Ya = Cos- Xla (28c)

As for the incident GB alone (cf.(12a) and (12c)), the reflected field saddle point is

expressed explicitly for planar geometry but implicitly for cylindrical geometry,

x-Il

k-, = kf sin(6,). Ors tan-1  (29a)

cos-( p/(k p))+ cos- 1( ,/(k, p'))-2cos-1(V, /(k a)) = [0- '] (29b)

Deforming the original integration path into the SDP through the saddle point(s), due

account being taken of intercepted spectral poles numbered j= 1 to M, as well as poles

near the saddle point(s), one obtains the following results

r ex-pil4 7c 4 -exp{ikf(L'+L)}

(D -) - kP(L+L)

-- Res!Rp,(k)}k expfi(k) exp{-(-is P))2} 1 (30)

where (see Fig.3a)

[= -i'/cosO,, , L =- -y/cose, (30a)

and

15
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ex-p(iir/4} expik,(L'+L)} F a(L'+L)siny,,

Cr(p'Q) - R 1(v) -"1- kF(LL) 2LLa(L'+L)sinyai;_

I Mf Res{R,,(v)l. epI 1 v )} ((_g 2F i )21 c-L) (31
P_ )1/ 2} p r -(1

__1 kf(pp sin-ysinyl )1, exp{-(i'p) 2  1 1v,
_=1 P)

where (see Fig.3b)

L'= -'sin7'-asinY , L= psiny-asinja (31a)

In the above,

s, = i )] arg{ p, }= arg{(;, -;,)}-arg{SDPJ,, } (32a)

The quantity etfc() is the error function complement of complex argument defined by,

clfcq) exp{-§}Idt
C j(32b)

and Res{R(r,)}. is the residue of R( ) at .,i given by,

R()= V,)[Dxg)]- and Res{R(q)}, = N(%.,, )[dD(q, )/d;]-' (32c,d)

B. LPG incident beams: liquid-solid plane interface

The LPG incident beams in Sec.IIB give rise to reflected fields as in the spectral

integrals in (27a) and (27b), without extension to CSP but with spectral amplitudes

modified by the profile functions {(k.v.y') and 4,,(V.') in (20a) and (20b),

respectively, and by the spectral reflection coefficients. The evaluation of these spectral

16
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integrals can be effected by asymptotics as in Sec.IM.A, with resulting expressions as in

(30)-(3 2), but with different phase functions and corresponding saddle points. The

results are not included here. Instead, for the special case of a plane liquid-solid

interface, we follow the procedure first employed by Bertoni and Tamir (BT) [2] and

used subsequently by them and other investigators. BT applied the paraxial

approximation (see (22), etc.) to the phase and also used an approximate expression for

the interface reflection coefficient RPI(k) when the incident beam impinges near or at

the leaky Rayleigh angle,

R(k )= k =" RP(k) , k o= k'+ik, k:k > 0, kp << kr ko= kP33

where

k-f s i n a, - k-, k -k k-k-sin

=kfsinao-k P  k-,k) k sina o  k-kp (34)

The decomposition (34) into a geometrically reflected part R, and a leaky wave part

RI(k) highlights the strong interaction of these wave phenomena, and the resulting

nonspecular effects, near the Rayleigh angle.

Assuming that the incident beam profile establishes on the interface plane y=O a field

profile as in (19a), then the total field on the interface expressed by the paraxially

approximated spectral integral that includes the reflected wave spectra can be evaluated

in closed form [3]

VU (,.O) = V(x,O)+ V(x.0) (35)

where

k,(x'O)= ex{-[(x-x')/ v +ik sinc(x-x')} F/,Vnc (x.O) (35a)
V,

17
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k' - k0  f~!-
I, (x,0) = ) c -- 1+ [k, -k sin(c)] exp{Y2T} erfcf{(t}j (35b)

and

(Xw __X_ kfsinio -I(P
7YBT = YBT'+iBT" 2 (x-+ 2 (35c)

Since the interface lies well within the Fresnel zone of the incident beam, BT
approximated the 1/e width wr( ), given in (23), by iv which is related to w through

(71a).

In order to compare the expression for the nonspecular reflected CSP field

obtained in (30) with the BT solution (35), the expression for R(k) in (33) is used in (30).
In addition only one pole, denoted by k, needs to be accounted for in (30). It can be

shown that subject to the approximations already stated in the paragraph preceding (33),

and for observers well within the Fresnel zone ( /b)<< 1, the CSP solution reduces to

(35). In particular, the argument (-i.<;,) of the complemctary error function in (30)

reduces to 'Br defined above. This demonstrates the tremendous advantage gained by

the much greater versatility of (30).

C. Behavior of the Leaky Wave Field

The 'uniform' field associated with a leaky wave excited by a GB on a planar or

cylindrical interface is given by one of the terms in the sum in (30) or (31), respectively.

When the corresponding pole is not near the saddle point, the term within the braces

reduces either to unity, when the pole is intercepted by the SDP, or to zero, when it is

not. In the former instance, the leaky wave field reduces to the isolated (nonuniform)

value obtained from the residue of the intercepted pole. For small leakage, the phase

accumulation of an isolated leaky wave field in the planar or cylindrical case can be

interpreted to occur along the geometrical ray paths in Fig.5 which shows that the

exponential amplitude of the leak, wave, for ohservations at v=const. in plane geometry

or ) = const. in cylindrical geometry, depends on the real lateral lengths

18
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e~iJ (kp) } cexpiRe{k,)}L- Im{k }1}, Re{kp}/Imrk,} << 1 (36)

exPI(v,)} -exp(iRe{vP/a})L -ImfvP/a}L2}, Re{vP}/Im(vP << 1 (37)

The exponential decay along the real lateral path lengths between the CSP and the

observer as given in (36) and (37) correctly describes the isolated leaky wave field under

the small leakage assumption. However, it also describes to a good approximation the

behavior of the complex phase of the 'uniform' leaky wave field given by the full terms in

(30) and (31) outside the transition region where the strong interaction between the

specularly reflected field and the leaky wave field, quantified by the term within the

braces in (30) and (31), diminishes. Thus, on the observation surfaces in Fig.5, the phase

and magnitude of the leaky wave fields excited by a CSP Gaussian beam are given

qualitatively by (36) and (37), which implies: 1) the lateral phase propagation coefficient

of the leaky wave field is constant and given approximately by the real part of the

spectral pole: 2) the leaky wave magnitude decays exponentially with lateral distance. As

an observer on the interface moves from the region of weak excitation by the incident

beam, which corresponds to isolated poles and saddle points, toward the beam axis,
thereby decreasing the distance L, the exponential profile does not increase

indefinitely. Instead, it changes smoothly to the behavior shown in Figs.5 due to the now

effective terms in the braces in (30) and (31). The profiles shown in Figs.5, which hold

for beam incidence at or near the leaky wave angle, indicate that the leaky wave field is

excited mostly by a narrow bundle of rays about the incident beam axis. One can

therefore describe the extent of the leaky wave field by effective linear l/e widths

[Im{kP}]" and [Im{vP'a}] 1, respectively, for the planar and cylindrical cases.

The effective widths of the magnitude profiles of the leaky wave fields established above
are to be compared with the widths of the magnitude profiles of the specularly reflected

beams which, for observations at or near the interface, are given by the width of the
incident beam profiles projected onto the interface. The l/e width iv,(4) can be

approximated by
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) /cos0 0 , ) w,(+ / b2)1"2  (38)

where 0o is the incidence angle of the beam axis on the interface and " denotes the

distance, along the beam axis, from the beam waist to the interface. For the plane case,

0o=ao , and for the cylindrical case, 00 =sirf'{(p'/a)sir{cLo +tan-'(x'l)]}.

The ratio a of the specularly reflected field 'width' and the leaky wave field width, given
by o" = Im{kp} w,( ) ( planar) and a" = Im{vpia} w(,) (cylindrical) can be used as a

measure of the relative domains of influence of these field constituents. When a = 1, the

leaky wave field and the specularly reflected field have approximately the same extent

whereas when j<1, the leaky wave field extends beyond the region of the specularly

reflected field because [Im{kp}] 1 (or [Im{vpa}]'l)>wi(,). When o->1, the leaky wave

field decays to small values over the extent of the specularly reflected field. These

considerations, depicted in Fig.6, are useful in explaining qualitatively the interaction of

the leaky wave and specularly reflected fields and in predicting the pattern of the

nonspecularly reflected field, as revealed by the numerical results in Sec.IV. It should be

noted that a is directly related to the relative spectral locations of the leaky wave pole

and the reflected beam saddle point.

IV. NUMERICAL RESULTS

A comprehensive data base has been established by numerical calculations of

nonspecular (NS) reflection for various plane and cylindrical configurations, various

types of incident beams, and various observation domains. Because of space limitations,

only a few examples will be cited, with compact discussion and interpretation. Detailed

treatments are reserved for separate publication. For each case, the data includes a

referen:e solution computed by direct numerical integration of initial spectral integrals,

and the asymptotic approximations for these integrals. The comparisons establish the

quality of the asymptotic results.

The first set of data, in Fig.7, shows a comparison between the CSP and BT

results presented in (30) (with = 1) and (35), respectively. The parameters are for a

typical curve in the original BT paper [3] and are listed in the figure caption. The plots

show the magnitude and real part of the NS reflected field on the interface plane. For

the listed parameters. with i:b= 1, 10 (see paragraph following (35c)), the BT restriction
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to observations well within the Fresnel zone is satisfied. The agreement between the two

solutions is excellent. Discrepancies have been shown to arise when the observation

plane is moved away from the CSP source such that the impinging beam on the interface
is less well collimated. Such beam spreading, which is readily modeled by the CSP GB,
cannot be accommodated by the BT solution. It may be noted that the BT parameter
2wo/A s, where A, is the Schoch displacement, is equivalent to our Im{kP}w x, which is

more universally applicable.

The schematization of interaction regions for various incident beams and interface
configurations in Fig.8, with the incident wavenumber periodicities as shown, is helpful
to explain the combined (leaky wave)-(reflected beam) effects. Referring to Sec.IIIC,
assuming that a = I or a< 1, then when the various induced periodicities, which generate
the geometrically reflected beam, interact with the constant periodicity of the leaky
wave, the outcomes are different interference phenomena, that lead to splitting of the

composite reflected field. For case (a), interference nulls are far apart , whereas for
cases (b) and (c), the reflected beam and leaky wave constituents are in and out of phase
repeatedly over their common interaction region, thereby producing patterns with
multiple minima and maxima (multiple splitting) in addition to the conventionally
observed splitting due to the reflection coefficient zero in (33). These qualitative
predictions are confirmed in Fig.9 which shows generic NS reflection patterns from

planar geometries for various values of the parameter a and degrees of collimation of
the incident beam. Two types of leaky wave poles are treated: the Rayleigh-type in

Fig.9a and the Lamb-type in Fig.9b. In the first, the zero of R(k) in (33) is the complex
conjugate of the pole. In the second, the zero is real, with a value equal to the real part

of the pole. Lamb-type leaky waves arise in multilayered structures, whereas Rayleigh-
type leaky waves occur on interfaces between elastic and fluid half-spaces.

The versatility of the CSP algorithm is further demonstrated by application to

beam reflection from an aluminum plate and solid cylinder immersed in water. Exact
expressions for the reflection coefficients and their residues at the leaky wave poles are
necessary to generate the data. Due to lack of space, these lengthy expressions are not
included. The reader is referred to Ref.5 for R(k) pertaining to the plate, and to Ref.32
for R(v) pertaining to the solid cylinder. In the planar case, the symmetric and

antisvmmetric leaky Lamb modes yield separate residues. For the cylinder, Debye
approximations are employed to derive a high-frequency R(v) for use in the reference
solution (27b), whereas a BT-likc approximation as in (33) has been employed to
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generate the asymptotic solution (31). These considerations will be reported in detail in

a separate paper.

In Figs.10(a) and 10(b), the aluminum plate is insonified with a diverging GB atf-d=6

MHz-mm, where f is the signal frequency and d is the plate thickness; the plate and

beam parameters are listed in the captions. The various leaky Lamb waves excited at

this f-d value give rise to the dips in the magniLude profile of R(k) shown in Fig.10(a);

the complex poles and corresponding zeros are listed in Table 1. In Fig.10(b), selecting
the incident beam angle czo so as to establish strong phase matching to the A, mode, one

obtains for the incident beam profile shown dashed the NS reflected field solid-curve

reference solution generated from (27a), and the dotted uniform asymptotic solution
generated from (30), with ,m=4 accounting for the S1, A1 , So, and A0 mode contributions

which are anticipated to be the dominant contributors. Their separate contributions are

shown by the solid curves in Fig. 10(c); the specular reflected field profile, shown by the

dashed curve, is strongly dependent on the location of the saddle point relative to the
poles and zeros of R(k) in the complex spectral plane. It can be observed that the A1

mode is strongly c:xcited, but that the neighboring modes cannot be ignored. The A,

mode has a broader extent along the interface due to its smaller leakage factor, as seen

from Table 1. The large spikes in the magnitude profiles of the specular reflected field
and the A0 mode near x=27 are due to the proximity of the reflected field saddle point

near the A, pole. However, the sum of these two terms behaves smoothly, as can be

seen from the total field plot in Fig. 10(b) which has been validated by comparison with

purely numerically gener-"ted reference data.

Figure 11 contains results for the aluminum cylinder in water insonified by a well

collimated GB that is phase matched to the leaky Rayleigh wave. The material

properties of the cylinder are the same as in the caption of Fig.10(a); the incident beam

parameters are listed in Fig.11. The magnitude of the NS reflected field shown in Fig.11

by the solid curve is generated from the asymptotic solution (31), with M=1, and R(v)

approximated similarly to (33). The spectral pole location given in the figure caption is
based on assumption of locally planar conditions, i.e., v,,=k a where k is given in the

cantion of Fie.7 and a is the cylinder radius. The reference solution shown in dots is

obtained from (27b) with use of the Debye-approximated R(v). The separate

contributions of the leaky Rayleigh wave and the specularly reflected fields are shown by

the short-dashed and long-dashed curves, respectively. The multiple splitting of the NS

reflected field has been anticipated in the explanation of Fig.S. One notes that the
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profiles of 'he strongly excited leaky wave in Fig.11 and in Fig.10(c) (A1 mode) match

closely the profiles sketched in Figs.6 and 5.

ACKNOWLEDGEMENT

This work has been supported by the U.S. Air Force Office of Scientific Research
under Grant No. AFOSR-90-0088 and also, during its last phase, by the David Taylor
Research Center under subcontract from Johns Hopkins University.



Non-Specular Reflection of Beams

REFERENCES

[1] F. Goos and H. Hanchen, "A New and Fundamental Experiment on Total

Reflection," (in German), Ann. Phys. (Leipzig) 1, 333-346 (1947)

[21 T. Tamir and H. L. Bertoni, "Lateral displacement of optical beams at

multilayered and periodic structures," J. Opt. Soc. Am., 61, 1397-1415 (1971)

[31 H. L. Bertoni and T. Tamir, "Unified theory of Rayleigh-angle phenomena for

acoustic beams at liquid-solid interfaces", Appl. Phys., 2, 157-172 (1973)

[4] W. G. Neubauer, "Observation of acoustic radiation fromn plane and curved

surfaces, " in PhysicalAcoustics, edited by W. P. Mason and R. N. Thurson

(Academic, New York, 1973), Vol.60, 61-126
[5] T. J. Plona, L. E. Pitts, and W. G. Mayer, "Ultrasonic bounded beam reflection

and transmission effects at a liquid/solid-plate/liquid interface", J. Acoust. Soc.

Am., 59, 1324-1328 (1976)

[6] L. E. Pitts, T. J. Plona, and W. G. Mayer, "Theoretical similarities of Rayleigh

and Lamb modes of vibration", J. Acoust. Soc. Am., 60, 374-377 (1976)

[71 L. E. Pitts, T. J. Plona, and W. G. Mayer, "Theory of nonspecular reflection
effects for an ultrasonic beam incident on a solid plate in a liquid", IEEE

Trans. Sonics Ultrason., SU-24, 101-109 (1977)

18] M. A. Breazeale, L. Adler, and G. W. Scott, "Interaction of ultrasonic waves

incident at the Rayleigh angle onto a liquid-solid interface," J. Appl. Phys. 48,

530-537 (1977)

[9] T. D. K. Ngoc and W. G. Mayer, "Numerical integration method for reflected

beam profiles near Rayleigh angle, "J. Acoust. Soc. Am., 67, 1149-1152 (1980)

[10] T. D. K. Ngoc and W. G. Mayer, "A general description of ultrasonic

nonspecular reflection and transmission effects for layered media", IEEE

Trans. Sonics Ultrason., SU-27, 229-236 (1980)

[11] T. D. K. Ngoc and W. G. Mayer, "Influence of a plate mode structure and

Gaussian beam profile characteristics on ultrasonic reflection and

transmission, " IEEE Trans. Sonics Ultrason., SU-29, 112-114 (1982).

[12] J. M. Claeys and 0. Leroy, "Reflection and transmission of bounded beams on

half-spaces and through plates," J. Acoust. Soc. Am., 72, 585-590 (1982)

[13] A. N. Norris, "Back reflection of ultrasonic waves from a liquid-solid interface," J.

Acoust. Soc. Am.. 73, 427-434 (1983)

24



Non-Specular Reflection of Beams

[141 J. Pott and J. G. Harris, "Scattering of an acoustic Gaussian beam from a

fluid-solid interface," J. Acoust. Soc. Am., 76, 1829-1838 (1984)

[15] H. Schmidt and F. B. Jensen, "A full wave solution for propagation in

multilayered viscoelastic meadia with application to Gaussian beam reflection at

fluid-solid interfaces," J. Acoust. Soc. Am., Vol.77, 813-825 (1985)

[16] J. G. Harris and J. Pott, "Further studies of the scattering of an acoustic

Gaussian beam from a fluid-solid interface," J. Acoust. Soc. Am., 78, 1072-

1080 (1985)

[17] M. Rousseau and Ph. Gatignol, "Short wave analysis for the reflection of
bounded acoustic beams onto liquid-solid interafces at the Rayleigh incidence", J.
Acoust. Soc. Am., 78, 185)-1867 (1985)

[18] M. Rousseau and Ph. Gatignol, "Asymptotic analysis of nonspecular effects for

the reflection and transmission of a Gaussian acoustic beam incident on a solid

plate", J. Acoust. Soc. Am., 80, 325-332 (1986)

[19] D. E. Chimenti and A. H. Nayfeh "Ultrasonic leaky waves in a solid plate

separating a fluid and vaccum," J. Acoust. Soc. Am., 85, 555-560 (1989)

[20] T. Kundu, "On the nonspecular reflection of bounded beams," J. Acoust. Soc.

Am., 83, 19-24 (1988)

[21] H. C. Choi and J. G. Harris, "Scattering of an ultrasonic beam from a curved

interface," Wave motion, 11, 383-406, 1981)
[22] J. W. Ra, H. L. Bertoni, and L. B. Felsen, "Reflection and transmission of

beams at a dielectric interface," SIAM J. Appl. Math. 24, 396-413 (1973).

[23] L. B. Felsen, "Complex rays," Phillips Res. Reps., Special Issue in honor of C.
J. Bouwkamp, 30, 187-195, 1975.

[24] M. Couture and P. A. Belanger, "Form Gaussian beam to complex-source-

point spherical wave," Phys. Rev. A 24, 355-359 (1981).

[251 L. B. Felsen, "Geometrical theory of diffraction, evanescent waves and

complex rays," Geophys. J. Roy. Astron. Soc., 79, 77-88, July 1982.

[26] L. B. Felsen and N. Marcuvitz, Radiation and Scattering of Waves (Prentice

Hall, Englewood Cliffs, N.J., 1973).

[27] L. B. Felsen, J. M. Ho, and I. T. Lu, "Three-dimensional Green's functions for
fluid-loaded thin elastic cylindrical shell: Formulation and solution," J. Acoust.

Soc. Am., 87, 546-553 (1990)

[28] L. B. Felsen, J. NL. Ho, and I. T. Lu, "Three-dimensional Green's functions for
fluid-loaded thin elastic cylindrlcal shell: Alternative representations and ray

acoustic forms," J. Acoust. Soc. Am., 87. 554-569 (1990).



'on-Specular Reflection of Beams

[29] L. B. Felsen and S. Zeroug, "Ultrasonic beam method for localized weak
debonding in a layered aluminum plate," J. Acoust. Soc. Am., 90, 1527-1538

(1991).

[30] A. E. Siegman, Lasers, (University Science Books, Mill Valley, CA, 1984),

Chap. 16.
[31] H. A. Haus, Waves and Fields in Optoelectronics (Prentice-Hall, Englewood

Cliffs, NJ, 1984), Chap. 5.1.
[32] G. V. Frisk, J. W. Dickey, and H. Uberall, "Surface wave modes on elastic

cylinders," J. Acoust. Soc. Am., 58, 996-1008 (1975)

2 6



Noz -Sp'cular Reflection ( Beams

FIGURE CAPTIONS

FIG.1 Planar and cvlindrical configurations excited by CSP and LPG beams, with relevant

parameters and coordinates.

FIG.2 Integration paths, branch points, branch cuts, and poles in complex-k plane for two

fluid-solid half spaces. The sketch depicts a single (Rayleigh) pole which is intercepted

during the deformation from the original contour into the SDP. For layered media, there
are additional poles but branch points only at ±kf. The integration paths in the complex v-

plane are similar but there are no branch points.

FIG.3 Complex ray interpretation of CSP saddle point conditions for incident and reflected

fields. Planar: see (12a) and (29a); cylindrical: see (12b) and (29b).

FIG.4

(a) Magnitudes of incident we!l-collimated GB along interface plane (y=0), for waist

locations that place Y=0 inside and outside the Fresnel zone b, respectively. LPG GBs:

reference solution from (3a) with (20a), solid curve; paraxial from (23), dashed. CSP GBs:

dots; both the reference solution (7a) and the asymptotic solution (14) yield the same curve.
Parameters: b=50, ax =30.593 ° . Waist at (x',y')=(-19.5 6 ,-50) yields the larger and narrower

profiles within the Fresnel zone. The LPG solution has been divided by 1.162 to match its
maximum amplitude to CSP. All distances are normalized to fluid wavelength Xf=27rkf.

(b) Magnitude and phase of narrow-waisted diverging GB along interface. Comparison

between LPG GB and CSP GB. Parameters: b=5, x0 =30.5930. (x',y')=(-11.825,-20). All

distances are normalized to fluid wavelength ?ti=2irk.

FIG.5 Ray trajectories for weakly damped leaky waves. The amplitude profiles sketched for

the leaky wave fields are explained in the text.

FIG.6 Domains of influence of leaky wave and specularly reflected fields.

FIG.7 Magnitude and real part of NS reflected field along water-Al interface (not

including tme incident field), for incidence at the leaky Rayleigh wave angle.

Comparison between Bertoni and Tamir (BT) solution (35) (solid) and CSP solution
(30) with.= 1 (dots). R(k) is approximated as in (33). Parameters: BT: w,=4.264, CSP:

b=42.33, (x'.,')=(-2.152,-3.64). cc.0 =30.5930 . kP=(sin30.593'.+i0.01494 4 ), ko=k P. All

distances are normalized to the wavelength ? =2,;, and all wavenumbers (poles and

""7
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zeros) to the wavenumber kf, in the fluid. In the plots, both solutions are normalized to

unit maximum amplitude for direct comparison.

FIG.8 Schematization of interaction regions created on plane and cylindrical interfaces by

various incident GBs. The equiamplitude contours (phase paths) of the beams are shown up

to the (l/e) contours that define the effective beam widths. Wavenumber periodicities

induced by wavevector projection along the interface are shown below the interface.
e0 =beam axis incidence angle. a) Well-collimated wide-waisted beam; plane interface.

Periodicity along interface is nearly constant (parallel phase paths, uniform projections). b)

Diverging narrow-waisted beam; planar interface. Periodicities along interface vary from

rapid to slow (diverging phase paths, nonuniform projections). c) Well-collimated beam as

in a); cylindrical interface, Curvature induces periodicities along interface analogous to

those in (b) (parallc! phase paths, nonuniform projections). All distances are normalized to
the fluid wavelength ?.f=2 t/,f.

FIG.9a NS reflected field magnitudes, on the interface, due to well collimated (left

column) and diverging (right column) GBs phase matched to a Rayleigh-type leaky wave, as
a function of G=W( )Im{k,}. The NS reflected field (which excludes the incident field)

shown bv the solid curve is compared with the magnitude of the incident beam shown

dashed. The horizontal coordinate x is normalized to the projected 1/e width w,(4) of the
incident beam. The parameters of the incident beams, schematized in Figs. 8(a) and 8(b),

are (x,,=30.593", b=200 (w0 =S. .v(-)=l0.75) and b=20 (Wo=2.5, w,( )=17.25) for the

well-collimated and diverging beams, respectively. The plots have been generated by
specifying (, and determining therefrom Im{k }. These values are needed in (30) to

generate the NS reflected field with R(k) approximated by (33).

FIG.9b Sarne as Fig.9a, but phase matched to a single Lamb-type leaky wave with

corresponding R(k) approximated as in (33), but with a real zero equal to Re{k }. Large

differences between incident beam and the NS reflected field magnitudes may be attributed

to fields transmitted through the plate.

FIG.1O

(a) Spectral magnitude of plane-wave reflection coefficient R(k) for an aluminum plate

immersed in water, atf-d=6 Nflz-mm: several leaky Lamb waves are excited. Spectrum of

the diverging beam incident at ct,=24.775 '. phase matched to Re{k } for leaky wave A1

(see -Table 1), is also shown. For be:m parameters, see Fig. 10(b). Plate parameters:
v . v=03 5 48 . v2 w.=47' -i. and p,-p, =Y370T.7, whcre v,. v,. v , are, respectively, the sound
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speed in water and the longitudinal and transverse wave speeds in the plate; pf'p is the
density ratio of fluid to solid. The dips locations correspond to the Re{k,,} values for the

indicated leaky Lamb modes.
(b) Magnitude of NS reflected field for Al plate in water observed on y=O plane. Solid:
reference solution (27a); dots: asymptotic solution (30) with M=4 corresponding to S1, A1,
So, and A0 (see Table 1). Diverging incident beam profile is shown dashed (see also

Fig.10(a)). Parameters: b=56, (x',y')= (-92.31,-200), f.d=6 MHz-mm, cto=24.776' (strong
phase matching to A1 leaky Lamb wave)

(c) Magnitudes of separate contributions from specularly reflected field (dashed) and leaky
wave fields SI, A1, So, and A ) (solid).

FIG.11 Magnitude of NS reflected field on surface of Al cylinder immersed in water, for
well collimated incident beam (see Fig.S(c)). Dots: reference solution (27b). Solid curve:

asymptotic solution (31) with .m,= 1. Short-dasiied: contribution of leaky wave field. Long-
dashed: contribution of specularly reflected field. Beam axis intersects cylinder surface at
p= 18.37". Parameters: (x'v')= ,10,-50), c,= 12.22 ° , 00 30.593 ° . b=200, a=40. Pole values

v,=Vp r+i v PVPI= 12[7.9, ='p3.75.
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Mode type pole: kIkf zero: kjk/f

S2  (12.31295) + i 0.0031218 (12.3025) + i 0

A, (13.63707) + i 0.0018042 (13.6395) + i 0

S1  (17.61137) + i 0.0095777 (17.6256) + i 0

A, (24.77660) + i 0.0076641 (24.76)7) + i 0

S,) (30. 763) + 1 0.0166403 (30.5743) - i 0.014906

(l (3 0.74412) + i 0.0139146 (30.5743) + i 0.014906

TABLE I Locations of poles and zeros of R(k) for aluminum plate immersed in

water at f-d=6 \lttz-nim, with material parameters listed in caption of

Fig. 10. The real parts of the poles and zeros are expressed in terms of the

angular spectrum 0 (degrees), i.e. Re{kkf}=sin 1 (0). Note that the So

mode approaches the leaky Rayleigh wave pole asf-d becomes large [5].
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NON-SPECULAR REFLECTION OF BOUNDED BEAMS FROM
MULTILAYER FLUID-IMMERSED ELASTIC STRUCIURES: COMPLEX RAY
METHOD REVISITED

Smaine Zeroug and Leopold B. Felsen
Department of Electrical Engineering / Weber Research Institute
Polytechnic University
Farmingdale, N.Y. 11735

INTRODUCTION

The excitation of various types of leaky waves in layered elastic media by beams
incident from an exterior fluid at or near the leaky wave phase-matching angle is of
interest for NDE applications. In particular, much attention has been given to the
non-specular reflection of beams under such conditions of incidence. While various
methods have been employed to study and clarify these phenomena for well
collimated beams in plane layered environments [1-111, much less has been done on
the corresponding effects when the incident beams are diverging and/or when the
layers are curved. To extend the plane layer results to more general conditions, it is
desirable to employ analytic modeling that adapts the wave phenomenology locally
from planar to curved geometries. Because the phenomena occur in the range of high
frequencies, ray field modeling affords an attractive option. By the complex-source-
point (CSP) technique, which places a radiating source at a complex coordinate
location, a conventional line or point source excited field can be converted into a two-
or three-dimensional quasi-Gaussian beam field that is an exact solution of the
dynamical equations [12,13]. When the CSP field interacts with a plane or cylindrically
layered elastic medium, the resulting internal and external fields can be expressed
rigorously in terms of wavenumber spectral integrals [14]. Asymptotic reduction of
these integrals, atihieved by the method of saddle points applied to deformed contours
in the complex spectral wavenumber plane, accounts for all relevant wave
phenomena. For the reflected field, this yields explicit waveforms which are
synthesized by interacting specularly reflected beam, leaky wave, and possible lateral
wave contributions.

The solution strategy outlined above has been applied here to arbitrarily
collimated beams that impinge on plane and cylindrically layered geometries at or
near the phase matching condition for a leaky wave. For the plane layered
environment, the arbitrarily collimated beam formulas developed in this paper for the
reflected field at all observation angles and distances reduce near phase matched
incidence, and for the well-collimated and paraxial regime, to the non-specular results
in the literature [1]. It is also shown that diverging beams incident at the phase-



matching angle give rise to a more complex reflected pattern than do well-collimated
beams, owing to the more extended and nonuniform interaction region between the
specularly reflected and the leaky wave field, which is established by the diverging
beam. For the same reason (extended nonuniform interaction region) this behavior is
obtained as well for the case of well-collimated beams incident upon a cylindrical
interface. The entire formulation is two-dimensional. The three-dimensional case is in
preparation.

The paper is organized as follows. The analytical foundation for plane and
cylindrically layered elastic structures is presented in Sec.I, with incorporation of the
CSP method and the asymptotic reductions. The asymptotic constituents include
incident, specularly reflected, and leaky wave fields that are generated by a CSP-
extended line source. The specular and leaky wave parts are treated by uniform
asymptotics to account for their strong interaction near the phase-matching condition.
Numerical results for beams with various collimations impinging on planar and
cylindrical water-aluminum interfaces are shown and interpreted in Sec.ll. Final
remarks about the advantages of the complex ray method conclude the presentation.

I. FORMULATION

We consider two-dimensional scattering of the pressure field !P excited by a line

source in a fluid in the presence of a submerged plane or cylindrically layered elastic
structure. With the source located at p', the time-harmonic pressure field :' at an
observation point p in the fluid can be derived from a displacement potential field 4D,

!(PP' ) =-Pf (02 c((p') (1)

where pfis the fluid density, o is the source frequency and a time dependence exp{-iao}

is suppressed. The potential field in the fluid satisfies the source-excited Helmholtz
equation with boundary conditions that account for the layered elastic structure, in
addition to a radiation condition at infinity. Solution of these boundary value problems
is effected in the spectral wavenum er domain corresponding to the space coordinate
tangential to the layer boundaries []. For the plane layered p=(xy) geometry, with
the layer interfaces alongx, the spectral wavenumber is denoted by k, whereas for the
cylindrically layered p=(p,) geometry, with the layer interfaces along 0, the spectral
wavenumber is v. With a caret denoting spectral domain quantities, the spectral
decomposition yields for the planar and cylindrical cases, respectively,

-Dxyj~, = iHj::)P(~yy') expik(x - x)} dk (2a)

= + ,j(v;p,p') exp~iv(4- 0'))dr  (2b)

Note that k has the dimensions of length "1 while v is dimensionless. In (2b), the

physical -x: 5 x azimuthal domain has been extended to -- < 0 < -o in order to

remove the 2it-periodicity constraint from the azimuthal wave spectra. This extension,
which allows the inclusion of angularly traveling waves with arbitrary angular
periodicity, properly describes high frequency phenomena arising from localized



interactions as in the present study [15]. The reduced forms of the wave equations for
the planar and cylindrical cases are solved to yield [161

iD1(k-yY) [expicf j-y}+ R(k)expihf y+y}] (3)
2f

i = [ Re{ic,}>Oif Ikjkf (3a)
tPm(K )}>O0ifIAJk k

4(v;p,p') = )(kf pJ ) + v) ' a) p a(4)
g~~I)Qkfa) (fP I >a4

where kf cu/v 1 and v1 is the sound speed in the fluid, while R(k) and R(v) are,
respectively, the spectral domain reflection coefficients accounting for the scattering
environment [16].

Equations (2), (3), and (4) represent the formal solutions for line-source-excited
inputs. The total field excited by a beam input can be constructed via the complex-
source-point (CSP) technique [12]. With a tilde - denoting a complex coordinate as
well as functions of a complex coordinate, the line source is displaced into the
complex coordinate plane via

Y- i=x'+ibsinaOo, y'-)y"=y'+ibcosa0 , breal>O, -x < <a0  +x (5a)

p'-- p'= JiY ,Rej'}> 0; 4'-+ 4'= tan-' { } with '= xt wheni'= 0 (5b)

The real-space field radiated by this complex source is a beam with quasi-Gaussian
amplitude profile whose maximum lies along the angular direction ot,. The l/e beam
width wo at the waist (x'y') is given by wo=(2b/kf)tW, which establishes b as the Fresnel
length of the beam. Note that substitution of the complex extensions (5) into (2), (3)
and (4) yields exact formal solutions for the beam input.

The exact spectral integrals representing 0 in the fluid can be evaluated
asymptotically by the saddle point method applied in the complex wavenumber plane.
Typically, one deforms the integration contour from the real axis in the complex k or v
plane, along which the integrand is highly oscillatory, into the steepest descent path
(SDP) passing through the stationary (saddle) point of the phase of the integrand. The
dominant contribution to the high frequency field then arises from the saddle point
and from the singularities (poles and branch points) intercepted during the SDP
deformation. Non-specular reflection of bounded beams, which is the concern of this
study, is chararterized by the strong interaction of the reflected beam field
contributed by the saddle point and a leaky wave pole singularity of the spectral
reflection coefficient. This strong interaction, generated by phase matching between
the incident beam and the leaky wave, manifests itself by the close proximity of the
leaky wave pole and the saddle point, thereby requiring uniform asymptotics in the



reduction of the spectral integrals [141. For the planar case, the final expression for
the total potential field in the fluid is found to be given by

expixpii: 4} exp(ik (1' +I )}
2VPH rk,-? 2,r2, k (7'+7)

_________ ~~Res{J (k)}, x~~~) 6
Res{/ :k i e k f

exp(1r.1+ exe-~)erp(k )1k (6)

where

'=-'cosso , , =-y/oS,4, ,6, =ta n-' (6b)
y +(]

For the cylindrical case,

ex() ik 1, +ix1/4} - exp(if (1'+)+in4} a('+!)siny.

1 Res(]R3)}, ) e}f(-i )exp( )
4k (p[Ysin sin j r r-2  ,i(vpP

es{R(y,)}y -expRiP 1 ( , )}(7)

P

where

( , ) = k (p sinj + ' sin '-2a sin .) , + :-2yo-, - - D'] (7a)

7'= 'sifY-asinm 1;, 7 =psiny-sin.I. (7b)

In the above,

S= ji[ .( )- % )I' q --k (planar) or v (cylindrical) (Sa)

erfc(z)= AJ exp-q dq (8b)



= /(x_-,+(y-. , Re{l,}_ 20 (8)

The spectral variables k, and vs denote the complex saddle point value, while kP and
vp denote the pole singularity of the reflection coefficient R which is approximated by

/ )=q-.,g = qP, (9)

with the asterisk expressing the complex conjugate. The commonly used simple form
of (9) (see [1]) accounts for the relevant spectral phenomena associated with
nonspecular reflection, in particular, the main splitting due to the close proximity of a
pole and a zero in (9). The first two terms in (6) or (7) represent, respectively, the
incident or direct beam field and the specularly reflected beam field. The third term
accounts primarly for the leaky wave field in isolation and partly (via the
complementary error function erfc(z)) for the strong (leaky wave)-(reflected beam)
interaction, while the fourth term accounts for the strong interaction effects not
included in the third term. When the observer moves outside the strongly interacting
nonspecular reflection region, the third term reduces to the isolated leaky wave field
plus a remainder, which is now canceled by the fourth term. The breakup into the
third and fourth terms as shown is convenient for numerical computation over the
entire regime near, or far from, the nonspecular region.

II. NUMERICAL RESULTS

The numerical results presented below implement (6) and (7) for a water-
aluminum interface under conditions where the incident Gaussian beam is nearly or
exactly phase matched to the leaky Rayleigh wave. Accordingly, for the planar case,
the leaky wave spectral pole is located at [1],

kp=kpr+i kPi ; kPr=kfsin(30.593°), kpi=0.01494kf (10)

For the cylindrical case, assuming locally planar conditions, the corresponding spectral
pole is obtained via the relation [16]

k=v/a (11)

which for a cylindrical interface of radius a =40 yields

vpr=127.9, vpi=3.75 (llb)P P

The CSP-source is located at

(x',y')=(0,-20)--planar geometry; (x',y')=(10,-50)--cylindrical geometry (12)

In the above, and henceforth, all distances are normalized to the fluid
wavelength. Figures 1 to 3 contain typical samples of results extracted from a
comprehensive data set that will be presented in greater detail elsewhere [16]. Figure
1 depicts schematically three beam-interface combinations, together with the wave
periodicities induced along the interface over the extent of the incident beam. The



mechanism that establishes these periodicities is discussed in the caption of Fig.1. For

the well collimated beams in Figs.1(a) and 1(c), the interfaces are well inside the
Fresnel region, whereas for the strongly diverging beam in Fig.l(b), the interface is
well outside the Fresnel region. When the various induced periodicities, which
generate the geometrically reflected beam, interact with the constant periodicity of
the leaky wave, the outcome are different interference effects, which lead to splitting
of the composite reflected field. For case (a), interference nulls are far apart, whereas
for cases (b) and (c), the reflected beam and leaky wave constituents are in and out of
phase repeatedly over the interaction region, thereby producing patterns with multiple
minima and maxima (multiple splitting). These qualitative predictions are confirmed
in Figs.2 and 3. The conventionally observed splitting due to the reflection coefficient
zero in (9) occurs in addition.

beam waist
(10,-50) -

beam waist beam waist 0
(0,-20) (0,-20 00

-40- (12.6,-38)

0. V

11.8 11.8 //

Y W x y N X

()Y 40X

Fig.1 Schematization of interaction regions created on plane and cylindrical interfaces
by various incident beams. The equiamplitude contours (phase paths) of the
beams are shown up to the (l/e) contours that define the effective beam widths.
Wavenumber periodicities induced by phase matching (wavevector projection
onto the interface) are shown below the interface. 0 o=beam axis incidence
angle. a) Well-collimated wide-waisted beam; plane interface. Periodicity along
interface nearly constant (parallel phase paths, uniform projections). b)
Diverging narrow-waisted beam; planar interface. Periodicities along interface
vary from rapid to slow (diverging phase paths, nonuniform projections). c)
Well-collimated beam as in a); cylindrical interface. Curvature induces
periodicities along interface analogous to those in (b) (parallel phase paths,
nonuniform projections). All distances are normalized to wavelength in fluid

Xf -- 21E/k
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Fig.2 Detailed comparisons of total potential field magnitudes away from a plane
water-aluminum interface, generated by various beams incident at the leaky

Rayleigh wave angle %p=30.5930. Beam waists located at (x'y)=(0,-20)

(coordinate designations as in Fig.1). Beam Fresnel lengths: b=5, 50, and 200.
Corresponding 1/e widths at the waists: wo= 1.3, 4, and 8. Beam launching angle

with respect toy axis: ao=30.5930 . Observer aty=-20, in the plane passing

through the incident beam waist. Schematics in insets show incident beam
parameters, (l/e) beam contours and phase paths: strongly divergent, "narrow"
well collimated, wide well collimated. The geometrically reflected beam axis is
drawn dashed. Plots show total potential magnitudes computed from (6),
established by interference between reflected and leaky wave fields (incident
field does not reach region of observation). For interpretation, see Figs.1(a) and
1(b), and discussion in the text.
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Fig.3 As in Fig.2, but for cylindrical interface, with radius a=40. Beam waists located

at (x',')= (10,-50). Beam launching angle with respect to y axis: ao = 12.22,

corresponding to incidence angle 0o=30.5930 on cylindrical interface. Observer

located on circle p=70. Plots show total potential magnitudes computed from
(7). For interpretation, see Figs.l(b) and 1(c), and discussion in the text.



CONCLUSIONS

The CSP method has been shown to furnish a versatile algorithm for predicting
interaction of arbitrarily collimated quasi-Gaussian beams with plane and cylindrical
fluid-solid interfaces, at arbitrary incidence angles that include phase matching to
leaky waves. The algorithm can be implemented numerically without difficulty, can be
generalized to arbitrarily curved and layered configurations, and can be extended to
three dimensions. Details pertaining to the present applications and extensions will be
submitted elsewhere for publication.
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