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{ = The objective of this research effort has been to develop algorithms for in-situ
location and identification, by ultrasound, of flaws in plates or laminated layered
elastic materials. Achieving this objective requires detailed knowledge of the
: excitation, propagation, scattering and detection of high frequency sound waves in the
unflawed and flawed environments. Based on an understanding of these fundamental

2 wave phenomena, one may then attempt to construct analytical models with
' accompanying algorithms, so as to parametrize the NDE problem in terms of "good
observables.”

During this final period, the research program under the predecessor Grant No.
AFOSR-86-0318 was phased out. Major effort was expanded on completing research
items initiated under the predecessor grant, and on preparing final manuscripts for
publication. For the description of these previous studies, the readers should refer to
the Final Report on the predecessor grant.

A new phase was initiated during the current period, namely, a systematic study of
nonspecular reflection of ultrasonic acoustic beams impinging from a fluid onto planar
and cylini cal layered elastic materials. The nonspecular effect occurs when the
incident beam is phase matched to a leaky mode in the structure and thereby causes
the reflected field to be dominated by strong interaction between the specularly
reflected beam profile and the leaky mode. The resuiting interference pattern is a
sensitive indicator of the leaky mode, and therefore of the state of the layers
(including bonding layers) which generate that mode. Our effort has generalized
previous studies -- which have dealt only with well-collimated (Fresnel zone) incident
and reflected regimes, and only for plane geometries -- to arbitrary regimes allowing
diverging incident beams. The new results show that the nonspecular effects are
strongly affected the incident beam profile and by surface curvature.
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Abstract

The objective of this research effort has been to develop algorithms for in-situ
location and identification, by ultrasound, of flaws in plates or laminated layered
elastic materials. Achieving this objective requires detailed knowledge of the
excitation, propagation, scattering and detection of high frequency sound waves in the
unflawed and flawed environments. Based on an understanding of these fundamental
wave phenomena, one may then attempt to construct analytical models with
accompanying algorithms, so as to parametrize the NDE problem in terms of "good
observables."

During this final period, the research program under the predecessor Grant No.
AFOSR-86-0318 was phased out. Major effort was expended on completing research
items initiated under the predecessor grant, and on preparing final manuscripts for
publication. For the description of these previous studies, the reader should refer to
the Final Report on the predecessor grant.

A new phase was initiated during the current period, namely, a systematic study of
nonspecular reflection of ultrasonic acoustic beams impinging from a fluid onto planar
and cylindrical layered elastic materials. The nonspecular effect occurs when the
incident beam is phase matched to a leaky mode in the structure and thereby causes
the reflected field to be dominated by strong interaction between the specularly
reflected beam profile and the leaky mode. The resulting interference pattern is a
sensitive indicator of the leaky mode, and therefore of the state of the layers
(including bonding layers) which generate that mode. Our effort has generalized
previous studies -- which have dealt only with well-collimated (Fresnel zone) incident
and reflected regimes, and only for plane geometries -- to arbitrary regimes allowing
diverging incident beams. The new results show that the nonspecular effects are
strongly affected the incident beam profile and by surface curvature.




I. BACKGROUND AND ACCOMPLISHMENTS

A. Previous Effort

For general information and previous accomplishments pertaining to this effort on
in-situ fault detection by the hybrid ray-mode method, the reader is referred to the
final report on the predecessor grant, appended as Appendix A.

B. Present Accomplishments
1. Completion of pending tasks

During the present period, the phase-out period for this effort, research tasks
initiated earlier were brought to completion, and major effort was expended to
prepare manuscripts for publication of the results. Publications are listed in Section II
and are identified by [ ] in the text. With reference to Appendix A, items in this
category include the following:

a. Multiple reflected beam synthesis of fields excited by a high frequency oblique
beam input in an elastic plate.

This study was motivated by the results in item II.A2 of Appendix A, which showed
that the initial field profile is beam-like before it eventually converts into the guided
modes of the plate. The beam model was utilized in the flaw detection scheme
proposed in item II.A3 and Ref. [7] of Appendix A. The present study extended the
previous investigation by systematically tracking the initial beam through successive
multiple reflections (with P-S coupling) in order to identify the limits of resolution due
to overlapping multiples. The results are contained in [1], and a copy of the
manuscript is attached as Appendix B.

b. Ultrasonic beam method for localized weak debonding in a layered aluminum
plate.

This is a completion of item IILA3 of Appendix A. A manuscript has been
prepared and published [2], and is attached as Appendix C.

c. Transducer output modeling by Gaussian beam decomposition.

This effort is described in item IL.B of Appendix A. During the present period,
manuscript [9] of Appendix A has been published (see [3] in Sec. II) and is attached as
Appendix D. A manuscript dealing with the three-dimensional Gaussian beam
modeling (see Ref. [10] in Appendix A) has been published [3]. It is attached as
Appendix E.



2. New task: nonspecular reflection of bounded beams from multi-layer fluid-
immersed elastic structures.

Anomalous nonspecular reflection of bounded beams from fluid-immersed layered
elastic structures is a sensitive indicator of the physical properties of the layers,
including those formed by adhesive bonds. The nonspecular effect occurs when the
incident beam is phased matched to one of the leaky modes in the structure, thereby
giving rise to strong coupling between the relevant leaky mode and the geometrically
reflected beam profile. Previous studies of this phenomenon have been restricted to
planar geometries and to the Fresnel zones of highly collimated input and output
fields. To exploit this diagnostic tool more universally, we have generalized the
previous analyses so that they appiy to arbitrarily collimated or diverging input and
output fields. Moreover, cylindrically curved layers have been considered. These
generalizations have been accomplished through rigorous spectral analysis, complex-
source-point modeling of a Gaussian input beam (see item II.A1 of Appendix A), and
uniform asvmptotics for reduction of the spectral integrals. The results in [4] and [5],
attached as Appendix F, show the sensitivity of the nonspecular effect with respect to
the degree of collimation of the input beam and the type of leaky mode (Rayleigh or
Lamb) for planar configurations. Layer curvature introduces further modifications.
These new effects have been explained and quantified in terms of physical wave
processes, and their understanding enlarges substantially the signal processing options
for parametric inversion of output data.

3. Summary

Taken together, the accomplishments under Grants AFOSR-86-0318 and
AFOSR-90-0088 have identified new options for the analytical modeling of wave
phenomena that are encountered when high frequency beams are used for QNDE of
layered elastic materials in vacuum or in a fluid. These options have been expressed in
terms of robust wave objects such as beams, guided modes and leaky modes, with
self-consistent combinations constructed so as to reproduce observable features in
data. We have referrcd to these algorithms, which have been developed by
simultaneous use of the physical space and spectral wavemumber domains, as
observable-based parametrizations (OBP).

In order to test the utility of the OBP options for processing of real data ard for
design of experiments aimed at extraction of specific NDE information, we have made
contact with Prof. Dale Chimenti at John Hopkins University, Baltimore, MD, to
coordinate our studies with his experimental program. However, this collaboration
could not be pursued due to termination of the present program.




II. Publications

(1]

(2]

(3]

[4]

S. Zeroug and L.B. Felsen, "Multiple Reflected Beam Synthesis of Fields
Excited by a High-Frequency Oblique Beam Input in an Elastic Plate," to be
published in J. Acoust. Soc. Am.

L.B. Felsen and S. Zeroug, "Ultrasonic Beam Method for Localized Weak
Debonding in a Layered Aluminum Plate," J. Acoust. Soc. Am., 90(3), 1991,
pp.1527-1538.

JM. Klosner, L.B. Felser,, I.T. Lu and H. Grossfeld, "Three-Dimensional Source
Field Modeling by Self-Consistent Gaussian Beam Superposition, J. of
Acoustical Society of America, Vol. 91, No. 4, 1992, pp. 1809-1822.

S. Zeroug and L.B. Felsen, "Non-Specular Reflection of Beams from Submerged
Elastic Structures," submitted to J. of Nondestructive Evaluation, March 1992.

S. Zeroug and L.B. Felsen, "Non-Specular Reflection of Bounded Beams from
Multilayer Fluid-Immersed Elastic Structures: Complex Ray Method Revisited,"
Review of Progress in Quantitative Non-Destructive Evaluation, D.O.
Thompson and D. Chimenti, Eds., Plenum Press, New York, Vol. 11, 1992 (to
be published).
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APPENDIX B

Multiple reflected beam synthesis of fields excited by a high-

Smaine Zerougand LeopoldB. Felsen

+ frequency oblique beam input in an elastic plate

Department of Elecirical Engineering/ Weber Rosearch Institute, Polytechnic University.,

Farmungdale. New York 11735

(Received 30 May 1991; accepted tor publication {8 November 1991)

Transducer-excited beams provide important diagnostic tools for ultrasonic nondestructive
evaluation (NDE) of elastic materials. For bonded multilayer elastic plates, an ubliquely
injected high-frequency compressional (P) beam creates interior dynamic fields that are
sensitive to weak debonding between the layers. In an effort to clarify the wave phenomena
that are operative under these conditions of excitation, a highly idealized model has been
chosen wherein a lossless plate in vacuum is insonified by an internal oblique P-beam source.
This problem was analyzed in a previous investigation [ Lu, Felsen, and Klosner, J. Acoust.
Soc. Am. 87, 42-53 (1990) | by expressing the total field in terms of a sum of P-S (vertically
polarized or in-plane) coupled normal modes. While the resulting field assumed oscillatory
modal patterns at interior cross sections far from the source region, the modally synthesized
field near the source clearly outlined profiles interpretable as incident and singly or multiply
reflected P-S coupled beams. The problem is therefore studied here directly by Gaussian beam
tracing as implemented via our previously employed complex ray field algorithm. The results
clarify the observed phenomena by revealing the successive buildup from initially well-resolved
beams into oscillatory mode patterns synthesized by overlapping multiples. For the same
idealized model, the beam algorithm has been applied elsewhere to the detection and
identification of weak debonding in a layered plate [ Felsen and Zeroug, J. Acoust. Soc. Am.
90, 1527~1538 (1991)]. With an understanding of the physical mechanisms that arise in the
beam-to-mode conversion, one may now explore how their uulity is affected under realistic

NDE conditions.
PACS numbers: 43.35.Pt. 43.35.7Z¢

INTRODUCTION

The present study 1s concerned with the analytic model-
ing of the dynamic fields generated in a lossless elastic plate
in vacuum by an internally injected high-frequency oblique
Gaussian compressional ( ) beam. In a previous investiga-
tion {Lu. Felsen, and Klosner. J. Acoust. Soc Am. 87, 42~
53 (1990) ], the total field generated by such a beam was
modeled through expansion into a sum of P-S coupled nor-
mal modes. While the resulting field assumed oscillatory
modal patterns at interior cross sections far from the source
region, the modally synthesized field near the source re-
vealed profiles that are evidently attributable to incident and
singly or multiply reflected P-S coupled beams. The synthe-
sis in this paper is therefore performed by tracking the input
beam via P-S coupled mulitiple reflections as implemented
via our complex ray algorithm, and the results are compared
with an independently derived modal reference solution.'

In the pursuit of these objectives, we begin in Sec. | with
a summary review of our previously developed analysis and
synthesis options, which include (a) decomposition into
continuous plane wave srectra; (b) expansion nto normal
modes; (¢) expansion into multiply reflected beams: and (d)
combination into a self-consistent beam-mode hybrid that
emphasizes the best features of each. Details of the imple-
mentation of option (¢) via the asymptouc (saddle point)
reduction of an initial rigorous representation in terms of

2073 L AgcLst Soc  Am 910y Dot Apr 1992
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spectral beam integrals with complex-source-point (CSP)
excitation are presented in Sec. I1. The asymptotic solutions
for the scalar Pand S potentials as well as the horizontal and
vertical displacements include the fully developed multiple
beam fields and also paraxial approximations that describe
the major contributions in simplified form. For the problem
parameters employed in our previous studies,' Sec. Iil con-
tains detriled numerical comparisons between the beam
tracking results and the modal reference solution along the
upper and lower plate boundaries, and in transverse cross
sections. Primary emphasis is placed on the ability of beam
field clusters, as identified by the P-S beam trajectories, to
construct lo:al features of the total field response. Such local
construction works well for the first few multiples. which
can be clearly resolved, but its quality deteriorates for clus-
ters corresponding to higher-order multiples, due to non-
negligible overlap with preceding and successive multiples.
When this overlap occurs, the internal fields undergo a tran-
sition from beamlike to modelike behavior, and the beam
algorithm per se has reached the limits of its phenomenologi-
cal utility. although adding enough overlapping beams will
reconstruct even fine details in the total field response. Use-
ful estimates are provided for an assessement of the strengths
and the domains of influence of the individual beam mutt-
ples. and predictions based on the estimates are confirmed by
the data.

o 1892 Acoustcal Socety of Amerca 2016
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Although the mr_del in these studies is highly idealized,
the relevant w..c mechanisms remain intact even under
more realistic conditions encountered, for example, in NDE
applizations. Of course, the quantitative effects of realistic
environments will have to be explored before one may judge
the ultimate utitity of NDE techniques* that seem promising
for the idealized case.

1. FORMULATION

We consider a lossless elastic isotropic plate of thickness
a, with Lamé constants 4 and y, and density p, embedded in
vacuum and excited by an interior time-harmonic line
source at {x,2) = (x’,2"), as shown in Fig. 1. The y-indepen-
dent displacement fields u(x,z) and w(x,z) along x and 2,
respectively, and the stress 2(x,z) in the plate, can be de-
rived from two potentials ®(x,z) and ¥(x,z) representing
the compressional (p) and vertically polarized (s) waves
with respective speeds v, = [(4 + 2u)/p]'" and
v, = [u/p]"?. If the line source excites only compressional
waves, the potential fields satisfy the wave equations (a time
dependence e ~ ' is assumed and suppressed),’

(2_ + _?_ 4k 3)<b(x.x';z.z’

ox  or ?
: . @
= —8(x—x)b(z—-2), k,=—, (1a)
U
(_d__ + d: - k;')\ll(x,x':z.z') =0, k ==, (1b)
ox*  dr v

The boundary conditions accompanying ( 1) are the vanish-
ing of the normal and shear components, o, and 7, , respec-
tivelv, of the stress field 2 (x.z), at the plate surfaces z = 0. a.
In terms of the potentials ¢ and ¥, 0. and 7,,, on a plane
z = const., are expressed as’

g::/{(é—-—+i:-)¢+2y(—-a—.¢+ a ‘P), (2a)

ox* a7 ar Jx 9z
r(.—:.‘u[z d: ¢+(‘9_:_‘7_‘_)w], (2b)
) dx dz axs  dr
(1) b
;g P
& (x.2)

wnar
——t

FIG 1. Physical configuration, with global ( x.z) and beam centered (£,7)
coordinate systems. [nput and cutput beam schematics, with multiple beam
reflections and couplings between source and observer, are shown in correct
proportion for the problem parameters histed below. Dashed lines: P-beam
aus trajectories. Solid lines: S-beam axis trajectonies. Plate parameters:

a=03%in, v, = 1209% 10 inss, v, = 23610 in/s. p=2583x10 "
Ibs*in . Incident beam parameters (complex source point modeling):
J =20 MHz. w, = 0035 m. a, =45,
PXE) =X ~ b cosa, .z + b, sinal). (x.2}y = 100.006) mn.,

h’,—,().\m iy - 1)
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while the horizontal and vertical displacements, respective-
ly, are

u:.a_(g_a_w.’ (33)
ox Jz
w=3®, (3b)
z ax
1. SOLUTION

A. Spectral decompaosition

Plane-wave spectral decomposition along the x coordi-
nate, via Fourier transform, leads to**

V(k;z,2') =J. Vixx'zz')

xexp[ — ik(x — x")]d{x — x"), (4a)

with the inverse

Vixx',z,2') = —2—1—J- ?’(k;z,z’)exp[ik(x —x') Jdk.
T«
(4b)

Here, ¥V and V are potential vectors in the configuration and
spectral domains, respectively,

® ~ [®
l/: =l A1.
[w] and ¥ [w] (53

The spectral potential functions ¢ and WV satisfy the reduced
wave equations

5

d. 2\& 0 ’ 3 5 Y
(F«FK;)&b(k;z,z): —-&6{z -2, K;:k;—k‘,

(—q—;+xf)@(k;z.z')=0, ki=kl-k? (6b)
dz?

with boundary conditions at z = 0, q,

2 2
/l(—k2+£—)$+2y(—d—-a>+iki@)=0, (7a)
dz dz dz
2,'ki€>+(_k2~f—)@=o. (7b)
dz dz

The solutions of (6) can be synthesized in terms of upgoing
and downgoing compressional and shear waves that are cou-
pled at the plate boundaries.® If ray paths are associated with
these waves, one distinguishes four categories depending on
the directions of departure from the line source and arrival at
the observer (see Fig. 2). The total spectral field is com-
prised of the sum of the fields of each category,

~ 4 A~
Vikzz) = z Viikzz). (8)
=1
In category 1, for instance, the first three reflections (with-
out distinction between Pand S waves) are shown by the ray
paths in Fig. 3. Summing all waves in this category we can
express

f/('n)(k;z‘z’) — E(a — z)'Rd'E(a - Z')
AL+ P9 (F) ]S (9)

or, compactly,

S Zeroug and L. B Felsen Retlecied beam synthesis of fields 2017
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FIG. 2. The four ray categones that order the propagation process accord-
ing to waves that are upgoing or downgoing, respectively, with respect to
the source depth 2’ and arrive at z from an upward or downward direction.

V'(kizz') = E(a —z2)-R*E(a — 2')
«(L—F“9) -5, (10a)

where I is the identity matnix, E is the propagator matrix,

wd
er 0
E(d) —( )
0

S is the source vector corresponding to a P line source,

{10b)

S=(_ l/([)21xp])’ (10¢)
and F is the reverberation matrix given by

F“ = Q“Q* (10d)

Q“=E(z')R“E(Z'); (10e)

QY=E(a - 2)R%“E(a - 2'). (10f)

The reflection matrices R* and R are phase referenced at
z = 0andz = g, respectively (the upper sign goes with **u™"),

Ru_d — ( RPV * RP’)
(t R, R,/

with the following expressions for the plane-wave reflection
and coupling coefficients:

(10g)

55

R, =R, = [4k ke, — (5 —k]D ' (l1a)
R, =4(x; — ke, D ~ ', (11b)
R, = —4(x; —kka,D ~', (11e)
D=3k ki k, + (1 — k)% (11d)

Including the contributions from the other categories, it is
founc that

f/(k;z,z') = f’”'(k;z,z’)

— i T(I).(I_F(I)) - “S—L Aql)

=1

(12)

with

Y

FIG 3 The first three multple reflected rav paths for wave fields in cate-
gory |

2018 J Acoust Soc Am Vol 31 No 4. Pt 1 Apri 1992

(E(q — z)'R*E(a —2). [=1,
T = E(z—2). [=2, (12a)
E(z)'R“E(Z), (=13,
E(z - 2), =4,
u.d _ 1'2’
F :; j_ " (12b)

The vector A'" removes the direct wave when it does not
exist in the respective category,

0. =13,

A ={ U -2)E(z—2)-S, =2, (12¢)
—Uz—2)E(Z —~2)'S, [=4,
1, z>0,

Uz)y=14{4 z=0, (12d)
0, ZzZ<«O.

B. Alternative representations

From the closed form expression of the solution in (4b)
and (12), it is possible to derive alternative representations
with different physical content. These alternatives, dis-
cussed in detail in Ref. 6, are summarized here. For conve-
nience, the superscript */ ” for the / th category is omitted in
what follows.

1. Modal representation

By deforming the integration contour around the pole
singularities &, satisfying the resonance equation

det{I — F) =0, (13)

one may write the total field as a sum of normal modes,

M,

Vixx',zz) = z V. (xx,22).

m=1
V, =itim,_, [(k=k, ) Peri==x"],
with /l\/given by (12). Explicitly, (13) becomes
(1 _ e:(x,«-x,)a)z _ R;p(exx,,a _ eur‘a)z — 0'

or equivalently,’

(14)

(15a)

tan(x,a/Z) _ 1 + R;:p
tan(x,a/2) - - (+)R,

for symmetric/antisymmetric modes.

2. Ray representation

By power series expansion of (I —~F)~'=3~__F",
one may write the total field as a sum of generalized ray
integrals V.

Vixx',zz) = Z V,(xx'2.2).

A=t

1

V, = — ‘. T-F-Sexplik(x — x'))dk.

27 J_
The factor T-F™S can be expanded further to yield V, as a
sumof ordinary ray integralsJ, , andJ, with g or vindex-
ing the different P or S waves, respectively, with the same n,

(16)

S Zerougand L B Felsen Reflected beam synthesis of fields 2018




| (D"
-
Hw
b, = Z s
w=1
1 (" .
Jou =-2Tr_f_m B,, (k)exp[iP,, (k)]dk, (17b)
"Pn = Z ‘]:n,v’
. va=l
Ji == | Bk exp[iP,, (k) ]dk  (1Tc)

T J-w

Here, B,, and B, are amplitude functions that incorpo-
rate excitation coeflicients, reflection coefficients, etc., while
P,,and P, arerapidly varying phase functions having the
generic form

Pl

P,
l ]:k(x—x’)+szp+KSz,, (18)
with z,; denoting the vertical projections of all ray segments
associated with the P and S waves, respectively. A general-
ized ray with n = 1 and / = 1 (category 1), emanating from
a Psource, is schematized in Fig. 4(a). Grouped within it are
eight ordinary P and S rays (four of each), shown in Fig.
4(b). These eight ordinary rays, each having four segments,
can be denoted by P¢PPP* P?PPS*, P?PSP“, PSPP¥,
P4PSS*, P4SPS*“, P?SSP" and P*SSS"“. The superscripts
on the first and last segments denote the downward depar-
ture and upward arrival of the ordinary ray.

For example, the ordinary ray integral J | 4 correspond-
ing to ray FYSPS“ [n=1,v =6, in category l; see Fig.
4(b)]is

e=o |7 Blexp(ipitoldk (19
rJoa
where
By (k)= —1/Q2ik,)(RE)R (19b)
Plok)=k(x—x)+«,(2a—2) +«,(2a-12).
(19¢)

3. Hybrid ray-mode expansion

A hybrid form combiring modes and generalized rays
results from partial series expansion of the resonance matrix,

y

Y\ N NN oa
- ;o . Lo " N
A\ " ‘ p AN O \Af\\ 3 \\}\ L
Wil e N
(&// RV, e SN

a) b)

F1G. 4. Generalized and ordinary rays. (a) Generalized ray n =1, [ = |
[see (16)]. (b) The eight ordinary ray paths {see (17a) and (17b) ] asso-
ciated with the plane wave congruences corresponding to the generalized
ray path in (a), with the Psource only. P-ray trajectones: dashed lines. §-
ray trajectones: solid lines.
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N1
I-F)"'= % F'+ (I~F) "“F, (20)
n=0
which, upon substitution into (12) and (4b), yields a finite
sum of generalized ray integrals and an integral remginder

R,

A
Vixx'zz') = 3 V,(xx,22) + R y(xx',22),
n=0
(21a)
where
Ry(xx'22) = —Lf T(I-F) !
27 J_
F¥S exp[ik(x — x') ] dk. (21b)

The remainder integral can be efficiently evaluated on a
“rapid convergence” path C that passes through the ob-
server-dependent saddle point of the integrand correspond-
ington = N. Modal pole singularities intercepted during the
contour deformation furnish contributions, which establish
the hybrid form; the number of intercepted normal modes is
determined uniquely by the saddle point for n = ¥ and the
associated path Cy. The resulting hybrid ray-mode repre-
sentation becomes
N—1

V(x,x’,z,z’) = 2 V,, + Z Vm + R.\’v (228)
n=90 m

where

R, =2L T-(I - F) ~ “FSexplik(x — x') | dk.

m Jcy,

(22b)

When parametrizing measured or synthetic numerical
data in terms of the hybrid algorithm, one chooses .V so as to
include all well-resolved *‘raylike” features in the data. For
the collimated beam input, the meaning of raylike is clarified
in the discussion to follow. Since the ray-mode decomposi-
tton is self-consistent [see (20)], the choice of N does not
affect the result of the total field in (22) but it will affect the
rapidity of convergence as well as the quality of the “basic
physics™ responsibie for generating the data at the observer.

C. Beam excitation

By analytic continuation of the real coordinates of the
line source in Sec. I to complex values,’'!
X=x 4 lbp cosa,, z=2z+ib,sina,, b,>0,
(=3

the wavefield generated by the P-wave isotropic line source is
converted into a P-wave directional beam source (Fig. 1).
This complex source point (CSP)-generated beam has its
waist centered at (x’,2'); its (1/e) width w, at the waist is
related to the complex displacement parameter b, via
w, = 2b,/k,, from which one recognizes that b, itself ex-
presses the Fresnel length corresponding tow,. Theanglea,,
denotes the direction of the beam axis with respect to the
horizental axis.

The CSP-extended wave potentials & and ¥ (the over-
tilde denotes beam excitation quantities) continue to satisfy
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formally the respective wave equations and boundary condi-
tions. The convergence of the different representations, how-
ever, needs to be verified in each case. This aspect has been
considered in Ref. 1. Use of the global or plate-tied x-coordi-
nate spectral decomposition leads to convergence problems
for strongly oblique spectra with respect to beam axes that
characterize nearly horizontal propagation. Problems also
arise from nonphysical growth of evanescent spectra upon
reflection at the boundanies. It has been found that, in the
modal representation, these problems can be deemphasized
by ignoring evanescent modes with eigenvalues &, >k,
since their excitation strength by the P-beam input is mini-
mal. In the ray representation, these problems are avoided
by tracking the CSP-extended ordinary ray integrals along
local coordinates defined with respect to the axes of the indi-
vidual beams.

lll. FIELD SYNTHESIS BY BEAM MODELING

The CSP-extended normal mode expansion in (14) has
been used in Ref. 1 as a reference solution for charting the
evolution of a P-beam input inside the plate. The numerical
results show that the field behaves initially as a well-colli-
mated beam that converts eventually into oscillatory mode-
like patterns; the latter are a consequence of interference
between overlapping multiple P-S coupled reflections.
These observations suggest that in the near zone or early
phases of the field, a beam (ray) modeling would be numeri-
cally more efficient and physically more appealing than
mode summation, while in the intermediate region of con-
version from beamlike to modelike character, a hybrid
scheme would be an attractive option. Accordingly, here we
explore synthesis of the fields in terms of beams as furnished
by the CSP-extended ray expansion. As in our previous in-
vestigation,' the CSP-extended mode expansion in (14)
with (23) will serve as a reference solution. In the following,
we shall refer to the CSP-extended ray field as a “‘complex
ray” field; the ““beam axis” is the trajectory along which the
complex ray field magnitude is maximal.

In principle, at any given observation point, the poten-
tial field vector ¥ is obtained by summing over all ordinary
complex ray integrals, n=1l,0; /=14 pu=1luy,
v = 1,v,,. The generic form of each component of ¥, hence-
forth denoted by ..I(, involves an analytically continued com-
plex ray integral as in (17b) or (17¢), evaluated along a
multiple reflection trajectory; for brevity we use € instead of
n,u or n,v to denote either a P or S ordinary ray. In particu-
lar, the function 2, in (18) accounting for the accumulated
complex phase along the (P.S) propagation path becomes

P.(kixz) =k(x —x' — ib, cosa,) + Kpc-i"’

+ KN a+uaNa+x.z, (24a)
where ‘
. a-z'—ibp sina,, I=1.2
a =4 . (24b)
2 +ib,sina,, =34,
with ¥, = .V, denoting the number of (P.S) excursions

across the plate, and z, denoting the vertically projected seg-
ment that connects the latest complete excursion with the
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observer. The complex ray integral can be evaluated asymp-
totically by the saddle point method® appiied in the complex
k plane to the analytically continued integrand. The integra-
tion path is deformed from the real axis, where the phase is
highly oscillatory, to a steepest descent path (SDP) that
traverses the first-order complex saddle point k_,, defined by

dP (kaqix2) d P, (kyq;x.2)

0, with 0.
ak w1 e # (25)
The first-order steepest descent evaluation yields®
Je(xx'22) ~ (1/2mW2mi[d P, (kg ix,2)/dk *] =
X B, (kaa)exp(iP, (kuaix2) ], (26)

where arg(y) = arg (dk), with dk denoting an element at
k4 of the SDP.

As has been shown,? (26) corresponds to a beam field.
The same expression without the CSP extension corresponds
to a real ray field. While a multiple reflected real ray field
generally yields a significant contribution for all launch an-
gles from the source, a multiple reflected complex ray field is
significant only over a relatively restricted angular spectrum
surrounding the beam axis; this paraxial domain of influence
limits the angular spectrum of significant ray fields at the
observation point, even after multiple reflections. For the
problem configuration in Sec. II, where the P-beam input
radiates downward (see Fig. 1), complex ray fields with up-
ward launching angles at the source (categories 3 and 4 in
Fig. 2) can be predicted, and are indeed verified, to have
negligible contributions at all observation points. The parax-
ial approximation of (26) for the direct (P) complex ray was
obtained in Ref. 2 as
(g ~ 20U

2y2m
y explik, [& + 7°/(2R,(£))] — /Wi (6)} ;

\/kp(Sh_ ibp)

inl<ys®+b;, (27

with (£,7) denoting the local coordinates along, and trans-
verse to, the P beam axis (Fig. 1). We note that for this
complex ray, EE = (i/2«,). In (27), R,(£) is the on-axis
radius of curvature of the beam wave front, while w, (£) is
the 1/e width at a distance { from the waist. Along the £ axis,
i.e,, 7 = 0, the complex ray amplitude decays like

1/2J2r [k, JET+b2] ~'7, (28)

while for fixed £ it decays transversely in Gaussian fashion
like

exp[ _nl/w‘z,(g)],
with w, (£) given by
w, (£) =wp(0)[1 +§2/bi]1/z;

(29)

w; (0) = 2b,/k,.
(30)
A paraxial expression for the multiple reflected complex
ray field has also been derived in Ref. 2. It yields a Gaussian
beam, which, when compared to (27), may be interpreted as
a complex ray field emanating from an equivalent virtual
CSP located at distance D, — i¥,,b, along the extension of

2020




1n-
lex
rd-

1at
by

3)

oo e a e cn e AR N vt e o o .

the last segment of the corresponding input beam into the
infinitely extended medium (see Fig. 1, on the extended part
on the right; € = p or s). The distance D, is given by

D.=y,L, +vels, (31)
with

Vep =k sin® a./k, sin’ a,, (32a)

Ve = k. sin’ a,/k, sin’ a,. (32b)

Here L, (L,) denotes the total distance traversed by P (S)
waves along the corresponding multiple reflected beam axes,
not including the last segment,
L, =z,/sinq,, z,=a—2+N,a, z,=N.a,
(33)

where NV, , denotes the number of complete (P,S) excursions
across the plate. The angles ,, are related by

k,cosa, =k, cosa,. (34
The equivalent paraxial beam has a Fresnel length,

be = Vepbps (35)
and minimum waist

w, = 2b,/k,. (36)

The total distance along this equivalent beam to the on-axis
projection of the observer location is therefore given by

S‘-+De=§+}/€pr+yﬁLs (37)
and the 1/e width there is [see (28)],
w (§) =w, [l +(§+ VoL, + ¥ L)/v,05]"  (38)

with w, given in (36). The amplitude decays along the axis
like

k. sina, /N27iB (k%) [k (E+ D + 75,00 ] ~ 2
(39)
As defined in Egs. (17), B, is a function incorporating exci-
tation coefficients as well as reflection and coupling coeffi-
cients. The on-axis real value k %, of the saddle point is given
by
kS, =k, cosa,. (40)

To determine whether a multiple reflected complex ray
is significant at a given observation point, two parameters
have to be considered: the width of its paraxial domain of
influence and its on-axis strength. We shall use (38) to esti-
mate the first parameter, the width 9,(£), and (39) to ob-
tain the second parameter, the magnitude 4, (&), at a loca-
tion £ on the axis. Selecting 7, (£) arbitrarily as the value of
7 that corresponds to an amplitude decay to 5% of the on-
axis maximum, and noting that e ~ > =0.05, one has

1.(&) = Bw, (), (41)

withw, (&) givenin (38). Itis convenient to use the horizon-
tal projection A, (£) given by [see (38} ]

o 1(8)
A (&)=
sin a,
3 2b, (‘ L Etvel, + :/uLf)”
sin a, k, Vb
(42)
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The on-axis magnitude of each complex ray is given by (39).
However, in order to compare the strengths of various com-
plex ray fields, it is convenient to express this quantity rela-
tive to the magnitude of the direct P complex ray, given by
(28), evaluated at the lower boundary (i.e., after it traverses
a distance /,)

[, =(a—2)/sina,. (43)

Dividing (39) by (28) (with & = /,) yields the on-axis nor-
malized magnitude of the multiple reflected complex ray
field potential as

4.8 =2Jk.k sina,|B, (k%))

X2 +62)/[(§+ D) +¥2,b2}] "
(44)

So far we have focused on the parameters of the complex
ray fields representing the potentials ® and ¥, but similar
formulas can also be derived for the physical observables, the
horizontal (u) and vertical (w) displacements. Since the
displacement fields are derived from the potential fields in
the spectral domain, the derivative operations in (3a) and
(3b) become multiplications by spectral wave numbers.
These multiplicative factors are incorporated into the slowly
varying amplitude terms of the integrand inside the spectral
integrals, which are then evaluated asymptotically, as de-
scribed above and in more detail in Ref. 2, to yield the com-
plex ray displacement fields

u =ik, + ix, ¥, {45a)
w= — (+ )ik, + ik ¥, (45b)

with the upper (lower) sign denoting upgoing (downgoing)
waves. Accordingly, the amplitudes of the displacement
fields u and w, due to the ¢ potential only, are

lu| = koo ®l,  |w] =k, P, (46a)
while those due to the V¥ potential only, are
|uf = &, W], fw| = {kaq VL, (46b)

where k4 is the complex saddle point and «,,, (k,,4 ) as de-
fined in (6a) and (6b) are likewise complex, but their com-
plex-plane deviations from their on-axis (7 = 0) real values,
as |77} increases, are minimal over the distance 7, (¢). There-
fore, it is sufficient to use the on-axis real value for k4 as
given in (40), which leads to real values for «, and «,,

Kps =k, sina,,. (47)

The formulain (42) is then used to evaluate the horizontally
projected widths of the paraxial domain of influence of the
various complex ray displacement fields, while their on-axis
magnitudes are obtained from (46a) and (46b). Again, for
convenience, these magnitudes can be expressed with refer-
ence to |u| and |w| derived from the direct P complex ray
potential ®, evaluated at the lower surface. In particular:
For a Pray,

W(:”)l)
_ . 1=4A4 : (48a)
(o) =2©
for an S ray:
1¢3 sina,/cosa,\ k,
('f(i)gz( . ”)—A,m. (48b)
W) cosa./sina,/ k,
S Zeroug and L. B Feisen: Reflected beam synthesss of fields 2021
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, TABLE L. On-axis normalized magnitudes ', and ;%4, and horizontal projections of 7, (£) in (41) for rhe first ten complex rays. These quantities are

evaluated at the lower and upper plate surfaces, i.e., £ = a/sin a,,,

0. Subscripts b and ¢ denote these two locations. Formulas (42), (44) and (48a) and

(48b) are used to generate this data. The normalizations of 'u; and w; are with respect to the maximum magnitudes 4.847% 10 ~ 7 in.and 4.878 X 10" "in., of
u and w, respectively, dertved from the direct P complex ray evaluated at the lower surface.

CSP ray 2x,8, (k) N,/N, D_(in.) a1/, 1w, /1, A,/4,,(in.)
P i 0/0 0.0 1.00/ — 1.00/ — 0.124/0.082
PS R, 0/0 1.152 1.38/1.28 0.54/0.50 0.124/0.145
PP R, 0/0 0.340 0.51/0.38 0.51/0.38 0.124/0.225
PSS R, R, 0/1 1.474 0.61/0.65 0.24/0.25 0.167/0.145
PSSS R, (R,) 0/2 1.796 0.31/70.29 0.12/0.11 0.167/0.190
PSSP R,R.R, 0/2 0.530 0.33/0.25 0.33/0.25 0.167/0.274
PSP R,R,, . 0/1 0.434 0.52/0.67 0.52/0.67 0.249/0.145
PPS R,R, 170 2.592 0.50/0.52 0.19/0.20 0.249/0.225
PSSSS R,(R,) 0/3 2.117 0.14/0.15 0.05/0.06 0.213/0.190
PPP (R,,)’ 170 0.764 0.16/0.19 0.16/0.19 0.336/0.225

with 4,,(£) given by (44). The overbar on » and w denotes
normalized quantities.

IV. NUMERICAL RESULTS

We now employ the paraxial relations in Sec. III to cal-
culate the magnitudes and widths of the paraxial domains of
influence of the first few complex rays, for comparison with
results predicted from the full asymptoric complex ray fields
given by (26), (25), and (24). Furthermore, we test the
beam modeling algorithm against the mode series algorithm
for the total field magnitude at horizontal and vertical cuts of
the plate, and show that both algorithms yield consistently
the same results. We conclude by highlighting the advan-
tages of the beam modeling in the observation range not too
far from the source.

The parameters used for the numerical simulation are
the same as in Ref. 2. The aluminum plate has thickness
a=03 in, wave velocities v, =2.36X10° (in./s),
v, = 1.209x 10° (in./s). and density p=2.53x10""*
(1b s%/in.*). The 20-MHz P source has its waist centered at
X =00 in, zZ =006 in, with width at the waist
w, = 0.0335 in., and beam axis inclination angle a, = 45".

Figure 1 shows the plate and beam source geometry.
The axes of P and § beams along the various segments are
shown as dashed and solid lines, respectively. The notation
P, PS, PP, etc. identifies the wave process along each seg-
ment of the beam axes. Moving away from the x = 0 cross
section along a constant-z path close to the lower surface,
one encounters the beam axes of the following complex rays:

P.PS.PP,PSS,PSSS,PSSP,PSP,PPS,PSSSS,PPP, etc.

Table I contains pertinent parameters for the horizontal and
vertical displacement fields u and w, respectively, carried
along these complex rays. The parameters are A, (£) from
(42), and 1u(£)| and |W(&)| from (48a), (48b) and (44).
Both are computed at the lower and upper surfaces, i.e., at
& =0, a/sin a,; the subscripts & (bottom) and ¢ (top) are
used to designate these two locations. The first four columns
of Table I indicate the complex ray considered: the expres-
sions for the excitation function B, are required for the de-
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termination of 4, (§), and those for N, and ¥, for the deter-
mination of D, from (31), (32a), (32b), and (33). The
values of |i| and A, listed in the fifth and seventh columns
of Table ] are utilized in Fig. 5 to sketch the paraxial domains
of influence (shaded) of the various complex rays. A num-
ber next to the centerline (beam axis) indicates the magni-
tude | %] at that location normalized with respect to the maxi-
mum magnitude 4.847 X 10~ in. of u generated at the lower
surface by the direct incident complex ray. For each com-
plex ray the horizontal width of the shaded area corresponds
to twice the value of A, (8). These qualitative sketches are
confirmed by plotting along the lower boundary the hori-
zontal displacement field magnitude |#| (normalized to the
magnitude [u| of the direct P complex ray displacement
field) contributed individually by these rays, and obtained
from the full asymptotic result in (26), (46a), and (46b)
applied separately to each complex ray integral (Fig. 6). It

FIG. 5. Estimates of the paraxial domains of influence for the complex ray
fields listed in Table I. The horizontal widths of the shaded areas corre-
spond to twice the values of A, listed in the last column of Table 1. The
numbers between parentheses refer 10 the normalized magnitudes . &{ at the
lower and upper surfaces (see the legend of Table ).
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FIG. 6. Normalized magnitude ' &j of horizontal displacement u along low-
ersurface z = 0.3 in. (for actual magnitudes, multiply by 4.847 X 10~ in.).
Contnibutions of the individual complex rays listed in Table I are identified.
Parameters are as in Fig. 1.

may be observed that the normalized magnitudes and the
widths in Table I agree well with the data plotted in Fig. 6,
thereby confirming the validity of the formulas derived in
Sec. I1.

The sketches in Fig. 5 help to predict the number of
complex rays that contribute to the total horizontal displace-
ment field at any observer location within the region x <0.6
in. (for x> 0.6 in., additional rays would have to be includ-
ed). Roughly speaking, for a given observer location, a com-
plex ray contributes to the total field if the observer falls
within its shaded area. Knowing that at the edge of the
shaded paraxial domain of influence, the magnitude decays
approximately to 5% of the value at the centerline, one may
assess qualitatively the importance of the contribution of
each ray by estimating the normal distance from the observ-
er to the centerline and referring to the magnitude at the
centerline. While formulas (48a), (48b), and (44) yield the
correct normalized ray field magnitude along the centerline,
a good approximation is obtained when assuming a linear
variation between the magnitude values at the upper and
lower surfaces, which are given between parentheses for
each ray in Fig. 5. Moreover, the off-axis magnitude can be
approximated through multiplying the magnitude at the
point of intersection of the normal from the observer to the

lulx16'n)
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FIG. 7. Contributions of individual complex rays to displacement ‘ui at
cross section x = (.45 in. Parameters are as in Fig. 1.
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FIG. 8. Displacement |u| at cross section x = 0.45 in. Solid curv:: mode
summation reference solution. Dots: sum of complex rays whose individual
magnitudes are identified in Fig. 7. Parameters are as in Fig. 1.

centerline by the factor exp( — 3r?), with r being the ratio of
the observer—centerline and edge—centerline distances along
the same normal. For example, if one seeks to synthesize the
total field along the cross section at x = 0.45 in., these
sketches reveal that the important contributors are the rays
PP, PSS, PSP, PSSS, PPS, PS, PSSP, and for fine tuning
(especially for small z) also PPP. Figure 7 shows the individ-
ual magnitude profiles of these ray fields along the vertical
cut x =045 in. as computed from (26) and (46a) and
(46b). All of the rays have significant strengths, including
ray PPP near the upper end of the plate, i.e., z<0.05 in. To
illustrate use of this procedure, refer to Fig. 5(g), where the
ray is PSP, the observer O is located at x=0.45 in., z=0.20
in.,, r=0A/A’'A=}, QA/QP=}; one deduces that the
normalized magnitude at A is approximately
0.67 — (QA/QP)-(0.67 — 0.52) =0.595, whereas at point
Oitis0.595-exp[ — 3(1/2)?] =0.28. The actual magnitude
at O is then 0.28-4.847x 107 = 1.357x 10”7 in., which
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FIG. 9. Displacement |u| along lower plate surface. Solid curve: reference
solution. (a) Local reconstruction, using complex ray clusters identified in
regions A, B, C, D of Fig. 1. (b) Reconstruction (dots) using sum of com-
plex ray clustersin (a); good agreement for x < 0.6 in., but discrepancies for
x> 0.6in. due to the omission of complex rays beyond region D. Parameters
are as in Fig. 1.
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FIG. 10. Magnitude of $ potential at cross section x = 0.12 in. Solid curve:
reference by mode summation (64 modes). Dots: P complex ray. Para-
meters are as in Fig. 1.

turns aut to be a reasonably good approximation of the cor-
rect magnitude plotted in Fig. 7 for the PSP ray at the loca-
tion z = 0.20 in. Adding the contributions of the complex
ray fields in Fig. 7, with inclusion of phase information from
{26) and (45a) and (45b), one obtains the total field magni-
tude |u| identified in dots in Fig. 8, which is seen to agree
with the reference curve (solid line) obtained from the mode
summation algorithm.

For another comparison between the beam and mode
summation algorithms, the horizontal displacement magni-
tude |u| on the lower surface of the plate is plotted in Fig. 9.
The solid line in both parts (a) and (b) is the reference
solution obtained by mode summation; all other curves have
been generated using (26) and (45a) and (45b). Contribu-
tions from the complex ray clusters identified by their beam
axes within regions A-D in Fig. 1, and repeated on the bot-
tom of Fig. 3(b), have been calculated individually and plot-
ted in Fig. 9(a). The cluster A is obtained by summing the
contributions along the first three complex rays P, PP, and
PS, with inclusion of phase information. Their individual
normalized magnitudes at the lower surface are shown in the
region x < G.40 in. in Fig. 6. One observes that the relevant
complex ray clusters synthesize the local surface displace-
ment very well in region A, reasonably well in region B (but
with some loss of fine detail), less well in region D, and very
poorly in region C. The deterioration of the quality of the
local reconstruction with increase in the number of reflec-
tions is due to spillover contributions from complex ray
fields at earlier and later reflections. This fact is demonstrat-
ed in Fig. 9(b), where the sum of the individual contribu-
tions is identified by dots. The fine structure in region B has
now been recovered, region C is synthesized very well, and
only region D is deficient because of the truncation of the
complex ray sum at region D. The numerical efficiency and
physical clarity of the beam synthesis is evident when com-
pared with the mode series reference sum that requires 64
modes. As seen in Fig. 9(a) and predicted from the sketches
of Fig. 5, complex rays P, PP, and PS in Fig. 1 suffice to
synthesize the total horizont:: displacement field at the plate
lower surface for x <0.3 in. Away from this region, PSS,
PSSP, and PSSS also begin to play a role, and so forth as x
increases. For x> 0.45 in., the first cluster (P, PP, and PS)
can be omitted because its contribution becomes negligible.
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A more striking illustration of the merits of the beam model-
ing is given in Fig. 10, which shows the magnitude of the ®
potential at cross section x = 0.12 in. near the source. The
reference solution (solid line) generated by the mode sum-
mation algorithm in (14) with (23), accounting for 64 CSP-
extended normal modes, is recovered by the single direct P
complex ray field computed from (26). Moving away from
the source, the number of reflections proliferates and the
beam summation becomes numerically less convenient and
physically more obscure. Mode summation may then be pre-
ferable.

V. SUMMARY

In this presentation, we have established the utility of a
direct beam tracking algorithm for synthesis of the total dy-
namic fields generated near, and at moderate distances from,
an oblique high-frequency Gaussian P beam injected into a
lossless elastic plate. It has been shown that predictable
beam clusters for early multiples can synthesize local promi-
nent features in the total field, thereby rendering the clusters
phenomenologically correct descriptors for the wave phys-
ics. This circumstance can be employed in a weak debonding
detection and identification scheme, as has already been
demonstrated® for the highly idealized model employed in
this study. To what extent such a scheme is compromised by
realistic NDE conditions remains to be explored. Neverthe-
less, together with the mode summation algorithm in Ref. 1,
the present results permit the construction of a beam-mode
hybrid for systematic and physically incisive charting of the
field response anywhere in the plate.
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Weakened bonds in layered materials cannot easily be detected by vertically probing ultrasonic
beams because the flaw is insensitive to the predominantly compressional (P) wave input. By
tilting the incident P beam, which is taken to be Gaussian in this model study, it is possible to
generate tangential shear components parallel to the bond line and thereby induce scattering
from the flawed region. This scenario is explored here for a two-layer aluminum plate with a
weak localized debond. A two-dimensional obliquely incident Gaussian P beam, modeled
rigorously by the complex source point technique, is tracked through multiple reflections with
P-SV coupling. Its interaction with the flaw is treated in the Born approximation that renders
the induced source distribution along the flaw equal to the unperturbed field multiplied by the
weak debonding profile, taken here as quasi-Gaussian. The resulting scattered field is
computed by spectral wave-number synthesis, and the displacements of the plate surface
generated by the incident and scattered fields furnish the desired data. The accuracy of the
computation is confirmed by comparison with an independent solution developed previously**
by modal summation. Examination of the data reveals a weak, but separately identifiable
contribution due to the scattering if the incident beam interacts directly with the flaw without
having undergone reflection. Because all relevant phenomena are dominated by quasi-Gaussian
wave processes, a simple Gaussian beam tracking and scattering model is proposed and found
to be capable of explaining the relevant features in the data. This beam modeling of the
problem is then applied to determine from the data the location, extent, and strength of the
Gaussian debonding profile. Both the forward and inverse algorithms are structured around
physically transparent wave processes and can easily be implemented.

PACS numbers: 43.35.Z¢

INTRODUCTION

Obliquely incident (predominantly P wave) beam in-
puts from an ultrasonic transducer into a layered bonded
composite elastic plate are suitable for detection of weak de-
bonds because they generate on the bond lines the tangential
shear to which this kind of flaw responds. In previous stud-
ies, the beam-flaw interaction and scattering mechanisms
were explored by expressing the fields in both the unflawed
and flawed environments in terms of the set of P-S¥ coupled
modes capable of propagating in the plate.'”* The reference
data generated in this manner exhibit beamlike features of
the fields in observation domains covered by only a few P-
SV coupled beam reflections between the outer boundaries
of the perfectly bonded plate, thereby indicating that the
normal modes are not matched to the features observed in
the data. Such features in the data shall be referred to as
“observables.” The problem is therefore restructured here
by direct beam tracking. As before,'? our model is two-di-
mensional and comprises a two-layer aluminum plate in
vacuum, with a weak debond region modeled by a quasi-
Gaussian pliability profile.

In what follows, we outline the solution strategy for
tracking the input beam via a rigorous complex source point
(CSP) algorithm through muitiple P-SV coupled reflec-
tions to an observer on the : pper or lower boundaries of the
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unflawed plate for the purpose of establishing the horizontai
and vertical displacements that would be measured with a
detector on these boundaries. The flawed environment is de-
fined next, with a description of the analytical procedure
employed for generating the scattered field and its contribu-
tion to the particle displacements on the plate surfaces. Be-
cause of the assumed quasi-Gaussian pliability profile along
the flaw line, the scattered field can likewise be modeled as
quasi-Gaussian. For convenient tracking of these quasi-
Gaussian (incident and scattered) beams, we introduce a
paraxial propagation algorithm that simplifies the forward
(direct) problem substantially. Moreover, via back propa-
gation, this algorithm can be employed for the inverse prob-
lem aimed at source as well as flaw location and identifica-
tion using the measured displacements on the surfaces of the
unflawed and flawed plate environments. In this manner,
the forward and inverse problems have been modeled entire-
ly in terms of beam propagation events.

Extensive numerical computations have been carried
out to establish the validity of the strategy proposed above.
This is done by comparing results generated from the beam
algorithm with the previous reference data obtained by
mode summation. Representative samples are included to
illustrate (1) the buildup of the observables in the reference
data by selective addition of beams, (2) the quality of Gaus-
sian matching to the observables, and (3) the quality of the
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tn a2 tinal comparison, the paraxul algorithm 1y em-
ploved for detecting. locatng, and identifying the param-
eters of a flaw from the surface displacement data produced
by the forward reference solution.

I. FORMULATION
A. Background

The physical configuration, schematized in Figs. 1 and
2, involves a bonded plate of thickness a and the constitutive
parameters (Lamé constants) A, x, and (density) p, with
excitation provided by a two-dimensional ultrasonic time-
harmonic (of the form e ~ ***) Gaussian P-beam input whose
waist is centered at (x,z) = (x',2’) and whose inclination
with respect to the x axis is @,. A longitudinally oriented
thin flaw of length 2/ is centered at (x,.z,).

The physical observables generated by the input forcing
function are the horizontal and vertical displacements
u(x,z) and w(x,z), respectively. To set the tone for the pres-
ent investigation, it is useful to summarize the spectral con-
siderations for the unflawed plate that enter into the genera-
tion and interpretation of the data. The interpretation may
require use of different coordinate systems “‘matched” to
particular phenomena {for example, beam-centered coordi-
nates instead of the plate coordinates (x,z)]. Moreover, it
may be convenient to use the scalar potentials ¢ (x,z) and
WV (x,z) pertaining to compressional (P) and vertically po-
lanzed shear (S¥) motion, respectively, to generate the dis-
placements®

y30_ov 9 N
ox dz’ dz  dx
The P and S¥% waves have the propagation speeds
v, = [(4 +u)/p]"? and v, = [u/p]'"’, respectively. For
waves “tied” to the plate, the spectral decomposition is along
x or z. Decomposition along x organizes the response in
terms of a plane-wave spatial spectral continuum with (hori-
zontal) wave number &:

(H

-Zflnl A 3 B 6

FIG. 1. Trajectories of the incident and reflected beam axes in the un-
flawed plate, with P-S coupled species and path lengths L ,L, for a com-
plete excursion between the boundaries identified. The initial segment
from the source location is L,, , and the final scgment along the beam axis
to the point £,; or £, nearest the observeris L, or L, for a final Por SV
beam, respectively (see last sketch). Here, (£,77) are the beam-centered
coordinates, with 7'denoting the paraxial perpendicular displacement of
an observation point (x.z) from the nearest point £ on the axis. Dashed
lines: P waves; solid lines: SV waves. Plate parameters: a =0.3°, o,
=1209x10%in./s,u, = 2.36x 10°1n./5,p = 2.53x 10" * Ib s/in.*. In-
cident beam parameters (CSP modeling): /= 20 MHz, w;, = 0.0335 in.,
a, = 45", (#2) = (x + b, cosa,, 7 + ib, sma,). (x.2) = (0.0.0.06)
in.b, =03in. (1=, - 1).
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FIG. 2. Assumed pliability profile in (33): K, = 5.000% 10° Ib/in.%, (x,,2/)
= (0.09,0.15) in., w, = 0.02599 in.

A(x,2) =?l—- - Z(Z,K)exp[ikx]dk. (2)
T

where A {z,x) is the z-dependent spectral wave amplitude
corresponding to 4(x,z), and x = x(k) is the vertical wave
number. The relation between k and « is expressed by the
dispersion equations

k*tic, =k,

ssr Kos =/v,,, for P, SV waves,

3)

with Im(k or x) >0 to ensure convergence when the wave
number is nonreal;  is the source angular frequency. It may
be recalled that P-SV coupling at the layer boundaries im-
plies that both wave types have the same horizontal wave
number k. Alternatively, decomposition along z organizes
the response in terms of a discrete spectrum of guided modes
with vertical wave number «,,,:

A(x,z)=22,,.(2,K,,.)exp[ik,,.(x,,.)x], x>0, (4)

where m is the mode index and 2,,, (z2,«,, ) contains the verti-
cal mode function as well as modal amplitude factors.

Although the displacements in (1) involve contribu-
tions from the differentiated compressional and shear poten-
tial simultaneously, one may encounter parameter regimes
where either ® or ¥ predominates. The observed displace-
ments can then be antici