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1. INTRODUCTION

This work is concerned with the theoretical prediction of the response of

fibre-composite laminated plates to impulsive events. Each layer of the laminate

consists of a family of straight parallel elastic fibres embedded in an isotropic

elastic matrix, forming a prepreg-ply. The plate is constructed by assembling these

plies so that the fibre direction in each ply makes a specified angle with some

reference direction. The results which are displayed here and in the preceding

reports relate to symmetric arrangements of four, six and eight plies which are

designated in the conventional nomenclature as (900/00)s, (-600/600/00)s,

(900/-450/45°/0°)s. Here the angles within the brackets denote the fibre

orientation in each layer, starting from the outermost and moving in and the

suffix s indicates that the plate is symmetric about its middle surface. In each case

the fibre orientation in the inner (core) layer is chosen as the reference direction.

The analytical solutions which are derived in this and the preceding reports allow

the determination of the displacement and stress variation throughout the laminate

at any time. In particular, they furnish information about the inter-ply stresses

which is of immediate significance to the question of delamination. Numerical

results are obtained from these analytical solutions and they are presented here in

graphical form. The graphs show the variation of stresses and displacements along

the plate surfaces and at the ply interfaces at fixed times. These are presented as

examples of the wealth of information which it is possible to obtain from the

analytic solutions and to illustrate the variation in the nature of the transmission

with direction of propagation and with ply lay-up. Detailed solutions of this kind

have not previously appeared in the literature and the work carried out on the

project has led to a total of 15 publications in learned journals and conference

proceedings.

The theoretical study of wave motion in laminated plates has been extensively

pursued in recent years and surveys of the developments are presented in the review

articles by Miklowitz [I], Ting [21, Pao [3] and Kapania and Raciti [4]. These

accounts show that there exist a diversity of methods of approaching the problem

but these can be classified into essentially three groups. One group involves

making assumptions about the nature of the stress or displacement variation

through the thickness of the laminate. This is the usual engineering mechanics
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approach to plate theory and it allows the number of spatial variables to be reduced

from three to two by integration through the thickness. Examples of the use of this

technique to study impact problems are contained in the papers by Chow [5]. Moon

[6] and Sun [7]. The hybrid numerical method described by Lui et al [8] can also

be regarded as an example of this technique. In this hybrid method the finite

element formalism is employed to express the variation through the thickness in

terms of displacements on a finite number of planes within the plate and the

problem is thus reduced to solving equations of motion involving two spatial

dimensions on each of these planes. The second group of methods employs a

purely numerical approach to solving the problem and examples are furnished in the

paper by Lee et al [9] and the paper by Wu and Springer [10]. These both employ

the finite element numerical technique to evaluate the transient stresses induced by

impact on composite plates.

Solution methods which belong in either of the two groups described above

will of necessity lead only to approximate results, since by their nature they are

incapable of reproducing the details of the stress variation throughout the laminate

thickness. For low frequency vibrations, or for transient motion due to low velocity

impact, where the wavelength of the disturbance is large in comparison with the

overall plate thickness, these methods could be expected to provide good results.

High velocity impacts and internal impulsive events such as delamination or

cracking, on the other hand, will give rise to transient motion involving a wide

range of frequencies (and wavelengths). For these, the stress variation through the

laminate thickness may well differ significantly from that assumed in the

approximate theories and it becomes necessary to analyse these problems using the

full three dimensional equations of elasticity. It is methods which make use of

these full elasticity equations which constitute the third group of solution

techniques. Examples are provided in the work of Miklowitz [ 11], Ceranoglu and

Pao [12], Weaver and Pao [13], Vasudevan and Mal [14] and Willis and Bedding

[ 15]. These methods generate the exact analytic solutions using transform

techniques [ 11, 14,15], the method of generalised rays [ 12] and the method of

normal modes [13]. With these solutions it becomes possible to evaluate stress and

displacement components at any location within or on the surfaces of the plate with

the only approximation being that arising from the procedure for numerical
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computation of the analytic solution. It is this three dimensional approach that has

been adopted in the work which is reported here.

That the details of the stress variation throughout the laminate have a

practical significance is illustrated in a recent paper by Stone and Chatterjee [16]

dealing with the effect of multiple impacts on laminated plates. These authors

showed that the directional focusing of waves arising from the first impact could

cause weakening of the inter-ply bonds at regions away from the immediate impact

site, with the weakened regions suffering delamination as a result of subsequent

impacts. In the work reported here it is assumed that the plate maintains its

structural integrity during and after the impact process and in consequence the

results are not valid in the immediate impact region when the magnitude of the

event is such as to cause fracture or delamination of the material. Despite this, the

results of this work remain valid in those regions for which no damage occurs, since

it is possible to model the effects of the processes occurring in the damaged region

by an equivalent spatial distribution of time dependent sources in a manner

analogous to that employed in seismology to model the effects of internal event3

which give rise to earthquakes.

In addition to their immediate relevance to the problem of impact, these

results are of importance in the quantitative non-destructive evaluation (QNDE)

process. The QNDE technique of acoustic emission employs the stress waves

generated by internal cracks or delaminations under an applied load as a means of

determining the location and extent of internal flaws within structural members.

The interpretation of acoustic emission events monitored on the surface relies on a

detailed knowledge of the mode of transmission of the stress waves through the

structure and the work reported here provides this detailed knowledge for multi-ply

fibre composite materials. The techniques which have been developed may be

applied to more general lay-ups and to more plies than those that have been

employed here for illustrative purposes. Of particular relevance to the acoustic

emission application is the recent work of Sachse and co-workers [ 171 who have

developed a neural network type intelligent learning system for the interpretation of

acoustic emission events. This system has been shown to have the capability of

reconstructing the source characteristics of a non-standard internal event from

partial information, after exposure to a set of standard known events in the learning
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process. The results obtained through the research grant provide the basic

information which is required in the learning process for laminated plates.

In carrying out the analysis which is the subject of this report it has been

assumed that the plies which form the laminate are perfectly bonded to each other

so that the displacement and tractions are continuous across each interface. The

material forming each of the plies has been modelled as a transversely isotropic

homogeneous elastic continuum in which the axis of transverse isotropy is parallel

to the fibre direction The elastic properties of a transversely isotropic material

involve five independent elastic constants. The results reported here have been

derived using numerical values for these constants which relate to a particular

carbon fibre/epoxy resin matrix composite studied by Markham [ 18]. In adopting

the homogeneous continuum model for the fibre composite, it is assumed that the

wavelengths of the disturbances are large in comparison with the fibre diameter and

inter-fibre spacing. For typical prepreg-plies containing some 60% by volume of

fibre, the fibre diameter and inter fibre spacing is of the order of 6 um with the ply

thickness being approximately 120 pm. The assumption of homogeneity might be

expected to be valid in such a material for wavelengths of the order of 1/3 the ply

thickness or greater. On the other hand, for wavelengths of order 1 /10 the ply

thickness or less, the waves would suffer diffraction and scattering by the individual

fibres and the homogeneous continuum model would no longer hold. For the

material constants employed here, this implies that the continuum model should be

expected to hold at frequencies up to approximately 30 MHz.

The analytic solutions have been derived for impulsive loads which are

represented mathematically by a Dirac delta function of time. An impulse of this

kind has a constant spectrum, indicating that all frequencies from zero to infinity

occur with equal amplitude. Whilst such a function is physically unrealistic the

response generated by it constitutes the fundamental (Green's function) solution

from which it is possible to obtain the response of the laminate to any impulse with

any other time history by means of a convolution. The majority of graphs displayed

in this report relate to the response to this delta function loading, but some

examples are also included which display the response to more physically

meaningful time dependent loads. Time varying loads of finite duration generally

have non-zero spectra over a finite range of frequencies and the upper frequency
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limit of 30 MHz for which the continuum model is valid is associated with loads

having a significant variation over times of the order of 10-8 sec. Whilst time

variations of this order can arise in laser generated impact pulses the time variation

associated with more conventional impacts will be orders of magnitude greater than

this and the wavelengths associated with such impacts will be well within the range

of validity of the continuum model.

All the work carried out in this project relates to a line load impulse acting

either on the upper plate surface or at one of the interfaces between plies. The

interfacial line load impulse provides the basic solution associated with a

delamination at the interface, whilst the upper surface line load impulse provides

the basic solution for the surface impact problem. The laminated plates have been

assumed to have infinite lateral extent so that the results relate to waves

propagating outwards from the impulse location. In a realistic situation, the results

remain valid at any point up to the time of arrival of disturbances reflected from the

plate edges. Reflection from the edge of a plate can be modelled by a distribution

of time dependent loads along the edge which are such as to satisfy the edge

conditions when added to the incident wave. These balancing loads wil initiate

disturbances travelling back into the plate which, when added to the original

disturbance, will yield the solution for plates of finite lateral dimensions.

The impulses employed to generate these solutions were assumed to act along

a line of infinite length and to be of uniform strength along the line. An impulse of

this kind would set up a disturbance travelling away from the line through the

laminate in such a way that the solution would be identical in every plane

perpendicular to the impulse line. The analytic solutions are consequently

independent of position along the line and are functions of two space variables and

the time only. For isotropic materials the displacements would be confined to lie in

the planes perpendicular to the impulse line but this is not the case for the

anisotropic materials which have been studied here. The solutions involve all three

components of displacements and all six components of stress, despite the fact that

these are all functions of two space variables only. The use of line load impulses

was adopted as a first step toward the ultimate goal of determining the response to

a point load. In an infinite body of isotropic material, for which the speeds of

elastic waves are independent of orientation, the response to a point load would be
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spherically symmetric disturbances travelling outwards from the point of initiation.

This would not be the situation for anisotropic materials, where waves travel with

different speeds in different directions. Even for isotropic materials, the

propagation due to point sources in plates and/or laminates, which is brought about

by reflection and transmission of waves at the interfaces and reflection at the outer

surfaces, presents a formidable problem. This problem is even more formidable for

anisotropic laminates and the method of approach which was adopted in this

project was to make use of the fact that the point load solution could be generated

by a suitable integration of line load solutions taken over all possible orientations of

the line load relative to some reference direction. With this aim in mind the project

has dealt with the generation of line load solutions for different orientations of the

line load.

The basic method of solution has been to take Laplace Transforms with

respect to time and Fourier Transforms with respect to one of the spatial variables,

so as to reduce the governing equations to a coupled system of linear ordinary

differential and algebraic equations for the transforms of the displacement

components and the stress components in terms of the variable measuring distance

through the laminate. These equations have different forms within each of the plies

and the solution within each ply has been derived in terms of the propagator matrix

for that ply. Continuity of displacements and traction components between each

ply leads to the solution for the stress and displacement transforms in terms of an

overall propagator matrix for the laminate as a whole and the transform of the

impulsive load. In order to recover the solution as functions of position and time, it

is necessary to invert the transforms and this process has been performed

numerically.

In an attempt to reduce both the mathematical and numerical complexity of

the problem, the first approach adopted a simplified model of the fibre composite

plies in which the transversely isotropic model material was assumed to be

inextensible in the fibre direction. Earlier work by Green [19] and Baylis and

Green [20] had demonstrated that this inextensible model showed good agreement

with the more realistic extensible model material over a large range of wavelengths,

with the differences becoming apparent only at very long wavelengths and at very

short wavelengths. The assumption of inextensibility had been widely employed in
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modelling equilibrium deformations of fibre composites (see eg. Spencer [21]) where

it had been shown to give rise to a considerable simplification in the governing

equations. In the dynamic problem, likewise, this model led to a simplification in

that the governing equations within each ply reduced from a system of six first

order ordinary differential equations to a system of four first order ordinary

differential equations. A further simplification, arising from the continuity

conditions at the interfaces between plies, yielded the solution to the problem for

the laminate in terms of an overall propagator matrix of order 2. This matrix

consisted of a product of (2 x 2) matrices, one for each ply, whereas, for the

extensible model the solution involved an overall propagator matrix of order 6,

formed as a product of (6 x 6) matrices.

The initial set of results related to a four layer symmetric cross-ply (900/00)s

laminate and were derived using the inextensible model for each ply. Analytic

solutions for the transforms of displacements and stress components have been

obtained for the delta function line load acting on the top surface of the plate, with

the line making an arbitrary angle ), with the fibre direction in the outer layers. The

resulting wavefront moves in a direction at right angles to the line load and making

angle y, with the fibre direction in the core layers. Numerical results were calculated

for angles of propagation y = 00, 300, 450, 600, 900. These results were displayed

as graphs showing the variation of displacement or stress components as a function

of distance from the impulsive line along the direction of propagation at fixed times.

Whilst it is possible to obtain values at any level in the laminate, the locations of

particular interest are the ply interfaces, the mid,'.., Ane and the outer surfaces of

the plate. These first results showed a striking phenomenon. This related to the

presence of a strong Rayleigh-type surface wave travelling along the impacted

upper surface for a range of values of the propagation angle ), and the absence of

any surface wave for propagation at angles outside the range. The explanation of

this phenomenon is to be found in the behaviour of the dispersion equations for the

propagation of time harmonic waves in the laminate under traction free conditions

on its outer surface. In particular, the existence or non-existence of the surface

wave was shown to be associated with the limiting short wavelength behaviour of

the fundamental mode of the dispersion equations. This is discussed in detail in the

body of this report.
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Following the success of the technique for the four-ply laminate, the

inextensible model was subsequently employed to generate the analytic transform

solutions for the six-ply (-600 /600/00 )s and the eight-ply (900/-450/45 0/00)s

laminates. Here again, numerical transform inversion was carried out to determine

displacements and stresses associated with angles of propagation 7 = 00, 300, 450,

600, 900 relative to the fibre direction in the core, for both lay-ups. Some of these

results indicated the existence of Rayleigh-type surface waves propagating at angles

for which no surface wave would have existed in the four-ply case, Subsequent

investigation showed that this unexpected occurrence was associated with the

behaviour of the higher modes of the dispersion equations at intermediate

wavelengths. The study of these surface wave effects has thrown light on the way

in which the stress waves are channelled in the various layers of the laminate and

on the manner in which this channelling is dependent on the angle between the

fibre direction and the propagation direction in each layer.

The next stage in the investigation was to relax the constraint of

inextensibility and in the first instance this was done on the four layer cross-ply

plate. The solution procedure which was adopted was to take Laplace and Fo.rier

transforms as before. This reduced the governing equations to a system of six

coupled ordinary differential equations within each ply, whose solutions were

expressed in terms of a (6 x 6) propagator matrix in each ply. Continuity at the ply

interfaces allowed the solution throughout the laminate to be expressed in terms of

an overall propagator matrix of order six, formed as a product of the individual

propagators for each ply. The imposed loading conditions at the top surface,

together with the traction free conditions at the bottom surface then yielded the

analytic solutions for the transformed components of displacements and stresses.

Whilst the propagator matrix method produced the analytic solution for the

transforms in a compact form, it turned out that the use of this compact form for

numerical inversion of the transforms led to considerable computational problems.

These problems arose because at large values of the wavenumber k (short

wavelengths) the individual propagators contain positive exponentials which grow

with increasing wavenumber. In the analytic solution these large exponential values

cancel out. However, because of rounding effects inherent in any computation, they

give rise to precision problems in the numerical inversion. In an attempt to
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overcome this numerical problem Green [23] has adapted an alternative solution

due to Mal [23] and has succeeded in obtaining numerical results for the four-ply

laminate.

When the displacement components in the direction normal to the plate,

calculated using the extensible model, are compared with those derived using the

simplifying assumption of fibre inextensibility they show significant discrepancies.

These arise from the inability of the simplified model to reproduce the correct

behaviour of the plate in the long wavelength limit. In the long wavelength limit

the extensible model displays the correct St. Venant bending behaviour associated

with classical plate theory. The inextensible model is incapable of reproducing a

pure bending deformation and it yields a shearing behaviour of the laminate in the

long wave limit. Despite this inconsistency of the displacement components, the

stress components derived from the two models show very good agreement. This is

because the stresses derive mainly from the shorter wavelength components of the

disturbance where the two models exhibit similar behaviour. On this basis it would

be reasonable to conclude that the inextensible model should provide an acceptable

representation of the transient stress level arising from impulsive events. Further

applications of the extensible model have been carried out in order to evaluate the

response due to internal impulsive events arising at the interfaces between the plies

in the four-ply plate. These have demonstrated the usefulness of the technique for

predicting the effect both of surface impacts and internal cracking or delamination.

In the Green-Mal technique which has been employed to derive the response

of the four-ply extensible model, the formal analytic solution is expressed in terms

of the inverses of two matrices, each of order 12. The calculation of the graphical

results then involves a numerical integration along branches of the dispersion curves

which relate frequency to wavenumber. These curves are obtained by setting the

determinant of each (12 x 12) matrix equal to zero and solving for the frequencies

at a specified set of values of wavenumber. The technique is such that no element

of these matrices involves exponentials with positive real parts and the precision

problems which arise in the propagator matrix method are eliminated at the

expenses of increasing the order of the determinants from 6 to 12. The application

of the approach to symmetric plates with more than four layers involves increasing

the order of the matrix in the solution by 6 for each pair of layers. Thus the 6-ply
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plate involves two matrices, each of order 18, whilst the 8-ply plate involves two

matrices, each of order 24. In both cases, the propagator matrix is of order 6 and

the precision problems are eliminated at the expense of increasing the order of the

matrix. The computational effort involved in solving the dispersion equations is

proportional to the cube of the order of the matrix so that the 6-ply plate requires

more than three times the computer time needed for the 4-ply plate, with this factor

increasing to eight times for the 8-ply plate. In consequence, the extension of the

method has been carried out for the six-ply plate only and even here the

computation problem has had to be reduced by adopting a cross-ply (O°/900/O°)s

lay-up, rather than the (-60°/60°/O0)s configuration which was studied when using

the inextensible model. Nevertheless, the results for this six-ply laminate, when

compared with those for the four-ply, do furnish information concerning the effect

of increased layering which supports the conclusions arrived at in studying the

inextensible model.

The remainder of this report is divided into four sections. Section 2 is

concerned with deriving the analytic solutions using both the propagator matrix

method and the Green-Mal approach. The method of transform inversion is

outlined in Section 3 and Section 4 is devoted to the presentation of results. In

view of the fact that this constitutes the final report on the project, Section 4 is

subdivided into four subsections. Of these subsections, the first (subsection (a))

consists of a synopsis of the results contained in the report on the preliminary

program, carried out under Grant #AFOSR-86-0330. The second (subsection (b))

is a summary of the contents of the first scientific report on the present project, the

third (subsection (c)) outlines the contents of the second scientific report and the

final subsection (d) deals with the results obtained subsequent to the second report.

Section 5 consists of a discussion of the results as a whole, together with the

conclusions arising from the project.

2. ANALYTIC SOLUTION

The problem which has been examined is illustrated in Figure 1. This shows

a symmetric arrangement of 2n plies with a system of coordinates axes ox xXc 3

chosen such that the mid-surface of the laminate is the plane x3 = 0, with the upper

surface at x3 = nh and the lower surface at x3 = -nh, where h is the individual ply
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thickness. The layers are shown numbered in the upper half plate with the inner

laye. aumbered 1 and the outer layer n. The line load impulse is taken to be acting

on the upper surface x3 = nA along the line parallel to the x2-axis and in the direction

of the inward normal. This generates a disturbance travelling through the plate in

such a way that the displacement components ui and the stress components ti (i,j -

1,2,3) are functions of the coordinates x1, x3 and of the time t only and have no

dependence on the coordinate x2. In order to derive the analytic solution it is

convenient to take the Laplace transform with respect to time and the Fourier

transform with respect to the x, coordinate of all the components of displacement

and stresses . This gives the functions Ui (k, xV.S, T,ij(kx. s) defined by

0* 00ikx -st

Ui(lc'x3 ,s) =fo fo ui(x 1 .x3 t)eix e-s dtdx1

(1)

Tij(k'x 3"s) = f-00 fo tij(xix 3't) e ie- dt dxl

The governing equations consist of the equations of motion under no body

forces together with the stress/strain relations and the equations relating the strain

components to the derivatives of the displacement components. Of these, the

equations of motion and the relations between strain and displacement gradients

have the same form throughout the laminate whilst the stress/strain relations

involve different elastic constants in each layer. The plate is assumed to consist of

identical layers of a fibre composite material arranged so that the fibre direction in

layer m makes a specified angle ipm with the direction of the x,-axis. The elastic

constants in layer m may be expressed in terms of the five elastic constants of the

transversely isotropic material forming each ply, together with the orientation angle

rpm of the layer. When the governing equations have been subjected to the same

transform operations as the displacement and stress components, there results a

coupled system of six ordinary differential equations in each layer, which, for layer

m, may be written in the form

dY-= ikAm (2)
dX3

Here Am is a (6 x 6) matrix whose elements are functions of the elastic constants of

layer m and of the transform parameters k and s and Y is the six vector

(UI U2 U 3 T1 T23 T)T with T denoting the transpose. The remaining transformed
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components of stress in layer m can be writteta in terms of the elements of Y in the

form

X=m Y (3)

where X = (IT 1 T 22)T and Bm is a (3 x 6) matrix whose elements are given in

terms of the elastic constants of layer m and the transform parameters.

Propagator Method

Equations (2) have the general solution

Ym(Zm) = Pm(Zm) Fm(O), (4)

where ZM = X3 - (m-1)h, Ym(zm) =- Y(x 3) and Pm(zm) is the propagator matrix for layer

m. The condition of perfect bonding between each of the plies ensures that the

vector Y (x3) is continuous at the interface between any two plies so that

Y(mh) = YM+l(O) = Ym(h), m = 1.2, .. (n-1). (5)

The repeated use of equations (4) and (5) gives the solution in layer m in terms of

the vector Y(0) at the mid-surface in the form

Y (x 3) = Pm(Zm) Pml (h) ... P, (h) Y(O) . (6)

Applying equation (6) to the complete upper half plate gives

Y(nh) = P Y(0), (7)

where P = Pn(h) Pn_l(h) - P1(h) , is the overall propagator matrix for the half plate.

The boundary conditions to be satisfied at the top and bottom surfaces of the

plate are

913 = t3=O, t33 = -4 1) O at x3 -nh

t=3 = t23= t33 = 0 at x 3 -nh

where o(.) is the Dirac delta function. Taking Laplace and Fourier transforms of

these yield the conditions

T13 = T23 =- 0 T3 f= -1 at x3 = nh
(8)

T13 --=- T23 = T33 = 0 at x3 = nh.

These boundary conditions may be replaced by the two sets of boundary conditions

T13 = T 23 = 0 T33 =- at x3 = tnh, (9a)

and

T13 = T -- 0 T -- = at x3 = nh,
(9b)

T13 T 23 -- 0 T33"+= at x 3 = -nh.
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Because of the linearity of the governing equations the solution to the problem

subject to the boundary conditions (8) may be obtained by adding together the

solutions to the problem with boundary conditions (9a) and the solution to the

problem with boundary conditions (9b). This apparent doubling of the work

involved does in reality yield an overall reduction, since the symmetry of the plate,

together with the symmetry of the boundary conditions (9a) and the anti-symmetry

of the boundary conditions (9b) mean that each of these problems can be solved by

solving the equations in the upper half plate only.

For the symmetric problem (9a), the solution vector Ys(-x3) at any level in the

lower half plate is given in terms of the solution vector Y (x3) at the corresponding

level in the upper half plate by the relation

Ys (-X 3) = MS YS (x 3)' (10a)

where Ms is the diagonal matrix defined by Ms = diag (1, 1, -1, -1, -1, I). For the

anti-symmetric problem (9b) the solution in the lower half plate Ya(-x 3) is given in

terms of the solution Ya (x3) at the corresponding level in the upper half plate, by

the expression

Ya (-x3 ) = Ma Ya (X3). (10b)

and the diagonal matrix Ma is defined by Ma = diag (-1, -, 1. I. 1, -1). Equations

(1 Oa) and (I Ob) yield the boundary conditions to be satisfied by the vector Y(O) at

the mid-surface for the symmetric and the anti-symmetric problems respectively as

Us(o) = o, TS3(o) =, o ,(o) = o, (Ila)

U,0o) = o. (o) = , . a(o) = o. l

Substituting the boy idary conditions (9a) and (11 a) into equations (7) leads to

expressions for the non-zero mid-plane components 1.4(o), V2(0), 74,(o), of the

symmetric vector Ys(o) and using the boundary conditions (9b) and (1 lb) leads to

the non-zero antisymmetric components ./(0), 7 t 3(o ) , T 3(o). Adding these gives

the mid-surface vector Y(0) which is associated with the solution of the original

problem (boundary equations (8)) from which, the solution at any point

X3 = z,.+(m+i)h in the upper half plane may be obtained on using the expression (6).

The mid-surface vector Y(O) has the form
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m m2 m 3 m 4 ms m61)TY(0) = - - - - .(12)Ds Ds Da Da Da Ds

where mi,, m .  m6 are known functions of the elements of the overall propagator
matrix P. D s and Da are the 3 x 3 determinants defined by

P11 P12 P16  P13 P14 P15

Ds= P21 P22 P26 , Da P23 P24 P2s (13)

P 3 1 P 32 P 36  P 33 P 34 P 35

and pij are the elements of P. The solutions presented here relate to waves

propagating along the x,-axis but it is straightforward matter to derive the solution

for propagation at any angle y to the x1-axis. This is done by choosing a new

system of axes ox°xix; so that ox; coincides with the propagation direction and the

solution relative to this system of axes is then derived from the present solution on

replacing the angle om by (tpm-a) for m = 1, 2, ..., n

Direct Matrix Method

It has been remarked in Section 1 that the propagator matrix method

described above can give rise to numerical difficulties in the transform inversion

because of the presence of exponentials with large positive arguments. An

alternative method originally introduced by Mal [23] has been adapted by Green

[22] and employed in an attempt to overcome these numerical difficulties. In this

method, the solution of the differential equations (2) in layer m are written in the

form

Y(Zm) = D m Em(Zm) Cm. (14)

where Dm is a constant matrix whose columns are the eigenvectors of the matrix Am

of equations (2). Cm is a vector of arbitrary constants and Em(zm) is the diagonal

matrix defined by
Em(zm) = diag e ikl zm , ekIp Zm , ekp'Z m  e-i kp(z-h)

e i k)m2(Zm-h), e- i kpm3(zr-h))

and ±pm, ±p2. ±=p are the eigenvalues of Am. This choice of Em ensures that

whenever one of pm( (a = 1, 2, 3) is imaginary, the two corresponding entries in Em

give rise to decaying exponentials for 0 < zm S h. Making use of the solutions (14)

in layers m and (m+i) and substituting into the interface continuity conditions gives
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the relations

DM+ t EM+t(0) Cm+j - Dm Em (h) Cm =0 (15)

Equations (15) hold at each interface m = 1, 2, .. (n-i) and they constitute a system

of 6(n-I) equations in the 6 n unknowns which appear in the vectors c, C .... Cn .

The remaining 6 equations are obtained from the boundary condition at the

midsurface x3 = o and at the upper surface x3 = nh. These are the conditions (11 a)

and (9a) for the symmetric solutions and the conditions (11 b) and (9b) for the

antisymmetric motion. In each case, equations (15) for m = 1, 2, .. , n-i together with

the six boundary conditions (3 at x. =0 and 3 at x 3 nh) give a system of 6n linear

simultaneous equations for the 6 n constants c, C 9..... Cm which have the matrix

forms

Hs Cs = Bs' HaC ' = Ba (16)

where Hs, Ha are (6n x 6 n) matrices whose elements are known, B. and Ba are each

6n column vectors associated with the boundary conditions and & and ca are the 6n

column vectors of arbitrary constants which are to be determined for the symmetric

and antisymmetric solutions respectively. The solutions of equations (16) for c s

and Ca are added to give the upper half plate vectors of constants cl, C.. -- C. which

then yield the vectors Y(zm) at any point on using equations (14). The solutions of

equations (16) may be written in the form

Cs = i s ' Bs = (Adj Hs) Ca=H 1 B (Adj Ha)

(det Hs) s' a a (deH) Ba (17)

where the inverse matrices H-sand Ha are expressed in the form of the adjoint

matrices (Adj H.), (Adj Ha) . divided by the determinants (det H.) and (det Ha)

respectively. Since the elements of the matrices H. and Ha are derived from those

of the individual layer matrices Dm Em(O) and Dm Em (h), they involve no growing

exponential tenas which would be a potential source of numerical instability.

3. TRANSFORM INVERSION

Either of the two analytic methods outlined in the previous Section will yield

expressions for the transformed components of displacements or stresses at any

level in the plate. These are functions of x3 and of the transform parameters k and

s. They all have the form NID where the numerator N is a function of x3. t and s

and the denominator D is a function of k and s only. There is a different numerator
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N for each transformed component of displacement or stress but the denominator D

is the same for all components. In the propagator matrix method this denominator

is one of the 3 x 3 determinants defined in equations (13) whereas in the direct

matrix method the denominator D is a determinant of order 6n x 6 n as shown in

equation (17). The formal inversion of the typical component of stress or

displacement is given by the expression

f(x,,x 3 ,t) fo f+io0 N(k'x3,s) e e kxl ds dk, (18)4A "-.w y --i oo D( Jts)

where f(x,,x 3,t) represents the stress or displacement component.

The integral with respect to s is evaluated using the theory of residues. For a

fixed value of k the denominator D( k,s) has an infinite number of roots located at

the points s = -- i wj (j=l, 2,.. ) along the imaginary s axis and which satisfy the

equation

D(k,-i wj) = 0 j= 1,2.... (19)

This equation is identical with the dispersion equation which relates the frequency o

to the wavenumber k for harmonic waves, propagating along the xi- direction in the

plate, under traction free conditions on the outer surfaces. The roots s = t ij(k)

(j= .2 .. .) correspond to the different branches of this dispersion equation. The

residue Rj(k ,X3) associated with the root of the denominator at s = ij(k) is given by

Rj(kx 3) = N(kx 3 .ia,1 (k)) (20)
(dD/ds) s-- ioW

It is straightforward to show that both N and D depend on the parameter s only

through its square (s2) and it then follows that the residue associated with the root

s i iwj(k) is -Rj(k). Making use of these results, equation (18) may be written as
00

f(x-,X3 ) - f Rj(kx 3)sinwj(k)t e - i  dk , (21)
-. 01j=1

This involves an infinite integral of an infinite sum and it is at this stage that

approximations are introduced in order to obtain numerical results. These

approximations consist of restricting the range of integration to be finite (-, i) and

carrying out the summation over a finite set of values of j (j= 1 ... , P). In all the

numerical results, the value of i has been chosen to be 20/h, which corresponds to
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the smallest wavelength being approximately one third the ply thickness h. For

wavelengths below this value, the effects of diffraction and scattering by the

individual fibres in the composite might be expected to become significant, as has

been indicated in Section 1 of this report. Thus, the choice of i = 20/h is consistent

with the representation of the composite material as a homogeneous continuum.

All the results have been calculated by summation over a total of 20 branches of

the dispersion equation, these being the first ten branches of each of the symmetric

and the antisymmetric modes.

In order to obtain the detailed results it is therefore necessary to solve the

dispersion equation (19) numerically and to evaluate the residues defined by

equation (20) for values j=1, 2.....2o. Details of the numerical procedures have

been given in the earlier reports and they will not be reproduced here.

4. RESULTS

Whilst the analytic solutions which are presented in Section 2 are valid for all

fibre composite laminates, for the purpose of evaluating the solutions numerically it

is necessary to specify the values of the elastic constants. For all the results that

are reported in this project the values chosen have been those obtained

experimentally by Markham [ 18]. These values relate to a carbon fibre/epoxy resin

composite which is modelled as a transversely isotropic elastic material. These

values are such that the extensional modulus of the material parallel to the fibre

direction is of the order of 25 times that in any direction at right angles to the

fibre. In the usual double suffix extended notation for anisotropic elasticity these

constants are

C11 = 241.71 GPa, c22 = c3 = 10.57 GPa , c21 = c 3, = 4.37 GPa,

Cn 5.65 GPa, c.4 = (cn-c.), CSS = c. = 5.66 GPa.

These values are used solely for the purpose of illustration and they have been

employed because they have been established under controlled experimental

conditions. Their relative magnitudes are consistent with values quoted by suppliers

of commercially available prepregs and the results are therefore believed to be

representative of the transmission of impact stress waves in such materials. Using

these constants, it is convenient to define reference wave speeds ci, c2, c.. c, c, given
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by the relations pc =c. pc=c.. pc =cs,. pc'=c2 . pc,=cI 1.wherepis the

density of the material. The ratios of these wave speeds are independent of the

density p and all results are given in terms of these ratios, with the stress
components being scaled by the modulus c 22

This Section is divided up into 4 sub-sections of which the first three consist

of resumds of the results contained in the report of Grant # AFOSR-86-0330

(Section 4(a)), in the first interim report on the current Grant # AFOSR-88-0353

(Section 4(b)) and in the second interim report on the current grant (Section 4(c)).

The final sub-section (4(d)) deals with the results obtained subsequent to the second

interim report.

4(a) Grant # AFOSR-86-0330

The work carried out under this initial grant dealt solely with the four-ply

plate in which each ply was modelled as a homogeneous transversely isotropic

elastic medium which was assumed to be inextensible in the fibre direction. This

simplified model was adopted with the object of reducing the mathematical

complexity so as to allow the potential of the approach to be evaluated within the

one year time period of the grant.

The results presented in the report on this grant fell into 3 groups. The first

group consisted of plots of the dispersion curves for the first nine branches of

symmetric and of antisymmetric motion for time harmonic waves propagating under

traction free conditions on the !aminate surfaces. These dispersion curves show the

variation of circular frequency w, with wave number k and they are obtained by

numerical solution of equation (19) using the expression for D(k,s) which is

appropriate to the symmetric and the antisymmetric motions of the four-ply plate.

Results were presented for propagation at angles 0O, 301. 450, 60* and 90 relative

to the fibre direction in the core. Figure 2 is a copy of Figure 1 of the original

report and it shows a set of 26 dispersion curves for propagation at angle y - 900.

These consist of the first 13 modes of both the symmetric and antisymmetric

motion and they have been plotted together in order to display the phenomenon of

ghost lines, brought about by osculation of the branches. These ghost lines

correspond to a phase velocity v = w/k at which a propagating mode in one of the

layers becomes evanescent. For propagation at angle y= 90* this occurs when
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v = C, and when v = C3 and the slopes of the two ghost lines are equal to these two

values. The ghost lines are associated with long plateau regions of the dispersion

curves in which the phase velocity v = w k is virtually constant at a value close to

but slightly higher than the ghost wave speed (cI or c3).

The second group of results showed plots of the group velocity c8 = da/dk

associated with some of the dispersion curves, as a function of wave number k. It is

the group velocity which determines the speed of propagation of a pulse and it is

shown in the report that at long times the pulses in general decay as t- . At local

maxima and minima of the group velocity however, the rate of decay of the pulse is

1- % and it is these wavefront pulses which will therefore persist and dominate the

solution at large times and distances. The plots of group velocity show that the

plateau regions of the dispersion curves, which are associated with the ghost lines,

correspond to long regions of almost constant values of group velocity which are

slightly below the associated ghost wave speed (c or c3). These plateaux occur at

local maxima or minima of the group velocity curves and they therefore give rise to

the dominant motion at large times. Since these plateau regions appear in the

higher harmonics of the dispersion equation they give rise to contributions which

are not exhibited by the solutions obtained from the fundamental mode alone nor

from approximate plate theories which are designed to reproduce the fundamental

mode.

The third group of results showed displacements and stresses at the top and

bottom surface of the plate for propagation at the angle y = 60*. These results

consisted of graphs showing the variation of both normal and tangential

displacements as functions of distance from the impact line at a number of different

times. The graphs clearly show the dispersion of the pulse as it propagates. Also

included were graphs showing the contributions to the displacement arising from

the fundamental modes of symmetric and antisymmetric motion These clearly show

that the fundamental mode alone is by no means sufficient to describe the motion

and that it is necessary to include the effects of the higher harmonics. Solutions

presented using a total of ten modes on the other hand are shown to agree well

with the full results obtained using eighteen modes and this leads to the conclusion

that the number of modes which were employed should be sufficient to represent

adequately the nature of the transient motion.
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To sum up, the work carried out under Grant # AFOSR-86-0330 clearly

demonstrated that plate bending theories are not suitable to evaluate the transient

response of fibre composite laminates to impulsive events. Whilst these theories

may be adequate for the determination of vibration modes associated with

wavelengths that are large compared with plate thickness, they fail to describe short

wavelength high frequency motion that arises in high velocity impact problems. At

the same time, the initial results derived under the grant showed that the methods

developed have the capacity to yield detailed information concerning the

displacement and stress variations in the laminate.

4(b) First Interim Scientific Report on Grant # AFOSR-88-0353, July 1989

This report consisted of two parts, one dealing with further results relating to

an upper surface line load impulse acting on the four-ply plate and the other

presenting initial results on the response of a six-ply plate and of an eight-ply plate

to a line load impulse on the upper surface. The six-ply and eight-ply plates consist

of symmetric lay-ups which, in standard notation are written (- 6 0 */6 00/00). and

(9(0/-450/450/0), respectively. Here, the angles refer to the fibre direction in the

ply relative to some reference direction, the suffix s denotes the plate is symmetric

about its mid-surface and the entries within the bracket start with the outermost ply

on the left and end with the innermost ply on the right. Throughout the first

interim report, the material of each ply has been assumed to satisfy the constraint

of inextensibility along the fibre direction.

The results presented in the first part relate to line loads acting at angles

=00. 300, 450, 600 and 900 relative to the fibre direction in the outer layer of the

four-ply plate. These results take the form of graphs, each graph consisting of a set

of 5, 4 or 3 curves. Each curve shows the variation of one of the stress

components as a function of distance parallel to the plate and normal to the

impulse line at a fixed time after impact. The 5 curves in a graph give the variation

of one stress component at the top surface, the upper interface, the mid-plane, the

lower interface and the bottom surface. Where the particular stress component

vanishes at the top and bottom surface because of the boundary conditions, the

corresponding graph consists of 3 curves which display the component at the two
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interfaces and at the mid-plane. Results are given at two different times. One

corresponds to the time taken for the fastest wave to travel through a distance of

ten plate thicknesses and the other to the time taken for this wave to travel a

distance of 50 plate thicknesses. Typical of these results are the sets of curves

shown in Figures 3 and 4 which display the in-plane stress component t. at angles

Y = 300 and , = 60. Each figure consists of 4 curves showing the variation of this

stress component at the top surface, the upper interface, the lower interface and the

bottom surface respectively. The most striking feature of these results is the large

amplitude stress to be seen at the upper surface in Figure 3 whereas no such

phenomenon is to be seen in Figure 4. This large amplitude component has

travelled a distance corresponding to propagation at the speed of a Rayleigh type

surface wave. The presence and absence of the surface wave is in agreement with

earlier results of Baylis and Green [24]. These show that there exist a range of

values of the propagation angle y, for which the short-wave limiting speed of the

fundamental mode of both symmetric and antisymmetric motion is the speed of the

Rayleigh type surface wave on the outer layer whereas for values of y outside this

range the short wave limiting speeds of these two modes is the speed of the

quasi-shear wave in the core. For waves propagating at angle y = 300 to the core

fibre direction, the stiffening effect of the fibre is greater in the core than in the

outer layers, whereas the opposite holds for y = 60*. Since it is the outer layers

which have the more significant effect in a bending deformation, it is to be expected

that the stiffening in the outer layers at y = 60 will give rise to higher shearing and

lower bending stresses at this angle of propagation than is the case for propagation

at Y = 300. Figures 3 and 4 do in fact support this expectation with respect to the

bending stresses, since it is evident that the bending stresses shown in Figure 3 are

greater than those in Figure 4. Plots of the shearing stress components t2 are

presented in Figures 5 and 6 for propagation at y = 300 and y = 600 respectively.

Each of these figures consists of 5 curves. The existence of the non-zero shear

stress components t. at the upper and lower surfaces of the plates is a violation of

the physical boundary condition which requires that this component of stress should

be zero. The presence of the non-zero values arises because of the constraint of

inextensibility which gives rise to the possibility of a discontinuity in shear stress

parallel to the fibre direction. It is explained in the report that these discontinuities
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are to be regarded as narrow boundary layers, in which the shear stress varies

rapidly from zero at the surface to the non-zero values which are derived from the

inextensibility condition at a level within the material close to the surface. The

results presented in Figure 5 and 6 when interpreted in this way therefore give a

measure of the level of shearing within the outer plies in regions close to the

surfaces as well as giving the values at the interfaces and at the mid-plane. From

these Figures it is evident that the shear stress level at y = 600 is much higher than

that at Y = 300, which is again consistent with the expectation outlined above.

The second part of the first interim report dealt with preliminary results for

the six-ply and the eight-ply plate. These results showed the variation of upper and

lower surface displacements at two different instants of time for a set of different

line loads which initiate waves travelling at angles y = 00, 30, 450, 600 and 900

relative to the core fibre direction. The most significant feature of these initial

results was the indication of the existence of surface waves at angles of propagation

for which the dispersion curves do not asymptote the speed of the surface wave in

the short-wavelength limit. This phenomenon has been subsequently investigated in

detail and the results are reported in the papers by Green [25], [261.

4(c) Second Interim Scientific Report on Grant # AFOSR-88-0353, October 1990

This consisted of three parts. Part I dealt with the four-ply inextensible

laminate and consisted of a detailed investigation of the penetration of the transient

stresses through the layers. Part 2 was devoted to more detailed solutions for the

inextensible six-ply and eight-ply plates and Part 3 consisted of the first results for

a four-ply plate in which the material was not subject to the inextensibility

constraint.

It has previously been pointed out that the dominant contributions to the

solution at large times comes from the wave fronts which are associated with local

maxima and minima of the group velocity. These occur on each branch of the

dispersion curves and the relative contributions from each branch are determined by

the values of the residues according to equation (21). It is evident from equation

(20) that the value of the residue is a function of depth through the plate (x3) and

Part 1 of the second interim report is concerned with examining the nature of this
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variation and with the relation of the residues to the stationary values of the group

velocity. Figures 7 and 8 are reproduced from that report and each consists of

three groups of curves. Figures 7(a) and 8(a) show the phase velocity v = q/k and
the group velocity cg = dw /dk for the fifth mode of anti-symmetric motion at angles

y = 300 and y - 600 respectively. In both figures the group velocity exhibits one or

more local maxima and minima and both show a long plateau region of the group

velocity in the region 12.5 < kh < 16. Figures 7(b) and 8(b) show plots of the

residues associated with the shear stress component t. at 3 levels in the plate. In

each Figure the upper curve relates to the top surface, the second and third curve

relate to the stress immediately above and immediately below the upper interface

and the bottom curve relates to the mid-plane. In each case curves 2, 3 and 4 have

been displaced downwards for clarity and the zero levels occur at the values -3, -6

and -9 respectively. There is a very clear distinction between the residues shown in

Figure 7(b) and those in Figure 8(b). In Figure 7(b), the upper curve shows

contributions to the residue arising at the local minima of the group velocity

(including the extended constant portion beyond kh = 16) with no residue

contribution associated with the plateau region at the local maximum. In Figure

8(b) on the other hand, the main contribution to the residue is associated with the

local maximum of the plateau region and there is here no contribution associated

with the approximately constant group velocity which extends beyond kh = 16.

Figures 7(c) and 8(c) show plots of the stress contributions as functions of

distance from the impact locations which have been calculated using the residues

shown in 7(b) and 8(b) respectively. In each of these figures the zero points of

curves 2, 3 and 4 have been displaced downwards for clarity to the values -5.0,

-1 0.0 and -12.5 respectively. The two top curves in each figure relate to the shear

stress component of the fifth harmonic of antisymmetric motion at the top and

bottom of the upper layer whilst the bottom two curves give the corresponding

stress at the top and bottom of the lower layer in the top half of the laminate. A

detailed discussion of these results is presented in the report.

Part 2 of the second interim report shows the variation of normal

displacement as a function of distance from the impulse line at a fixed instant of

time for both the six-ply and eight-ply plates of inextensible material. Results are

presented for a range of orientations of the line load which correspond to waves
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propagating at angles 00, 30, 45, 600 and 900 relative to the core fibre direction.

These results show plots of the displacement at the top and bottom surfaces of the

plates and at a number of the internal interfaces between the plies. They show the

stiffening effect of the increased number of layers and also demonstrate the way in

which the increasing number of layers reduce the penetration of high frequency

motion through the plate.

The third part of this interim report contained the first set of results obtained

using the unconstrained model for the fibre composite material. The technique was

develop,:d by E. R. Green [22] as a modification of a method employed by Mal [23]
to study the response to time harmonic surface loads. The results showed plots of

the normal displacement of the top and bottom surfaces of the four-ply laminates as

a function of distance from the impact line at a fixed time. These plots show a

basic long wavelength sinusoidal displacement extending outwards from the impact

position and on this basic disturbance is superimposed a short wavelength

displacement whose position is consistent with disturbances travelling at speeds

approximating those of quasi-shear waves in the various layers of material. Results

for the angle of propagation y = 300 show the existence of a surface wave

disturbance on the upper surface of the plate with no trace on the lower surface

whereas for disturbances propagating at y = 600 no such surface wave is apparent.

Figure 9 shows a comparison of the top surface displacement for ), = 300 in the

extensible model (9(a)) and in the inextensible model (9(b)). The basic disturbance

of the latter consists of a downward step in displacement which has travelled the

finite distance associated with the plate speed for the long wavelength limit of the

inextensible model. Whilst the basic disturbance in the two models is significantly

different, it is clear from Figure 9 that the short wavelength motion which is

superimposed on the basic disturbance is very similar in the two models. This is a

reflection of the fact previously noted that the inextensible model gives good

agreement with the extensible except in the long wavelength limit. Since it is the

displacement gradient which plays the significant role in the determination of the

stresses, the short wavelength displacements are therefore the ones which make the

substantial contribution to the stress state and in this respect the two models will

yield very similar results.
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4(d) Results For the Period I st October 1990 - 30th September 1991

The results obtained during the final period of the grant fall into two sets.
The first set relates to the four-ply plate, using the extensible material model and it
is a continuation of the work reported in Part 3 of the second interim report. This
work has been carried out by Dr. E. Rhian Green at Leicester University and whilst

it has not been financed as part of the research grant, the results are included here

since they form an integral part of the overall study. The second set of results are

are those for a six-ply plate, again using the extensible material model. This second

set of results constitutes the new development carried out in the final year of the

grant. Here the plate geometry is a crossply layup having the (0°/90°/00)s

configuration and the method employed follows closely that developed by

E. R. Green [22].

Figures 10 - 25, constitute the first set of results and are relevant to the

crossply four layer symmetric plate configurations. Of these, the first four figures

(Figures 10 - 13) all show a set of five curves which display the variation of the

normal displacement at the top surface, the upper interface, the mid-plane, the

lower interface and at the bottom surface of the plate. Each curve in each of the

four figures shows the variation of normal displacement with distance from the

impact line along the direction of travel of the wave and at the fixed non-

dimensional time T = 200, where T = c/h. The four figures relate to different

orientations y of the line load relative to the fibre direction in the outer layers.
Figures 10 and I I are for Y = 00 and Y = 300 respectively and both show clearly the

existence of a surface wave on the top surface which has virtually vanished at the

upper interface. No such surface wave exists in Figures 12 and 13, which

correspond to Y = 600 and y = 900 respectively. The upper and lower surface normal

displacements for the inextensible model at T = 200 are to be found in the paper by

Green and Baylis [27] when Figures 6, 7, 9 and 10 relate to y = 0 , 300, 600 and 900
respectively. It may be seen from these two sets of figures that the basic underlying

motion is a long wavelength sinusoid for the extensible model and a downward step

displacement for the inextensible model. Each basic motion has a superimposed

shorter wavelength oscillation and a comparison of the two sets of figures shows

that this superimposed motion is very similar for the corresponding values of y in
the two models. The conclusion is that the inextensible results should provide an
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accurate approximation to the behaviour except in the long wavelength limit.

Examples of the stress variations through the thickness in the four-ply plate

are to be seen in Figures 14 - 17. Each of these figures consists of three curves

which show the variation of stress with distance from the impact line at the upper

interface, the mid-plane and lower interface. Figures 14 and 15 relate to the

normal stress component t3 for line loads at orientation y = 300 and ), = 600
*

respectively. Figures 16 and 17 show the shear stress component t 3 associated

with the propagation direction and defined by
t 1 1 3 c o3 +O" ' t . 3 i n y ,

with Figure 16 relating to y = 300 and Figure 17 to y = 60°. Both stress

components rn and t 3 are zero at the outer surfaces of the plate. These graphs

clearly show the surface wave effect at the upper interface for , = 300 (Figures 14

and 16) and its absence for V = 600 (Figures 15 and 17). The overall magnitudes

of the two stresses are higher at y = 300 than at y = 600 but the spatial extent of the

disturbance is generally bigger at , = 600 than at y = 300 . This latter result thus

implies that at any fixed point the relatively high stress level would persist for a

longer time for a line load at , = 60' than for a load at y = 30. It is of interest to

compare the results presented in Figures 16 and 17 with the corresponding

solutions derived for the inextensible four-ply plate, which were reported in the first

interim report (Figures 14 and 16) and which are reproduced here as Figures 18

and 19. Taking into account the fact that the two sets of results are plotted on

different scales it is clear that there is a good correlation between the extensible

and inextensible models.

The results presented heretofore have all involved the response to a line load

represented by a Dirac delta function in time. It has already been remarked that

whilst such an impulse is not a practical reality, the solution derived from it may be

employed to obtain results for any other time history of the line load, by

convolution. This procedure has been carried out by E. R. Green [28], [29], [30],

who has derived the solutions for square pulses, half sine wave pulses and full sine

wave pulses each of three different durations. Figures 20 and 21 show the plate

response to square pulses of three different durations. The curves in Figure 20

show the upper surface normal displacement for pulses of duration r = 0.1, T = 1.0
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and T = 10.0 respectively and for y = 300. It is clear from these curves that the

effect of increasing the duration of the pulse is to reduce the amplitude of the high

frequency disturbance in comparison with the amplitude of the underlying basic

sinusoidal motion, associated with the long wavelength beam bending behaviour.

Shown in Figure 21 is the upper interface normal stress component t3 associated

with the same three pulses as in Figure 20. Attention is drawn to the fact that the

lowest of these three curves is plotted on a vertical scale which differs from the

other two. Here also it is clear that the comparative amplitudes of the high

frequency stresses are drastically reduced by increasing the pulse length. It is noted

however that the contribution of the basic bending disturbance to the overall stress

is negligible in comparison with the contributions of the high frequency

components. This is evident in particular from the bottom curve in Figure 21 which

shows rapid stress variation in the region 100 < x/h < 110 whereas the

corresponding displacement curve in Figure 20 shows virtually no trace of a high

frequency component.

Additionally to the developments outlined above, the response of the four-ply

plate to an internal delta function line load acting at the ply interfaces or on the

mid-plane have -dso been obtained and reported in references [31] and [32].

Figures 22 - 25 are reproduced from these publications. Each figure consists of a

set of five curves showing the nurmal displacement at time T = 200 on the two

surfaces, the interfaces and the mid-plane. Figures 22 and 23 correspond to

propagation angles y = 30* and y = 600 respectively and thcy relate to the delta

function line load acting at the upper interface. For Figures 24 and 25 the line load

acts at the mid-plane and initiates waves propagating at y = 300 and y = 600

respectively. These four figures are to be compared to Figures 11 and 12 which

show the corresponding results for the upper surface line load. A particular point

to note in this comparison is that curve (ii) of Figure 11 is identical with curve (i) of

Figure 22, curve (iv) of Figure 1I is identical with curve (v) of Figure 22, curve (iii)

of Figure 1I is identical with curve (i) of Figure 24 and curve (iii) of Figure 22 is

identical with curve (ii) of Figure 24. Similar identities hold for the corresponding

curves in Figures 12, 23 and 25. These phenomena are all manifestations of a

reciprocal property of the Green's function solutions, which is discussed in detail in

Green and Green [33].
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The second set of results relates to the six-ply (00/900/00)s plate and are

presented in Figures 26 - 29. Of these, the first two, Figures 26 and 27, each

consist of seven curves. Each curve shows the variation of normal displacement

with distance from the impact line, at a fixed instant of time T = 20 in Figure 26

and T = 40 in Figure 27. The seven curves relate to the displacement at the top

and bottom surface, the four interfaces and the mid-plane The line load is chosen

to be parallel to the fibre direction of the outer ply and initiates a disturbance

travelling in the plate at angle y = 900 to the core fibre direction. Both Figures 26

and 27 show evidence of a surface wave disturbance travelling on the top surface of

the plate and which persists to some extent on the upper interface. This surface

wave phenomenon is not unexpected since the angle of propagation relative to the

fibre direction in the outer layer is also 90 and the limiting speed of the

fundamental mode of harmonic waves in the plate will then be that of the Rayleigh

surface waves in the direction orthogonal to the fibres. The position of this high

amplitude disturbance in Figures 26 and 27 corresponds to a speed of propagation

v/c, = 0.42 which is in good agreement with this Rayleigh wave speed.

Figures 28 and 29 show displacement plots at time T = 40 in the four-ply

plate. Each figure consists of five curves which show the displacements at the two

surfaces, the two interfaces and the mid-plane. Of these, Figure 28 is for y = 00,

which corresponds to propagation along the fibre direction in the core and at right

angles to the fibre direction in the outer layers. Figure 29 relates to Y = 90, for

which the disturbance is parallel to the fibre direction in the outer layers. These

two figures have been included for the purpose of comparison with Figure 27 and it

is evident that the six-ply results presented in Figure 27 agree much more closely

with the four-ply results in Figure 28 than with those in Figure 29. It would thus

seem that the dominant characteristics of the motion are determined by the

orientation of the line load relative to the fibre direction in the outer layers.

Nevertheless, the presence of a more significant short wavelength (high frequency)

content in Figure 27 than in Figure 28, mirrors the fact that the overall depth of

the laminate does also contribute to the nature of the disturbance.

The final two figures (Figures 30 and 31) show plots of the stress variation at

different levels in the six-ply plate at time T = 40. Each figure consists of five

curves showing the stresses at the four interfaces and at the mid-plane. The curves
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in Figure 30 relate to the normal stress component t= whilst those in Figure 31

relate to the shear stress component t2 parallel to the direction of propagation.

Both these stress components vanish at the outer surfaces of the plate in virtue of

the boundary conditions. It is these stress components which are expected to

determine whether or not delamination will occur. In the configuration which is

examined here, the highest stress levels obviously occur at the uppermost interface,

which is therefore the region most prone to delamination. Additionally, the

presence of a region of a rapidly varying stress, albeit at a much lower magnitude,

is evident at the lowest interface. The possibility exists of these low level rapid

stress variations producing some weakening of the interface bond by cumulative

fatigue damage.

5. DISCUSSION AND CONCLUSIONS

Stress wave propagation in elastic bodies is a highly complex phenomenon.

In any elastic material there can exist in general three distinct waves which will

travel in a specified direction at a point. For isotropic materials two of these waves

have the same speed and the associated displacement is transverse to the

propagation direction whilst the displacement of the remaining wave is polarised

along the direction of propagation. For anisotropic materials, the three speeds are

generally distinct, they vary with the direction of propagation and there is no simple

relation between the direction of propagation and the polarisation vectors. Any one

of these waves when incident on the boundary of the elastic body will give rise to

three reflected waves (one of each type) travelling back into the body. If the

boundary is the interface between two different elastic materials, then the incident
wave will, in addition, generate three transmitted waves propagating away from the

interface into the adjacent material. Each of these reflected and transmitted waves

will in turn generate th ,-e reflected waves on reaching any boundary, together with
three transmitted waves if the boundary forms an interface between two materials.

From these considerations it is evident that, in a multilayered plate, the

initiation of a single wave emanating from one point sets up a multiplicity of

disturbances associated with reflection and transmission at the interfaces and

reflection at the outer boundaries. Even in a single plate of isotropic elastic

material, in which there are no interfaces, the generation of two reflected waves by
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every wave incident on each of the two boundaries of the plate leads to a rapid

escalation of the wave count deriving from a single initiating disturbance. The

cumulative effect of these multiple reflected waves gives rise to the waveguide

modes. These consist of harmonic waves, travelling parallel to the plane of the

plate and with speed of propagation which varies with frequency. The relation

between the wave speed and the frequency in a plate of isotropic elastic material is

governed by the Rayleigh/Lamb dispersion equation. This equation separates into

two factors, one associated with a symmetric motion of the plate and the other with

antisymmetric motion. Each factor possesses an infinity of branches, corresponding

to the different modes of wave motion.

The displacements and stresses associated with the Rayleigh/Lamb modes

vary with distance through the plate, in a manner which depends on the particular

branch (mode) and on the frequency of the harmonic motion. In particular, for the

first branch (fundamental mode) of antisymmetric motion, the in-plane

displacements vary linearly with distance from the middle surface whilst the normal

displacement becomes uniform through the thickness, in the limit as the frequency

tends to zero (long wavelength limit). This is the form of displacement which is

assumed in the simple (Euler-Bernoulli) theory of plate bending and the results

derived using that theory are valid when the wavelength of the deformation is large

in comparison with the plate thickness. As the frequency increases from zero, the

displacements associated with the fundamental mode of antisymmetric motion

deviate from those employed in the Euler-Bernoulli theory becoming more

non-uniform through the thickness. Increasing frequency is associated with

decreasing wavelength and, in the limit as the wavelength tends to zero, the

displacements take a form which decreases exponentially with distance into the

plate from each of the two faces. Displacements having this exponential decay are

associated with a Rayleigh surface wave travelling in a half space of the material

and the limiting speed of short waves in the fundamental mode agrees with the

Rayleigh wave speed. All modes higher than the fundamental exhibit a cut-off

frequency associated with the long wavelength limit. For these, the displacements

are non-uniform through the thickness, having a number of nodal points, the

number increasing with the order of the mode.

Weaver and Pao [ 131 have shown that the transform technique, which has
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been employed here in order to solve the problem of impact loading, is equivalent

to expressing the solution as a superposition of the modes of the Rayleigh Lamb

equation. The magnitude of the contributions from the different modes depends on

the nature of the time history and on the spatial distribution of the impact load.

However, it is clear that the stress variation through the plate thickness, which

arises from this superposition will be highly nonlinear and that an attempt to

represent this variation by using simple plate bending theory must be inadequate.

Whilst the considerations of Weaver and Pao relate to a single plate of isotropic

elastic material, the same conclusion can be drawn regarding the multi-ply

laminates of anisotropic elastic material which have been treated in this project.

The work carried out in this project has demonstrated the application of the

full three dimensional equations of anisotropic elasticity to the study of transient

wave motion in laminated plates. It has been shown that an impulsive line load

acting on the upper surface of the laminate will generate dynamic stresses which

vary significantly with depth. This depth variation cannot be reproduced by using

theories such as classical laminate theories which are based on a simple plate

bending assumption, since these by their nature involve a built-in linear stress

variation through each of the plies.

Analytical solutions have been obtained for the double transforms of

displacements and stresses for 4-ply, 6-ply and 8-ply laminates using a simplified

model in which the material is treated as inextensible in the fibre direction. The

analysis was subsequently extended and solutions obtained for 4-ply and 6-ply

laminates using a more realistic model which does not assume inextensibility of the

materials in the fibre direction. These analytic solutions are exact within the

framework of the theory which treats the fibre composite plies as transversely

isotropic homogeneous elastic continua. Approximations are introduced only in the

process of numerical inversion of these transform solutions. These approximations

arise in two ways. Firstly, by restricting the summation over the infinite number of

modes to a finite sum and secondly, by replacing integration over an infinite range

of wavenumbers by integration over a finite range. In the second approximation the

finite range of integration is chosen so as to be consistent with the range of validity

of the homogeneous continuum assumption For wavenumbers outside this range

the wavelengths are of the same order as the fibre diameters and inter-fibre spacing
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or less, and the homogeneous continuum assumption is not valid. At such
wavelengths there will be multiple scattering and diffraction which results in a loss

of coherence and leads to these waves being, in effect, damped out. As regards the

first approximation, results obtained in the preliminary investigation

(Grant # AFOSR86-0330) showed that the choice of ten modes for each of the

symmetric and the antisymmetric disturbances is more than adequate to include all

the significant contributions arising from the finite range of values of the wave

number.

The detailed plots of displacements and stresses which have been obtained in

this project constitute a new contribution to the study of impact waves in laminated

plates. They have given rise to a total of 15 published papers which have appeared

in refereed journals and conference proceedings. These are listed in the

Appendix 1. One of the most striking features of the work is concerned with the

surface wave phenomenon. In the case of the four-ply plate a surface wave exists

for a particular range of angles but not for angles outside this range. This is not
the situation for the six-ply and eight-ply plates, where the surface wave appears at

all angles of propagation. The explanation of this anomaly is to be found in the

behaviour of the dispersion curves associated with the propagation of harmonic

waves in the laminate.

It transpires that the surface wave can arise in one of two ways. In the first

instance, the limiting short wave speed of the fundamental mode for both symmetric

and antisymmetric wave motion is that associated with a Rayleigh type surface

wave, travelling at the specified angle in the outer layer. The limiting short wave

speed of all other modes is that of the slowest quasi shear wave travelling at the

specified angle in the outer layer. The surface wave associated with the impact

then arises solely from the fundamental modes of the harmonic motion. In the

second instance, the limiting short wave speed of all modes of harmonic motion is
less than that of a Rayleigh type surface wave travelling at the specified angle in

the material of the outer layer. When this situation pertains, the dispersion curves

associated with the higher harmonics exhibit plateau regions on which the phase

velocity and the group velocity are approximately constant over a range of values of

the wave number. The phase and group velocity associated with each plateau are

equal to the speed of the Rayleigh type surface wave in the outel material and the
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surface wave arising from the impact is, in this instance, generated by the

cumulative contributions from these plateau regions in the summation over the

modes. The order of the harmonic on which the plateau region first appears and

the range of values of wavenumber uver which the plateau extends, are both

functions of the overall depth of the plate. In these investigations, the depth is

proportional to the total number of plies and, for the range of values of

wavenumber over which the integration takes place, the harmonics of the four-ply

plate do not exhibit the plateau region whereas those of the six-ply and eight-ply

plate do so. A more detailed treatment of the effect is to be found in the paper by

Green [26].

Comparison of the detailed results derived using the inextensible material

model with those obtained from the more realistic model, which does not assume

inextensibility, showed significant differences between the predicted normal

displacements in the two cases. This arose out of the difference in the behaviour of

the two models in the long wavelength limit. Here the inextensible plate undergoes

a shearing deformation whilst the extensible deforms in bending in the classical

St. Venant or Euler/Bernoulli mode. Apart from this discrepancy of the underlying

deformation mode, the shorter wavelength contributions to the displacement are

very similar in the two models. This strong similarity is even more pronounced on

comparing the stresses. The underlying long wavelength deformation makes little

contribution to the stresses, which in the main arise from the larger strains

associated with short wavelength displacements A comparison of the stresses

shows that the results derived from the inextensible model yield a very good

approximation to those obtained on removing the inextensibility constraint. Since

the two sets of results have been obtained using entirely different numerical

approaches, the extent of this agreement also serves to give confidence in the

accuracy of the numerical procedures.

One of the main reasons for evaluating the transient stresses which arise from

impact events is in an attempt to determine the location and extent of any

delamination which may occur. A number of different criteria have been proposed

in the literature in order to determine whether or not delamination takes place.
Amongst these are the maximum tensile normal stress criterion, the maximum shear

stress criterion and cumulative damage criteria which involve the time integration of
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the tensile normal stress or the time integration of the shear stress. Here it is not

intended to examine any of these in detail but it is pertinent to remark that the

techniques which have been developed in this project provide the detailed

information to enable any of these criteria to be applied in any specified laminate

geometry.

On the basis of the contents of this report, the preceding interim reports and

the published work listed in Appendix 1, it is claimed that the project has

demonstrated the validity of the following conclusions.

1. The three dimensional equations of elasticity, coupled with the appropriate

transform techniques and numerical transform inversion are capable of

predicting in detail the transient stress state resulting from surface impact on

fibre composite laminated plates.

2. The detailed nature of the interfacial stresses varies significantly with both the

direction of wave propagation and with depth through the laminate. The

nature of this variation is such that it cannot be predicted using methods

which adopt the simple engineering mechanics approach to model the

deformation.

3. Surface impacts will initiate Rayleigh type surface waves propagating within a

specified range of angles on any laminate. Outside this range of angles, the

existence of the surface wave depends on the overall laminate depth.

4. The use of a simplified material model, which treats the fibre composite as

inextensible in the fibre direction, yields stress levels which are in good

agreement with those derived using a more realistic model. The simplified

material model affords a substantial reduction in computationv' effort. To the

extent that the material parameters, such as elastic moduli, ply thickness,

accuracy of fabrication, are prone to error, the results of the simplified model

may well be acceptable.

5. The techniques employed to study surface impacts are equally applicable to

the investigation of transients arising from internal events such as

delamination or fracture. In particular, these methods have a potential

application to the emerging neural network approach to the location of

internal faults by acoustic emission.
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Figure 1 Geometry of 2n-ply plate and upper surface line loading.
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Figure 2 Dispersion curves for first 26 mo~des of harmonic wave propagation in
4 -ply plate. 900.
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Figure 3 Stress component t. in 4-ply plate at time: t 200hc, for, y 300 at:
(a) upper surface (b) upper interface
(c) lower interface (d) lower surface
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Figure 4 Stress component t. in 4-ply plate at time t = 200h/c1 for 7 600 at:

(a) upper surface (b) upper interface

(c) lower interface (d) lower surface
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Figure 5 Stress component t~ in 4-ply plate at time t =200hc1 for y 300 at:
(a) upper surface (b) upper interface (c) mid-surface
(d) lower interface (e) lower surface
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Figure 6 Stress component t:, in 4 -ply plate at time t = 200h/c for y = 60 at:

(a) upper surface (b) upper interface (c) mid-surface

(d) lower interface (e) lower surface
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Figure 7 (a) Phase velocity (upper curve) and group velocity (lower curve) for

branch 5 antisymmetric motion at y = 300

(b) Residue contributions for branch 5 antisymmetric motion at

y= 300 (for details see text)

(c) Stress contributions for branch 5 antisymmetric motion at

;= 300 (for details see text)
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Figure 8 (a) Phase velocity (upper curve) and group velocity (lower curve) for
branch 5 antisymmetric motion at ,Y = 600

(b) Residue contributions for branch 5 antisymmetric motion at
Y= 60* (for details see text)

WC Stress contributions for branch 5 antisymmetric motion at
-,600 (for details see text)
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Normal displacement in 4-ply plate at time = 200h/c,.

Extensible model (a) upper surface. (b) upper interface

(c) midplane (d) lower interface (e) lower surface



51

-J (a)

(b)

-33

Figure 14 v = 3W: Figure 15  y= 6 0 :

Normal stress component t,, in 4-ply plate at time: t 200ha/c,,

Extensible model (a) upper interface (b) midplane

(c) lower interface
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Figure 16 y= 300 : Figure 17 y 600:

Shear stress component t 3 in 4-ply plate at time t = 200h/c1,

Extensible model (a) upper interface (b) midplane

(c) lower interface
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Shear stress component t in 4-ply plate at time t = 200h/c1 ,

Inextensible model (a) upper interface (b) mid-surface

(c) lower interface
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Figure 21 Upper interface normal stress component : in 4-ply plate at

time r = 200h/c, , = 300: Extensible model. Square pulse impact of

duration: (a) 0.lh/c,. (b) 1.0*1 . (c) 10.0h/¢c.
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Figure 22 *, 300 Figure 23 y = 600

Normal displacement in 4-ply plate at time t = 200h/c1,.

delta function impulse acting on upper interface. Extensible model:

(a) upper surface (b) upper interface (c) midplane

(d) lower interface (e) lower surface



0 M io 44 S0 An 3 WO 1 Ie0 o 1 40 so

"= /
iIV

W0M ~M 90 740

li

Figure 24 Normal displacement in 4-ply plate at time = 200h/c,, , = 300: due to

delta function impulse acting on midplane. Extensible model:

(a) upper surface (b) upper interface (c) midplane

By symmetry, lower surface = (a), lower interface = (b)
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Figure 25 Normal displacement in 4-ply plate at time t 200h'c, = 600: due to

delta function impulse acting on midplane. Extensible model:

(a) upper surface (b) upper interface (c) midplane

By symmetry, lower surface = (a). lower interface - (b)
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Figure 26 Normal displacement in 6-ply plate at time t 20 h/c,. y - 900:

Extensible model : (a) upper surface (b) outer upper interface

(c) inner upper interface (d) midplane (e) inner lower interface
() outer lower interface (g) lower surface
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Figure 27 Normal displacement in 6-ply plate at time t - 40h/c. - 90 ':

Extensible model : (a) upper surface (b) outer upper interface

(c) inner upper interface (d) midplane (e) inner lower interface

(f) outer lower interface (g) lower surface
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Figure 28 Normal displacement in 4-ply plate at time t = 40h/c1 . = 00:

Extensible model: (a) upper surface (b) upper interface

(c) midplafle (d) lower interface (e) lower surface
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Figure 29 Normal displacement in 4-ply plate at time r 40ivc,. y =900:

Extensible model : (a) upper surface (b) upper interface

(c) midplane (d) lower interface (e) lower surface



62

175

150

125

75"o50

25

5 0 15 20 25 30 35 4J

xlh

Normal Us component t3, in 6-ply plate at
time t - 40h/c,, - = 90r: Extensible model
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(d) inner lower interface (e) outer lower surface
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