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Recently it has been demonstrated that three-dimensionality can play an impor-
tant role in dictating the stability properties of any Gortler vortices which a particular
boundary layer may support. According to a linearised theory vortices within a high
Gortler number flow can take one of two possible forms within a two-dimensional
flow supplemented by a small crossflow of size O(R:%G%) where R, is the Reynolds
number of the flow and G the Gortler number. Bassom & Hall (1991) showed that
these forms are characterised by O(1) wavenumber inviscid disturbances and larger.
O(G*), wavenumber modes which are trapped within a thin layer adjacent to the
bounding surface. Here we concentrate on the latter, essentially viscous vortices and
describe their weakly nounlinear stability properties in the presence of crossflow. It
1s shown conclusively that the effect of crossflow is to stabilise the nonlinear distur
bances and the calculations herein allow stable, finite amplitude perturbations to be
found. Predictions are made concerning the likelihood of observing some of these vis-
cous modes within a practical setting and asymptotic work permits discussion of the

stability properties of modes with wavenumbers which are small relative to the implied

O(G'8) scaling.

* Research was supported by the National Aeronautics and Space Administration under NASA contract
No. NAS1-18605 while the author was in residence at the lustitute for Computer Applications in Science

and Engineering (TCASE), NASA Langley Research Center, Hampton, VA 23665




§1 Introduction

Recently there has been interest in the effect of boundary layer growth on insta-
bility mechanisms to which the boundary layers are susceptible. Here concentration is
focussed on the Gortler vortex mechanism which has been shown to occur in both two-
and three- dimensional boundary layer flows over concave walls. Much of the curly
theoretical work concerned with Gortler vortices addressed the problem of describing
the linear stability of external two-dimensional flows over such boundaries. Early con-
tributions were made by, among others, Gortler (1940), Smith (1955) and Hammerlin
(1956). Later Hall (1982a,b) argued that much of this early work is fundamentally
flawed for all the analyses invoked the parallel flow approximation (which essentiully
assumes that the basic flow in which the vortices lie is independent of the streamwise
co-ordinate and so neglects the effect of boundary layer growth). This approximation
enables the linear stability equations to be expressed as ordinary differential equations
but Hall illustrated that this assumption is unjustifiable except in the limit of a smuall
vortex wavelength, and indeed this is the explanation for the considerable inconsisten-
cies in the results of the previous studies (see the review article Hall (1990) for fuller
details). Additionally, in the case of a small vortex wavelength the Gortler instabil-
ity may be described by an asymptotic structure which takes account of boundary
layer growth in a rational manner and thence the parallel ow assumption is rendered
unnecessary in the one situation in which it has any relevance.

Hall (1982a) examined boundary layer flow over the cylinder y =0, —oc < 2 < ¢
where the z-axis is a generator of the cylinder and y measures the distance normal to
the surface. The z- co—ordinate measures distance along the curved surface, which is

taken to have variable curvature

(1/b)x («/1), (1.1a)

where b is a typical radius of curvature of the surface and [ is a characteristic lengthscale
in the streamwise direction. The Reynolds number R, the curvature parameter ¢ and
the Gortler number G are defined by

R. = Upl/v, =1/b, G =2RZ, (1.10)

where Uj is a typical flow velocity in the z direction and v is the kinematic viscosity
of the fluid. Hall (1982a) investigated the flow characteristics when R, is large and o
is small such that in the limit § — 0, G is held fixed at an O(1) value. By scaling the




spanwise co-ordinate z on the boundary layer thickness, it was demonstrated thut tor
a non -dimensional vortex wavenumber e 7! 3> 1, lincarised vortex modes within a two-
dimensional basic flow are neutrally stable at a Gortler number G = gye ™ +. . .. where
go 1s a known O(1) constant whose precise value is depeudent upon the properties of
the underlying basic flow. For larger wavelengths the problem is fully nonparallel and
the linear stability equations, which now take the form of a set of partial differential
equations, have to be solved numerically, see Hall (1983). This paper showed two
significant features of this nonparallel flow problem, namely that the ideas of a unique
stability curve and of unique growth rates at a specified downstream location are
inapplicable to the Gortler problemn because the location where a vortex commences
to grow 1s dependent upon the position and the shape of the imposed disturbance.

Hall (1988) addressed questions concerning the development of nonlinear nonpar-
allel vortices within boundary layers. This numerical investigation showed that s
the nonlinear disturbance evolves the perturbation energy becomes concentrated in
the fundamental and mean flow correction; a couclusion consistent with the weakly
noulinear theory of Hall (19821) valid for small wavelength vortices. It is well known
that Gortler vortices set up by experimental means conserve their wavelength as they
move downstream. Since the boundary layer itself thickens it follows that the locul
nondimensional vortex wavenumber becomes large as the vortex develops. Thus the
small wavelength limit in the external Gortler problem is appropriate to the ultinate
development of any fixed wavelength vortex and hence sufficiently far downstream in
many flows the asymptotic work of Hall (1982a,b) becomes applicable.

As with all weakly nonlinear investigations the results of Hall (1982b) are vulid
only within a neighbourhood of the point where the imposed perturbation is neutrally
stuble. For vortices of wavenumber ¢ ™1 > 1, their development downstreamn of the
poiut of neutral stability is governed by the solution of a pair of coupled nonlincar
partial differential equations which adopt a simple asymptotic structure at large values
of X, where ¢ X (X = O(1)) denotes the distance of the vortex downstream of the
neutral point. Formally, for large X Hall & Lakin (1938) showed that this asymptotic
structure could be used to deduce the flow configuration for fully nonlinear Gortler
vortices, at which point the mean flow correction generated by the presence of the
vortices is as large as the basic (undisturbed) flow itself. The vortex structure derived
by Hall & Lakin essentially consists of a core region in which the vortex is concentrated
and whicli is bounded by two thin layers in which the vortex activity is reduced to zero
exponentially. Further work by Hall & Seddougui (1989), subsequently reconsidered

by Bassom & Seddougui (1990), has shown that these thin layers are susceptible to
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secondary instabilities which take the form of travelling waves confined within these
layers. This theoretical investigation, together with the weakly nonlinear account of
this form of secondary instability described by Seddougui & Bassom (1991) provides
good qualitative agreement with several experimental observations, notably those of
Peerhossaini & Wesfreid (1988a,b).

All the work described above has addressed problems which arise when Gortler
vortices occur in two-dimensional boundary layers but in many practical situations i
which Gortler vortices are known to arise the basic boundary layer is three - dimensional.
For example, in the case of a boundary layer flow over a obstacle or the flow over « tur-
bine blade the three-dimensionality of the basic flow is potentially crucial and should
not be neglected. Most significantly the development of laminar flow airfoils has given
rise to designs which have two areas of concave curvature on the lower side of the
airfoil: when the wing is swept the boundary layer flow is fully three-dimensional aud
the previously mentioned analyses are largely inapplicable.

The first attempt to describe this three-dimensionality effect was given by Hall
(1985) who examined the Gortler mechanism in flow over an infinitely long swept cylin-
der. The results obtained were quite general and did not require a precise description
of the particular boundary layer under investigation. In was shown in Hall (1983) tlaut
it is the relative size of the crossflow and chordwise flow over the cylinder which i1s criu-
cal in determining the vortex structure. It was demonstrated that as this ratio, say AT
was increased from zero the first significant change i the vortex structure from that
in the two-dimensional case occurs when AT ~ R:%, where R, is the (large) Reynolds
number defined in (1.1). In this situation the vortices become time dependent and
the high wavenumber modes no longer have vortex bounduaries aligned with the How
direction. Indeed, as the crossflow increases further, the neutral vortices have axes
perpendicular to the vortex lines of the basic low. The neutral Gortler number for the
vortices was predicted by a large wavenumber asymptotic analysis, the results of which
suggested that for O(1) values of the ratio of the crosstlow and chordwise ve' ) .1ty ficlds
the Gortler mecharism is probably unimportant compared with Tollimica-Schlichting
and crossflow type instabilities. Indeed, there is some limited experimental evidence
which supports this ~onclusion. Work by Baskaran & Bradshaw (1988) has shown. at
least for turbulent bcundary layers, that increasing the crossflw velocity component
tends to destroy the Goriler mechanism.

Further investigations concerning the role played by the crossflow component for
the Gortler instability was motivated by results obtairied by Denier, Hall & Seddougui
(1991) (hereafter referred to as DHS). The principal aim of DHS was to provide a
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rational theory for the receptivity of Gortler vortices and specifically to explain how the
vortices may be triggered by wall roughness elements. In the course of this work, DHS
reconsidered the stability of a vortex in a high Gortler number flow by implementing
linear, spatial stability analysis. In particular, for G > 1, they considered the structure
of vortices in two different wavenuinber regimes: they reworked the analysis of Hall
(1982a) for high O(G %> wavenumbers and also examined O(1) wavenumber vortices.
This latter disturbance mode is governed by inviscid equations. By considering the
region between these two wavenumber regimes DHS identified a new structure which

. . 1 .
1s relevant for vortices of wavenumber O(G s) and which has the property that the

: i . . 1
vortices are trapped in a thin layer of thickness O(G 5) at the wall. Furtheriore

DHS showed that within this O(G%) wavenuiber regime there exists a unique most
unstable Gortler vortex according to linear stability theory.

Bassom & Hall (1991) (hercafter referred to as BH) extended the work of DHS to
consider the effect of introducing crossflow into the boundary layer flow. Like DHS, BH
conducted a spatial stability analysis of the vortex modes and they demonstrated that
for O(1) wavenumber modes at large Gortler numbers the crossflow first has significant
effects on the two-dimensional results once this parameter becomes O(RE_%G%). As
the crossflow increases the stationary vortex structure takes on an identity which is
essentially that of a crossflow instability; a mechanism first investigated by Gregory,
Stuart & Walker (1955). BH surmised that for certain values of crossflow there ure
ranges of O(1) wavenumber space such that vortices with wavenumbers within these
bands cannot persist. The work contained in BH and concerned with these essentially
inviscid modes has been subsequently extended on two fronts. First, Dando (1992)
considered the effect of allowing for compressibility and has shown that the properties
of the modes are sensitive to the value of the Mach number. Second, Bassom (1992)
investigated the role of time dependence in the problem and demonstrated that al-
though this effect is important in dictating quantitative properties, it is not significant
in affecting the qualitative behaviours of the vortex structures.

The second part of BH was concerned with obtaining a description of the influ-
ence of crossflow on the O(G5) wavenumber (viscous) vortices of DHS. It was shown
that when the ratio of crossflow to chordwise fiow becomes O(R;%G%) the results of
DHS need to be modified: - significantly it was demoustrated that the introduction of
crossflow into the problem has a stabilising effect, at least according to linecar stabil-
ity theory. In particular, whereas in DHS it was conclusively proved that stationary

. . 1 .
vortices are necessarily unstable at O(G3s) wavenumbers, this is no longer true ouce




crossflow terms are introduced. In addition, for certain crossflow values there exist
neutrally stable vortex modes whilst at large enough values of the crossflow no vortex
structures induced by centrifugal effects can exist. BH also investigated the stability of
linearised time-dependent viscous vortices and demonstrated that crossflow also tends
to stabilise these modes. Bassom (1992) has since shown how these unsteady viscous
modes connect to the corresponding inviscid ones.

The principal aim of the present paper is to extend BH to make a study of the
nonlinear stability characteristics of the O(G %) wavenumber modes elucidated in the
latter article. Denier & Hall (1991) have made a numerical study of the nonlincar
evolution of these high wavenumber structures within a two-dimensional boundary
layer. They showed that the nonlinear equations governing the evolution of the Gortler
vortex over an O(G_%) streamwise lengthscale are fully nonparallel in nature. By
implementing the scheme described by Hall (1988), Denier & Hall illustrated that
given a suitable initial perturbation then eventually the energy of the higher harmounics
grows until a singularity is encountered at some downstream position. It is concluded
that it is this singularity which is ultimately the cause of vortices which are originally
close to the wall moving into the main part of the boundary layer.

Some work has been initiated concerning the nonlinear stability of the inviscid
modes within a three-dimensional boundary layer, Blackaby & Dando (private com-
munication). When results become available from this work they should prove inter-
esting.

In order to make a nonlinear study of the viscous modes we perform an analysis
similar in spirit to that performed by Seddougui & Bassom (1991) in their investigation
of nonlinear wavy mode instabilities imposed upon large, strongly nonlinear Gortler
structures. We have already alluded to the fact that near the right-hand neutral branch
for Gortler vortices Hall (1982b) demonstrated that the weakly nonlinear vortex is
governed by a mean-field interaction theory as opposed to the more classical Stuwrt-
Watson (1960) type approach. The latter is much more frequently found in nonlincar
situations in a variety of fluid mechanics problems. We have noted that BH showed
that the effect of increasing the crossflow component of the boundary layer flow is,
in general, to stabilise the vortex modes. Indeed there are certain crossflow/ vortex
wavenumber pairings which give rise to a neutrally stable structure; this structure is
confined to a thin layer adjacent to the curved surface over which the How occurs.
By gradually increasing the amplitude of the vortices from the infinitesimal values
upon which linearised theory is based we can identify the crucial vortex size at which

nonlinearity becomes important. Like Seddougui & Bassom (1991) we find that at
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this point all the harmonics of the disturbance attain asymptotically identical sizes
and then the vortex is determined by the solution of an infinity of coupled nonlincar
ordinary differential equations.

There have recently been a number of problems studied which share this charac-
teristic that all the harmonics of the spanwise dependence of the vortex play important
roles. The resulting infinity of coupled equations poses a formidable numerical chal-
lenge in order to execute a satisfactory solution and to our knowledge there have been
few attempts to tackle such a problem. One example of such an attempt was made
by Bassom & Blennerhassett (1992) who were concerned with obtaining the structure
of strongly nonlinear vortices within curved channel flows and they have shown that
at sufficiently high Taylor numbers the flow structure develops a wall layer whicli is
of the same size as the vortex wavelength. In this case an infinite-dimensional set
of differential equations i1s obtained, some properties of which were investigated com-
putationally. Earlier work by Denier (1992) concerned with the development of tully
nonlinear Taylor vortices has given rise to a similar set of equations but the discussion
was restricted to explaining why these equations are guaranteed to have a solution
with the desired boundary conditions rather than seeking their solutions explicitly.

Given that the nonlinear development of the high-wavenumber O(G ) Gortler
vortex 1s governed by the infinity of equations here we address the weakly nonlinear
limit. A Stuart-Watson type theory is applicable which leads to an amplitude equation
{for the evolution of the vortex. Some comments are made concerning the solutions of
this equation for a variety of vortex wavenumbers and frequencies. We note here the
fact that for these high-wavenumber viscous modes the governing equations may be
casily scaled so that the results derived are valid for a wide class of three—~dimensional
boundary layers. This is in contrast to the situation for the O(1) wavenumber invis-
cid modes for which the quantitative behaviour of the vortex structures in entirely
dependent on the particular boundary layer under consideration.

The remainder of the paper is divided as follows. In the coming section the
problem is formulated and the fully nonlinear coupled set of governing differential
equations given. The weakly nounlinear limit of these equations is obtained in section 3
and the numerical methods implemented in their solution described in section 4. The
nonlinear properties of the modes are given in section 5 and these are then analysed

within a low wavenumber limit. We close with some discussion.




§2 Formulation

Our aim is to derive the equations which determine nonlinear high wavenuber
viscous vortex modes in a slightly three-dimensional boundary layer. Following Hall
(1985) we consider the boundary layer flowing over the cylinder y = 0, —>0 < « <
0o, where the z—axis is a generator of the cylinder, y is the distance normal to the
surface and the z coordinate measures distance along the curved surface. The Reyuolds
number R., the O(1) Gortler nummber G and the curvature parameter § are as given
in (1.1) where U is a characteristic flow velocity in the z—direction. The basic flow

within the three-dimensional boundary layer is assumed to be of the form
u="U, (a (X,Y),R:%5(X,Y), R, E A" (X,Y)) (1 +0 (R;%)) (2.1)

where X = z/land Y = yRe%/l, and the crossflow parameter A* is of order one. This
boundary layer profile is in general found by numerically integrating the downstream
momentum and continuity equations to determine ¢ and v, and then finding @ from
the spanwise momentum equation.
It is convenient to define the scaled spanwise coordinate Z = Ré:/l and let ¢ be
the temporal variable scaled on [/U. The basic velocity profile is perturbed by
(U(t,X, Y,Z), RV (¢, X,Y,Z), R, EWV (¢, X, Y,Z)) , (2.24)

the pressure field is given by
p=p+R'Pt, XY, 2Z) (2.2b)

and on substituting (2.2) into the Navier-Stokes equations then

Ux + W + Wz =0, (2.3a)
~Ui+ Uyy 4+ Uzz — @y V —aUx—uxU — tUy — A" wl, .
=UUx + VUy + WUz, (2:30)
~Vi+ Wy + Vzz - GxTU — Py —aVyx —oxU —0Vy — Ty V — ATV,
=UVy + Viy + WV, + ng’ (2.3¢)
W+ Wyy + Wzz — Pz —ulWx = MwyU - 5Wy — A" Vwy — N'wlV, 2340

=UWx + VIVy + WH 2.

~J




Here terms of relative order R, : have been neglected.

The linearised solutions studied by BH are obtained by considering (2.3) when all
the right hand sides of (2.3b — d) are put equal to zero. Additionally, the nonlinear
equations examined by Denier & Hall (1991) to determine the development of lurge
vortices in two-dimensional boundary layers can be retrieved by setting A* = 0 in the
above.

We now follow the scalings first derived by DHS in which it was shown that the
O(G+) wavenumber vortices are confined to a layer of thickness O(G ~%) adjacent to
the cylinder. These modes have a spatial growth rate O(G%), and it was proved in
BH that the three-dimensionality of the basic flow is first significant for these viscous
vortices once the scaled crossflow A* is O(G'#). Therefore it is convenient to define the

O(1) crossflow parameter X by

oo

A* =G (2.4a)

If the spanwise wavenumber of the fundamental vortex is taken to be a (which, recall,

is O(G% )) then the scaled wavenumber k¢ is defined according to

a = koG%, (2.4b)
and the disturbance is confined to the region where the co~ordinate i given by

¥ = kGHY, (2.4c)

is of order one. In this layer the nonlinear disturbance assumes the form

I
8

n n=oc
U=AG™s ( UwnEf +G™% Y UrEf +.. ) : (2.50)

=—0C n=-—oc

n=-—oc

n=occ n=oo
Z VonE7 +G75 Y vl,,E;'+...>, (2.5b)

( WonET + Gt Z WinET + .. ) , (2.5¢)

n=Z°° PonET + G™s 7':Z°° PR,E + ) , (2.5d)

n=-0o0




where

X
E, = exp [z‘koG%Z +G3 / (,30 +GTEB(X) +.. ) dXx
. (2.5¢)
-ic%/ (Qo(t)+a—%91(t)+...)dt].

This definition of E; reflects the fact that the vortex has spanwise wavenumber O(G3)
and that the results of BH demonstrate that the disturbance has an O(G%) growth
rate (since it transpires that (8 is purely imaginary). Furthermore, the parameter A
is at our disposal. Initially the choice A = 1 is made which permits the fully nonlinear
vortex equations to be deduced but subsequently A is allowed to tend to zero which
corresponds to taking the appropriate weakly nonlinear limit.

For Y < 1 the basic flow quantities u, w are assumed to take the forms

X X
(XY + ““’2(, Jy? ¢ “133( lys 4. (2.6a)
X X
T = #21()())/ + P"222(' )Y2 #233(' )YB e, (QGZ))

and ¥ =0(Y?). The vortex equations are now derived by substituting (2.4-6) in

equations (2.3) and comparing coefficients of like terms. The continuity equation

(2.3a) yields
,BoUon + ikOWon = 0, if n # 0 (2.761)

Voo = 0, (2.7b)

dVon
di

The streamwise and spanwise momentum equations (2.3b, d) then give

n(B1Uon + BoUrn + ikoWin) + ko =0. (2.7¢)

BoUoo + thoWoo = — (50]:“ + z)\,ttzl) ¥, (2.8)

but the constraint that the disturbance be confined to the thin wall layer requires that

Uoo, Woo remain bounded as ¢ — oo which in turn forces the relationship

Bop11

ke + a1 = 0. (2.9q)
0

This confirms the assertion that 3y is purely imaginary and then (2.8) becomes

BoUgo + tkoWoo = 0. (2.9%)
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Next order terms in the streamwise momentum equation leads to the equation

d? QN Brit . i\ (1122 — Hi12M21) H11
— _N?*4 — Nor — , N2 Y Uan — S5 Von
< P2 kg kg ¢ ngp“ 4 oN kg o

1 > dU()n - n dVE)(N—n)
- L Z ( dl/) ‘O(N—n)" N—‘Ionn dl/)

2 (BoUto + B1Uoo + 1k Why) .
(2.10)

Our aim is to derive the governing equations for the leading order vortex compo-
nents {Uyn, Von}. Clearly one relation between these unknowns is established by (2.10)
once an expression for (FyUy0 + 51 Ugo + thgW1o) is found. Third order components of

momentum equations (2.3b,d) may be combined to show that if
® = BoUso + koW1, (2.11q)

then

26 1 d i | ' .
& ko dy > ((ﬂoUl,,+2A-0W1n)vo(_n))). (2.110)

n=—oo,n#¥0

Employing relation (2.7¢) and using (2.10) for N = 0 gives

¥
, o~ 1 dVon ,
(BoUro + BoUpo + thoWio) = — g » -~ / WVO(—n)dw )
n=-—o0,n 0

which in turn reduces (2.10) to

d? s 1N Bpn iA (K11ft22 — H12H21) o, o H11
< - Ny — Ny? | Upy — iy,
1 i (dUOn n dVo(n-n)
= — VO(N—-") - []011

ko TN dy N —-n dy

NUgn > 1 ; dV,

i On )
—_— - — —V - 1#/»
0 n=—o0,n#0 n 0 ay
(2.12)

The second equation for the leading order vortex components is obtained by fol-

. . . 4 . . .
lowing the scheme outlined in BH. Order G5 terms in the Y — momentum equation
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(2.3¢) enables a relation for the leading order pressure gradient to be derived in the

form

dPoN _ ko (i _ N2 N ﬂlunN/ _ i\ (p11pe2 — fazh21) 2) Vo,

ap di? kg ko 2k pa
NV
o0 dVOn n dVU(N—n)
B n=—§n#N ( dip Youn-m = N - nVOn di) ?ko _EO:OUO"LU(\ —n)-

(2.13)
Also O(Gt) and O(G3) terms in the streamwise momentum equation (2.3b) and the

spanwise momentum equation (2.3d) respectively show that

!d—2 - N+ KON BNy iA(p11paz — /121/112)-’\”?2} N
2 G 3 513 ]
dlz) kO AO 2A0/111 (214u)

_ ,UllVIN — RHSI,

g
and
d? QN Bipn N i (1p22 — a1 p2)Ny?

[dw BRA i < 2h3 411 Win
’ (2.140)
A Vin Y

_MuAN N p o R
k(z) 1\0 ON HSZ7

where the complicated terms RHS; and RHS, involve {Up,,Von}. By adding 5y
multiples of (2.14a), iko multiples of (2.14b) and 8; multiples of (2.12), differentiating
the resulting equation with respect to ¥ and substituting for dPyn/dy according to
(2.13) leads to the required second equation relating the leading order vortex quantities.

As in BH it is convenient to invoke the scalings

2\ .31 . -1 3 ;
ko = (XO,Ull) k, B =ixgun b, Uon = X " 111 Un, (2.15a = ¢)
1 2 2 3
Von = x¢ 1 W, Qo = =xg 8, (2.15d ~ ¢)
. 2 4 A /L“/lzz — H21fi12) 9 1E
& =xbuho, 2= it (215 - ¢)

2#11\0




which reduce the pair of equations for the vortex to the forms

2 ; CAN "N N )2 ,
(i__NZ_zQN_zﬁl\z/J_z)\J\Q/))UN Vi

dwz k2 k3 k3 k2
= — ) N—-n — _ n . —
knz_oo’n;éN dy N -n di i
where
¥ oo d
= “/ > lg&V—n dip, (2.16b)
0 n=-o00,n3%0 n d)
and
¢ 2 IV BNy dANY?Y o ) 2AN N2y
(d—d’_?—N RS R B X )((hp.z—N)VN%- 13 Vn + 3 Un

o

N d’ 2\ g @) N2
=5 (2 (d ) N"”EF)_WZO:OU“UN“"

1 = N%(2n — N) dV,
Tk > ( n dy VN‘"+Td¢ dy2 n N s

(2.16¢)

Notice that the scaling (2.15b) ensures that neutrally stable modes correspond to the

N?dVad®Vy_n N d3Vn)

' n=-o00,n¥0,N

case when the scaled parameter 3 is purely real valued.

These equations dictate the strongly nonlinear evolution of vortex modes and
are the three-dimensional extensions those equations solved by Denier & Hall (1991).
A numerical solution of the full three-dimensional equations (2.16) is planned for a
future paper but for present attention is restricted to the consideration of the weakly
nonlinear properties of these equations. Such a treatment enables predictions to be
made concerning the properties of Gortler vortices in three-dimensional boundary
layers of practical importance. It is to be noted that the scalings (2.15) ensure that
the ensuing deductions may be related to a wide variety of boundary layers and the
precise properties of vortices within any particular flow may be easily deduced by
appealing to the recipes (2.15) with the particular boundary layer functions xo, 11,
H12, 21 and po2 inserted.

Consequently, in the following section we concentrate on the case when |Uy| and
|Vv| are small or, equivalently, in the context of the original expansions (2.5), when

the parameter A < 1.




§3 The weakly nonlinear theory

Our analysis of the full equations (2.16) is concerned with the problem 1n which
the vortex mode is of amplitude O(h), with h < 1, relative to the scalings implied in
(2.5). In this case, in keeping with the usual weakly nonlinear approach we anticipate
from (2.16) that the perturbation quantities are changed by O(h?) from their linear

values and so

Uy =hU10+h3UU"', 1% =hff10+}13Vll + -, (3.1a,b)
U, =h2020+"', Vo = B2V 4 -+ -, (3.1¢,d)
Uo=h2ﬁoo+"', @2}22&)0-}-'“, (3.16,f)

and the scaled parameters involved take the forms
B=00+hBr+ -, QO =Qo+h%Q +---. (3.1¢, 1)

The remaining terms in (2.16) are sufficiently small so as to become negligible in the
ensuing analysis.
The expressions (3.1) when inserted in (2.16) suggest that it is convenient to define

the operator Ly by

d? iQoN BNy iANY?
Ly=— —N*— - — : 2
N=gpz 12 3 13 (3.2)
At leading order in (2.16) we obtain the system
- 1%
L (Ulo) - =0, (3.34)
d? - 20\ Y - .
L, (dl? - 1) Vio + F‘/IO = “EEUIO» (3.30)
which needs to be solved subject to the conditions
- - dV]
UIO, V]o, —d_ilb-o. — 0 as lﬁ e 0,00, (33()

in order to ensure zero disturbance quantities on the surface ¥ = 0 and that the
vortex decays as ¥ — oo. The system (3.3) is, of course, just the linear viscous
equations discussed in BH. The salient properties of the relevant solutions of (3.3) will

be discussed in a forthcoming section.
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At O(h?) in equations (2.16) it is found that Ugo and $¢ satisfy

2 wl 7 o ot o 2 A ~ dV* ~ dVlo !
00 | k( 10Vy0 10V10) 0 : 10 dv 10720 v, (3.4)

where here, and in the remainder of this article, an asterisk used as a superscript on
der,

a quantity denoted the complex conjugate of that quantity. Also, at the same order

the harmonic terms Uz and V;q are determined by the pair

V0 AU, -~ dVg ]
L, (U2o) Tz TF ( PR Uto a0 >, (3.5a)
d? oA W 2 (. dBVig _dVie d*Vig 2 -,
ke (EF_‘l) bt Vet gl =g (Vl" s " ay @ ) et
(3.5b)
subject to the boundary conditions that
dv.
250 as ¥ — 0,00 (3.5¢)

. .
Uz, Voo, &0

The numerical procedures implemented in order to solve (3.3) and (3.5) are de
scribed in the coming section and so here we concentrate on deriving the required

amplitude equation. In order to obtain the desired equation then it is necessary to
consider O(h?) terms in (2.16) which lead to the pair
- Vii (8 iy deo Jl 00 dif'zu -
LI(U“)_?_<F+ U10+ 1¢ V dl/ ‘ —(M_VIO
L (3.6a)
U10®o
k2

Uy dVag dvyy
> dp + 2050 20 +

d -, 2\ - U1 1y iy .
L, (d—d—g - 1> n+ 3 Vi + S ( 2 + 1 (<l‘¢’2 -1) Vo
-

1 (. d? d“ P
(‘I’o ( ) Vlo - V10 a2 - UfoUzu - U00U10>

R dy?
dvy, L3 dVao  dVis d*Vao | 1dVh d*Vpy 7 EVy Vi d T

dp T2 0 T dy dy? 2 dy  dy? 207 g3 2 dyd )’

(3.60)

1
7z (3V20
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subject to the boundary conditions

. . dV
Un, Vi, (ZLI — 0 as 1 — 0,00. (3.6¢)

The homogeneous form of (3.6) is merely (3.3) and so, as is the normal method
within a weakly nonlinear analysis, equations (3.6) only have a suitable solution if a
certain compatibility condition is satisfied. This condition leads to the specification
of the correction terms 3; and 2; within the streamwise dependence and frequency
expansions detailed by (3.1¢g, k). To derive the compatibility requirement it is necessary
to first consider the system adjoint to the homogeneous equations (3.3). This adjoint

system consists of the functions f’( ) and é(¢’) which are the solutions of the coupled

equations

L, (F)-{-]ﬁG—O (3.7¢)
diG [, LBy MY &G (2iBy  4idv) dG
dyp? k27 kTR dw KTk ) dy (3.7%)
~ -
IAY? | iBey s F
+( ot T3 T - k2 P +1) G- 5 =0,

with the associated conditions that F', G and dé/dt/) — 0 as ¥» — 0,00. Multiplying
(3.6a) by F, (3.6b) by G, adding and integrating with respect to 1» demonstrates that

for a solution of (3.6) to exist necessitates that

2189 A + 20094 = — I, AjA|,

C oo &
1 = —z-/ FL’U]O + Gl/) — =1 ‘ di, (3.8u)
k2 Jo dy?
) 13 . [ d? - / .
2=-5 i Uw+G a0t 1) Vig | dy, (3.30)

and I, = f0°° Hdy, where

where

F(dU2 . dUp - dc/zo U* dVyy -~ dV2 FU 0y
H=— lOV V * 10 9 10
k(dzp 20+ g et 5, i+ dw T, )T
Ll

G (. d?d,
+ 7z (‘I’o (Elﬁ—z - 1) Vio — Vio—— a07 U10U20 - UOOUIO>

G/ . dVyr 3..dV,e dV*d2V: 1dVye &2V~ BV VE BV
- = | 3V —22 + 5V 20 T2 % Y20 2@V20 8 Vo Ly @ V0 Flo € R20 )
’“( g T20d T d e T2 dp g TURER 2




Before presenting the results of the computations we observe that the above anal-
ysis may be easily generalised so that the vortex evolution on a slow lengthscale and
thence the growth or decay of a near neutral disturbance may be monitored. For-
mally, if we consider the neighbourhood of the point X = X, (the point at which an
infinitesimal vortex is neutrally stable) and allow a constant frequency disturbance to
develop on a lengthscale X where X = G~ 8h~2(X — X,,) with h < 1, then the result
of repeating the previous analysis for a disturbance of amplitude hA(X) relative to

the scalings implied in (2.5) is the evolution equation

dd _ (_’—2-) QA — ("I") AlAP?, (3.9a)

dX %1 7

It is then simple to derive the equation for the vortex amplitude

d . |
= (141) = AP + el (3.95)

) 2 1,
c1 = 2Re (—1—2) , ¢, = 2Re (—2 ) . (3.9¢,d)

where

2 <1
In order to evaluate the coefficients in (3.9b) it is necessary to solve the systems (3.3-5)
and (3.7) so that the expressions for 21, z; and I, as defined in (3.8) may be found.
Several limits are of interest: in particular we discuss asymptotic explanations of the
properties of solutions of equation (3.9b) for situations of large or small scaled vortex
wavenumber k as defined in (2.4b) and (2.15a).

It is clear that if (9, B, A) is an eigenset of (3.3) then so is (—=Qg, —45, —A) for
real crossflows A. Evidently, it is possible to restrict our attention to positive crossflow
parameters without any loss of generality and this is done for the remainder of the

paper.

§4 Numerical methods and preliminary calculations

In the context of their work on the viscous vortices BH were solely concerned with
the numerical solution of the linear system (3.3). Their computations were based on a
technique originally proposed by Malik, Chuang and Hussaini (1982) in which the dif-
ferential equations to be solved are reduced to a set of linear algebraic equations using
either a finite difference discretisation or a spectral representation and the eigenvalues
found by solving the characteristic determinant of a generalised eigenvalue problem.
The particular method described in Malik et al. uses a fourth order accurate (Euler-

Maclaurin) finite difference scheme with nodal points distributed so as to resolve any
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singular layers and was implemented in order to examine the temporal and spatial
stability of a three— dimensional compressible boundary layer flow over a swept wing.

For the present work we attempted to adapt the methods used by BH but even-
tually concluded that we needed to use a more efficient algorithm here. The reasons
for reaching this conclusion were twofold:- first the form of the code relevaut to the
linearised problem (3.3) does not lend itself to easy modification for use in inhomoge-
neous problems such as (3.5). Second, and perhaps more importantly, BH conducted
a small number of computations of solutions to (3.3) restricted to the three scaled
frequency choices 25 = 1,0, —1. (This was due to limits on the available computiug
resources.) In order to execute the additional calculations required to compute the
amplitude equation coefficients ¢, and ¢z as defined in (3.9) and to extend the resules
to a greater frequency range it was felt that an improved algorithim was required. \We
mention in passing that there was an unexpected by-product of using the miproved
scheme as it enabled us to explain certain of the computational difficulties encountered
by both BH and Bassom (1992) and which are described later.

We first detail our computational technique as far as it applies to solving the ho-
mogeneous system (3.3). The method has to be adapted for use on non-homogencous
problems (for example (3.5)) and these modifications will be described as required.

Therefore we note first that (3.3) can be characterised by the pair of equations

d*v d*V. . dV

aF g g =0 (d1a)
([2"7 ~
a7 +a, U+ 3,V =0, (4.10)

where the coefficients é,, a,,... etc. are known functions of y.

The system comprising of (4.1) with associated boundary conditions typified by
(3.3c) is an eigenvalue problem and was solved by considering (4.1) with only five of
the homogeneous boundary conditions invoked. In addition a normalisation constraint

was imposed so that (4.1) was solved subject to

dU
U=V=0, —=1 a y=0, (4.24)
dy
Vv
U= /':£——+0 as y — oC. (4.20)
dy
Iteration on the ecigenvalue ensured that the sixth boundary condition dV/dy = 0

at y = 0 was satisfied. Specifically, in the context of problem (3.3), system (4.1-2)
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was solved for complex-valued 3, for chosen frequency 2y, crossflow A and vortex
wavenumber k. Iteration on the imaginary part of gy using a Newton iteration to vary
A enabled neutrally stable solutions to be found: cubic splines were used to track along
the neutral curves.

As previously mentioned, the main benefit of the present algorithm above that
used by BH is the much greater speed of calculation and this is due in part to the
implementation of a variable mesh step. The equations (4.1) were discretised usiug
central differencing on the grid y,, n = 1,2,... N, where y; = 0 and yn = y'>),

where y{>)

was chosen to be sufficiently large so that the subsequent results were
independent of its value. The algorithm permits any grid discretisation, although it
was found to be adequate to limit the form to four distinct regions in which the step
length was constant: specifically, step length h = 2 for 0 < y < yV; L = K tor
yUT <y <y j =234, where y™ = y(>) This grid was found to both resolve
both the details of the solution and also integrate over the entire field without using un-
necessary steps in the outer region. In all the calculations described henceforth checks
were implemented to ensure that the solutions responded smoothly near discontinuity
points in the mesh -step size.

Typically this method allowed us to use roughly one-third of the number of points
as was required by BH in their implementation of the code described by Malik et al.
(1982). Further time saving was obtained by formulating our code so as to account
for the exact structure of the discretised equations to be solved. The method used in
BH may be applied to a much wider variety of boundary value problems whereas the
method used here is specific: however we believe that restricting ourselves to such a
system specific procedure was worthwhile for with modest grid adaptation we achieved
a reduction in computer time to roughly one-thirtieth of that needed by BH. Details
of the discretisation used and of the procedure for solving the resulting equations ure
given in Appendix A.

As a check on the method described above it was decided to repeat some of the
linear calculations of BH to ensure consistency. Although BH did conduct a few com-
putations relevant to non neutral infinitesimal modes it should be remembered that
our current concern is ultimately with describing the weakly nonlinear modes outlined
in section 3: disturbances which by definition are ‘close’ to the linear neutral stability
curve. Therefore effort was concentrated on thie neutral modes of BH and figure 1
illustrates such modes for a variety of scaled frequencies €. BH restricted themselves
to the choices ) = 1,0 and —1, but the efficiency of the improved algorithm allowed

neutral modes to be derived for 0y = —2(0.5)3. Figure 1 shows the crossflow parimncter
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A and figure 2 the parameter g3y as functions of the scaled vortex wavenumber k. \We
remark that our calculations faithfully reproduced the corresponding findings ot Bi.

Certain trends surmised by BH on the basis of their numerical work restricted to
the three values of g are confirmed by our more extensive results. In particular it is
seen that neutral modes appear to be possible over wide ranges of the wavenumber and
that for large k the crossflow needed to produce neutral modes is quite small. Moreover,
DHS illustrated that for ¢ = A = 0 all modes within the O(G%) wavenumber regime
are unstable; consequently crossflow is seen to have a stabilising effect. A striking
difference also occurs depending upon the sign of the scaled frequency Q. For Q; > 0
the neutral modes persist over the complete range of & and as & — 0 the crosstlow A
required in order to preserve neutral modes tends to an O(1) value. However for Qy < 0
BH and Bassom (1992) could not find such disturbances for all wavenumbers & and the
neutral modes apparently disappeared at some critical &, Figure 1 demonstrates that
this critical value increases as €2y becomes more negative, and a possible explunation
for this behaviour is given later.

For small wavenumbers £, figure 2 illustrates that the behaviour of the streamwise
variation parameter Jp is also critically dependent upon 4. For Q4 > 0. as & — 0
then 3y — 0 smoothly (and is proportional to k% by the results of BH). A contrusting
situation occurs for Qp < 0 for now both A and 3y develop crratic behaviours as
k decreases; behaviour which was also found in BH. Extensive nuimerical checks on
both our present code and that developed for use in BH were made and confirm these
findings.

To conclude this section it is worthwhile to note that the results shown in figure
1 are sufficient to demonstrate that increasing crossflow stabilises the non-stationary
vortex modes. There are several regimes in which asymptotic description is possible
(in particular those cases of large and small k) but since the primary aim of the
present study is to examine the weakly nonlinear system we defer these asymptotic

considerations for the present.
§4.1 The weakly nonlinear calculations

Given the outline of the numerical method above the implementation of the rou-
tines required to evaluate the amplitude equation coeticients ¢; and ¢, was straighttor-
ward and the following methodology was adopted. Once the homogeneous equations

(3.3) were solved for the streamwise variation parameter 3y and scaled crosstlow A in

terms of the given frequency Qg and wavenumber & and the respective eigenfunctions
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(:’10 and lj'lo deduced it was a simple matter to evaluate the mean flow quantities f"ou
and @, defined in (3.4).

Next the solution of the inhomogencous system (3.5) was required in order to
determine the second harmonic terms U, and Vau. Appendix A details the solu-
tion strategy for the homogeneous probleni but certain modifications are required for
dealing with an inhomogeneous case. These are briefly described in Appendix B. Fi-
nally, the adjoint functions F(y') and G(g’v) as given by (3.7) were found by using the
ideas presented in Appendix A. The integrals z; and =z, as defined in (3.8) were then
evaluated using Simpson’s rule and the amplitude equation coefficients ¢, ¢, thence
deduced. The usual checks were made to ensure the accuracy of the numerical solutions
of the systems (3.3), (3.5) and (3.7). In addition, one further check was nnplemented
for each set of solutions; in each system the discretised solutions were substituted iuto
each side of the equations to ensure that the required matrix equations were being
solved accurately and that the derived results did indeed solve the problem.

We now consider some properties of the resulting amplitude equation for a variety

of parameter choices.

§5 Remarks on the weakly nonlinear properties of the vortex modes

Implementation of the numerical procedures described i section 4 led to the
determination of the coeflicients ¢; and ¢; appearing in the amplitude equation (3.9).
This equation demonstrates that the weak nonlinearity of the problem allows the

existence of a threshold equilibrium amplitude A, given by
4.2 = -2, (5.1)
)

with 2, > 0 or Q; < 0 as appropriate in order to ensure that the right hand side of
(5.1) 1s positive.

Calculations were conducted for a variety of scaled frequencies Qy taking values
between —2 and 3 and the results are summarised in figures 3-5. Figure 3 illustrates
the dependence of the coeflicient of the linear term in (3.90) (i.e. ¢;) upon Qy and
the vortex wavenumber k. It is convenient to discuss the cases Q5 > 0 and Qy < 0
separately. In the former case ¢; > 0 across the whole range of wavenumber space
which indicates that according to linear theory a mode of frequency Qy + h%Q, s
unstable for 2, > 0 whereas it 15 stable for Q, < 0. This is to be expected as from
figure 1 it may be deduced that for a fixed crossflow then as the frequency of the mode

licreases so it loses stability. Furthermore, figure 3 also demonstrates that for Qy < 0
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a more erratic behaviour for ¢; occurs. Specifically there are regions of wavenumber
space where ¢; just becomes negative and there are rapid variations in ¢; for small
k. These changes are easily explained by an asymptotic analysis of the governing
systems (3.3), (3.5) and (3.7) for small k: an analysis which is closely allied to work
elucidated to in BH and which is explained in section 6. However the small k case for
2o < 0 evolves to a very different structure. Although BH postulated upon the form
of this revised configuration they could not solve the resulting equations— the reason
for this was surmised by Bassom (1992) as being due to a cut-off point beyond which
no neutral solutions could exist. The curves of figure 3 for 2y < 0 lend some credence
to this suggestion for as { becomes increasingly more negative so the calculations
become increasingly more difficult to perform for small &. However, we have also soe
evidence that a much more elegant computational procedure may lead to a resolution
of these difficulties; a matter which is discussed at more length later.

A final comment on figure 3 concerns the wild “dips’ in ¢; observed at relatively
large values of k when € < 0. This feature is not seen for positive Qg and extensive
numerical checks of our work have suggested that this behaviour is real and not just
some numerical artefact. As yet we have no convincing argument as to why tlis
behaviour should occur.

We turn now to interpret the findings summarised in figure 4 which illustraces
the dependence of coefficient ¢; on k. This coefficient is of greater importance than
c; for the sign of ¢, reveals the nature of the equilibrium amplitude A, as defined in
(5.1). For all frequencies 5 > 0 it is seen that ¢, < 0 and consequently the weak
nonlinearity of the flow leads to a stabilisation of the vortices. In this case vortices
with initial amplitude less than A, grow to A, whereas those with initial size greater
than A, tend to diminish. However it must be recalled that if the scaled amplitude 4
becomes too large the fundamental assumptions underlying weakly nonlinear theory
are invalidated and a fully nonlinear account of the vortex structure is essential.

In the main the finding that ¢, < 0 also holds for negative scaled frequencies Q.
The one additional feature that appears now is the occurence of a large negative spike
in the value of c¢; which is evident at a relatively small value of k. Again exteusive
numerical checks suggest that this is indeed a true feature as opposed to a computa-
tional peculiarity. Figures 4e-g also demonstrate that the size of this spike decreases
as (Yo becomes increasingly more negative.

Finally for this section, equation (5.1) trivially yields information concerning the
equilibrium amplitude A, and which is shown in figure 5 for the various values of

. Of course many features of this amplitude follow directly from the information
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portrayed in figures 3 and 4 and so require little additional comment. We meution
first that for all the cases considered ¢; < 0 so that modes with perturbed frequency
2, > 0 would be expected to evolve to these equilibrium amplitudes whereas those
with ©Q; < 0 would decay to zero. Again it is convenient to divide our discussion
between the cases p > 0 and Qp < 0. In the former, as ¥ — oo, |4,] — 0 and as k
decreases |A,| rises and reaches a maximum value. As Qg increases so this maxinium
value decreases. The form of figures 5a-c suggest that for vortices of scaled frequency
29 > 0 those modes with low wavenumbers relative to the O(G%) implied scaling
would be more readily observed than those of greater wavenumber. It should also be
noted that as £ — 0 the calculations became increasingly sensitive to the grid spacing
used and the slight wobbles in the curves as & — 0 are a direst consequence of this.

For §)y negative a number of the trends just described continue to persist. In par-
ticular, as 29 moves through increasingly more negative values |A.| decreases although
its maximum value for any fixed frequency occurs at increasing values of k. Again dif-
ficulties in evaluation were experienced for small wavenumbers and furthermore, the
small values of ¢; as demonstrated in figures 4e—g make computation of |4.]| at large
k difficult.

To conclude this description of the weakly nonlinear calculations it is worthwhile to
briefly recall the more salient results. Importantly, whereas BH showed that the effect
of crossflow is to stabilise the O(G3) wavenumber modes according to a linearised
theory, the above work has demonstrated that crossflow also stabilises the modes
on a weakly nonlinear basis. The corresponding equilibrium amplitudes calculated
over a range of frequencies and wavenumbers reveals that the largest amplitudes are
associated with near stationary vortices and it can be tentatively proposed that these
modes are the most likely candidates for practical observation. The analysis originally
proposed by BH for small wavenumber linearised vortices at scaled frequencies €2 > 0
may be adapted to allow discussion of these modes using a weakly nonlinear approach

and this is considered now.

§6 The low wavenumber (k < 1) limit for Q¢ > 0

The calculations presented in BH showed that when ¢ > 0, & < 1 the eigenfunc-
tions Ujo and Vig of system (3.3) are concentrated in a thin region near ¢ = 0. They
demonstrated that these functions assume a multi-zoned structure form and that the
crossflow A and streamwise variation parameter g required for neutral modes assume

the forms

A=do+Mhki4+..., By = Book? + BorkT 4+ ..., (G.1)
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where all the constants are real valued. The asymptotic structure for the solution is
summarised in figure 6 where it is shown that the configuration divides into a main
zone (I on figure 6) of thickness O(k’}‘) which contains a thin region of depth O(k3 ),
I, supplemented by a viscous wall layer of thickness O(k), III, and a far field zone,
IV. Tt is to be recalled that the normalisation chosen for all the numerical work in
this paper is that 0{0 =1 at ¢ = 0. Guided by this requirement 1t is easy to adapt
the workings of BH to show that the most important contributions to the integrals

defined in equations (3.8) occur within the zone I wherein it is convenient to write
Y = k%wo + k3 (const. + (/A)) . (6.2q)

2 .
Here 1y ~ 1.47Q; and the constant has a value which is of no concern for the current

workings. Furthermore, in zone I the solutions U,q and Vj¢ develop according to

U =k™3U00(d) +..., Vie=kiVio(@)+..., (6.20)

d? 2 22\ 2 2
—? — IQ - 2/\0’@/) U10 = ‘/10, (6 2L)
dyp
N G X 2T :
—7 1 — iAoy 1210 + 2ih V1o = —Uso, (6.2d)
dy dy

for some constant ! and are subject to the conditions that

2 2 1C ~ ,
Vie— =, Ujo — ! — as || — oo (6.2¢)
Y Ao

The constant C is chosen so that U =1 at 1) = 0 and elementary matching between

the solutions valid in each of the regions sketched in figure 6 leads to
C ~ —0.21iQ3. (6.3)
The eigenproblem (6.2) was first solved by Hall (1985) who showed that

Yody ? = 4.69, Qa; 't~ 280,




which in turn gives Ay = 0.46Q§. This prediction of crossflow required in order to
produce neutral modes as k — 0 gives good agreement with the forms depicted in
figure 1 for frequencies €4 > 0.

Following this work taken from BH it is straightforward to deduce the forms of

the remaining functions within the thin zone I. The adjoint functions are

F=F@)+..., = kG(¥) +
where

d? 2 22) 2 a
—5 Q- Ao F+y,G =0, (6.4a)
dw

d? 2 22\ 2 e mda 2

Q2 ZQ - ZA()I/) —Ag - 41/\01,[)—65- = F, (64b)

dy dy dy

subject to the conditions that

—

Fx =

-

Furthermore, Uyy = k‘_%ﬁzo + ..., Voo = khﬂfgo + ... where (720 and 1720 are odd-
valued functions satisfying

2 2 2 2 %
d—- - QZQ QZAod) U20 - V20 = dUlo‘ 10 — Ulod‘ 10, (65(1)
d¢ di dy
d2 N ~2 d2v
—7 = 2iQ0 — 2t Aoy 20 + 42/\0V20 + 41/)0U20
dyp dw

(6.5b)

subject to the constraints that U20 =0() )and V20 = O )as|¢| — oco. Finally,
within zone I the functions U()() and <I>0 are

-

Coo =k_%000(l[‘)+---, &) = ké&oo(’f’)“P




(:Joo = /’J’ ([}10&:0 + (}:0‘:/10) dz;/: and 500 = /w f/dego - 1:/:0 dVAlo d:»
—oo dy dy
(6.6)
Formally, it is possible to use the expansions given above to deduce the forms of the
various flow quantities in each of the remaining regions II-IV. However tedious but
straightforward manipulations verify that the dominant contributions to the expres-
sions (3.8a — c¢) arise from within zone I.

The systems (6.2), (6.4) and (6.5) were solved using techniques based upon the
general descriptions given in Appendices A and B (some additional remarks specific
to these systems are also in the latter Appendix). Simpson’s rule was used to evaluate
the necessary integrals and thence the amplitude equation coefficients were found to
take the forms

_3 3 11
c1 ~ 0.7, 8k +..., o —TQE R+ ..., (6.7a,b)

as k — 0. These asymptotic predictions provided reasonable agreement with the
numerical results discussed in the preceding section. Results (6.7) then imply that the
equilibrium amplitude
|A] % 0.30; 5k % /s,

which again suggests that it is the low wavenumber relatively low frequency modes
which have the greatest equilibrium amplitudes. However there is evidence from figures
Sa-c that as k decreases the accuracy of our computational work deteriorates. One
difficulty with the prediction of 4, as k¥ — 0 is provided by the extreme smallness
of the coeflicient ¢, (see (6.7b)). Clearly tiny inaccuracies in the evaluation of ¢
can have drastic consequences for the resulting value of |4¢|. As & — 0 it has been
demonstrated that the entire solution structure becomes compressed against the wall
and then the numerical resolution of the distinct zones sketched in figure 6 is rendered
very difficult. Limits on our numerical work were imposad by the available resources
and it was considered that it would not be worthwhile to attempt to refine our grid
further for reasons described presently.

The scalings described above fail as g — 0 for in this limit the thin layer [
moves towards the wall and Bassom (1992) has demonstrated that when Qo = O(k7)
this layer merges with the viscous wall layer I71. Within the wall layer the governing
equations now take the forms

d? T U N
(-—r — Q) —i3€ — i/\fz) U=V, (6.8q)

dé?
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d2 N . ‘N eo2 dZV ey il
(35—2 — Q=138 — X ) 71&72— + 2\V = —-¢U, (6.8b)
where the ~ denotes quantities scaled on suitable powers of £ (fuller details are given

in Bassom (1992)). In particular, ¢ = k%) and these wall layer equations need to be

solved subject to the conditions that
. Vv . .
U,V and —g —0 at £=0 andas £ — oo. (6.8¢)

Bassom (1992) used the numerical code of Malik et. al. (1982) to solve (6.8)
for a selection of values of Q. As {! — oo he showed how these low frequency modes
match with those for which 9 =0(1) but he could only manage to obtain solutions
of (6.8) for Q greater than 0. & —3.3. The work of Bassom (1992) was prompted in
part by the finding of BH concerning the low wavenumber structure outlined by (6.2)
above. The asymptotic regions found by BH are only valid for positive values of Qg
and that paper made tentative suggestions concerning possible configurations when
o < 0. In particular, a critical layer type problem was proposed but no attempt
was made to solve this. Subsequent calculations failed to find a solution and Bassom
(1992) hoped to connect the Qp > 0 and Q2 < 0 cases by investigating the intermediate
problem where Q¢ = k7 by examining the numerical solutions of (6.8) as Q — —oc.
However the existence of the cut-off frequency €. below which numerical solutions
were unattainable thwarted this aim.

The system (6.8) was solved using slight modifications to the numerical techniques
described in Appendix A. Like Bassom (1992), difficulties were encountered as Q.
was approached. Closer studies of this phenomenon revealed that the as @ — €.
the eigensolution migrates from the wall £ = 0 and thus becomes almost completely
independent of the boundary conditions imposed at the wall. Therefore the solution
becomes insensitive to the values of the eigenparameters and numerical convergence is
impossible to obtain. This type of behaviour typically occurs whenever a ‘null space’
of the system is approached and indicates that the elimination techniques employed
to solve the discretised equations need to be replaced by a scheme which directly
inverts the entire discretised set (such schemes are termed ‘global methods’). This is
computationally extremely expensive but it does lead to a determination of a spectrum
of eigenvalues of the problem.

This difficulty which arises when a null space of a problem is encountered also
provides the explanation for some of the other deficiencies in our numerical work to

date. In figures 1 and 2 where neutral curves were presented it is noted that as
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becomes progressively more negative the wavenumber range over which results were
obtained diminishes. Investigations have shown that this is again due to approaching
a null space of the appropriate system (3.3).

BH also made some remarks concerning the properties of large wavenumber modes.
They demonstrated that as k — oo the disturbance remains confined within an O(1)
thick region which moves away from ¢ = 0. Specifically, if ¥ = ck® + const. + d»T
(where the precise value of the constant is of no consequence for the leading order
problem), Bo = Book® + ... and A = Agk™2% + .... If the eigenfunctions of (3.3) are

written as

010=UJ+..., V]o=k2VJ+..., (69(1)
then it is easily verified that Bop = —Aoc and the eigenfunctions satisfy
2 2
( @ __ 1+ﬂ00¢f) ( T 1) vl = —eUd, (6.9b)
dyt dyt
& vt =yt
5 — 1+ Boop’ | Uy =V . (6.9¢)
dyt

Again BH were unable to solve this eigenproblem for Sy and ¢ and it is observed
from that paper that calculations of the homogeneous system (3.3) failed for values
of k larger than about 1.4. Further researches have once more confirmed that these
problems are due to approaching a null space of equations (3.3).

In order to develop our findings of this paper further work is needed to investigate
the global numerical methods. Preliminary runs with a small number of grid points
have been conducted for the eigenproblem (6.2) first solved by Hall (1985) and for
the small frequency problem (6.8) first written down by Bassom (1992). Results for
this latter problem have revealed the existence of solutions for Q less than the cut-off
value Q.. This indeed proves that the previous problems for < € are entirely
numerically based and have no physical significance. As yet there are too few results
from the computationally intensive global method in order to justify a fuller discussion
here. However it probable that developments with these ideas will lead to an improved
explanation of the large wavenumber and negative Qg limits and w= plan to report on

our findings in due course.

§7 Discussion and Conclusion

In the previous sections we have described the mechanism by which the intro-

duction of crossflow influences the weakly nonlinear stability characteristics of O(Gs) .
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wavenumber viscous vortices. The work was confined to the situation in which the
crossflow 1s of size O(Re—%) since that is the crucial cize at which the crossflow first has
a significant effect upon on the vortices. Additionally the Gortler number was taken
to be large as this allows non-parallel effects to be accounted for using asymptotic
means and, furthermore, is relevant for many realistic boundary layer flows.

One advantage of concentrating on the O(G s ) wavenumber modes, apart from the
fact that these are the most unstable for a two-dimensional boundary layer, is that the
structure of the disturbance permits all the basic flow quantities which are functions
of the particular boundary layer to be scaled out of the problem leaving a system of
equations which is valid for a wide variety of three-dimensional flows. Consequeutly
the scalings (2.15) would need to be applied again in order to assess the implications
of our findings for any specified flow.

The main conclusion of our work has been that over all the wavenumbers aud
frequencies investigated the influence of weak nonlinearity is stabilising and the con-
sequent supercritical equilibrium amplitudes have been evaluated. These amplitudes
tend to be largest for vortices of small wavenumber and frequencies relative to the
initial scalings and suggest that it is these modes which would appear to be the most
likely to be observed in practice. A limited asymptotic study has been accomplished
which yields indications of the solution characteristics for small & and positive scaled
frequencies 9. However the corresponding work for negative 0y and that relevant to
large wavenumbers k was not completed due to difficulties in encountering null spaces
of the governing differential systems. As reported in the previous section preliminary
work has begun using more appropriate numerical methods in order to circumvent
these problems. We feel that these calculations are important for the following rea-
son. The work described by BH and that here has conclusively demonstrated that
both the linear and weakly nonlinear properties of these viscous vortices are critically
dependent upon the sign of the scaled frequency and crossflow \. For any particular
boundary layer either case may be the more relevant (depending upon the signs of the
scaling quantities within (2.15)) and so it is desirable that both eventualitices are anal-
ysed properly. Whereas the solution properties are now reasonably well understood
for Qo > 0 this understanding is clearly deficient for Q4 < 0 and work on this latter
case is continuing.

The other extension of this paper which merits close study is the question as to
the nature of the fully nonlinear properties of viscous vortices in three-dimensional
boundary layers. The investigation of Denicr & Hall (1991) described in the introdue-

tion has concentrated upon the two dimensional version of this problem and showed
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that in general the vortex suffers a finite distance algebraic breakdown as it develops
downstream. Denier & Hall were unable to conduct a weakly nonlinear analysis of the
type discussed here for in the two-dimensional boundary layer there are no neutral
modes of wavenumber O(G%). The results of BH and the extensions presented in
the current work show that the effect of three-dimensionality is to stabilise the vortex
mode. Therefore the three-dimensional version of Denier & Hall (1991) would be most
valuable in deciding whether fully nonlinear or crossflow effects are the more impor-
tant. The former induces a catastrophic breakdown in the flow whereas the latter effect
is stabilising and so it can be anticipated that there may well be a delicate balance
between the two. It is noted that the full three-dimensional nonlinear equations have
already been obtained (in (2.16)) and work is underway to investigate the properties
of their solutions.

In the context of our work concerning the viscous modes it should be remembered
that a concurrent study by Blackaby & Dando is dedicated to examining the nonlinear
properties of O(1) wavenumber inviscid modes whose linear stability properties were
outlined in BH. As yet we are not aware of any results arising from their work. Their
findings will need to be compared to ours in order for the relative importance of the
two nonlinear mode types to be accurately assessed. BH attempted to resolve the
question as to which mode is the more likely candidate for practical observation. By
carrying out a linearised receptivity calculation of the type given in DHS relevant to
Gortler vortices in two-dimensional boundary layers, BH were able to show that wall
roughness is a more efficient stimulator of the viscous modes than the inviscid ones and
thus the viscous modes might be the easier to generate experimentally. However they
also pointed out that as the crossflow increases the growth rates of the inviscid modes
increase to become larger than the viscous rates. Thus beyond a certain crossflow size
the observed instability may well be a Rayleigh instability as opposed to a centrifugal
one.

In many practical situations where Gortler vortices are thought to be a likely cause
for transition the basic state is three-dimensional. Our work has demonstrated that
a crossflow of small size O(R;%Gg) is sufficient to stabilise vortex modes according
to a weakly nonlinear basis but the results of Denier & Hall (1991) indicate that tull
nonlinearity of the disturbance may well lead to rapid breakdown. It is a matter of
some interest as to the relative importance of these crossflow and nonlinear mechanisis
which can only be resolved by extending our findings to the fully nonlinear regime. This
problem should obviously be a topic of carcful theoretical and practical investigations

of the Gortler mechanism in three -dimensional boundary layers.

29




The authors wish to thank Dr. Craig Streett of NASA Langley for informative
guidance regarding the nature of null spaces of the differential systems considered. The
research of SRO was supported by the National Aeronautics and Space Administrution
under NASA contract No. NAS1-18605 while he was in residence at the Institute for
Computer Applications in Science and Engineering (ICASE), NASA Langley Research
Center, Hampton, VA 23665, USA. APB would like to thank ICASE for their support

and hospitality during a visit whilst part of this work was carried out.

30




APPENDIX A

In this appendix we briefly describe our solution strategy for equations of the
general form (4.1).

The derivatives in (4.1) may be discretised as,

éf — ¢n+1_'¢n—l’ (Al)
dy Yn+1 — Yn-1
d2¢ — 2¢5n+l + 2¢n + 2¢n—1
dy?  (Yn+1 = Yn—-1)Un+1 = Yn) (Un=1 —YUn) WUn+1 —¥n) (Yn+1 — Yn—1) (Yn —( y,,)_l)’
A2
and y
d d’ - 24¢n+2
dy*  (Yn-2 = Yn+2) (Yn+1 — Yn+2) (Yn+2 — Yn—1) (Yn+2 — Yn)
24¢n+1
(Yn—2 — Yn+1) (Yn+1 — Yn-1) (Un+2 = Yn+1) (Yn41 — Yn)
246,
2 (43)
(yn—l - yn) (Yn—2 — yn) (yn - yn+1) (yn - yn+2)
+ 24¢n—1
(yn—z - yn——l) (yn+1 - yn—l) (yn+2 - yn—l) (yn - yn—l)
24¢n—2

+ .
(yn—2 - yn—-l) (yn+l - yn—?) (yn+2 - yn—?) (yn—Z - yn)
Expressions (A1-3) were all obtained by implementing the symbolic manipulation pack-

age Mathematica and enable the homogeneous equations (4.1) to be written in the

general forms
AnVn+2 +bnvn+l +cnn+davn_1 +envn_2 +fn“n = Vn, (n =3, N - 1) (-44(1)

gnlUn41 + hnun +inun—1 + javn = Uy, (n=2,---N-=1) (A4d)

For the homogeneous problem V,, = U,, = 0 for all n and the boundary conditions are

implemented by imposing

u; = vy =0, vy =uny =0,
— v —v
it Bt Y 1, (Normalisation) N7 N~ (A5)
Y2 — Y1 YN+1 — YN

In the context of system (3.3) it remains to ensure that dV,o/dy = 0 at the wall by

varying the parameter 3. The algorithm employed to solve (A4,5) was an essentially
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standard elimination technique. It is convenient to introduce the notation E, ; and
Ey,;j to refer to (A4a) and (A4b) respectively when n = j.
The first step is to impose the lower boundary conditions in E, ; by redefining
U, according to
Uz = Uz ~ haug,

where u; = u; + (y2 —y1)u' = y2 — y1, since u = 0 and v’ = 1 at y = 0. Relations

E,, and E, 3 are then solved for v, and u3 and this solution is written as

L2 = E1—11,2'”3 + bv,2v4 + Eu,?’US + Rv,?a

U3 = Ay 303 + by, 304 + Cuy 35 + Ru 3,
where U
_ Jf3t2
5 C3 E b3 5 as = ‘/3 g2
v,2 &= TR v,2 = v,2 - v,2 —
1-\3 b 113 b} P3 ? ) P3 b]
= J2@y2 7 J2bva = Jj2¢ve 5 Uz j2Ru3
au,3 - = ] u,3 = - ) u,3 — — ] u,3 = — T )
g2 g2 g2 g2 g2

with T3 = d3 — f3j2/g2. Ey 3 is considered next and upon redefining
Us = Us —13u2,
and eliminating u3 it is found that
gaus + javz + aavs + Bavs = Us,

where use has been made of the transformations

js = ja+ kadus, a3z =hsbya, B3 =hsCua, Us = Us —hsRys.
Meanwhile v, can also be eliminated from E, 4 by implementing
ds — dg + €4ap2, €4 — Ca+egbya, by —by+esoa, Vi—Vi—esRuo.

At this point it is possible to write this procedure in terms of the general equations

E, . and E, n—,. Solving for v,_2 and u,—; from E, ,,—1 and E ,_2, gives
VUpn-2 = ZZ-v,n—ZUn--l + bu,n-—2vn + Eu,n—-ﬂ»’n-{-l + Rv,n-—)s (-46(1)

Un—-1 = au,n—lvn—l + bu,n—lvn + Eu,n-—lvn-{-l + Ru,n-—ly (-466)
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where

10 - -
= Cn—1— i g:, : . = bn—l - f"glﬂ" 2
= - - — n-—2
QGy,n-2 = — T ’ bv,n-2 = - ’
n—1 Fn—l
fn—lUn—2
= _ an-1 R _ Vn_l gn-2
Cyn-2 = _F ) vn-2 = y
n—1 I1n—l
and _
= . Qn-2 Jn—2qy n-2 z ,Bn—2 jn—2bv,n—2
Qyn-1 = — - s un—-1 = — -
gn-2 gn-2 gn-2 gn-2
= _ In-2Cu,n-2 = _ Un—2 jn—2Rv,n—2
Cun—-1 = — ’ u,n-1 = - .
gn-2 In-2 gn-2

The unknown u,_; is eliminated from E, ,_; by writing

Yn—-1 = zn—lau,n—% Jn-1 = Jn-1+ 2.n—lbu,n—%
- = ’
Un—-1 = ln-1Cu,n-2, Uno1 = Upy — Zn-—l}zu,n-Q

under which E, ,_; now becomes

In—1Un + An_1Un_1 + Yn-1Vn-2 + Jn-1Vn-1 + @n-1vp = Un_1.

Unknowns up_) and v,_ are eliminated from this equation by using the transforma-

tions . ‘ - _
Jn—1 = Jn—-1+ Tn-1Qyn-2 + hn—lau,n—la

Qp_1 = Qn-1 + 7n—lzv,n—2 + hn—lzu,n—ly

Br-1 = +Yn-1€v.n-2 + An-1Cu n-1,

Up-1 = Un1 + 7n—1—§v,n-2 + hn—lﬁu,n—l-
It only remains to eliminate v,_; from E, ,, using

dn — dn + €nly,n—2, Chn — Cn + enbv,n—2a

bn — bp + €nCy n—2, Va— Vo — enRv,n—2

and this step is repeated for n = 5,6, ..., N. Employing the upper boundary conditions
gives vn 41, N and un4i, and then the modified E, y_; implies that
Un-

UN-1 = = .
JN-1

Using (A6a) with n = N gives vy_2 = ¢1 (un-1,VN,VN+1) and (A6d) yields un_; =
¢2 (UN-1,UN,UN+1)- In this way it is straightforward to back substitute and find the

solution.
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APPENDIX B

In this appendix we summarise the algorithm used to solve the inhomogeneous
equations given in (3.5). The method mimics the algorithm for the homogeneous case
but with slight adaptation to allow for different boundary conditions. Additionally,
the resulting system can be solved directly and does not require any iterations.

The boundary conditions at y = 0 (i.e. u = v = v’ = 0) are used to initialise the

technique; first it is noted that

g2 Uz
U —>—v3 + —.

2 PP
It is then possible to eliminate this quantity from the equation E, 3, using the trans-
formations,

13U i

Us—’Us—sz, ha-—*ha-—sg—z-
ha ha

The next equations may now be solved to obtain the relationships

]

V3 = Qyp3Vs + zv,avs + 5»,3114 + Fv,B» (Bla)

us iu,3v4 + Eu,(ivs + -E-u,3u4 + Eu,ﬁl- (Blb)

i

These functions are eliminated from the equations E, 4 and E, 4 by implementing the

transformations

€4~ Co +daTys, bs — by +dsbys, fi— fi+daTs, Vi — Vi—diRys,

Ja 2 Jat+14Gy3, ag =14by3, hg— hy+isCu3, Us— Us—14Ry ;3.

The current equations may now be solved to obtain expressions for v4 and u4 similar
to those in (B1). This procedure can be generalised and represented as follows. Once

expressions similar to (Bla,b) have been derived for u,_1, vy-1 and v,-2 then write

jn - jn + iniv,n—la Qnp = 2'11bv,n—l~;

ho — hy — 2'na;,n—-l, Up - U, — 2.nﬁv,n—l
and -

dp > dn + eniv,n—% Cp — Cn + en—Bv,n—Z»

Tn = en-év,n—Za Vn - Vn - enﬁv,n—i’
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where vy, is the coeficient of u,—; in E, ,. To eliminate v,_; and un—,; from E, , the

transformations are used
Cyp — Cpn + dnav,n-—l + YnlGu,n—-1, b — bn + dnbv,n—l + 7nbu,n—la

fn - fn + dngv,n—l + 7n5u,n—1, Vo — Vo — dn-R-v,n-l - 7nRu,n—1a
are used. The forms of the double over-barred terms may be generalised according to

= _ —b, + ‘%:—n z _ _O9n = _ fngn
v,n _—_Pn 3 v,n Fn, v,n Fnhn,
nUn s = . 7
:ﬁ _ Vn - ‘Lhn_ i _ an ]nav’n z — ]nbv,n
n = ) e m= ’
v Fn u,n hn hn u,n hn
= _ Gn jn%v,n = _ Un jnVn
Cu,n - hn hn ’ Ru,n - hn hﬂ ’

with T'y, = ¢n = fajn/ha.

This procedure is repeated until the upper limit of the solution space is reached
(entirely analogous to the method given in Appendix A). It is then elementary to back
substitute and deduce the solution.

In the solution of the small wavenumber equations (6.2) it was known from the
results of Hall (1985) that the most dangerous mode for this system corresponds to
eigenfunctions which are even in the co-ordinate 1. In order to solve (6.2) it was there-
forez convenient to only consider the domain [0, oo) and alter the boundary conditions
at 1 = 0 in order to ensure that an even-valued eigenfunction set was indeed derived.
In the process of doing this it was important that the third derivative of a function
was calculated accurately when the iteration process on the desired eigenvalues was
applied. The discretisations discussed in Appendix A were found to be insufficiently
precise for this purpose and therefore higher order discretisations were required. For
example, the second derivative of a function at the origin was now written as
d?¢ _ 2¢1(hihzhs 4+ hihahy + hihshy + hohshy 4 hohshs + hihshs + hohghs + hshyhs)
dy? hihahshyhs

2¢2(hahshs + hohshs 4+ hohqhs + h3hahs)
"~ ha(ha = h1)(hs — h1)(hs — h1)(hs — h1)
2¢3(h1hshs + hih3hs + hyhqhs + hahghs)
(hy — ha)ha(hs — h2)(hy — ha)(h2 — hs)
2¢4(h1hohy + h1hohs + hihghs + hohahs)
(h1 — h3)(h2 — h3)hs(hg — h3)(h3 — hs)
2¢s5(h1hahs + hihohs + hihshs + haohshs)
(h1 — ha)(h2 — h4)(ha — ha)ha(hs — ha)
2¢6(h1hahs + hihohy + hihshy + hohyhy)
(hy = hs)(hz = hs)(hs — hs)hs(hs — hg) '
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where h;j = y;41—y;. Similar expressions were used for the third and fourth derivatives
at the origin and neighbouring points but they are not included here for reasons of

brevity. However details may be obtained upon application to either author.
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Crossflow

Figure 1. The crossflow parameter A needed to ensure the neutral stability of vortices
of various frequencies. 2y = 3.0, 2.0, 1.0, 0, -1, —1.5, —2.
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BOr

Figure 2. The streamwise variation parameter 3y of neutrally stable vortices of various
frequencies. 29 = 3.0, 2.0, 1.0, 0, —1, ~1.5, —2.
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Figure 3. The coefficient ¢; of amplitude equation (3.9) as a function of the vortex
wavenumber k for o = (a) 3, (b) 2, (¢) 1, (d) 0, (¢) -1, (f) —1.5 and (g) —2.
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Figure 3. The coefficient ¢, of amplitude equation (3.9) as a function of the vortex
wavenumber k for Qg = (a) 3, (b) 2, (¢) 1, (d) 0, (¢) -1, (f) —1.5 and (g) —2.
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Figure 5. The equilibrium amplitude Q;*IA,I (defined by (5.1)) as a function of the
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Figure 6. Schematic diagram of the asymptotic structure of the solution of homo-
geneous system (3.3) for the case of small vortex wavenumber & < 1. The solution
configuration divides into four distinct zones: Zone I is a thin region of depth O(k3)
at a distance ~ 1.4795% k% from the wall. This zone is embedded within I7, a region of
thickness O(k%). The structure has an additional viscous layer at the wall, zone II1,
which enables the boundary conditions there to be met. Finally, a region I'V of depth

O(1) facilitates the exponential decay of the disturbance solutions far from the wall.
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