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FEATURE DETECTION FOR MODEL ASSESSMENT
IN STATE ESTIMATION

1. INTRODUCTION

This report addresses the problem of feature detection for the purpose of assessing the
validity of models used in state estimation. The state estimation process is depicted schematically
in figure 1. Here, the residuals - the difference between the observed measurements and
estimates of the measurements (based on the state estimate) - are mapped into a correction term
for the state estimate through a variant of the gradient equations relating the measurements to the
state. The estimation algorithm converges to an estimate that provides a "best fit" to the observed
measurements. When the system model sufficiently reflects the actual process by which the
measurements were produced, the residuals are noise-like in character. That is. they are devoid of
any deterministic features.

MEASUREMENT

+ RESIDUAL

CORRECTION
SYSTMu TERM GRADIENT

ESTIMATED MODEL RELATION
MEASUREMENTS

INITIAL STATE
ESTIMATE

Figure 1. State &Fimadon Process

Oftentimes, indications of errors in the system model manifest themselves as determiistic
feaur in the residual& Consequently, the processing of measurement data for state estimation in
an uncertain modeling environment requires continuous scrutiny of measurements and
measurement residuals. Once a feature, or set of featum has been detected, appropriate
techniques can be implemented to compensate or identify and correct for the modeling error. One
such system, TARSIA, has been considered previously for model assessment (reference 1).
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In TARSIA, the detected residual features are interpreted in an evidential reasoning system to
identify the possible modeling anomaly. The work presented in this report extends the feature
detection capability of TARSIA.

Specifically, this report details three methods to detect and extract the features of jump
and/or drift in a predicted residual sequence. Two of the methods, a generalized likelihood chi-
squared(XSQ) test and a modified Neyman-Pearson (MNP) test, are classical numerical
approaches. The third method uses an artificial neural network (ANN) and is a nontraditional
approach. The likelihood ratio test (LRI) and generalized likelihood ratio test (GLRT) for the
binary hypothesis test are developed to provide a background for future derivations. Additionally,
a backpropagation ANN is trained to emulate the LRT for the binary hypothesis test. Building on
the binary test leads to development of the more complicated multiple hypothesis GLRT, which is
shown to result in a XSQ statistic. An intuitive approach, based on the XSQ test, results in an
MNP test that is more computationally efficient than theXSQ test. Because of this computational
efficiency, the multiple hypothesis ANN is trained to emulate the MNP test.

Experimental results, obtained from Monte Carlo simulations using synthetic data, are
presented in the form of receiver operating characteristic (ROC) curves. For the binary hypothesis
test, the ANN and GIRT give nearly identical results and are in good agreement with the
theoretically predicted performance. For the multiple hypothesis test, theZSQ test and the MNP
test give essentially identical results, while the ANN performance departs somewhat from that of

the conventional tests. Although the ANN outperforms theXSQ test in the probability of feature
detection, it does so at the expense of a higher feature misclassification (i.e., detecting feature A
when feature B is present), which is undesirable. Overall, the performance of the ANN
demonstrates the feasibility of the technique but also indicates that the training of the network may
have been incomplete.

The remainder of this report is organized into five sections. Section 2 defines the process
and mathematical models under consideration. Section 3 presents the binary hypothesis test as
background and discusses the ANN implemented for that problem. Section 4 extends the binary
hypothesis test to multiple hypotheses, develops theXSQ test, presents the MNP test, and
discusses the multiple-feature ANN. Section 5 presents the experimental results and discusses
their implications. Section 6 offers a summary and conclusions.
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2. PROCESS MODEL

Consider the following discrete time dynamic state model that generates measurements z(k):

x(k + 1) = 4x(k) + Bu(k) + Fw(k), (la)

z(k) = H[x(k)] + n(k). (lb)

Here, x(k) is the Kxl dimensional state vector;, u is the input vector;, w is zero-mean, white,
Gaussian process noise; z is the measurement; and n is zero-mean, white, Gaussian measurement
noise that is independent of the process noise. The matrices (D, B, IF are, respectively, the state
transition matrix, the input matrix, and the process noise input matrix. The function H is the
nonlinear function relating the state to the measurement, and k is the time index. The state x(k) isA

available only as an estimate x(kck), along with the estimated error covariance matrix P(klk). The
estimate A(kIk) of the state at time k is based on all the past data up to and including time k. The
estimate is available from a suitable estimator like an extended Kalman filter or maximum
likelihood estimator.

The residual z(kk - 1) is the difference between the measurement z(k) and the estimate of
the measurement (klk - 1); that is,

i0dk - 1) = z(k) - ZA(klk - 1), (2a)

where
z(klk - 1) = H [ x(k[A k _ 1)], (2b)

x(klk- 1)=@4t(k- Ilk- 1)+ Bu(k- 1), (2c)

where x(kIk - 1) is the state estimate at time k based on the measurements up to and including time
k - 1 but not time k. The process to be investigated here is the predicted residual sequence

S - T,  (3a)

where

i = i(k + ilk), (3b)

i(k + ilk) --- H[ X(k + ilk)], (3c)
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A1
X(k + ilk) = (kIk)+ (- ) Bu(k +j 1), (3d)

j=1

where x(k + ilk) is produced by propagating the state estimate at time k forward in time without

updating the estimate.

Examining the ith element of the predicted residual sequence

z(k + ilk) = H[ x(k + i)] - H[ (k + ilk)] + n(k + i), (4)

and expanding the measurement function in a Taylor series about the estimate, with

8x(k + i) = x(k + ilk) - x(k + i), (5)

yields the approximate expression

i(k + ilk) - - aT[ (k + ilk)]&x(k + i) + n(k + i), (6a)

where

a[ x(k + ilk)] = 8H~x(k + i)] (6b)
8xkiI x(k +i) f (k +ilk)

The dynamic equation for the propagation of the state estimation error in terms of the fixed error at

timekis

8x(k + i) = <0ix(k) - gT(k + i)W, (7a)

where

gT(k + i) = [oi-1r,4,i-2r, ..., or,r,o, ..., 01, (7b)

and
WT = [w(k), w(k + 1), ..., w(k + i - 2), w(k + i - 1), w(k + i), ..., w(K - 1)]. (7c)

The entire predicted residual sequence can be approximated as

Z = -A[ x(klk)]8x(k) - GW + NK,  (8a)
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where

T

A[x^(k~k)]= L Hx(k+ ) [aTx(k + .1)]>
x(k) = (kk)

(8b)

and

NK=[n(k +i)l G o ~ k+i (8c)
L J

The predicted residual sequence can be approximated as a jointly Gaussian random vector.
For unbiased state estimates, Z is zero mean and its probability density function is

[" K/2 1/2 1"  1 T-

P( 2n) = [(2 dIVIlJ21  [- 1 V'.1 (9a)

Here, V is the covariance matrix of the predicted residual vector defined as

cov (Z) = E [ ] - E[ Z E[ 2T], (9b)

coy ( 2) = E[(NK - ASx - GW)(NK - Ax - GW)YI. (90c)

Thus,
V = AP(klk)AT + S2 + CKG T,  (9d)

where
S2 = E[NKNKT], (9e)
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P(klk) = E[Bx(k)8xT(k)], (90

Q = E[WWT]. (9g)

Note that the presence of process noise in the predicted residual sequence results in an effective
noise

Ne = NK- GW, (10a)

with an increased covariance

Se = S2 + GQGT. (10b)

Further, it is noted that the probability density function for the predicted residuals is only
approximately Gaussian. However, the approximation remains valid whenever the second-order
and higher terms of the Taylor series eransion of the measurement nonlinearity can be ignored.
Thus, two assumptions on the predicted residual sequence are invoked to ensure the
reasonableness of the Taylor series approximation. First, the dynamic model of equation (1),
which is used to obtain the estimate, must be a reasonably accurate description of the real process.
Second, the state error, and its effect over the time interval of interest, must remain sufficiently
small to allow the validity of a first-order Taylor series approximation of the predicted residual
sequence. These two assumptions are the basis of the null hypothesis, i.e.,

Ho: No modeling error and a "good" state estimate.

Under the Ho hypothesis, the predicted residual process is a zero-mean, jointly Gaussian
random vector; that is, the probability density function is

K/2 1/21 p [1
P( ZII) = [(2n) det lVI Jexp [- z ,(1

where V is the covariance matrix given by equation (9d). Note that although elements of the

predicted residual vector are correlated, there always exists a set of basis vectors in which 2 can be
represented by uncorrelated (and hence independent) components. For many applications
considered here, both process noise and state estimation error covariances are small compared with

the measurement noise covariane. For these cases, the elements of Z are also independent

Under the alternate hypothesis H1, there is a modeling error. The original state and
measurement models of equations (1) do not adequately describe the system dynamics. Modeling
errors may arise from unknown system inputs, a change in the measurement model, or an
unobserved change in the measurement noise. Examples of such modeling anomalies are,
respectively, a target maneuver, change in propagation path, and measurement bias. Regardless of
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the cause of the modeling error, its observable effect is often a feature in the predicted residual
sequence.

Under the mismodeling hypothesis H1 , the predicted residuals exhibit features that are
distinguishable from those of hypothesis Ho. For hypothesis H1, a (q-1)th order polynomial is
used to model the anomalous features of the predicted residuals, that is,

HI: (k + ilk) = -aT (k + (k) + m(k + i) + n(k + i) - gT(k + i)W,(12a)

where

m(k + i) = [ao + al(tk+i - to ) + a2(tk+i - to)2 +.
+ aq. 1 (tk+i - to) q-1]u(tk+i - to), (12b)

{0 + < I
u(t) 1 1t > 1 '

and to is the time of the modeling anomaly. The predicted residual sequence under H1 is

H1 : Z=-A[ A(kk)]8 ^(k) -GW + M1 + NK, (13a)

where

M1 =B m, (13b)

Ko 1
1 (t= - to ) (t Ito)2 . . .

and

al
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The term M 1 contributes to the mean value of Z; hence,

E[ Z] = M I ,  (14a)

and

cov E[ 2] = E[( 2 -Ml)( Z- MI)T] = V. (14b)

Thus, the covariance under both assumptions is the same and only the means differ. The
probability density function (PDF) for the jointly Gaussian random vector under Hi is

1/2] 11
P( ZIH 1) = L(2/) det IVI exp [( (- M1)TV-I(z- M 1)]. (15)

Similar results can be developed for both the smoothed and filtered residuals. For the
smoothed residual process, the state estimation error is correlated with the past measurement noise.
The conditional PDF or likelihood function for the observations (no process noise)

Z = [zI ... , zK]T, (16)

given the state x, is

P(7Jx) : N[Z(x),S2], (17a)

or

P(Z x) K [(t)IS2112] 1exp [Z Z(x)]TS2[Z Z(x)]] (17b)

where

Z(x) = [H[x(l)], ..., H[x(K)]]. (17c)
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The maximum likelihood estimate is the value of the state x that maximizes the likelihood function
of equation (17). Taking the logarithm of the likelihood function yields the log-likelihood
equation:

1 TS.[Z-Zx]ln[P(ZIx)] = [constant] + - [Z - Z(x)] (18)

Differentiating the log-likelihood equation with respect to the state at time k and setting the result to
zero, one can obtain the maximum likelihood estimate by solving the equation

AT[x(k)]S-2[Z - Ztx(k)]]Ix(k) = A(klk) =0. (19)

For the linearized smoothed residuals,

2S = -A[x(kIk)]8x(k) + NK, (20)

where A[ ] is defined in equation (8b). The error in the estimate Bx(k) is approximately

8x(k) - [ATS-2A] -1ATS-2NK, (21a)

and the state error covariance is

P(klk) = E[8x(k)xT(k)]), (21b)

which can be approximated as

P(klk) - [ATS-2A] (21c)

Consequently, from equation (9), the PDF for the smoothed residuals under Ho is

P( 21Ho) -- N(0,Vs), (22a)

where

Vs = cov(2s),

or
VS = E[(NK - ASx)(NK - A~x)TJ;

substituting from equation (21a) for 8x(k) yields

9
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VS = S2 - AT P(klk)A. (22b)

Under hypothesis HI (i.e., a modeling anomaly exists), the PDF of the predicted residuals

is (possibly) nonzero-mean jointly Gaussian:

P( ZIHI) = N(M1,V), (23)

where M I is the mean vector defined in equation (13), V is the covariance matrix given by equation
(9d), and N(MI,V) is the Gaussian PDF with mean Ml and covariance V. Similarly, under
hypothesis HI for the smoothed residuals,

P ( 2sIH1) N(M 1 ,VS). (24)

When the filtered residual sequence is obtained from the extended Kalman filter, the
estimate x(k(k) is the conditional mean, and the innovations process is white (reference 2). For this
process, the PDFs are

Ho: P ( Z4fHo) = N(OVf), (25a)

H1 : P(20I 1 )= N(M1 ,Vf), (25b)

where
Vf = diag [aT P(ili)a + an2 ]. (25c)

The above development characterizes three processes: predicted residuals, smoothed
residuals, and filtered (conditional mean) residuals. The predicted residuals are obtained from
future measurements and the state prediction; the smoothed residuals are obtained by fitting the
past data with the best state estimate; the filtered residuals, usually obtained from a Kalman filter,
involve the current state estimate and the next measurement While the filtered innovations
obtained from a Kalman filter are a white process, both the smoothed and predicted residuals are
correlated to some degree; however, for small state estimation error, they can often be
approximated as a white process. In this investigation, attention is focused on the predicted
residuals, and for some results is limited to the case of negligible state estimation error.
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3. BINARY HYPOTHESIS TEST

The optimum hypothesis test, for either Bayes or Neyman-Pearson criteria, is the
likelihood ratio test. In this section the two binary hypothesis tests that decide if a modeling
anomaly is present are presented. They are the likelihood ratio test (LRT) and generalized
likelihood ratio test (GLRT). The LRT is applicable to detection of known signals, while the
GLRT is appropriate for the detection of a known signal form having unknown values. Simple
examples of the detection of signals in noise are given along with experimental results. The
design, implementation, and testing of an artificial neural network (ANN) for the binary hypothesis
test are also presented. The development of the binary hypothesis test of this section is a precursor
to the multiple hypothesis test of the next section.

3.1 LIKELIHOOD RATIO TEST (LRT)

The (binary) LRT compares the ratio of likelihood functions from two hypotheses to a
threshold and selects one of the two hypotheses as being true. The predicted residual probability
density functions (PDFs) from section 2 are used as the likelihood functions. The two hypotheses
are

Ho: no modeling anomaly and a "good" state estimate (Ml = 0),
HI: presence of a modeling anomaly (Ml * 0).

Under these two hypotheses, the likelihood ratio

Ho

P(ZIH1) < (26)

P(2[H0) H>~Hi1

is formed. P (ZIH 0) and P (ZIH 1 ) were defined in equations (11) and (15), respectively. The
constant X is the threshold. Four outcomes from this test are possible: two correct decisions of
selecting Ho when Ho occurred or H1 when H1 occurred, and two incorrect decisions of selecting
H 1 when Ho occurred (false detection or false alarm) or Ho when HI occurred (missed-detection).

Note that since P (2(Ho) and P (21H 1 ) are both positive, it follows that > 0. Further, if H1 is
more likely than Ho, the ratio on the left-hand side of the inequality is greater than one; and,
conversely, if Ho is more likely than H 1, the ratio is less than one.

11



Typically, X is set to achieve a specified probability of false alarn, from which a detection
probability follows. Thus, the development here focuses on determining false alarm and detection
probabilities.

Substituting for P (Z1Ho) and P (ZIH1 ) from the previous section and reducing the
ratio yields

Ho[. 2 1 2] < .(7
exp 1- 2 1Z - M11 I ~.+ 1 Z .1 > 1.(7

H1

Here, 2 is the predicted residual sequence, and M1, the modeling anomaly, is the signal to be
detected. Expanding the weighted-norms of the exponent and reducing yields

Ho

exp-Lim T V - MI -2M TV-12)] < 1. (28)
HI

Because the logarithm is a monotonic function, the logarithm of the likelihood ratio can be
used without altering the outcome. Taking the natural logarithm of equation (28) yields

HoMT -1- 1_ T-1 <
M1V Z - YM1 V MI > Ink. (29)

H 1

If the signal M1 is known, then the second term on the left of inequality (29) can be moved to the
right-hand side, resulting in the LRT:

Ho
T -I- <1 T -1M1V Z> In X + MV MI. (30)

H1

The left-hand side of inequality (30) is the LRT test statistic. Because it is a linear combination of
Gaussian random variables, it is also a Gaussian random variable. Further, because the LRT
depends solely on the test statistic,

12



(31)

then, /(2) is a sufficient statistic for LRT. Thus, knowledge of the probability density function

for /(Z) is sufficient for determining the probability of false alarm and the probability of detection.

Under the hypothesis Ho: MI = 0,

E [/(ZIHo)] = E [MTv- [ASx(k) + NK]] =0. (32)

The variance of /(-IHo) is

T M -1[~xk + T  T-,

var [/(ZIHo)] = 4{MI.V [ + (NK M} V 1 [A~x(k) + NKI }TI (33a)

which reduces to

T -1
var [/( IHo)] =M 1 V M i. (33b)

Define the variance of /[(-H)] as

2 =MTV -M 1 . (34)

Similarly, for the alternate hypothesis HI: Ml * 0,

E[ /(ZIH 1)] = E[MTIV [A~x(k)+ NK+M1]],

which reduces to

E[ /(7,I1)] = MT T-1M1,

or

E[ /(2I 1)] = a,. (35)

13
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2The variance of /( IH1) is also at2. The PDFs for( Z) under both hypotheses are

P(/IHo ) = N(0, 2) (36a)

2 2

The LRT of equation (30) can be rewritten as

Ho

f(2) > CLRT, (37a)

HI

where the threshold

.RT = In% + 1MV V-M 1. (37b)

The probability of a false alarm PF is the probability that the test statistic /(2) exceeds the
specified threshold eLRT when the correct hypothesis is Ho.Thus, PF is the area under P(/AHo)
for /> e, or

00

PF= j P(/IHo)d4 (38)
eLRT

2or, since P(1IHo)d1f= N(0, a2),

PF = 1 - erf [eLRT/Y/] , (39)

where erf (*) is the standard error function,

x

er 1l f exX2 dx . (40)

14



In an analogous manner, the probability of detecting the signal PD is the probability that the
test statistic is greater than the threshold, given that the correct hypothesis is Hi. Thus,

00

PD f P(/IH 1)d/, (41)

eRT

which for the Gaussian case is

PD = 1- ef [(eT - a) . (42)

Figure 2 illustrates the PF and PD of equations (39) and (42).

Given a desired PF, the corresponding threshold can be obtained from a table or computer2
program. The PD for a given e is determined by the system parameter a 1 , which is a function of

signal design (M1) and noise V. Because ; 2 is a measure of signal-to-noise ratio (SNR), the
performance of a hypothesis test as a signal detector is often characterized as PD vs PF for a given
SNR. These curves are shown in figure 3 and are called receiver operating characteristic (ROC)
curves (reference 3). Although the specific case of the Gaussian test statistic is treated here, as
given in equations (39) and (42) and illustrated in figures 2 and 3, the results of (38) and (41) hold

for arbitrary densities of /(Z).

A case of special interest is examined below. Presently, the aspect of state estimation error
is neglected resulting in a simple signal detection problem. In all cases the predicted residual
covariance is V = o2I For the case of interest, under the two hypotheses

H: .=NK,

HI: -=Mi+1+NK, iz0,

where 2 is the predicted residual, which with Sx = 0 implies V = C 2 and the signal Mi+l is

15
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Mi.l = ai 10 - 019 (43)L

where j is the jth time index, T is the sampling period, and "a" is a known coefficient Substituting
equation (43) into the LRT of equation (30) yieldsK Ho  22 K

ai(j" 1)ig I n).+ 1 a2 i K
2 =1> 2 2 , ( j - 1 ) 2 i "  (44)

('anl HI an j=1

Normalizing equation (44) by the term

ail
km -n= (45a)

where

K
k2i= 7 (j - 1)2i, (45b)

j=1

results in a test statistic for the ith featre defined as

K H°
I ~< 1nX

(-(( 2i)7jl> ;J kni . 46)

The new test statistic 4 ( ) is a univariant Gaussian random variable. Consequently, the
test statistic PDFs under the two hypotheses are

17



P(4 IHo )  N(0,1), (47a)

P(t IHI) = N(kni, )- (47b)

Note that the normalizing factor of equation (45a) is the square-root of the last term on the right-
hand side of equation (44) and is the ratio of signal amplitude to effective noise standard deviation
of the smoothing interval. The cases of interest are fori = 10,1,2,). In these cases, the test
statistics are

K

j=l

K

1(Z)=[anK(K - 1)(2K- l)/6 ] (j- 1) -zj, (48b)
j=1

K42(7.)=[an4K(2K- 1)(3K 2 - 3K- 1)(K- 1)30] j )2 (4c
= .. . ( j .1 ) 2 ' j ( &

j=1

and the normalizing factors (mean of (47b) as defined in (45a)) are

kno = (49a)

knj = aT (49b)
n yn/4K(K - 1)(2K - 1)/6

kn2 = - a2T2 (49c)
ad/ K (K - I1)( 2 K - 1) (3K 2 - 3K - I1)/30T

These three cases are examples of a signal that exhibits the features of a step (jump), ramp (drift),
and simple quadratic (curvature).
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3.2 GENERALIZED LIKELIHOOD RATIO TEST (GLRT)

In the previous case of the LRT, the signal to be detected was completely known.
However, for some signal detection problems, a parameter of the signal (such as signal amplitude)
is unknown and may vary over a set of values. This type of detection problem is referred to as a
composite hypothesis. A hypothetical test can be constructed for the composite hypothesis using
the correct (but unknown) value of the signal parameter in the design of the optimal LRT. This test
is an upperbound on the performance of any other test. A uniformly most powerful (UMP) test
has a PD that is greater than or equal to any other test for a given PF. Thus, if a test's actual
performance achieves the bound obtained by the LRT using the correct signal parameter, then it is a
LMP test. For a UMP test to exist, it is both necessary and sufficient that a likelihood ratio test for
every value of the signal parameter can be constructed without knowledge of the signal parameter
(reference 3).

Consider the polynomial case of interest from the preceding section. The LRT is given by
equation (44), which is rewritten here in a slightly different form:

Ho2
(2)=K (j-l )i < a1> 0. (50)t[ (3- (j-1)iJ > a-i ,  a>•

jl H1

Here, the scaling terms on () that rendered it univariant have been moved to the other side of the
equation. In equation (50), the unknown signal parameter ai has been assumed to be positive.
Clearly, if ai is negative then the inequality signs must be reversed. Thus, although the magnitude
of ai is not required to construct the LRT, its sign must be known to properly construct the test.
Therefore, the LRT cannot be implemented without knowledge of the polarity of the signal
parameter, and since the polarity of the feature parameters that may be present in a residual
sequence cannot be predicted, a UMP test does not exist for this problem. Consequently, an
alternative to the UMP test must be used.

An alternate approach is to estimate the value of the signal parameter and use the estimated
parameter in the LRT. This is the generalized likelihood ratio test (GLRT). The signal model is
defined by equations (8) and (9) for Ho and by equations (13) and (15) for H1 . The unknown

signal parameters ME are defined in equation (13b). Note that hypothesis Ho is just the special

case that iii has the specific value of zero. The maximum likelihood estimate of in- is

A 1

i = [BTV'IB] TVl 2, (51)
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and the estimate of the predicted residual mean M is

A A

M=B ihi. (52)

A

Substituting M for M1 of equation (29) (the subscript is being suppressed) yields

Ho

M1v-I <nk (53)

Hi1

Substituting equation (51) into equation (52) and using the result in equation (53) yields, after

some manipulation,

Ho

/() = 2TW 2 < in2, (54)
HI

where W = V-lB[BTV-IB]-lBTV-I . Note that the test statistic is a weighted norm of Z and is
positive; thus, X must be greater than 1 for a meaningful test.

Inserting I = [BTV-1B]'[BTV-1B] into the weight, factoring, and using equation (51)
reduces the GLRT of equation (54) to

A A = A

(Z) = fiT[BTV-1B] = Mv-1 M. (55)

A A

The estimate of the polynomial coefficients m is also a Gaussian random variable with mean m
and covariance (BTV-1B; consequently,

A

P() =* N( fi, [BTV-1B]). (56)
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Because the covariance of M is symmetric positive definite, it can be factored as

BTV 1B = DTD; (57)

letting
A

r=D in (58)

makes the GLRT become

Ho
/(2) = rJr <  n.%2,  (59)

H1

where
AP(r) =* N(D m,1). (60)

The test statistic is a sum of nonzero-mean, univariant, squared, Gaussian random variables;

therefore, P[/ ( Z)] is a noncentral, chi-squared distribution with the number of degrees of
freedom equal to the number of polynomial coefficients and a parameter of noncentrality of
(references
4-6): A

c= j Tv-1iM =/(Z). (61)A

Consider the example of special interest introduced previously. Substituting for M from
equation (43)

AF1
Mi+l =ai L(- )T]iJ (62)

and realizing that for this case V = , yields the test statistic

a2 K 2J " H °

2 >

a n k2i 4=1 HI

This form can be simplified so as to avoid evaluation of the noncentral, chi-squared density.

21



Because X > 1, the right-hand side of the inequality in (63) is positive; hence, the square
root of the test statistic can be used, resulting in

1/2 K Ho

i ai 1 (j -)i ' < [ln;2] (64)ij=lH 1

Let

K

rn1i-2 j=1

then,
P(rilHo ) =* N[0,1], (66a)

P(rI-ll) :=NDni,1] .  (66b)

Consequently, the test can be restated as

HO

hrjI < -n.2 1/ SGLRT.
HI

Figure 4 illustrates the normal density of r under the two hypotheses. Because the test
statistic is the absolute value of r, the evaluation of Pp and PD must include the areas under the
density function for both positive and negative values of r that exceed the threshold; hence,
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-EGLRT -

PF = f P(rilHo)dri + f P(r~iffl0 )dri, (67a)
-00 £GLRT

PF = 2(l - cr1 [eGLRT]), (67b)

and

-EQLRT -

PD= J P(rilHI)dri + f P(r~i1H )dri, (68a)
.00 CGLRT

PD= cr1 F-EGLRT - kni] + 1 - Cr1 [EGLRT - kni]. (68b)

Note that the shaded areas of the density models in figure 4 are probability masses of the
corresponding single-degree-of-freedom, chi-squared and noncentral, chi-squared random

2 2
variables of r i given H0 and r i given Hl, respectively. For a given false alarm probability the

LRT detection probability is greater than the GLRT detection probability. A plot of the ROC for
the GLRT is given in figure 5. Although not apparent in the figure, the LRT outperforms the
GLRT by a maximum of approximately 14 percent in probability of detection.

2.5

w

0

0

0 20. A OA8 1.0

PROBABILITY OF FALSE ALARM

Figure 5. GLUT Receiver Operating Characteristic
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3.3 ARTIFICIAL NEURAL NETWORK (ANN) HYPOTHESIS TEST

Another approach to hypothesis testing is to employ an artificial neural network (ANN) that
emulates the hypothesis testing algorithm. An ANN is an interconnected network of nodes and
branches. The branches are weighted and serve as both inputs and outputs for the nodes. The
nodes sum the weighted inputs and provide a single output that is a function (usually nonlinear) of
the sum of the inputs. Typical architectures use layers of nodes with the output of each node of
one layer providing an input to every node of the next layer. Figure 6 illustrates a single node with
six inputs and a sigmoid output function. A typical feedforward architecture with two hidden
layers is illustrated in figure 7. Note that the output layer need not be a single node, and that in
general the number of hidden layers, the number of nodes in each layer, as well as the types of
function(s) to be used are part of the "art" of designing an ANN. Given a set of input n-tuples and
corresponding p-tuple outputs, the weights (wi) and biases (bj) that provide the best fit to the
input-output map can be determined. The process of finding the weights and biases is termed
"training," and the data set on which training is performed is called the "training set."

X2

x3

M4 w4 + *w ~ I- b
xS wS

x5

Figure 6. Typical Single Neuron
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3.4 TRAINING THE ARTIFICIAL NEURAL NETWORK

The function used in the nodes will determine the procedure needed to train the neural
network. Here a sigmoid, which is a smooth, continuous, nonlinear function is used. These
characteristics allow standard nonlinear search techniques to be employed in training.

Training also entails having an input/output relationship for the ANN to emulate. In this
case the network will be required to produce a function of the test statistic of equation (48),

/i( Z), when 2 is given as an input. The sigmoid function defined in figure 6 has an output in the
range [0,1] as shown in figure 8.

The function of the test statistic is defined as follows. For a feature made with a positive

coefficient, the required output function Yi( Z) is defined with the sigmoid function as

(1.0 + exp [-w'i( 2)] }-l, where a is chosen so that the output achieved the specific value of a 2-
percent probability of false alarm at the output levels of 0.5 ± 0.1. Similarly, if the coefficient is

negative, yi( 2) is defined as 11.0 + exp [a/i( Z)] 1-1. Note that these two functions give a
continuous output from zero to one as the feature parameter ai goes from minus infinity to plus

infinity, that /i(2) can be readily computed by the inverse mapping of the output function yi, and
the polarity of the feature is indicated.

Fifteen data points were determined to be an appropriate tradeoff between a longer
integration time for better feature resolution and detection, and a shorter record length to limit the
number of features likely to occur in a given sequence. Longer sequences can be accommodated
by sliding the data window.

The software used to train the network also required the inputs to be non-negative. To
overcome this and for ease of training the network to recognize features, the inputs to the network
were scaled and shifted as

n(i) = i(i) 0.0125 + 0.5, (69)
(In

where the scale factor of 0.0125 was arbitrarily selected to yield a dynamic range of 80
measurement noise standard deviations for the combined waveforms.

The ANN was trained as follows. Given residual vectors and their associated output
functions, compare the network's outputs to the required output functions and adjust the weights
and biases to minimize the error. This procedure is illustrated in figure 9. While the training rule
used to adjust the weights and biases can be any nonlinear search technique, a quasi-Newton
technique was employed here.
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4. MULTIPLE HYPOTHESIS TEST

In section 3 the problem of detecting a signal with known structure in the presence of noise
was considered. Because that test considers one of two possible outcomes (either the signal is
present or it is not), it is often called a binary hypothesis test. This section discusses the multiple
hypothesis tests.

4.1 LIKELIHOOD RATIO TEST

The anomalous feature model was defined by equations (12) and (13) as a (q - l)th order
polynomial. In the binary hypothesis test of section 3, the signal detection problem was
considered. In that case the signal structure was known; that is, polynomial order was known as
well as which coefficients were nonzero. Here, only the maximum model order is known, and a
test is devised to determine which polynomial coefficients are nonzero. This is a standard problem
in regression analysis and the development presented here has been adapted from references 6 and
7.

The case considered here is a maximum polynomial order of one for the anomalous feature;
that is,

iii = [ao,al]T. (70)

The hypotheses are

HO: [ao =0, al = 01 no anomaly present - noise only,
H1 : [ao * 0, al = 0] jump anomaly only,

H2: [ao  0, al * 0] drift anomaly only,

H3 : [ao * 0, al * 0] jump and drift anomalies.

The development is easily extended to arbitrary model order by noting that the set of polynomial

coefficients results in 2 q hypotheses.

Consider the special case of uncorrelated error in the predicted residual sequence. This
corresponds to the case of negligible estimation error. In this case the model for the predicted
residual of equation (13) is

Z=NK+M. (71)

Because the measurement noise vector NK is an independent, zero-mean, Gaussian random vector,
it follows that
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2PC 7) =* N[M,,a nil.

The joint density function of the predicted residuals, conditioned on the hypothesis Hi that
the ith anomalous feature set is present in the sequence (i.e., jump-only, drift-only, jump-drift,
etc.), is

P( 2IHi) =* NMi,a 2r

where M, is the corresponding mean vector induced by the anomaly of the ith hypothesis. The
likelihood ratio test between any two hypotheses Hi and Hj is

LT(- P(ZI i) >j

LRT (Z=> X. (72)
P(7IHj) <

Hi

Here, if the LRT exceeds the threshold X, then hypothesis Hj is rejectd. Likewise, if the LRT is
below the threshold, then hypothesis Hi is rejected.

The case where the measurement noise standard deviation c n is known and the anomaly

M = [mI, ..., mN]T is unknown is considered first. Substituting for P( 2IH) for the general case
results in

[(2x) K/ 2 det IVI1/2] - 1 exp [- (2 - Mi)TVI(z - Mi)] HJ

LRT[(Z)= (2) K / 2 det IVI1/2] 1 exp[ 1 (2 - Mj)TV.12 - Mj)] < (73)

Hi

Taking the natural logarithm yields

HjIn[LRT( 2)] - Mil .l + 1 It,-MjI . 1 16%. (74)
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A

For the case of interest, V = a 1 and, because M is unknown, the estimated M of equations (51)

and (52) is used, resulting in

A
A A

M=B m, (75a)

A -
Im = [BTB] I BTZ, (75b)

which upon substituting in (74) yields the GLRT:

A A H3

In[GLRT(Z)] IZ - Mill2 IIZ Mil2 > X (76a)
2 2 <
n  an -

Hi
or

K A 2 KA 2 H-

2 > lnX2 , (76b)
k-1 an ln H

Hi
A A

where mjk is the kth component of the Vector Mj. Define the test statistic for the multiple
hypothesis generalized likelihood ratio test as

/M(Z) = In [OLRT(Z)]. (76c)

To obtain quantifiable results for the GLRT, it is necessary to know the probability density
function (PDF) of the test statistic /m. The remainder of this section is devoted to the development

of the test statistic's PDF.

From equation (13), the mean vector M can be decomposed into a linear combination of

columns of the matrix B; that is,

M = aoBl + alB2 + ... + aqlBq,  (T/a)

where Bi are the columns of B:

B = [111... I Bq], (77b)
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and

= [a o ,..... aq.I]T .  (77c)

The vectors {Bi) i-l are independent and therefore form the basis for a q-dimensional subspace of

the K-dimensional space of the predicted residual vector. Let the jth hypothesis be the anomaly
modeled by the q- I In order polynomial with all coefficients present (H3 for the case of interest).
The other hypotheses are developed as constraints on the coefficients; that is,

Cm=0. (78)

For the case of interest here, the hypothesis Hi results in the following constraint matrices C:

Ho: Co = 12x 2 , Hl:C1 = [0,1], H2 :C2 = [1,0],

where I2x2 is the 2x2 identity matrix. When hypothesis Hi(i *j) is true, p-constraints are imposed
on the c,efficients ai that can be used to reduce the number of independent terms in the
decomposition of M in equation (77). Consequently, if Hi = H1 , then al = 0, and

M1 =aoB1 , (79)

where the rank of C equals p and the space spanned by the remaining columns of B has been
reduced by one. In general, if p constraints are imposed by the ith hypothesis, then

I I

Mi =a. BI + ... + t-p-I Bq.p, (80)

where a i are the surviving coefficients and Bi are the basis vectors of (q - p)-dimensional subspace

spanned by M under Hi.

Let the set of Kxl vectors {ri) iK 1 be an orthonormal basis for the K-dimensional space of

the predicted residuals. Specifically, let the first (q - p) vectors {rj} q 'p be the basis for the space

spanned by the constrained columns of B, Le., f iP'q and, further, let the set of vectors {ri)

span the column space of B; then,
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Z. = RL (Sla)

and
M = 1y, (81b)

where
R = [r ... IrKI, (81c)

and . andy are Kxl vectors of the coefficients of Z and M, respectively, with respect to the

orthonormal basis vectors tri) i=Kl and

a , ... aK]T ,  (81d)
and

.1 = [¥1, --., Y'q-p, 0, .. , 0]T .  (81e)

Substituting equation (81) into the two forms of equation (74), under the condition that test
hypothesis Hi is true, results in

112-Mj12 = ( yk-yk)2+ X Xk2 , (82a)
k=1 k=q+l

and

K112 -- Mill2 = Y (Qk - -fk)2 + I OE k 2. (82b)

k=1 k=q-p+l

For the GLRT, M is not available and must be estimated. The estimate is given by equation (75),
which for the case of interest here (V = 021) is equivalently the least-squares estimate or the
maximum liklihood estimate. Because the estimate of M must minimize the sum of the squared

error in the fit of the mean M to the predicted residuals 4 it follows that M must minimize

equation (82). From the right-hand side of equation (82), the least-squares estimate of 4 = R^is

A

Hi: 7 = ak; k = , ... ,q- p, (83a)

A
Hj: 7k = ak; k -- 1, ..., q- (83b)
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Consequently, equation (82) reduces to

A K
IZ - Mi 2 = Y k2 , (84a)

k=q+l

and
A K

IIZ- Mil 2 = k 2. (84b)
k=q-p+l

Substituting equation (84) into the GLRT of equation (76) and reducing yields

q Hi

2 -k ak 2+1 In 1-2. (85)

Hj

The predicted residual 2 is a Gaussian random vector with mean Mi, covariancedr2, and

PDF given by ~2
P( 2) =: 2(in-) (86)= N(Mi, OnI). (6

From equation (82), the PDF of the random vector s is

P(a) = [detlR-11]-P(R 1 Z). (87)

Because R is a linear orthogonal transformation (R71 = RT and detR = 1), it follows that the
random vector a is also Gaussian with PDF

2
P(g) =* N(y,GnI). (88)

Consequently, the GIRT statistic /In is the sum of the square of p, zero-mean, unit-variance,
independent, Gaussian random variables and is therefore a chi-squared random variable with p
degrees (rank of the constraint matrix) of freedom. Recall that this result was obtained under the
condition that Hi is true. Therefore, the test statistics /n will exceed the threshold and reject Hi
when Hi is true with a probability that is given by the chi-squared distribution with p degrees of

freedom. Similarly, if Hj is true, then at least some of the random variables {o: k = q - p, ...,q)
are not zero mean, and the test statistic becomes a noncentral, chi-squared random variable with p
degrees of freedom. Under the conditions of Hj, the test statistic increases, thereby increasing the
probability that the threshold will be exceeded and Hi rejected.
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The GLRT statistic can be represented in a form that is more convenient to use. Noting
from equations (81) and (82) that

A q
Mj= Y, akrk ,  (89a)

k=1

and
A D

Mi = I a krk, (89b)
k=1

it follows that the difference in the estimates of the means under hypotheses j and i is

A A q
I[Mj- _Nil = I O k rk, (89c)

k=q-p+l

and the squared norm of the difference of the means is

A A
l1 Mj-Mill2 = _. Zk2  (90)

k=q-p+l

Note, however, that the right-hand side of (90) is the unnormalized GLRT statistic of equation 85;
hence,

11_A ^ 2 A 21A_ A

II Z- /Mj1€ - Mi=Mj- A (91a)

or

A A Hi

/r(2)= UM "2112 > In)-2 (91b)
n _

Hj

That is, the GLRT statistic reduces to the squared norm of the distance between the two mean
vectors estimated under the jth and ith hypotheses. Given that Hj is the full order model, then/m
is central chi-squared with p degrees of freedom when Hi is true and is non-ccntral chi-squared
with p degrees of freedom when Hj is true.
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For the specific case of j = 3, the tests of interest are

A A H2IIM3~ - M2u12 >
T2 : 2 < (92a)

n _

H3

A A H I

lIIM3 - MIll2  > (92b)2 <an _

H3

A H-
IIM3 112 >

TO: 2 < Zo .  (92c)
an -

H3

Tests Ti evaluate the statistical significance of the presence of each coefficient or feature in the
polynomial indicative of anomalies in the predicted residual sequence. For T2 the test statistic is
the norm-squared value in units of noise standard deviation of the difference between the estimates
of the mean obtained under the hypothesis that jump and drift features are present

(M3 = ao * 0, al * 0) and the hypothesis that only drift is present (M2 = ao = 0, al 0). Thus,
T2 is a test of the significance of the nonzero estimate of the jump coefficient ao. If the test statistic
is below threshold, the hypothesis that jump and drift are present is rejected in favor of the
hypothesis that only a drift feature is present, ie., no significant jump feature is evident.
Conversely, if the test statistic exceeds the threshold, the hypothesis that only a drift is present
(H2) is rejected in favor of the hypothesis that both jump and drift features (H3) are evident in the
sequence.

When H2 is true, which implies ao is zero, the test statistic is central chi-squared with one
degree of freedom. Consequently, the threshold e2 can be established to give a desired probability
of false detection of the jump feature. When H3 is true, a jump is present and the test statistic is
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noncentral chi-squared with one degree of freedom. Although the value of the jump coefficient ao

is unknown, the parameter of noncentrality could be computed for some value of ao and the

threshold e2 set to achieve a specified probability of jump detection at a given amplitude.
However, this approach was not used. Notice that rejection of hypothesis H3 by test T2 does not
imply that the drift hypothesis is accepted. The only conclusion that can be drawn from test T2 is
whether or not jump is present. Similar reasoning applies for test Tl , which determines if drift is
present. The T3 test determines if the combined hypothesis of jump plus drift is to be
accepted/rejected over the null hypothesis of no anomaly (Ho). This test statistic is central chi-
squared with two degrees of freedom when Ho is true. (Test To is redundant with tests Ti and T2
and is not used.)

To complete the hypothesis test, a logic tree is constructed from the possible outcomes
listed in table 1.

Table 1. Multiple Hypothesis Test

(ao O) (ao = 0 )

_______ 2  R 3

(al *0)

Hl H3 H2

(al =0)

H3  HI H-_o

If the result of TI indicates the presence of drift (reject HI =* al * 0) and that of T2 indicates

the absence of a jump (reject H3 ao = 0), the logical conclusion is that the predicted residuals
exhibit a drift-only feature (H2).

4.2 MODIFIED NEYMAN-PEARSON TEST

Multiple feature detection can also be performed as a sequence of independent binary
hypothesis tests with the aid of an ad hoc modification to the predicted residuals. With this

A

approach, an estimate for the feature, mf is obtained under the hypothesis that all the features are
present, H3 in this case. New data sequences are formed that contain a single feature by
subtracting the other features; that is,
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2, -M2, (93a)
-A

Z2 = Z-M1, (93b)
where

A A

M1 = BEI i, (93c)

A A

M2 = BE2 ii, (93d)

and

E2 = [0 0] (93f)

Here, 21 is a pseudo-predicted residual sequence that, in principle, has had all the features

removed except jump. Similarly, the sequence Z2 is devoid of all features except drift.

Previously, it was shown that the feature model of H3 will give a better fit to Z than the other

feature models containing fewer coefficients. Thus, in some sense, Z1 and Z2 represent separate
observations of the individual features, which allows for independent binary tests on each feature

A
as in equation (31). However, when using %- and Mi in equation (31) it must be noted that the
results of each binary test are obtained assuming the presence of all the other features. That is,
jump exists (does not exist) given that a drift is present, etc. Recall that equation (31) is the test
statistic for the binary hypothesis general likelihood ratio test. Because the LRT is derived from
the Neyman-Pearson test criteria, this technique is called the modified Neyman-Pearson (MNP)

A

test. Note that only one set of coefficient estimates i is required, which is a significant
computational savings over the chi-squared test. However, the probability density function for the
MNP test statistic was not determined. Consequently, the thresholds needed to give the required
probabilities of false alarm and detection are not determined.

4.3 ARTIFICIAL NEURAL NETWORK

The same ANN previously described for the binary hypothesis test was used for the
detection of multiple features. The only difference was that the multiple hypothesis ANN was
constrwcted with two output nodes versus the single output node for the binary ANN. The
network was trained to emulate the likelihood functions produced by the MNP test. The MNP
results were selected for training because of the MNP algorithm's computational efficiency and, as
will be discussed later, the fact that its performance was nearly identical to that of the chi-squared
test.
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5. EXPERIMENTAL RESULTS AND DISCUSSION

The first phase in the process of evaluating the neural network's performance involved
training an ANN to emulate the LRT binary hypothesis test of detecting a jump in the presence of
noise. (The training method was described earlier in section 3.4.) In this phase, a network with a
single output was used. ROC curves were produced using synthetic data sequences generated by
adding Gaussian white noise, with zero mean and unit variance, to jumps with various amplitudes,
providing a range of signal-to-noise ratio (SNR) values, and comparing the resulting output of the
ANN with a range of thresholds. Here, SNR is defined as

SNR = 4MTV-1M,

where V is the covariance matrix onI. The results were accumulated for 10,000 Monte Carlo trials

for each of the SNR levels shown in figure 3, which is a plot of P(H1lH1, e) for varying e, and
specific jump amplitudes as a parameter. It can be seen (figures 10 and 11) that the ANN matched
the theoretical predictions of a GLRT. These results show that it is possible to train an ANN to
efficiently emulate a Neyman-Pearson test procedure.

Experiments were then conducted to compare the ANN's performance as a feature detector
and discriminator against the XSQ and MNP techniques when multiple features are present. Here,
a synthetic data sequence was generated as previously described, except that the signal levels were
defined by

SL(ao) = (ao4-K)/an,

and

SL(al) 2K 3 - 3K2 + K

The results were accumulated as follows. Figures 12a and 12b show the overall probability of
detecting a jump feature given that a jump is present (regardless of the presence of drift) versus the
overall probability of detecting a jump given that no jump is present (again regardless of drift) for
the XSQ test and the ANN, respectively. That is, [P(HIIHIe) + P(HlIH3,E)] is plotted versus
[P(H1 Ho,e) + P(H1lH2,e). As can be seen from the figures, the ANN somewhat outperforms
the XSQ test for low- to mid-range false alarm probabilities but is subsequently outperformed at
higher false alarm probabilities. The results for the MNP were nearly identical to those for the
XSQ test and are not presented. A similar relationship (not shown) was obtained for detection of
drift by the three techniques with similar results.

Figures 13a-d and 14a-d show the components that make up the overall curves of figures
12a and 12b, respectively. Figures 13a and 14a show (for the XSQ test and ANN, respectively)
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the probability of detecting a jump when only drift is present versus the probability of detecting a
jump when only noise is present (a false alarm), i.e., P(H IH2,) is plotted versus P(H I ,e).
Figures 13b and 14b show the probability of detecting a jump given that a jump occurred versus
the false alarm probability, i.e., P(HIIH, e) vs P(HIIHo ,e). Figures 13c and 14c show the
probability of detecting a jump in the presence of an interfering drift with the same polarity versus
the false alarm probability, i.e., P(HIH3,e) vs P(H1 IH, e). Finally, figures 13d and 14d are
constructed in the same manner as 13c and 14c except that the features have opposite polarity.

Figures 13a-d clearly show that the XSQ test for jump is insensitive to the presence of an
interfering drift. However, examination of figures 14a-d shows that the ANN has an unwanted
sensitivity to the interfering signal. This is especially evident in a comparison of figures 14c and
14d. Here, a drift with the same polarity aids detection of a jump, while a drift with opposite
polarity inhibits detection. Similar results were obtained for drift and, once more, the MNP results
were nearly identical to the XSQ results. The difference in sensitivity to interfering signals between
the ANN and the other two techniques can be seen by comparing figures 13a and 14a.

When one views the overall curves of figure 12, the ANN appears to produce somewhat
better performance than the XSQ test. This is the result of two phenomena. The first is that there
are more detections of the desired signal when it is present due to the interfering signal (see figures
13b and 14b), and the second is a thresholding effect of the sensitivity to the interfering signal at
low false alarm probabilities (see figure 14a). For these reasons, care was taken in comparing
these techniques. This view is consistent with the concerns brought out in Lau and Widrow
(reference 8). It is felt that, because the MNP (which the ANN was trained to emulate) does not
exhibit this sensitivity to an interfering signal, and the ANN was successfully trained to emulate the
GLRT in the binary hypothesis test, the sensitivity of the ANN can be overcome by a better
selection of the training pattern set and/or a different network architecture. That is, the ANN has
yet to fully learn this input/output relationship.
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6. SUMMARY AND CONCLUSIONS

The problem of model assessment for nonlinear systems with uncertain models involves,
among other things, detection and classification of mismodeling by observing residual sequences.
Three methods for feature detection and extraction were developed and their performance
investigated. The first method for multiple hypothesis testing was derived from a likelihood ratio
test and resulted in a chi-squared (XSQ) test statistic. The second approach was arrived at through
an ad hoc development that was designed to produce a similar test criterion. This approach
resembles a modified Neyman-Pearson (MNP) test and is more computationally efficient than the
XSQ test. The third method used an artificial neural network (ANN), which is a nontraditional
approach to hypothesis testing. The ANN was trained to emulate the MNP test.

To facilitate analysis, the neural network was first trained and tested for the binary signal
detection problem. Its performance was found to be equal to the theoretical bound of a generalized
likelihood ratio test. For the multiple-feature application, the two classical techniques (a XSQ test
and MNP test) were also presented for comparison. The signals considered were combinations of
the different features of jump and drift at varying signal levels. Performance of the ANN relative
to that of the other techniques was analyzed by comparing the percentage of detections of various
feature combinations.

The results show that, although the ANN provides a somewhat better overall probability of
detection (i.e., detection of jump with and without drift) at low probabilities of false alarm than the
XSQ test, the apparent improvement in performance is tempered by the sensitivities of the ANN to
an interfering signal. Viewing the constituents of the detection probability (i.e., jump detection
without drift versus jump detection in the presence of drift) shows that feature detection is
enhanced by the presence of an interfering signal with the same polarity, but it is inhibited by a
signal with the opposite polarity. This is considered an undesirable effect. Hence, either an
adequate network configuration or ample training of the network was lacking. However, because
of the ANN's success with the binary hypothesis test, it is anticipated that further design
modification can successfully eliminate the undesirable effects of the interfering signal, and that the
ANN's performance can be made to match or exceed that of the XSQ and MNP techniques.
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