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Summary. The paper addresses the problem of a-posterlori estimation of the

modelling error and the adaptive modelling of plates. It proposes a family of

models and provides upper and lower a-posteriori estimates of the modelling

error in various norms . The estimates are locally asymptotically exact.

1. Introduction

The reliability of computational engineering analysis depends on the

reliability of the underlying mathematical formulation (i.e. the mathematical

model) of the engineering problem under consideration as well as on the

reliability of the numerical treatment of the mathematical model.

The selection of the mathematical formulation is the most crucial aspect

of reliability in the analysis of an engineering problem.

Reality can never be completely identified with any mathematical formu-

lation. Nevertheless, in practice reality is identified with the exact

solution of a complex mathematical problem to which we shall refer as "true

problem" throughout. Prior to its computational solution, however, the true

problem is approximated by a structurally simpler, so-called mathematical

model and then the computational analysis is performed on this selected

mathematical model. This means that the reliability of the computed solution

should not be measured against the mathematical model, but rather against the

true problem, i.e. it should take into account the discretization and the

modelling error. (For a discussion of mathematical modelling in engineering

we refer to [11).

The usual engineering approach is to test the reliability of a mathemati-

cal model by a set of benchmark analyses for which the solution of the true

problem is known. This leads often to the design of various models tailored

to different objectives of the engineering analysis.

No single mathematical model can be good (or optimal) under all

circumstances of the engineering analysis and therefore a decision has to be

made, upon which particular model the computational analysis should be based.

The strategy of the model selection must be governed by an a-posteriori

assessment of the modelling error and an adaptive selection of the model

(without knowledge of the exact solution of the true problem). The derivation

of reliable a-posterlorl estlmators for the modilling error is the topic of

the present paper. More specifically, we will discuss the hierarchical

modeling of thin structures, such as plates and shells, in mechanics.
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2. The plate and shell problems and their hierarchical models.

The problem of plate-and shell analysis has been in the forefront of

engineering interest for a long time. Here the true problem is the three-

dimensional problem of linear elasticity on a thin domain - a planar or curved

surface of thickness d. Plate-and shell models are then certain 2-dimensional

problems, i.e. the modelling leads to a reduction of the dimension of the

problem by one.

A particular model still widely used today was proposed already in the

first half of the nineteenth century by S. Germain [2] and G. Kirchhoff (3].

The derivation of this and other models is mostly based on physical considera-

tions or mathematical analyses of various degrees of rigor (see e.g. [4]-[191

and the references therein) or on asymptotic analysis of the three-

dimensional, true problem as the thickness d tends to 0 (see, for example

[9], [201-[28] and the references therein). Other results address the

theoretical relaticn between the true problem and the models (see e.g. (291 -

(32]) or they investigate the derivation of hierarchical families of models as

general problem of dimensional reduction (see e.g. [33] - [36] for related

ideas).

The solutions of various proposed models could lead to significantly

different results which explain the very large number of proposed formulations

in the literature today. For theoretical and numerical analyses of various

models see [371, [381. Let us consider as an example for the difference

between various models the clamped square plate 12d:f

(-0.5,0.5) 2x (-0.005,0.005) of thickness 0.01 with uniform load. We will

assume the Young's modulus of elasticity E = 107 and a Poisson ratio v = 0.3.

Let us be interested in the bending moments M 11(XO) and M2 2 (xl,O)]. Table

1 shows the data for the three dimensional ("true") formulation, the Reissner-

Mindlin model Ml1) and the model (1,1,2) (see [371, [39], [40] for the

definition of (1,1,2) model),

We see that the reliability of the model strongly depends on the aim of

the analysis. If we are interested in M1 1 (0.4,0), M22(0.4,0) then the

dIff'-ence between the models is practically negligible but in the case

M22(0.5,0) the difference is significant (30%)
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Table 3.1. The moments M 11(x1,0) and M22(x1,) for various models.
1l(1,0 V M2((l,0)

x 1 (x 0O) M22 (X1 0 0)
3 dim RH (1,1,2) 3 dim RM (1,1,2)

0. -0.0229 -0.0229 -0.0229 -0.0229 -0.0229 -0.0229
0.2000 -0.0157 -0.0157 -0.0157 -0.0163 -0.0163 -0.0163
0.4000 -0.0164 -0.0163 -0.0164 -0.0026 -0.0027 0.0026
0.4900 0.0470 0.0164 0.0470 0.0141 0.0141 0.0141
0.4990 0.0509 0.0509 0.0509 0.0168 0.0152 0.0170
0.4993 0.0510 0.0510 0.0510 0.0176 0.0153 0.0179
0.4999 0.0512 0.0512 0.0512 0.0207 0.0153 0.0212
0.5000 0.0513 0.0513 0.0513 0.0220 0.0153 0.0220

3. The boundary value problem and the hierarchy of the models.

To present all the essential ideas of adaptive modelling in the simplest

setting, we will restrict ourselves to the problem of the Laplace equation on

a thin, plate-like domain. Nevertheless the approach presented here can be

used in general [41].

Let wc R2 denote a bounded domain with plecewise smooth boundary r

and define the plate of thickness d, ld := fx = (xl,x 2 ,x 3 ) eR3[I(X1 ,x 2 ) EW,

ix 3 1 <d/2}. Further, we introduce the lateral boundary S and the faces of

the plate Rt:

S := {xER3I(xI,x 2 ) er, ix 3 1 <d/2}, R± {xeR 3 I(xx 2 ) e(0,x 3 = ±d/2}.

We will be interested in the problem

Aw = 0 on ad,

(3.1) w = 0 on S,

aw 1
an 2f on R±.

Here f(X,X 2 ) e (2) and n denotes the exterior unit normal vector.

Let us cast (3.1) into the weak form. Denote by

(3.2) H :{ueH 1(Qd )u = 0 on S} 1_

and define by __ 2-r!Ut, 011
Avpllatllty Code

MI'IC QUAtTAM INSPECTED 3 Avail aSmj1 r
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(3.3) B(u,v) f Vu. Vv dv
fd

the bilinear form on HxH. Further, let

(3.4) F(v) : • f(xl,x2 )(v(xl,x2,3 d/2) +v(xl,x2 ,-d/2))dxldx2 .

Then the weak form of (3.1) reads:

Find uOeH such that

(3.5) B(uo,v) = F(v) VveH.

Obviously here the solution is symmetric, i.e.

(3.6) u(xlx 2 ,X3) = u(xlx 2 9-x3 ).

Assuming that the thickness d of Qd is small, we will approximate the

full, three dimensional problem (3.1) - (3.6) by a sequence of two dimensional

problems, the hierarchical family of plate models. Let us define these

models.

Denote by ? = {-wIWI w, 1:5in} a partition of w into n domains

WI with plecewise smooth boundaries 8wI such that w I ' j = 0 for I *j
n

and W =U W-"
i=1

We will allow the order qI of the models to be different in different

subdomains and define

q := fql'q2*''''qn}1 q1 >_0 integers.

Denoting by L the Legendre polynomial of degree J on (-1,1), we introduce

the space

q I
S(1, q) f= {eHluI (x 1 u ~x ~2)L jr d],wIETG

J=O

and define the (?,q)-plate model as the boundary value problem:

Find u(P,q)e S(P,q) such that

(3.7) B(u(T,q),v) = F(v) VvES(P,q).

4f • 4



Obviously. due to (3.6), we can assume a priori that U = 0 for odd J.
j

The solution u(P,q) of the ({,q)-plate model Is the (energy) projection of

the three dimensional solution u0 of (3.5) nnto S(T,q).

We have

Theorem 3.1. Let e = uO- u(P,q). Then

d/2

(3.8) J e(xlx 2 ,x 3 )dx3 = 0

-d/2

almost everywhere.

Proof For any U(x,x21 2 S(?,q) we have B(e,U) = 0. Observing that - 02 an

on R+ and integrating by parts we get (3.8).

Now we state the goal of the computation (and of the hierarchical

modelling):

Given load data f, a norm lol on H, and a tolerance T> O, find a model

(P,q) so that

(3.9) luO-u(P,q) l < r.

Remark 3.1. If any reasonable norm Iol, such that lu 0 1 < c, and the fixed

thickness d of the plate are given, then such a model exists: Select in

(3.7) n = 1 and P = {c), q = {q} sufficiently large. o

Remark 3.2. We assumed here that the (T,q) plate model can be solved

exactly. This is, of course, not true in practice, since typically (3.7) must

also be solved numerically by e.g. the finite element method. We distinguish

between the modelling error (3.7) and the discretization error. Since we are

here primarily interested in the modelling error, we assume below that the

discretization error is negligible, i.e. that the (T,q) model Is solved to

sufficiently high accuracy. o

Remark 3.3. All the notions introduced above apply also verbatim to the plate

problem discussed in Section 2. The model problem (3.1) - (3.7) exhibits the

basic characteristics of the plate- and shell problems. o
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Remark 3.4. The selection S(?,q) in (3.7) Is not arbitrary. It was shown In

[331, [341 that this selection has, for fixed P, two essential properties,

namely:

a) the selection of polynomials In x3 is the only choice which leads to the

optimal rate of convergence as d--0 (although for fixed d>0 this

choice is not optimal [34]),

b) as q --+w, l:i:n, u(P,q)--u0 and a-priori error estimates are

given In [33], [34].

For laminated beams and plates, an alternative subspace S(P,q) with

similar properties is known (171, [191. 0

Remark 3.5.

The adaptive selection of the model has now two essential parts:

i) Design of the local error indicator, which leads for the norm under

considerations, to the error estimator,

ii) Design of the adaptive procedures.

We will address these points in the next sections. 0

4) Some abstract results

Let Hi, H2 be two reflexive Banach spaces furnished with the norms 1f.1I

and I1112P respectively. Further, let B(u,v) be a bilinear form defined on

H x H2. We will call the billnear form (Ca)-regular if there exist

constants 0<C, y<w so that

(4.1) 1 B(u, v) 1 <5 C11 uUll 1Vll 2,

(4.2) inf sup IB(u,v)Il ; 7,

11u11 1= i IIvU2=i

(4.3) for any v*0, vEH 2 , sup IB(u,v)l > 0.
IuU 1=1

Bilinear forms satisfying (4.1) - (4.3) have the following properties

(see [421).

a) Let fE (H2 )' (i.e. f is a bounded, linear functional on H 2), then

there exists exactly one ueH1 such that

B(u,v) = f(v), Vve H2 .

b) If
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(4.4) sup IB(u.v)l < A,
1I VI U2= 1

then

Pull < _

Let us consider now some special cases which will be Important later.

Theorem 4.1. Let

d/2

(4.5) H, =H = fueH I U(Xlx 2 # x3 )dx3 = 0 almost everywherel

-d/2

where H is as in (3.2). Let further

(4.6) Rull1 = Ivul 2dx] = 12 11u2.

Then the bilinear form

(3.3) B(u,v) := Vu. Vv dx

0

is (C,V)-regular with C = 7 = 1. o

Theorem 4.2. Let V(x 1 ,x 2 ) >0, (xlX 2 )e w have bounded first derivatives

and define

2
(4.7) Q max ax22 (xx 2(xl§x 2l ) a l G2WX)

i=1,2

Further let , H 1  = where H and H are the same spaces as

before, but, instead of 1111i1 and 11i112, furnished with the norms 1Io11 and

11-02,V respectively, which are given by

(4.8) iHullI2 = T 92 IVuI 2 dx,

(4.9) Il12VI = J(p-2 Vvl2dx = Ilvll2

2 d 1,
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Then the bilinear form (3.2) is (C,,r)-regular with C = 1 and,

(4.10) •Z 0= (I-2 -Qd (1+,Q(2 +Ql - /

Proof. By the Schwarz inequality we see Immediately that (4.1) holds with

C = 1.
Now, let UeHl1, 1U11l,,=1 and define v = V2u. Then vcH 2 and

8v =2 8u a•2,
ix--- W au + u-# i = 1,2,

8v 2au
=- .

8x3 3
Hence

2

(4.11) B(u,v) = 1jul 2 +f au -u a ( 2 dx.

d/2

Realizing that f u(xlx 2 , x3 )dx 3 = 0 almost everywhere, we have

-d/2

(4.12) [ u2 (x1,x2 x )dx - [(a r u( 1' x x 1 dx
r 2#3 3 it Jtai3 2' 3 j 3 .

-d/2 -d/2

Hence, with (4.7) and I = 1,2 we have for any c>0

S u- dxl1 r J 1 2(x )dx

Ji i Q L 1  •o"i'1d2 r x C L7 2

d
Selecting v - ;, we get

2 2 2

andId 1=1
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Similarly

2 2 + Id12 2' 2 + a ~2 81 ]W-2 2 Pdf+ dV++ !)I V11 11 U11 a1 Uud1 =1 +xU 8x1 8x11Ju 11x 1uIax, ax;I JW

Hence

1/2 -)1/2I>•'> 1-2!Q I + qQ + Q

Since B(u,v) is symmetric, (4.3) holds and the theorem is proven. o

We can select in particular any fp(xl,x2 ) so that 2Q -< i. -, 0<a<1,

and get

(-)1/2 -1/2
>( -a) 2(1 + I(1+ () ) -

8,2 8•0

Since - = 2(p - we have

(4.13) Q 2 max I~1.
(x1 , x2 )C: ax

i=1,2

Of particular interest in sections 5 and 6 will be the weight function

-1c Ix -° 0 1+1 Ix-x201 )

(4.14) e 1 e

where Q = 21. Here we can select 41 = !a, 0< &< 1 and obtain that

B(-,.) is 'C,,r)-regular on HV x HIP

We note that for 0 <K I < V< K2 we get by a simple argument

K2

Let us now consider the bilinear form

(4.15) B1 (U,V) = Jdu/v dx

defined on H1 2 H here

9



H~l e L(0) r2u(xitx 2 93x3 )dx 3 =0 almost everywhere

furnished with the norm

lull Id lu 2d 1/2 OU I~IL2(Ud)

and where

1Ve (a) I11&v , L= onR
{VH1 ~I IAIL upd) an R±

where H is defined In (4.5), furnished with the norm

EVE2 = [ Tdj~j Jx / = IIAVIIIL2(ad).

We note that locally v eH2 (fP) and hence L makes sense. It also follows
* an

easily that l1-12 is a norm on H 2.

It Is easy to see that (4.1) holds with C = 1. We will now estimate 7

For given ue H1  let us define s to be solution of the equation

(4.16) As = U

(4.17) s = 0 on S,

(4.18) Ls=0 on R.

Because ue L2 (0), s obviously exists and Is uniquely determined. Define

d/2

then also (4.17) and (4.18) holds for z.

Further, by using (4.18)

-d/2
hence

10



d/2

Az = u - T u(xl,x 2 ,x 3 )dx = u.

-d/2

Therefore

B (uz) = JuAzdx = 2uM 2 MAzM2= mum
1mum 1, Izi 2 =lu 1

and (4.2) follows with 7 = 1.

Hence we have proved

Theorem 4.2. The bilinear form B (u,v) defined by (4.14) on H1 × 2
satisfies (4.1) and (4.2) with C =7 = 1. o

5. A Posteriori estimates of the modelling error.

In this section we assume that the (P,q)-plate model is given and its
exact solution u({,q) defined in (3.7) is known. We will be Interested in

estimating the modelling error

lu0 - u(P,q) l

for a particular norm lot which is LP-based. With the norm Ido we
associate the error Indicator function 71(x 1 ,x 2 ) so that, for I <p <o,

(5.1) C(u(P,q)) = ( I(xlX 2 )IPdxIdx 2J luO-u(2',q)I.

The quantity 9 will be called error-estimator. The effectivity index

8 corresponding to 9 is defined by

(5.2) :- u ,q))
luo - u(T,q)l

We say that 9 is an upper (lower) estimator, if 0> 1(0< 1),

respectively, and call the estimator 9 (K 1 ,c 2 )-proper with respect to a

class T of data f, if

(5.3) 0 < K 1 S 0: K •2 < M

holds for all data fe T.

11



The estimator 9 Is asymptotically respectively spectrally exact on T,

if

(5.4) -- il as d- O+ respectively as q- W,

for u0 belonging uniformly in d to certain classes of data.

We shall say that the indicator function ri(x1,x 2 ) is locally

asymptotically exact (resp. locally proper), if (5.4) (resp. (5.3)) holds for

the norm 1-1 = 11o11 P where the weight is given by

(5.5) V(XX 2 )= exp LIx 1 - x 1 + Ix2 - x201), PI (0,1), O<a

and 1X1 x2 )e arbitrary.

We will address here for simplicity only the case n = 1, p = 2, P = {f}

and q = {q}, q O, and denote the corresponding subspace by S(q).

Throughout this section we will denote by 11°11 (P the norm defined in

(4.8) and the norms of f are always understood as integrals over W only.

Let us first analyze the modelling error in this norm. We begin by analyzing

the best possible asymptotic rate of convergence of the (P,q)-model.

Theorem 5.1 Assume that q O is an integer and

(5.6) A-1 +jf E (0 1 nH2 (?)W for 1SJSq.

Then there exists u(2q) E:S(2q), u0 - u(2q) EH 1 (see (4.5)) such that

(5.7) Ilu0 - u(2q)11 1, V SC q d ql11Aqflio,(

Proof: We only sketch it since it follows closely that of [33, Theorem 3.11.

First observe that for - 0 as In (4.10)

IB(uo-u(2q),v)l(5.8) TOl11Uo - u(2q)ll1 111, , *up ilvl12 ,(

2,V

Now, in [33] it was shown that there exists a sequence of polynomials

02J of degree 2J, J = 0,1,2,... which is independent of d such that

12



q

u(2q) Zd ~I(A f)J02 J

j=o

satisfies, for every ve H,

d/2 Or
B(uO- u(2q),v) = a2xl [v dx dX2 dx3

u~u~v JOx3 Ox3

-d/2

where r 2q(xlX2 ) = &2 q+2 {)qf{xlix 2). Now (5.7) is a simple consequence

of Schwartz's Inequality and of (5.8). 0

Remark 5.1 If q = 0 then fEL 2(W) is sufficient for (5.7) to hold.'

Remark 5.2 By definition (3.7) of the (P,q) model and Theorem 3.1 the

approximation is quasloptimal, i.e.

(5.9) NOu- u(Pq)lj1  5 C(0) inf 1u0-X(u,,v)
XIES(P, q)

To derive the error indicator function 7i(x 1 ,x 2 ), we note that using Theorem

3.1 the modelling error e2q := uO- u(T,q) belongs to H. defined In (4.5)

and satisfies

(5.10) B(e 2 q V) = R2 q(v), VvEH

where the space H was defined in (3.2) and where

R2 q(v) = J r(x 1 ,x 2 )(v(x 1 ,x 2 ,d/2) + v(xl,x 2 ,-d/2))dxldx2

(5.11)

rd2
+I F v(xlx2, X3)Au(P,q)dx3 dx dx2

w -d/2

Since B(e2q V) = 0 for all veS(2q), we can restrict v in (5.10) to be

of the form

(5.12) V(xlX 2, x3 )dx 3 = 0,

-d/2

13



for a.e. (x 1 ,x 2 ) . Consequently, we arrive at

(5.11)" 0 = R2q(-v r(xlsx (V(XlA, X d/2) + v(xlx -d/2)ldx dx2

+~()12 1 r vx l~2 ,xA(lqd~x 1' 2 1d/2

for all ve S(2q) where
(5.13) = - 2 8u(?, q)

(5.13a) r(x 1 ,x 2 ) f(xl,x 2 ) 8n' (Xlx 2 ,d/2).

q

(5. 13b) Au(P,q) = )L f2x31

j=O

Remark 5.3 The condition (5.12) shows, together with Theorems 3.1 and 4.2,

that the bilinear form in (5.10) can also be understood as

B: H, 1 xHj- R.

This implies in particular that e eHV for all q>O.

2q 1

Along the same lines, B can also be interpreted as a (C,7) regular

form on S9 x SV where
1 2

SV(q):= S(q) nH9, I = 1,2,

and it Is clear that

u(2q1 ) -u(2q 2 ) G S(q 2 )

if OSq 1 <q 2 ' This is essential for the adaptive procedure. o

From (5.8) we have that

R2 q(V) R2 qCV)
loI~ie , 0 5sp t sup d/2 ~ q1/
0 2q I V 2, v 1( 112.fpd/2 1X-2 J (8v 1 2x )dx dx dx 1/

and with (5.11)' and Theorem 4.2 we find that

14



S,(x, vxv(x x.2)+v(x x -d/2)1
70oe2qI1,, : v S2 P s d/2 2

1 V --rv Idx3"W Id/2 L'•31

(5.14)
d/2

+ A. ~(X'X2) dxldX2

J=0 II~ s.2 dxla3

and the supremum Is taken over all 0sveH which satisfy (5.12). It Is

easy to see that the supremum in (5.14) is attained on a function v which

satisfies (5.12) and

a2 v2x 3)

-a (Xl,x2 ,x 3 ) = +2 j(x1,x 2 )L2 jL]

av (x,, x ,d/2) 1rx,

where A2j(xt.x 2 ) Is completely determined by (5.11)'. Hence

(5.15) v(x I-x 2 , x3Y 1 PT=x

Since

(5.16) dx3 = 2(4q+3)

-d/2

we find that In (5.14)

(12 Be 92 dq r 2 (xl,x 2 ) 2 (xl,X2 )dxldx2 ,0S 1)•oe2q 1,v x2) 2d12

where

(5.18) CC 1
q 4(4q+3)

Based on the estimate (5.17) we define the error Indicator function by

(5.19) 2 I('x 2  dC r2 (xl' )(2(Xl'x
02q(X 2 := 22

15



Remark 5.4. We emphasize that 72q is very easy to compute, especially for

low order models. In particular, we find from (5.13) that for q = 02 , x2).2)

(5.20) 21o(xl = d f2(x1 2

i.e. the indicator does not depend on u(O) and can be computed a-priori. o

From (5.14) and (5.19) we readily obtain

e 1 2 5 1 V 2dx dx
U 2qll'( 2. t 0 "2qd1 ld2

C')

and hence

(5.21) 11 eql 1 L MP q))

Hence 9 based on (5.19) Is an upper estimator and its effectivity Index

8 is bounded from below by 70 "

Let us show that 9 also bounds the error from below. This will allow

us then to prove that 9 is locally asymptotically exact for any q. Since

the modelling error e 2 q satisfies

Be V) r(X 2 (XlX2d/2) +V(XlX -d/2))

e2qv= 2 r1 1x2) v x, 2 9 2x12

+ d/2 A2 (Xlx )L r•2_ 3 V(Xv x x )dx3dxldx

-d/2 J=O

-2for all ve H so that (5.12) holds, we select v = v2 with v as In (5.15)

and obtain

(5.22) dCq J r 2 V2 dxl'dx2  = B(e 2 q'v) < lie2 ql 1, .vI2l

An elementary calculation shows with V xv = ray av I that

2 2 2 2 -2 2
IV VI 35( O IV xvi + 61V IV xI 11,

hence
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(523 1r2 •-21 ~2 -2 f.v 12ý2,.=+ [8'•3•}dxldx 2 dx3 "

(5.23) 11v1 2  1 f f {2 + v a~ 2 12-d/
-d/2 w

d/r f 1Vý2 -12,X,+P 21,v12

(5.23) 
-d/2 

+

q d3Dq(3rII + V 0 , V2 ) + dCq rW~v

where C is defined by (5.16), Q by (4.13) andq

(5.24) D = 2 4q+32
(4q+3)2-4

and we used the notation

(5.25) Irl2, = IVxrl129'2 dxldx2 , IHrIH2, = f 2 2dx1dx2 '

Now we estimate in (5.22) for c>0

2 c 2 1 ilv2l
dCq r| ,• < . Ile 2,qlll,V + 1 2,9'

If we select c0>0 so that

(5.26) 1 21 2 192(u(Pq))
(5.26) -Ilv~l 2 ,9 '  •dCqI~rWo,0 =

02
we get the desired bound

dC IrE 2  =2(u(?,q)) < 2011e2
q 0,9(P c0I 2qII1 ( '.

Using (5.23) and (5.26) we find

(5.27) {0M1 + 3d 2CD q[2Q,+

and we have

Theorem 5.2. Assume that feT = T1 := {fl either r(q) = 0 or

Irl 1 , /Irl0, v3<<}. Then the estimator 9 based on (5.19) is locally

(K1 P K2 )-proper with

17



K , + + -1/2 1 ]1/2

(see (4.10)) and with
Sq2 (221/

(5.28) 12 -I+ 3CqD + Q2)}1/2

Here C and D are explicitly given in (5.18) and (5.24). If •= 1,q q
then Q = 0 and the factor 3 in (5.28) can be dropped.

Remark 5.5: With the weight V as in (5.5) and a = 1, we find easily

that Qd- O<p< 1. Hence, for feT _ for some 1 independent of

d, the estimator 8 Is locally asymptotically (as d- -- 0) exact. o

Remark 5.6: From (5.18) and (5.24) we see that K2 -- 1 as q--w for

feT., i.e., 8 based on (5.19) is also locally spectrally exact. o
S

Remark 5.7. The local asymptotic exactness of 8 not only insures that the

indicator function v 2q in (5.17) gives a good overall estimate 9, but also

that the local indicator

1/2

(5.29) &2q(P'xl 'x) 2 [dC q fr 2 (x 3x 2 )dx 1dx 2]
Ix t-x° 0 +1 X-X 0 j<dP

is an asymptotically exact measure for the local contribution to the modelling

error. This Is an essential ingredient for the adaptive selection of the

model order. )

Remark 5.8 Our analysis is obviously also valid for w = (-1,1) and we

present now an example to demonstrate the sharpness of the bounds in Theorem

5.2. For 0P = (-1,1)x(-d/2,d/2), let us select f in (3.1) so that

u(x,y) - 2cos 15x) cosh 121Y).

Then
q q

u(q) L U i (x) L2 ,j] =(y x jCos[p 2
J=O j=O

The vector x2 = (xO,* .. x.q)T is determined from

18



Ad + K Ott

where

a = 2w sinhU4], e =

and

A- = [ L2 1 L2 dz, B -=F Lý L" dz.-iJij = L12 j 2j
1 -1

We find explicitly for the weight V - 1

li e 112 (r2chr ful
2q 2 I Lc L4 J K

and the estimator
q

92= dCq~ - LxjL'J(1].

i=1

Using a computer algebra system, we obtained

2= e l11 = 2
(O(q))2 = 92/12e 2 1+d 2 m-12 + O(d )

q
where m is listed in Table 5.1.

q

q 0 1 2 3 4 5 6

m 240 360 936 1768 2856 4200 5800

Table 5.1 m in the asymptotic expansion of the effectivity index

q

Not only is the estimator 9 asymptotically exact as predicted in Thpe-em

5.2, but we observe that with Q = 0 and g = 1 the ratio of ()2- 1 in
2 2

(5.28) and X2 /m in the expansion of 8(q) is 1, i.e.q

2 = 11+ CqDe2d2} 1/2

is the best possible value for ( = 1.

Let us now analyze the error estimator for the norm lielL d =11ell 1.

To this end we consider the billnear form (4.15) and get
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(5.30) Bl(e 2 q, V) = R2 q(v)

with R2 q(V) given in (5.11)'.

Hence, using Theorem 4.2, we get

IR2 q(V)I
leL2(go)} m sp O L2av dL2 )

where the supremum is taken over all Ov*H 2  which satisfy (5.12).

To estimate the supremum, we observe that any ve H2  can be written in

the form

(5.31)

v(x1,x2.x3) ' raj~ 2  a kik(xl'x2 )Cos (ýd- + (2)1/2x .x2ZaokC~Xl, x2

k, tZ> k21

where 9k(xl,x 2 ) denote the elgenfunctions (orthonormalized in L(2w)) of the

elsgenvalue problem

-/~k -
9'kok, Vk - 0 on 8w

and {Aklk>l is the corresponding sequence of positive eigenvalues. Note that

R2q(v) is as in (5.11)' and, as before, A2 j(xl'x 2 ) = -(4J+1) r (xl,x 2 )/d.

Further, since R2 q(v) - 0 for any v(x,1 x 2 9 x 3 ) = 0(xlx 2 ), ,(xl,x 2 ) = 0 on

aw, we can omit the second term in the expression (5.31) for v and find

-Av- 1/2 " bk xk(Xl,X2 )Cos2dX3]
k, >12

where

b kt - a 4kt 12fl2]d

Inserting (5.31) into (5.11)', we find

(V) r(xlX 2 ) Y akt[I1-Aq l xklX2 ) xldx2

k, WŽ1

where
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q
Aq = ( Z 4J+1) L2 q(Z)COS(tnz)dz

J=1 -

(and A, - 0 Vt), and we estimate

(R2 q(v))2 : Or112 2 ZC.2
L2 Wd) kkl

where

Ck - •aktfi-Aqt ] = b bk([1-Aqt]tqt Xt + [2ft 2

which implies with Schwartz' inequality that

C.2:5[2.)4 {2 1-A qt}2 2)

Altogether hence

(5.32) le2q d v p (R2 q(V))2 3E OrII2" •;2 d3EUrU2
2L ) H2  lAvR 2  d L2(w)

L2(0I
where

E I1 -(1- Aqt)
2

q 8W 4

Remark 5.9. For q = 0, we have At = 0 and hence E0 = C(4)/(8x4)

1/720. For q>0, E can be easily computed numerically. The bound (5.32)q
Is better than the estimate

ile2 (ad) S d3 Cq 2
2q ll2llL2(i)

which Is obtained from (5.21) with v = 1 and from

ile2 qIL2( d) dl I
L2q) HI(0d)

The estimate (5.32) Is in fact optimal, as is demonstrated in Table 5.2.
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q d3 11r122  11 2112 ,LO(W) •qL(f)

0 720 + (d) 2/60480 + O(d4 )

1 2520 + (wd) 2/221760 + O(d4 )

2 10296 + 1287(wd) 2/35 + O(d4 )

3 26520 + 9945(nd) 2/209 + O(d4 )

Table 5.2. Asymptotics of L2-residual versus L2-error for small q

for the example in Remark 5.8.

In all cases the numerical value of the leading term was found to be

equal to that of 1/E which suggests the asymptotic and spectral exactness of2 q
the L2 a-posteriori estimator

. = d3 / 2  Vf I J[r L2(w). *

6. Adaptive Selection of the local model order.

We consider nov the (F,q)-model based on an arbitrary partition

F= {W I l ISn as described in Section 3, where q = fql'.'"qn is the vector

of model orders on w V In the previous section we showed that the local

contribution to the modeling error corresponding to w can be reliably

estimated by a calculation involving the local residuals only. This gives

rise to the following simple feedback procedure to adjust the model orders.

i) given a parameter 0 < A < I and an order vector q, compute the

local indicators n on the domains w according to (5.19).
2

(6.1) 1i) For the nA of the largest error indicators 71 raise q1 by one

and solve again.

i11) Stop when 8<5.

The strategy (6.1) is analogous to one version of adaptive finite element

methods. We emphasize, however, that (6.1) is not optimal since often q has

to be increased by more than one and the computational solution of the current

(P,q)-model is costly.
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Let us present another adaptive strategy. We start with the observation

that for the error e(P,q) we have

(6.2) B(e,v) = R(v) VvEH.

By Remark 5.3, we know that ee H(, and, selecting V suitably, it follows
1'

that e depends only on the local residual on R+. We can, therefore, obtain

an (asymptotically exact) approximation to e on Q := W x (-d/2,d/2) by
d -dsolving (6.2) approximately on spaces of funrtions which vanish on a \QI.* We

emphasize that these problems are completely decoupled and can be solved very

cheaply and In parallel. Therefore, we can assume that the Indicators n2(q

are known for several values of q and all wt E P.

There are many ways to optimize models from the hierarchy of (P,q)

models. Any concept of optimality Involves cost, e.g. we assume that the work

In the numerical solution of the (P,q)-model is given by

n

(6.3) W(P,q) = IF(qt)
i=l

where the F are monotonically Increasing functions depending, e.g., on the

computer structure, Implementation, etc. Then we can, based on a given model
2 -

u(P,q), find an optimal order vector j by i(q 1 ) by solving

n

(6.4) min •F(q) subject to Z Q 2T • =

1=1 1

where T Is given tolerance. This problem has at least one solution.

Moreover, using a Langrange multiplier A and assuming that q R, for

simplicity, we find that at the optimum necessarily

n

(6.5) Z1(q) =2

(6.6) d [2(qi)) :A d--(qi),

or, using difference quotients, that q should satisfy
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2,N opt, 7 2.N opt _ 171
2(q0Pt - tq -)

(6.7) = A, 1 5 1 5n.
opt F opt -nF (qOP) - F (q -i)

This Is a weighted equilibration condition characterizing the optimal (P,q)-

model. Once we have determined i from (6.4) we solve for u(C,j) and
2

possibly repeat the process with improved estimates for the -I The strategy

is capable of predicting directly the optimal distribution q and uses very

few iterations. Under suitable assumptions the orders q1 found In this way

are very close to the best possible ones, hence the modelling is an adaptive

one (i.e. a feedback procedure with certain optimality properties).

We presented here only the key ideas and refer to [41] for details and a

more rigorous analysis.

7. AdaptIve modelinf in mechanics

We have shown in the previous sections the main ideas of a-posterori

error estimators and the adaptive modeling. Although we have addressed only a

most simple model problem, ideas of this type are applicable in general (for

more see [391).

Various models have different properties of the solution. For example,

they have different boundary layer behavior, different singularities in the

neighborhood of the corners, etc.

We emphasize that the estimators introduced above are not asymptotical in

nature. They provide estimates for domains with a thickness which is not

small. It is essential that these estimates are available for various norms,

because in practice the aims of the modelling differ.

Let us also mention that the ideas explained briefly above are applicable

to many different model - formulations, for example, to models based on mixed

methods etc. Various formulations also behave differently when they are

descretized by the finite element method. As an example we mention to the

locking problem [431.

We have assumed here that the "true problem" was the three-dimensional

problem for completely specified data. In engineering, however, often the

available data have intrinsic uncertainties. These effects have to be treated

by a proper formulation of the true problem which accounts for these

uncertainties, such as, for example, a stochastic one.
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