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Summary. The paper addresses the problem of a-posteriori estimation of the
modelling error and the adaptive modelling of plates. It proposes a family of
models and provides upper and lower a-posteriori estimates of the modelling

error in various norms . The estimates are locally asymptotically exact.

1. Introduction

The reliability of computational engineering analysis depends on the
reliability of the underlying mathematical formulation (i.e. the mathematical
model) of the engineering problem under consideration as well as on the
reliability of the numerical treatment of the mathematical model.

The selection of the mathematical formulation is the most crucial aspect
of reliability in the analysis of an engineering problem.

Reality can never be completely identified with any mathematical formu-
lation. Nevertheless, in practice reality is identified with the exact
solution of a complex mathematical problem to which we shall refer as "“true
problem”" throughout. Prior to its computational solution, however, the true
problem is approximated by a structurally simpler, so-called mathematical
model and then the computational analysis is performed on this selected
mathematical model. This means that the reliability of the computed solution
should not be measured against the mathematical model, but rather against the
true problem, i.e. it should take into account the discretization and the
modelling error. (For a discussion of mathematical modelling in engineering
we refer to [1]).

The usual engineering approach is to test the reliability of a mathemati-
cal model by a set of benchmark analyses for which the solution of the true
problem is known. Thls leads often to the design of various models tailored
to different objectives of the engineering analysis.

No single mathematical model can be good {or optimal) under all
circumstances of the engineering analysis and therefore a decision has to be
made, upon which particular-model the computational analysis should be based.
The strategy of the model selection must be governed by an a-posteriori
assessment of the modelling error and an adaptive selection of the model
(without knowledge of the exact solution of the true problem). The derivation
of reliable a-posteriori estimatcrs [or the modelling error is the topic of
the present paper. More specifically, we will discuss the hierarchical

modeling of thin structures, such as plates and shells, in mechanics.




2. The plate and shell problems and their hierarchical models.
The problem of plate-and shell analysis has been in the forefront of

englineering interest for a long time. Here the true problem is the three-
dimensional problem of linear elasticity on a thin domain - a planar or curved
surface of thickness d. Plate-and shell models are then certain 2-dimensional
problems, i.e. the modelling leads to a reduction of the dimension of the
problem by one.

A particular model still widely used today was proposed already in the
first half of the nineteenth century by S. Germain [2] and G. Kirchhoff [3].
The derivation of this and other models is mostly based on physical considera-
tions or mathematical analyses of various degrees of rigor (see e.g. [4]-[19]
and the references therein) or on asymptotic analysis of the three-
dimensional, true problem as the thickness d tends to O (see, for example
[9), [20]-[28] and the references therein). Other results address the
theoretical relaticn between the true problem and the models (see e.g. [238] -
{32]) or they investigate the derivation of hierarchical families of models as
general problem of dimensional reduction (see e.g. [33] - [36] for related
ideas).

The solutions of various proposed models could lead to significantly
different results which explain the very large number of proposed formulations
in the literature today. For theoretical and numerical analyses of various
models see [37], [38]. Let us consider as an example for the difference
between various models the clamped square plate Qd :=
(-0.5,0.5)2><(-0.005,0.005) of thickness 0.01 with uniform load. We will
assume the Young’s modulus of elasticity E = 107 and a Poisson ratio v = 0.3.
Let us be interested in the bending moments M11(x1’°) and M22(x1,0). Table
1 shows the data for the three dimensional ("true") formulation, the Reissner-
Mindlin model (RM) and the model (1,1,2) (see [37], [39], [40] for the
definition of (1,1,2) model).

We see that.the relliability of the model strongly depends on the aim of
the analysis. If we are interested in M11(0.4,0). M22(0.4,0) then the
difference between the models is practically negligible but in the case
MZZ(O.S,O) the difference ic significant (3C%)




Table 3.1. The moments Mn(xl,O) and Mzz(xl,O) for various models.

o Mll(xl’O) M22(x1.0)

1 3 dim RM (1,1,2) 3 dim RM (1,1,2)
0. -0.0229 -0.0229 -0.0229 -0.0229 ~0.0229 -0.0229
0.2000 -0.0157 -0.0157 ~0.0157 -0.0163 -0.0163 -0.0163
0. 4000 -0.0164 -0.0163 -0.0164 -0.0026 -0.0027 0.0026
0. 4800 0.0470 0.0164 0.0470 0.0141 0.0141 0.0141
0.4990 0. 0508 0.0509 0.0508 0.0168 0.0152 0.0170
0.4993 0.0510 0.0510 0.0510 0.0176 0.0153 0.0179
0. 4989 0.0512 0.0512 0.0512 0.0207 0.01853 0.0212
0.5000 0.0513 0.0513 0.0513 0.0220 0.0153 0.0220

3. The boundary value problem and the hierarchy of the models.

To present all the essential ideas of adaptive modelling in the simplest
setting, we will restrict ourselves to the problem of the Laplace equation on
a thin, plate-like domain. Nevertheless the approach presented here can be
used in general ([41].

Let chz denote a bounded domain with piecewise smooth boundary T

and define the plate of thickness d, nd = {x = (xl,x2,x3) eIR3l(x1,x2) € w,

Ix3| <ds/2}. Further, we introduce the lateral boundary S and the faces of
the plate Rt:

— 3 P 3 —
S := {xeR I(xl,xz)el‘,lx3| <ds2}, R, := {xeR |(x1,x2)ew,x = +d/2}.

3
We will be interested in the problem

Aw = 0 on Qd,
(3.1) w=20 on S,

ow _ 1

-a—n- = zf on Ri.

Here f(xl,xz) eLz(w) and n denotes the exterior unit normal vector. ?

Let us cast (3.1) into the weak form. Denote by

..

(3.2) H:= {ueﬂl(ﬂd)lu =0 on S} By
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(3.3) B(u,v) := I Yu-+ Vv dv
d

Q

the bilinear form on Hx H. Further, let

1
(3.4) F(v) := 5 J- f(xl.xz)(v(xl,xz.d/Z) +v(x1,x2,—d/2))dx1dx2.
w
Then the weak form of (3.1) reads:
Find uoeH such that
(3.5) B(uo,v) = F(v) Vv € H.

Obviously here the solution is symmetric, i.e.
(3.6) u(xl.xz,x3) = u(xl,xz,-xs).

Assuming that the thickness d of Qd is small, we will approximate the
full, three dimensional problem (3.1) - (3.6) by a sequence of two dimensional
problems, the hierarchical family of plate models. Let us define these
models.

Denote by P = {wilwisw, 1€i<n} a partition of w into n domains

wi with piecewise smooth boundaries 6ui such that Wy an =¢ for i=z]

- n -
and w=0U w, .
. i=1

We will allow the order q of the models to be different in different

subdomains and define

q:= (ql,qz.---,qn}, inO integers.
Denoting by I..J the Legendre polynomial of degree j on (-1,1), we introduce
the space
9 .
S(?,q) := {uehiul = Y UM x,x L. (3.0 e?
i ) w J 1'72°731 4 )71
i J=0

and define the (?,q)-plate model as the boundary value problem:
Find u(?,q) €eS(?,q) such that

_(3‘._7) . B(u(?,q),v) = F(v) vveS(?,q).




Obviously, due to (3.6), we can assume a priori that Ugi) =0 for odd .

The solution u(P,q) of the (?,q)-plate model is the (energy) projection of

the three dimensional solution uq of (3.5) ento S(?,q).

We have

Theorem 3.1. Let e = uo-u(?,q). Then

ds2

(3.8) J e(xl,xz.xs)dx3 =0
-d/2
almost everywhere,
Proof For any U(xl,xz) € S(?,q) we have B(e,U) = 0. Observing that gT =0

on R, and integrating by parts we get (3.8).

Now we state the goal of the computation (and of the hierarchical

modelling):
Given load data f, a norm |l on H, and a tolerance T>0, find a model
(?,q) so that

(3.9) lu

o-u(?.q)l <T.

Remark 3.1. If any reasonable norm |o|, such that Iu0|'<m, and the fixed
thickness d of the plate are given, then such a model exists: Select in

(3.7 n=1 and ? = {w}, q=1{q} sufficiently large. o

Remark 3.2. We assumed here that the (%,q) plate model can be solved
exactly. This 1s, of course, not true in practice, since typically (3.7) must
also be solved numerically by e.g. the finite element method. We distinguish
between the modelling error (3.7) and the discretization error. Since we are
here primarily interested in the modelling error, we assume below that the
discretization error is negligible, i.e. that the (?,q) model is solved to
sufficliently high accuracy. a]

Remark 3.3. All the notions introduced above apply also verbatim to the plate
problem discussed in Section 2. The model problem (3.1) - (3.7) exhibits the
basic characteristics of the plate- and shell problems. o




mark 3.4. The selection S(?,q) in (3.7) is not arbitrary. It was shown in
[33], [34) that this selection has, for fixed P, two essential properties,
nanely:

a) the selection of polynomlals in x, is the only choice which leads to the

3
optimal rate of convergence as d —»0 (although for fixed d>0 this

choice is not optimal [34]),

b) as q, —o, 1€1<n, u(?,q) —u, and a-priori error estimates are
given in [33], [34).

For laminated beams and plates, an alternative subspace S(?,q) with
similar properties is known {171, [19]. a

Remark 3.5.
The adaptive selection of the model has now two essential parts:

1) Design of the local error indicator, which leads for the norm under
considerations, to the error estimator,

11) Design of the adaptive procedures.

We will address these points in the next sections. o

4) Some abstract results

Let Hl’ H2 be two reflexive Banach spaces furnished with the norms u-ll1
and ||-||2, respectively. Further, let B(u,v) be a bilinear form defined on
HleZ. We will call the bilinear form (C,y)-regular if there exist
constants 0<C, y<w so that

(4.1) IB(u, v)| SCIIUIIIIIVHZ.
(4.2) inf sup |B(u,v)| 2 7,
“u"1=1 HVH2=1
(4.3) for any v=#20, veHz, sup |B(u,v)] > O.

HUH1=1
Bilinear forms satisfying (4.1) -~ (4.3) have the following properties
(see [42]).

a) Let fe(Hz)’ (i.e. f 1is a bounded, linear functional on Hz). then

there exists exactly one ue Hl such that

B(u,v) = f(v), VveHz.
b) If




(4.4) sup |[B(u,v)| S A,
livil ;=1

then

hul, s 2.

@«

Let us conslider now some special cases which will be important later.

Theorem 4.1. Let

d/2
(4.5) H1 = H2 = {uel(l I u(xl,xz,xa)dx3 =0 almost everywhere}

-ds/2

where H 1is as in (3.2). Let further

2 172
(4.86) IIuII1 = JI [ Yu| “dx = Hu“z.

nd
Then the bilinear form
(3.3) B(u,v) := I Vu + Vv dx
Q
is (C,y)-regular with C =9y =1, o

Theorem 4.2. Let ¢(x1,x2)>(L (xl.xz)eu) have bounded first derivatives

and defline

2
(4.7) Q:= max gf_ /// wz(x e Xa).
X 1'72
(x,,x.)ew i
1*72
i=1,2

P _ 14
Further let H1 Hl’ H2 = H2 where Hl and H2 are the same spaces as
before, but, instead of ﬂoﬂl and "°"2’ furnished with the norms ||o||1 ° and
"°"2 0 respectively, which are given by

2 [ 2_ .2
(4.8) Hu"l'v = | ¢"|Vuldx,
.
2 [ - 2
(4.9) i = | o3 1wvi%ax = v ..
2)¢ -1
Jq l,¢
Q




Then the bilinear form (3.2) is (C,7)-regular with C = 1 and,
172 -1/2
(4.10) 127, = [1-2:—:0] [1+‘30[2+Q‘3]] .

Proof. By the Schwarz inequality we see immediately that (4.1) holds with
cC=1.

Now, let ueﬂ?, Ilull1 ¢=1 and define v = wzu. Then veHg and

2
i i i
av__ 208
ax3 ax3
Hence
2 du a<p2
(a.11) B(u,v) = Jul? J Z o |
Q =
ds/2
Realizing that I u(><1.x2.x3)d><3 = 0 almost everywhere, we have
-ds/2
ds2 . 2 d/2 o 5
(4.12) W(x %0 x4)dx 3 [,-t] [axa(xl.xz,xa)] X!
-d/2 -d/2

Hence, with (4.7) and { = 1,2 we have for any e£>0
2 2
du a¢ 1 du 2
l I Uz dx 520[8 J [ﬁ] P (xl,xz)dx
d Xy i Lo9g i
Q Q
2 2
1d 1 d -1 2
b —ZJ ® (xl,xz)dx] s 5 Q[c+u—2 € ] l|u||1'¢
Qd
Selecting ¢ = g. we get

2
2
u Jde¢
—U = |dx
X ax
d i i
Q

Q

d 2
< D=
< 21(Q|Iull1 0

Q

i=1

and




8w, w1 2 tul? [1-28).

Similarly
2 2 2
2 = 2 du aw 2{3¢ -2 2 d d
llvuz’v Ilulll’v J [2 Z é'x—i“&— u [axi]] ¢ “dx s "““1,¢[1+nQ[2*Qn]]'
i=1
Hence

1/2 -1/2
d d d
1212[1-2,—[0] [1+;'[Q[2+Q’-‘]] .

Since B(u,v) is symmetric, (4.3) holds and the theorem is proven.

We can select in particular any qp(x X, ) so that 2Q < a-a. O<a<1,

and get
r 2 (1-0)2(1 + a1+ a)) V2,
8 2 a
Since 22 = 2¢ 9% _ we have
ax ax
i i
{(4.13) Q:=2 max
(x ' Xy )ew
1
i= 1,2

Of particular interest in sections 5 and 6 will be the weight function

-B(le—x?l+|x2-xgl)
(4.14) p=e

'—ta, 0<a<1 and obtain that

where Q = 28. Here we can select 4B = d

B(+,*) 1s {C,7)~-regular on fol-lg.
We note that for O <x1 <¢<n2 we get by a simple argument
a1

>
7‘&

WY

Let us now consider the bilinear form

(4.15) Bl(u,v) = J' uAv dx
' d

Q

» »
defined on Hl x H2 where




ds/2

*

Hl =-[11€L2(Q)| I u(xl.xZ.XB)dx3 = 0 almost everywhere },
-d/2

furnished with the norm

172
- 2 -
lul1 = [I ful dX] = “““Lz(nd)
od

and where

P lverm @M pavl,  d.o<w =0 R
H, 1 Lyah <™ am=°% " R

where H 1is defined in (4.5), furnished with the norm
1/2
- 2 -
Ivﬂz = [ I |Av]Tdx ] = HAVHL (Qd)'
d 2

We note that locally \reH?(Qd) and hence g% makes sense. It also follows
»
easily that I-Iz

It is easy to see that (4.1) holds with C = 1. We will now estimate 7.
»

For given IJE}H_ let us define s to be solution of the equation

is a norm on Hz.

(4.186) As = u,

(4.17) s=0 on S,
. ds _

(4.18) 3n = 0 on Rt'

Because txelz(n). s obviously exists and is uniquely determined. Define

d/2
= -1
(4.19) z=s-3 [ s(xl,xz,xa)dx3

~d/2
then also (4.17) and (4.18) holds for =z.
Further, by using (4.18)
d/2
= 21
Az = As 3 J (As)(xl.xz.x3)dx3,

-d/2
hence

10




da/2
A | -
Az = u 3 J u(xl,xz,xs)dx3 = u.

-d/2

Therefore

- < 2 =
Bl(up Z) - J uAde = mum1- mAsz - muml
Qd

and (4.2) follows with 7y = 1.

Hence we have proved

*» »
Theorem 4.2. The bilinear form Bl(u,v) defined by (4.14) on H1><H?
satisflies (4.1) and (4.2) with C =y = 1. a

5. A posteriorl estimates of the modelling error.

In this section we assume that the (?,q)-plate model is given and its
exact solution u(?,q) defined in (3.7) 1is known. We will be interested in
estimating the modelling error

Iuo-u(?.q)l

for a particular norm |o] which is LP-based. With the norm || we

assoclate the error indicator function n(xl,xz) so that, for 1<p<w,

(5.1) &(u(?,q)) = [J In(xl,xz)lpdxldxz]l/p = luy-u(?,q)l.
w
The quantity & will be called error-estimator. The effectivity index
® corresponding to & 1is defined by

. _8u(?,q))
(5.2) ® = ot ulPaIT -

We say that & 1s an upper (lower) estimator, if 8> 1(®<1),
respectively, and call the estimator & (Kl,nz)-proper with respect to a
class T of data f, if
(5.3) 0<x15®5n2<m
holds for all data feT.

11




The estimator & 1is asymptotically respectively spectrally exact on T,
if

(5.4) 8—1 as d-—0" respectively as q—w,

for Yy belonging uniformly in d to certain classes of data.

We shall say that the indicator function n(xl,x ) is locally

2
asymptotically exact (resp. locally proper), if (5.4) (resp. (5.3)) holds for

the norm |o| = ||o|l1 0 where the weight is given by

~ a .0 _.0
(5.5) w(xl,xz) := exp ;—E[le x1I~l>|x2 le], pe(0,1), O<a

and [x?,xg] €w arbitrary.
We will address here for simplicity only the case n=1, p=2, ? = {w}
and q = {q}, q20, and denote the corresponding subspace by S(q).
Throughout this section we will denote by ||o||1’¢ the norm defined in
(4.8) and the norms of f are always understood as integrals over w only.
Let us first analyze the modelling error in this norm. We begin by analyzing
the best possible asymptotic rate of convergence of the (?,q)-model.

Theorem 5.1 Assume that q20 1is an integer and

(5.6) A—“‘jfe(ﬁlnﬂz)(w) for 1<j<q.

Then there exists u(2q) €S(2q), uO-G(Zq) el-[1 {see (4.5)) such that
_= 2q+1/2, .9

(5.7) Ilu0 u(2q)||1’¢sch A fllo’w

Proof: We only sketch it since it follows closely that of [33, Theorem 3.1].
First observe that for 727, as in (4.10)

IB(uo-u(Zq) » V)

(5.8) Tollug -ut2l, o< sup Vi
vl Lo 2,9
2,9

Now, in [33] it was shown that there exists a sequence of polynomials

WZJ of degree 2J, j = 0,1,2,... which is independent of d such that

12




9 X

J=0

satisfies, for every veH,

ds2

- 2q+1 8raq av
B(uo-u(Zq).v) = d J I ax3 5;; dxldxzdx3
-d/2 w
g a

where rzq(xl,xz) = w2q+2[33_](A f)(xl.xz). Now (5.7) is a simple consequence
of Schwartz's inequality and of (5.8). o
Remark 5.1 If q = 0 then .feL?(w) is sufficient for (5.7) to hold. o

Remark 5.2 By definition (3.7) of the (?,q) model and Theorem 3.1 the
approximation is quasioptimal, i.e.

(5.9) Huo - u(?,q)“l.w < C(wo) inf HUO‘XU1’¢- o

x€S(?,q)
To derive the error indicator function n(xl.xz), we note that using Theorem
3.1 the modelling error ezq : uo-u(?,q) belongs to H1 defined in (4.5)
and satisfles

(5.10) B(ezq,v) = qu(v), VveH

where the space H was defined in (3.2) and where

1 )
qu(v) =3 r(xl,xz)(v(xl,xz,d/Z) + v(xl,x s d/2))dx1dx2
(5.11) w
ds2
+ J | V(xl.xz,xs)Au(?.q)dxadxldxz.
w -d/2

Since B(ezq,v) = 0 for all veS(2q), we can restrict v in (5.10) to be

of the form
d/2

(5.12) J v(xl,xz,xa)dx3 = 0,
~-d/2

13




for a.e. (xl,xz) €w. Consequently, we arrive at

(5.11)’ 0= qu(v) = % Ir(xl.xz)(v(xi.xz.wz) + v(xl.xz.-dlz))dxldx2
[A)
d/2
+J I v(xl.xz,xa)Au(?,q)dxldxzdxs,
w =d/2
for all veS(2q) where
_ _ ,9u(?,q)
(5.13a) r(xl,xz) = f(xl,xz) ZT(xl'XZ'd/Z)’
q
(5. 13b) Au(?,q) = ZAZJ(xl.xz)qu[z—z—g].
J=0

Remark 5.3 The condition (5.12) shows, together with Theorems 3.1 and 4.2,
that the bilinear form in (5.10) can also be understood as

B: H?xﬂgv——-)k.

This implies in particular that e en‘f for all q20.

2q
Along the same lines, B can also be interpreted as a (C,y) regular

form on S’I’x Sg where

s‘f(q):= s(q)nH?, 1 = 1,2,
and it is clear that
- P
u(2q1) u(2q2)esl(q2)

if OSq1 <q2. This is essential for the adaptive procedure.
From (5.8) we have that

qu(v) qu(v)
r~lle, |} S sup < sup
0" 2q9"1,¢ v Ilvllz.v v [ d/2 _2[

2
av]
II e  |z—| (x,,x,,x,)dx, dx.dx
o e Bxa) 172 3T

]1/2

and with (5.11)’ and Theorem 4.2 we find that

14




1
Ile “ ¢2 cup ér(xl.xz)[v(x1 xz.d/2)+v(x » Xos d/2)]
2q9'1, ¢ d/2 2
v av I
w I [ax ] 3
d/2v "3

(5.14)

‘[ l..zJ[zxs]V(x1 X5 Xq )dx
z AzJ(x ' Xy ) 373 dxldxz

2
25 *s
a/2"3

and the supremum is taken over all O=#2veH which satisfy (5.12). It is
easy to see that the supremum in (5.14) is attained on a function v which
satisfies (5.12) and

2
a’v 2X
- ———(x » Xg ) = (x,,x,)L [ 3]

o2 Z“ZJ 12 %2l

av
3x.,

-zl
(x td/2) = ¥ 21‘(x1,x2).

X5 X2

where AZJ(xl.xz) is completely determined by (5.11)’. Hence

X3
.(5.15) v(x1 ' Xy x3) 2 zqﬂ[l ]r(x X, ).
Since
d/2 2
*3 d 1
(5.16) I [qun [z—d']] 3 = 2D
-d/2
we find that in (5.14)
2 2 2 2
(5.17) 7olle2qll1’¢ < qu J’ r (xl.xz)w (xl.xz)dxldxz,
w
where
1
(5. 18) R Cq = m .

Based on the estimate (5.17) we define the error indicator function by

2

(5.19) "2q

_ 2 2
(x xz) 1= qur (xl,xz)w (xl,xz).

15




Remark 5.4. We emphasize that nzq is very easy to compute, especially for
low order models. In particular, we find from (5.13) that for q =0

2 _d 2 2
(5.20) no(xl,xz) =13 f (xl.xz)w (xl.xz).

i.e. the indicator does not depend on u(0) and can be computed a-priori. a
From (5.14) and (5.19) we readily obtain

2 1 2
leggly o573 J' Mo 3*19%,
L
()

and hence

51— &(u(?,q)).

.21
(5.21) "eunl.w ¥

Hence & based on (5.18) is an upper estimator and its effectivity index
8 is bounded from below by LAY

Let us show that € also bounds the error from below. This will allow
us then to prove that € 1is locally asymptotically exact for any q. Since

the modelling error e2q satisfles

2 2’ 1’72’

W

Ble, . v) = 1 J r(xl.xz)[v(xl,x 4/2) + vix,,x.,-d/2))

a2 I 2%, :
+ I ZAZJ(XI'XZ)LZJ[T]V(XFx2'x3)dx3]dx1dx2
-d/2 j=0

for all veH so that (5.12) holds, we select v = \-rgoz with v as in (5.15)

and obtain

2 2
= <
(5.22) qu J re dxl.dxz B(ezq,v) < Ilequll’wllvll2 v
w
v dv
An elementary calculation shows with V v = |-—, —1| that
X ax1 ax2

2 2 2 -2 -2 2
IVXVI S {3 levl + Blvl lvxgol },

hence
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ds2

2
2 _ -2 2 ~2{av
(5.23) “V" = I [{‘P vavl +¢ [W] }‘1x1dx2dx3'
2,9 3
-d/2 w
d/2 5
2 - 2 -2 2 =2]av
SI J{Sq) vavl +6]|v]| vaqzl +¢ ‘E }dxldxzdx:3
(5.23) 42w

3 2 2 2 2

£ 3d C2D + + dC lir

q q[mrm1.¢ Q mr"0-¢] o,
where Cq is defined by (5.16), Q@ by (4.13) and

(5.24) D =2 —"‘-‘l*-:"z—
' q (4q+3)°-4

and we used the notation

2

_ 22 2 _ [ .22
(5.25) Irlll’w = f Ier'l ® dxldxz, Illrlllo’w = J rg dxldxz.

W (7]
Now we estimate in (5.22) for €>0

2

2 € 1 2
oc ey o < 5 ey MY o+ 5z IVIG

2,q

If we select eo>0 so that

2

1, .2 1 1
(5.28) VI3, S 4l = 282(u(?.q))

0 q
we get the desired bound

2 _ 2
ac_irly , = € (P, @) < solley 1 .

Using (5.23) and (5.26) we find

2 2 m’m?

(5.27) €5 = {1+3d°C_D_|Q r—®
qq 2
irily

and we have

Theorem 5.2. Assume that feT = TB := {f| either r(q) = 0 or
Irll P/Irlo ¢$B<¢:}. Then the estimator & based on (5.19) is locally

(xl.xz)—proper with
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K, =

1~ %

-1/2 1/2
= d d -9
= [1 + Q2+ Qn)] [1 21[0]

(see (4.10)) and with

: 2, .2 2.,1/72
5.28) = {1+3C D 4d7(8" + .
( Ky { aq B~ +Q7)}
Here Cq and Dq are explicitly given in (5.18) and (5.24). If ¢ = 1,

then Q = 0 and the factor 3 in (5.28) can be dropped.

Remark 5.5: With the weight ¢ as in (5.5) and « =1, we find easily
that Qsd ®, 0<p<1l. Hence, for feT_ - for some B independent of
Bd
d, the estimator ‘& 1is locally asymptotically (as d—>0) exact. a]

Remark §5.6: From (5.18) and (5.24) we see that xz——)l as q—w for

feTB. i.e., & based on (5.19) is also locally spectrally exact. a
»

Remark 5.7. The local asymptotic exactness of & not only insures that the
indicator function "Zq in (5.17) gives a good overall estimate &, but also
that the local indicator
172
(5.29) €, (p,x2,x0) = ldc r2 (x,,x,)dx,dx
2912 q 1’72 1772

_0 _0, 4P
l)n:1 xll+|x2 x2l<d

is an asymptotically exact measure for the local contribution to the modelling
error. This iIs an essential ingredient for the adaptive selection of the

model order. o

Remark 5.8 Our analysis is obviously also valid for w = (-1,1) and we
present now an example to demonstrate the sharpness of the bounds in Theorem
5.2. For Qd = (-1,1) x (-d/2,d/2), let us select f 1in (3.1) so that

u(x,y) = 2cos [gx]cosh [gy]

Then

q q

= 2y| . E n 2y

u(q) UJ(x)LZJ[a-—} chos [2x]l.2\j [d_]
J=0 J=0

The vector x = (x -,xq)T is determined from

9"
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where

and

A1J=‘[ LyLyydz, By, = [ Ly, L5 jdz
1 21

We find explicitly for the weight ¢ =1

2 nd T
llequll, [2cosh[4 ] - X e_]

& = [ ZxJLé,j(l)] .

Using a computer algebra system, we obtained

and the estimator

2
(8(q))? = 82/||e2 12 = 1+d2 4+ 0(dh
q 1l,¢ m
q
where mq is listed in Table 5.1.
q 0 1 2 3 4 5 6
mq 240 360 936 1768 2856 4200 5800

Table 5.1 mq in the asymptotic expansion of the effectivity index

Not only is the estimator & asymptotically exact as predicted in The~rem

5.2, but we observe that with Q=0 and B = g the ratio of (.<2)2 -1 1in
(5.28) and uz/mq in the expansion of @(q) 1is 1, i.e.
172
2.2
= 41+C D B°d
{1}
is the best possible value for ¢ = 1.
Let us now analyze the error estimator for the norm [ej d ="eﬂ1-
L, (")
2

To this end we consider the bilinear form (4.15) and get
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(5.30) Bl(ezq,v) = qu(v)

with qu(v) given in (5.11)’.

Hence, using Theorem 4.2, we get

IRZ (v)|
el (Qd) - S m_—
L, 1.2(9 )

where the supremum is taken over all 0#veH2 which satisfy (5.12).
»
To estimate the supremum, we observe that any vel-l2 can be written in

the form

(5.31)
vix , %y, %) = [g]l/zz a, P, (% xz)cos[zmxs] []l/zzakowk(x %)

k, 821 k21
where ¢k(x1.x2) denote the eigenfunctions (orthonormalized in Lz(w)) of the
eigenvalue problem
-Apk = Ak"k' = 0O on 8w
and “k)lol is the corresponding sequence of positive eigenvalues. Note that

qu(v) is as in (5.11)’ and, as before, AZJ(xl,xz) = -(4J+*1) r (xl,xz)/d.

Further, since qu(v) = 0 for any v(x1 » X Xy ) = «p(xl,xz). w(xl.xz) =0 on

dw, we can omit the second term in the expression (5.31) for v and find

1/2
_ 2 Z 2mxa
Av = [d] bkzvk(xl,xz)cos [—d-—]

k, 21

e el ()

Inserting (5.31) into (5.11)’, we find

172
Rz (v) = [—] J{r(xI.xz) Z a.M[1--l\qt]¢k(x1,xz)}dxlclx2

W k, £21

where

where
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DNl

q
Z 4j+1) J q(z)cos(tuz)dz

1
(and AOt = 0 V¢), and we estimate

2
(Ryg v))2 < §ri2 , 2 Zczk

' L™ (w) K1
where

b, [1-A 1]
_ - k¢ qt
Cp = D a1, ZA —TtT -
21 221 "k d

which implies with Schwartz’ inequality that

Y2 BT %)

k21 221 k, 821
Altogether hence
( (v))
(5.32) topdoy o =spp —2L Jea ) s aE Irl,
L") HZ HAVH 2 4 L™ (w)
. L")
where
2
q 4 4
8n =1 ]

Remark 5.9. For q = 0, we have Aqe = 0 and hence Eo = C(4)/(8n4) =
1/720. For q>0, Eq can be easily computed numerically. The bound (5.32)

is better than the estimate

C
ll sa® 4

il
297124, I

e
which 1s obtained from (5.21) with ¢ =1 and from

1 s 9 e, |

fe .
207 2(g%) T T 2a 4l gd)

The estimate (5.32) is in fact optimal, as Is demonstrated in Table 5.2.
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q %,

2
/ leggl™2 4

L™ (w) L (")

2 4

0 720 + (nd)2/60480 + 0(d%)
1 2520 + (nd)2/221760 + O(d%)

2 | 10296 + 1287(nd)%/35 + 0(ad)

3 | 26520 + 9945(rd)%/209 + 6(aY)

Table 5.2. Asymptotics of Lz—residual versus Lz—error for small q
for the example in Remark 5.8.

In all cases the numerical value of the leading term was found to be
equal to that of llEq which suggests the asymptotic and spectral exactness of
the L2 a-posteriori estimator

372
g .=4d vE_ iiril . (w]
L2 q L2(w)

8. Adaptive Selection of the local model order.

We consider now the (?,q)-model based on an arbitrary partition
P = (”1}1515n as described in Section 3, where q = {ql."-.qn} is the vector

of model orders on W, In the previous section we showed that the local

contribution to the modeling error corresponding to w, can be reliably

i
estimated by a calculation involving the local residuals only. This gives

rige to the following simple feedback procedure to adjust the model orders.

i) given a parameter 0<A<1 and an order vector ¢, compute the

local indicators ny on the domains w, according to (5.19).

i
(6.1) i1) For the nA of the largest error indicators n? raise q; by one
and solve again.

111) Stop when 8sr.
The strategy (6.1) is analogous to one version of adaptive finite element
methods. We emphasize, however, that (6.1) is not optimal since often 9 has

to be increased by more than one and the computational solution of the current
(?,q)-model is costly.
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Let us present another adaptive strategy. We start with the observation

that for the error e(?,q) we have
(6.2) B(e,v) = R(v) VveH.

By Remark 5.3, we know that eelﬂﬂ and, selecting ¢ suitably, it follows
that e depends only on the local residual on R+. We can, therefore, obtain
an (asymptotically exact) approximation to e 6n- Q? 1= w1><(-d/2,d/2) by
solving (6.2) approximately on spaces of furztions which vanish on Qd\ﬁ?.

emphasize that these problems are completely decoupled and can be solved very

We

cheaply and in parallel. Therefore, we can assume that the indicators n?(qi)
are known for several values of q; and all ©y e?.

There are many ways to optimize models from the hierarchy of (?,q)
models. Any concept of optimality involves cost, e.g. we assume that the work

in the numerical solution of the (?,q)-model is given by

n
(6.3) W) = ) F(q)
i=1

where the F1 are monotonically increasing functions depending, e.g., on the
computer structure, implementation, etc. Then we can, based on a given model
u(?,q), find an optimal order vector q by nf(&i) by solving
n
2,~ 2
(6.4) min Fi(q) subject to ni(qi) =1 .
i=1 i

where T 1is glven tolerance. This problem has at least one solution.
Moreover, using a Langrange multiplier A and assuming that qeR, for
simplicity, we find that at the optimum necessarily

n
2,~ _ .2
(6.5) "1(q1), =1
i=1
dF
d 2,~ _ i,~
(6.6) d—q‘ [‘ni(qi)] = A E(qi).
or, using difference quotients, that q should satisfy
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nf(q?pt) - nf(q?pt—l)
(6.7)

= A, 1€i<n.
opt _

i
This is a weighted equilibration condition characterizing the optimal (?,q)-

Fi(q?pt) - FylqF -1)

model. Once we have determined q from (6.4) we solve for u(?,q) and
possibly repeat the process with improved estimates for the n?. The strategy
is capable of predicting directly the optimal distribution q and uses very
few iterations. Under suitable assumptions the orders q found in this way
are very close to the best possible ones, hence the modelling is an adaptive
one (i.e. a feedback procedure with certain optimality properties).

We presented here only the key ideas and refer to [41] for details and a

more rigorous analysis.

7. Adaptive modeling in mechanics

We have shown in the previous sections the main ideas of a-posterori
error estimators and the adaptive modeling. Although we have addressed only a
most simple model problem, ideas of this type are applicable in general (for
more see [39]).

Varlous models have different properties of the solution. For example,
they have different boundary layer behavior, different singularities in the
neighborhood of the corners, etc.

We emphasize that the estimators introduced above are not asymptotical in
nature. They provide estimates for domains with a thickness which is not
small. It is essential that these estimates are available for various norms,
because in practice the aims of the modeliing differ.

Let us also mention that the ideas explained briefly above are applicable
to many different model - formulations, for example, to models based on mixed
methods etc. Various formulations also behave differently when they are
descretized by the finite element method. As an example we mention to the
locking problem [43]. '

We have assumed here that the "true problem" was the three-dimensional
problem for completely specified data. In engineering, however, often the
avallable data have intrinsic uncertainties. These effects have to be treated
by a proper formulation of the true problem which accounts for these

uncertainties, such as, for example, a stochastic one.
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