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THE ROLE OF CONDITIOMAL EVENT ALGEBRA
IN THE MODELING OF C3 SYSTEMS

I1.R. Goodman
Code 421, NRaD,
Naval Cosmand, Control
and Ocean Surveillance Center,
Research, Developament, Test and
Evaluation Division
San Diego, CA 92152-5000

Abstract

This paper highlights the newly-emerging
discipline of conditional event algebrs,
showing how this srea can be of use in
combining conditional evidence in & C3
getting, compatible with all possible
conditional probability evaluations. Typ-
ically, such information arises from many
different scurces and has widely vary-
ing antecedents. Recent breakthroughs are
underscored, including: (1) derivation of
a number of new properties pointing to a
particular conditional event algebra
(GNW) as being one of the leading candi-
datas of choiceo; (2) full development of
non-boolean operators acting upon conw
ditional events, including cartesian
products snd inverse functions, resulting
in -a fully-developed model of joint con-
ditional random variables. In addition, a
recent uniqueness of representation of
fuzzy sets by random sets is shown for
both the unconditional and conditional
cases. Finally, a previously introduced
diagonalization technique for combining
different stochastic information 1s
further extended and justified, showing
how multi-source linguistic-based and sto-
chastic, conditional and unconditiomal,
information can be coumbined.

1l General Introduction

€3 systems reflect, to a large extent, everyday
real-world problems - {n addition to the obvious
pressing (possibly life-threatening) decisfons en-
tailed in a typical military scenario. Thys, in at-
tempting to model and better understand C3 systems,
we also enhance gur own dafly perspectives on com-
plex decision processes. The philosophy of approach
t2ken here {s that one needs first to develop a com-
prehensive mathematical model of the problem, while
3t the same time understanding 1ts empirical aspects.
The model should also -emphaticallyl - be as natural
as possible, tie in with previously established re-
sults, and be derivable from a minfmum of, 1f any,
ad hoc assumptions.

~ This paper continues the ongoing effort of the
akhor and others in attempting to deal with the
data fusion aspect of (3 systems.

-1~

HMany sensmingly simple problems of cosbination of
evidence belie much deeper mathematicsl and logical
issues which must be addressed. for exaample, con-
sider the job of a command unit in synthesizing the
following {nformation,a week before a given time
deadline,the size of enemy ground forces ready for
comdat:

Source 1. 1 (John Doe) hope that (based upon ay
expertise) the size is quite small - perhaps 8000
or less.”

Source 2. Intelligence source {Q, based on high
technology devices, provides & known probability
function over the fanterval [7000, 9000]), in units
of 200 troops.

Source 3. According to combat rule book R, : “If
weather condition b holds night before, t%en troop
size 3 c3n hold”, where a2 and b can vary jointly in
sets A and 8, respectively. a and b have known -
updated to command ynit's time - joint probabili-
ties of occurrences. Typically, b could be the com-
bination of factors "full moon, damp, between 60°
and 70°", while a could be "between 11000 and

12000 troops”™.

Source 4. According to combat rule book R,: °If
political condition d holds, then troop s?ze c can
hold”, where ceC, deD, with known (updated) joint
probabilities of occurrences, analogous to that in
Source 3.

By a concensus of experts, joint probabilitfes
of occurrences of all a,b,c,d can be estimated for
Sources 3 and 4.

Clearly, Source 1 {s more lingquistic in natyre,
{nvolving the non-indfcative modal form . _hope..
(a bouletfc form). Source 2 is readily seen to be
essentially characterized by a single ordinary
probability distributfon. Sources 1 and 4, most
naturally, represent tables of possible conditional
probability relations. Later, it will be seen that
such information sources, despite their different
structures, can be reasonably treated for fusion
of data.

In short, this paper continues - and extends
further - previous attempts at understanding exam-
ples such as above, and is aimed at establishing
a riagorous theory of data fusion that can be applied
universally to all such problems. More specifically.
this author has endeavored over the past several
years to address the following fundamental aspect




of ¢3 modeling:

How can one establish a cohesive, universal, but
feasidle, theory for fusing myltiple source, dis-
parate information, which can be in any of several
forms, including any combination of the following:
narrative / linguistic / human source-oriented,
stochastic / mechanical sensor-oriented; conditicon-
al or unconditional; indicative or properly modal?

In particular, in [1]-{12] an attempt has been
made to treat this problem. This approach necessi-
tated the development of new "mathematical tools”
and the enhancement of established ones in dealing
with these difficult issues. These included:

(1) The modeling of conditional stochastic type
information and the related concept of “"conditional
evants” and their logical relations, especially
for the situations where they have differing ante-
cedents, through conditional event algebra. (For
background, see the monographs [13],{14] and the
survey paper [15].)

{2) The modeling of natural language information
via fuzzy set theory and the one point coveraye
funetion representation by random sete. (For back-
ground, see, e.g. [16].)

{3) The establishment of a technique for combining
any of several stochastic descriptions (distridbu-
tions, for example) of a common unknown parameter
of interest, extending - and compatible with -
classical estimation and regression theory, namely:
diagonalization. {For background, see [3].)

{(4) Derivations of procedures which utilize as-
pects of both (1) and {2):

(1) Conditioning of linguistic-based information
naturally modeled through conditioning of fusay
sets. {See [17)-[18] for a previous direction of
analysis.)

(11} Modeling of modal / nom-indicative linguistie
information, utilizing conditional event represen-
tations and conditional event algebra or condition-
al fuzzy sets. (See [19].)

In addition, recent work should be mentioned on
the development of comparison criteria via game
theory for help in choosing among competing un-
certainty functions, for a given situation, the
most appropriate. This includes the class of all
probability fuactions, possibility functions, and
Dempster-Shafer functions, among others. (See [50].)

A good summary of the above relatively new areas
of investigation was provided in [12]. More recent-
1y, several additional breakthroughs have been ob-
tained in these directions and form the focus of
this paper. In turn, these results have allowed the
closing of a number of gaps in the theory of data
fusion and consequently have lessened the use of
ad hoc constructs and assumptions. Overviews of
these breakthroughs, followed by concise technical
details, are provided in the next sections. Finally,
the iact sectfon provides a procedure for implement-
ing them, suitable for real-world - and in partic-
ular - C3 system usage.

2 Conditional Event Algebra: Introduction

Condftfonal event algebra has been developed in
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response to the current lack inm the stendard Yitera-
ture of a full algebra or <yntax of logical opers-
tions and relations which play 8 rolte relalive to
conditional probability evelugqlions, 43 the way now
that booltean algebra plays with respect o 811 uncon-
ditional probabilities. In short, it 15 clear that
one can use boolean aligebra Lo manipulate and help

in evaluations such as

p{{{a vabl’ve')'-¢c v ac'}

(by absorption)

{by DeMargan}

{by idempotence)

{by distributivity)

{by orthocomplementation} {2.1)

ap{{a‘vc')’c v ac*}
=placc v ac’)

=p{ac v ac')
sp{afcve’))

=p{a) .

Here, R 15 some boolean algebrs of events &,b,c.d,..
with - or its omission between symbols dencting con-
junction or intersection, v dencting disjunction or
union, { )' denoting negation or complementation, 0
being the zero or null ?.). 1 being the unit or uni-
versal{ql, etc.), s being the basic lattice order or
subset relation (g}, and p:R » {0,1] being some
probability measure over R. (This notation will be
employed throughout the paper.)

On the other hand, suppose one wished to evalu-
ate the conjunction of two conditional sentences,
such as the ones given in the example of the intro-
duction representing Sources 3 and 4. Symboiically,
we write p((alb)-(c?d)) as the desired evaluation,
where we assume the conditional probability compat-
ibility relations

plalb)=p{*if b then a") ; p{c]jd)=p("if d then cz),
2.

with 2)

plalb)ip(ab)/p(b); plcid)dp(cd)snld). {2.3)
the usual conditional probability definitions,
assuming of course that p{(b).p(d} > 0 .

Is there some computadle “conditional cvent”
(alB), o=a(a,b,c,d) e R, B=B{a,b,c,d)} e such that
(a}8) = (a]|b)-(c|d) (2.4)

has meaning, as does the extensfon of conjunction,
also denoted as + on “conditional events”, with the
compatible evaluation

p({al8)} = pla]B) ? (2.5)
Or, is there a similar y,§ ¢ R, such that
{vl6) = (a]b)v(c|d) (2.6)
has meaning and
pl{v|8)) = ply|8) 7 (2.6%)

Clearly, if b=d, then a natural solution, fully com-
patible with traditional probability concepts is to
choose in (2.4),(2.5), o=ac and B=b, yielding

(ac|b) = (a]b)-{c|b)
p((ac|b))= placlb),
with the interpretatfon that {alb), (cjb), {ac|b) are
simply a,c,ac, respectively, restrictedqto b, 1.e.,

abgb,ach, with initial R replaced by Rb®{xb:xeR} and
p:R + ([0,1] by the canditional probability measure

(2.4')

and (25»)




Py ¢ p(-]b):Rb » [0,1], etc. But, the genera! case
where b#d cannot be treated this way.

in order to answer the above questions, one
first must be able to identify just what we mean
by a "conditional event”. Since a,b ¢ R, it is
natural to inquire whether (alb) € R or in some
enlargement of R, which is still a boolean algebra
(as Copeland and others originally thought [20],
{21)). The only natural candidate for { | ):RZ+R
playing the role of a conditional event former is
material implication =» , which is actually also
the relative pseudocomplement operation for R,
with form

boa 3 b’ va=0b'vab. (2.7)

However, Calabrese [22] noted as early as 1975
that < cannot be { | ) and pointed out {also later
in 1987 {23]) the inequality

p(baa)=1-p(b)+plab)=plajb) + p((b').pla’|d)
z plald) {2.8)

with strict fnequality holding in general except
for trivial cases. In addition, he also proposed
the question whether conditional events could be
constructed outside of R, but gave back the com-
patible evaluations

p{(afb)) = plalb} . (2.8")

Indeed, in [23] Calabrese demonstrated that no bi-
nary boolean operation of any of the 16 possible
can be used to produce conditional events. {See
also Popper's even earlier related resuits {24].)

Even more negative than this - and unknown to
Calabrese - David Lewis in 1973 { but published in
1976 [25] ) showed that no binary {and fgr that
matter, n-ary) function of any kind f:R¢ = R
exists such that for all prob. meas. p:R + [0,1],

p{fla,b)) = plalb), all a,b e R, p{b}s0. (2.9)

(This, thus negated Copeland’'s attempts, mentioned
earlier.)

However, on the positive side of things, Cala-
brese (23], independent of Lewis, demonstrated that
by going to P(R) (power class of R), one could
obtain well-defined conditional events, and in
fact,he postylated an entire calculus of operations
extending the ordinary boolean ones. Earlier, Schay
[26] independently also demonstrated the existence
of conditional events based upon three-valued in-
dicator functions, extending the usual two-valued
ones for grdinary unconditional sets. Furthermore,
Adams {27], independent of Schay and Calabrese,
though not identifying what a conditional event
should mean,did define the very same operations
Calabrese proposed, as well as certain of Schay'sf
(Schay actually proposed two sets of operations
for possible candidates and one definition for
conjunction from one set and the other for dis-
Junction coincide with Adams and Calabrese' common
definitions.) Hailperin [28] also independently
investigated conditional events, rigorizing certain
of Boole's ideas on "division of events" [29],
through the use of Chevalley-Uzkov algebraic
fractions. But, Hailperin did not develop any non-
trivial gpertatuns, othor than comuon antecedent
ones. He d1d show his "fractions" were actually
isomorphic to principal ideal cosets of R, the

3=

furm conditiond] events must take {(see Theorem 7.1}
Tater 1n this section), Goodman {30) showed Cata-
brese’ condilional events were also principal ideal
cosets and proposed for the first Lime dertuving con-
ditional event operations from first principsl con-
stderations, namely, vis functionsl lmage extensions
of the usual unconditional boolean operations v,

( ). etc. This yielded closed computable forms,
later extended 1n {13], section 3.2. Furthermore,
Goodman, Nguyen, and Walker{[13]}, chapter 2, see
also Theorem 2.1 here) derived the form that con-
ditional events must take, under a minimum of as-
sumplions. For a thorough history of the problem

of defining conditivnal events and their operations
see [15]. In [13] & number of important properties
of conditional event algebra,in general, and GNW
{Goodman-Nguyen-Walker) conditional event algebrs,
in particular, are established, including tie-fins
with three-valued logic and Koopman's gqualitative
conditional probabtifty.

In summary, the most significant elementary re-
sults in the development of conditional event alge-
bra are:

For any given boolean algebra R, define the

space d
(R{R)=({{a]b}:a.b ¢ R } s P{R},

(a}b)gﬂb‘va = Rb'v ab
={xb' v ab:x ¢ R)
={x:xeR & xg = ab} (2.9)
={ab, 223} = (x:xeR & absxsbsaleP(R),

principal ideal coset of R with antecedent b and
consequent or residue ab.

Conversely, given any asB ¢ R, the closed interval
of events

(Q.B]g {x:xeR ¢ asxs8) = {a{B*a) € (RIR), {2.10)
s0 that aiso
(RIR) = {[u B): asBe R}. {(2.11)

Also, note for any a,b,c,d € R ,

(aj1) = a , (z.12)
identifying singletons with their elements, yielding
~Reg (R|RYg P(R) ; (2.13)
(a[b) = (ablb) {2.14)
{alb) = (c]d) iff ab = cd & ba = d=¢

iffab=cd & b=4d; (2.15)
(alo) = (0lo) = R (2.16)

(0]b)={b'|b)=Rb'=[0,b'J:(1]b)=(b]|b)=Rb' v b = Rvb
«fb,1]. (2.17)

That (R[R) should be chosen as the conditional
event extensfon of R and each (a[b) as a conditfonal
event with antecedent b and consequent a or as
“if b then 3" or "a given b", is justified by :

Theorem 2.1 ([13], chapter 2)
Let R be any boolean algebra, S2R any space and




f:R2-S any syrjective functfon such that for all
prob. meas. p:R+{0,1], p can be extended in a well-
defined way to, using same symbol, p:S»[0,1] such

that for a}) a,bcR, with p{b}>0,
p(fla,b) = plajd). {z.18)
Suppose also that for all a,b,c,d ¢ R,
f(a,b) = f(ab,b) (2.19)

a0d ¢(5.b) = fc.d) implies b = ¢},

Then, there is a bijection 1:S~+ (R|R) such that for
all a,b e R,

(2.20)
»

(f{a.b)} = {a|b).

Next, for any boolean algebra RgP{D), for some
set 0 {by the Stone Representation Theorem), define
associated 3-va1usd indicator function transform
$:(RIR) » {0,u,1}Y, where

Osu s (2.20%

represents an indeterminate value: for any a,b ¢ R,
and hence any (a}b)e(R|R), ¢(a]d):0 + (0,u,1) is
given by

1, if x ¢ ab ,
0, if x ¢ a'd,
u, If x ¢ b* .

¢(ajb)(x} = (2.21)

Note also that-] (2.22)
{g: ¢:0+[0,1] &8 ¢" (1) eR,ic{0,u,1}}={e{a]b);:a,beR}),
extending the classical indicator-set relations.
Theorem 2.2 (remark, [13], p.31)

Let Rc P(D) be a boolean algebra. Then, there
is a natural bijection between {¢{a|b): a,b ¢ R}

and (R[R)via ¢. -

The GNW conditional event algebra operations are
summarized as follows:

Theorem 2.3 ([13], Theorem 2, p. 62 extended)

Let R be any boolean algebra. Then, the function-
al image extensions of the usual boolean operations
v.{ ), , %>, + are,for any a,b,c,d ¢ R (2.23

W01+ (c0dtxeyixelalb) yelclan =tabed]a. ) € (RIR).
where
Q. $a'bvc'dvbd=a'byvc'dyv abed

= a'bd' v c'db’ v bd = (bvc'd){dva'b),

d (2.24)
{alb)v{cld)* {xvy:xe(a|b),yel{c|d}}={ab v cd le)c(gg%).

where (2
va-abvcdvbd=abvcdva‘bc‘d

abd' v cdb’ v bd = (bvecd) (dv a?) s )
2.26
{alb)' ¢ (x':xe(a b)} = (a'[b) = (a'bjb) ,(2.27)

{cjd) = {a]b) ¢ {x>y : xe(c|d),ye(a]|b))

(2.28)

= (c]d)' v (alb) = (c'd v abjc'd v ab v bd)

(alb)@(cld)g {xe>yixela|b}, ye{c|d)}
=(tcla)»(ab))-((alb)>(cld))
={a|b}'-(c]d)' v (a]b)-(c}d)

={abe>cd|bd), {2.29)

(et} + (eld) ¥ txeyxe(afo), e (ela)l
= {ab ¢+ cdfbd)
v {(alb)ee{cld))’ (2.30)

it) f P a, b, ¢ R,
(i1} For & by ¢

(6]‘ bl)‘”'(an'bn) = {a,b, - aﬂbni(}“n), {2.31)

(a]]b‘)v--v(a“!bn) = (a‘b‘v --vanbn((},.n) . 2.3}
Q0 $aydy vevag'bn v obyeeh, (2.33)
Qv.n g a‘b‘ "‘Vanbn v b]"“"bn . (2.34)
{ii1) Define for al1 a,b,c.d ¢ R,

{alb) s (cld) iff (a|b) = (a]b)-{cid). (2.3%)

Then,

(a]b) s (cld) iff (c]d) = (albIvic|d) iff

abscd & bPas doc fff abscd dc'dsa‘'d iff

the corresponding corners of [ab,beal s

T T feduded (2.36)

{1v) Bayes' theorem; chaining relations hold,etc.:
(acib) = (alcb)}e(c|b). {2.36")

The common SAC {Schay-Adams-Calabrese) extensions
of unconditional boolean operations are defined as:

(alb)og (a'[b) = (a]b)* .- (2.37)
(albYDcld) ¥ {ab v cd[bvd) . (2.38)
(albXXcid) 9 ((alb)@Acld)')"

= {{a'b v c'd)'|bvd)
» ({bes)(doc){bvd) . (2.39)

In addition, it should be noted that the two
conditional event algebras proposed by Schay are

(afb)* ¢ (a v)'2 ¢ (alb) (2.40)
(a10)@(cld) € (a[v) v (cle), (2.41)
(alb)c(d) d (abed|bd) (2.42)
(a|b)@fcld) € (ab v cdlba) (2.43)
(ab)Bcld) ¢ (alb)@Ac|d) . (2.48)

3 Conditional Event Algebra: Key Past
Results and Some Recent Developments

Tt §s obtious that even restricting possible
chofces to only GNW and SAC algebras, there is
still a wide discrpency in forms and evaluations
relative to conjunction and disjunction. One advan-
tage for using SAC is the “smoothing™ property
when antecedents are disjoint :

For b.d = 0 , and hence abcd = 0,
" (a]b)®(cld) = (alb)@(cld) = (ab v cd|bvd){3.1)

while on the other hand GNW yields the trivial
results
(ajb)-{cld) = (O]a‘b v c'd),

(aiblv{c|d) = (abwv cd]abvcd),

(3.2)
(3.3)

b




which are obviously 2ero and unity in value for all
well-defined probability evaluations. QOn the other
hand, note the following (GNW)

ab v {d{d) = (ab v dlab v 4) ., {3.4)

with obvious unit probability evaluations, compat-
ible with the monotonic incredsing property of v
and the fact that (d}d) is also an obviously unit
probability event, but for SAC the same expression
becomes

ab® (did) « abv d , {3.5)

which {f a probablility measure p is chosen so that
ab is small in value as is d, then despite (did)
being a unity event, p{ab @ (did)) ts also clearly
small {n value, showing the SAC v is not at all
monotonic increasing relative to probability eval-
vations. However both GNHiand SAC "anomolies can be
3 U Be Ol SRu IR SDTdn SPMRESSIonMIER A281C
appropriate conditional event algebra for a given
situation must rely on both empirical and theoret-
ical guidelines. In this section other significant
past-derived results are shown for GNW, SAC, and
Schay 1,2, together with the most recent discover-
jes. .

Thegrem 3.1

(i) Both of Schay's algebras, SAC, and GNW all re-
duce to the uysual fixed common antecedent coset
relations

(alb) v (clb)=(avc|b);{a]b)-(c|b)={ac b),
etc., for all a,b,ceR.

(ii) Both of Schay's algebras form fyll (meet-join)
lattices and cah be algebraically characterized,

leading to an extension of the Stone Representation
Theorem,

(3.6)

(i) GNW forms not only a full relatively pseudo-
complemented lattice, but is also a Stone lattice
(or Stone algebra), where the rel. pseudo. is

(c]d) + (a}b) = (alb) v c'd v b'd" (3.7)

Moreover, GNW can also be completely algebraically
characterized, leading to an extension of the
Stone Representation Theorem.

(iv) SAC forms separate semilattices relative to
@ and @ (which are DeMorgan as is GNW), but,in
general 1s not a full lattice.

Proofs:(1) is immediate from inspection of the de-
fining equations.

(11) follows from [26]

(1i1) follows from [13], chapter 4

(iv) follows from (2.38),{2.39) readily.

Remarks In {13], Theorem 2, p.55, it was pointed

out that SAC disjunction @ can be derived via ordin-
ary class intersection relative to P(R}: for any
a,b,c,d ¢ R {boolean algebra,as usual),

{alb) n (cld) = [ab,b®>a] nlcd,d=c]

*Sab v cd < (b=a}d=c) ” (afbYXcid)} , (31.8)

where_here § js the Kronecker delta function. (But
no relagxon wgth cfass unfon hofAs for SAC or others)
It has also been verified that in the literature

of interval algebra (see, e.9. [31],(32]), the above

related version of () is a popular choice for cun-
Junotton. 1t is important to persue these connect-
1ons between interval algebra and conditional event
algebra further. In fact, some results in this di-
rection have 2lready been obtained 1n showing more
generally than the boolean case, and including the
property of GAW algebras, that Stone algebras with
certain additional properties propagate the same
structure to all their higher order interval alge-
bras {37].

The next critical result tdentifies ¢ targe
class of conditional event algebras with ail three-
valued logics (truth-functionally defined)!

Call an operation f:(R|R)" = (R|R) boolean-like
if (gere exist ordinary boolean operations
fj:R + R such that, using the multivariable

notation n
(219 ¢ ((ayfo)), - k2 1b,) € (RIR) (3.8)

flalb) = (f,(aqdyh....ab b }{f,(ab,,..,a0 1) (3.9)

nn n
A1l of Schay's algebras as well as SAC and GNW are
clearlty boolean-1{ke in all of thetr basic opera-
tions.

Theorem 3.2 ({33};[13], section 3.4)

There is a natural bijection, via the 3-valued in-
dicator function transform ¢, between all boolean-
Tike conditional event algebras and all truth-func-
tional (i.e., table-defined) 3-valued logics, such
that thﬁ isomorphisms hold, for any boolean-like
f:(R|R)" + (R|R}, assuming R P(D)

o{f(alb)){x) = ¢(F)(elald)(x)), (3.10)
¢(f):{0,u,1} can be explicitly con-
»

for all xeD.
structed.

Remarks

1. An immediate consequence of Theorem 3.2 is that
GNW algebra corresponds uniquely to Lukasiewicz'
3-valued logic {min,max,1-{)), SAC &lgebra uniquely
to Sobocinski's logic, and Schay's algebras to com-
binations of Bochvar's and Sobecinski's logics [13].
{See also Rescher{51] for further details of these
logics.)

2. Theorem 3.2 also shows that any properties of
a given conditional event algebra can be re-inter-
preted through an appropriately corresponding 3-
valued logic and vice-versa. This can be used to
explain, for example, the behavior of SAC and GNW
in (3.1)-(3.5), where it is seen the Sobocinski
interpretation of u is “undefined" or "not applic--
ble, while the Lukasiewicz is as an actual inter-
medfate level of truth between O and 1. Another
approach for GNW, incidently, which avoids the
trivial reductions for disjoint antecedents - ex-
plained also by referring to inconsistent data -

js through the use of jointness, i.e., cartesian
products and sums. (See Theorem 3.8) Conversely,
Theorem 3.2 also shows condftional event algebras
supply concrete representations for any given 3=
valued logics. Thus, results in the areas of both
fields can be used to gain insight into the other,

3. Some examples of characterizations nf conditional

-5




event algebras carried out via use of Thegrem 1.1
are {sce {34] and {13], section 3.5):

The only conditional event algebra{s) which ex-
tend (unconditional) boolean conjunction, disfunc-
tion, negation (with the extenston {afb)'={a‘']b))
and are:

{i) DeMorgan and mutually distributive is GNW,
(ii) Stone algebra is GNW,

(iii) DeMorgan, commutative, monotone increasing
for conjunction and disjunction, and continuocus isx
GNW (continuity refers to the corresponding truth
evaluations never having, e.g. 0 in a conjunction
going t()) anything but 0 and u values not going to
1, etc.},

{iv) Non-DeMorgan full lattices are only Schay's
two algebras,

{v) DeMorgan, commutative, associative, idempotent
and smocth {generalization of the property enjoyed
by SAC because of its antecedents forms)is SAC.

4. Recently [35], it has been shown that a full
probability evaluation of (3.10) - with suitable
modifications - holds for all probability measuresp
and r.v V:1+D acting as an identity relative to p
(p(a) = p{v in a), a1 a in R), and replging u in
0(3;9) by p(aly), and u occurring in the domain of
$(¥) by p(a|B) and in its range by p(f{alb)), denot-
{ng these substitutions by the subscript:™

Ey(0,(F(al0)) (W=E (o Aol (M=e(rlaled).

This allows for the development of a sampling /
frequency theory for conditional event algebras.

-
The following characterization of GNW algebra
tolds relative to the compatibility of its algebraic
order (s), and the numerical grdering for indicator
functions and probabilities:

Theorem 3.3 (new result combining {13}, Lemma 2, p.
48 and Theorem 1,p.154 with the defin-
ition in (2.21) here)

For all O<a<b <Y , 0 <c<d; a,b,c,d ¢ ReP(D):
¢(alb) s ¢(cld) pointwise over 0 ‘

iff  plalb) s plc|d) , for all prob. meas.p:0+[0,1]

with p(b),p(d)>0
1ff  (a]b} < (c]d) 1in the sense of GNW
iff abscd &c'dsa'd.

By exploiting the closed interval form of con-
ditional events, higher order ones can be obtained
using also the relative pseudocomplement property
of (RIR)GN“ (see (3.7):

Theorem 3.4 ([13], section 8.1)

{i)For all a,b,c,d ¢ R, relative to GNW

((alo)|(cld)?iixly) :x,yeR & (cld)-(xly)=lalbMc]d))
={(a]b)-(c]d) | (c|d))

= [(a|b)-(cld) , (cld)*(alb)]cPP(?;1

. 12)
{ii) Letting u:PP(R)+P(R) be the class union opera-
tion, where, for aay Ae PP{R),

ulA) ¥ U(c:ccal (3.13)
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als & class homomorphism between PP{R) and P(R). In
particular, for any a,B,7y,6 ¢ R with us8, ysb,axy,
g8sé,

o[la.8].(y.8]] = (a.6]. {3.14)
Then, for all a,b,c.de¢ R,

al(alb){{cld)) = (abcalb-(cd v a'd"), {(3.1%}

u((alb) [ (c))=ul{alb)i(cIb)) = (abclc) (3.12)

Remark . By fnspection of (3.12}, {({ajb)l(c]d)) has
the probability tautology form (ala) for some ac

(gla) 1Ff (c{d) s (alb), (3.7
RENCELLalb) (cld)) = (cd]cd) (3.18)
-

Next, consider connecting directly the interval
form of a conditional event with its probability
evaluation as a conditional probability, First, for
any weight X € [0,1] define the following sequence
of iterated weighted averages of s and t, for any
s<t ¢ {0,171,

WO s, € (eys 0o
for any integer na?2

{3.19)

wix,n)s,t} (I-Q(A,n-\)[s.t])-s w{and{st]-t.
$3.20)
Lemma 3.1 ([13], pp. 151,152)
For any s<t ¢ [0,1] ,
Hmw(a,n)(s.t] = 4 (s.t) $ s701otes)  (3.21)
and sequence
(w(x.n)[s.t])nﬂ'z’” is:
decreasing down to xo[s,t] iff 12> Ao[s.t] .
increasing up to xo[s,t] iff A < xois,t] .
identically to xo[s.t] iffa = xo[s,t] . .

. In light of the above result, call A [s,t] the
fized point weighted average of [s,t]. °

Theorem 3.5 ([13], pp. 151-152)

For any boolean algebra R and any prob. meas.
p:R*[O,’l{ which is syrjective, then for any a,b
€ R, the functional image extension of p acting
on conditional event (ajb)={ab,bba] is

p((a]b)) = [p(ab),pib=>a)] =[plab),1-p(b)+plati]
(3.22)

(3.23)

[ ]
We conclude this section with the important re-
cent full development of non-boolean function ex-
tensfons to conditional events with applications tc
cartesian products and sums and joint conditional
r.v.'s relative to distinct antecedents,

First, let R and S be any two boolean algebras.
Call f:R + S monotone increasing if

for 211 asb e R, fla)sf(b) € S . (3.24)
In turn, the functional image extension of £ (also

and

A (p(afb))) = plafb) .




denoted by the same symbol) f:P(R)~P(S), noting
for any interval {a,b) ¢ P(R), asb e R ,
fla,b] < [f(a),f(b)]) , (1.25)

in general with, however, the end events f{a}, f(b)
achieved. With this as motivation,define,then the
natural approxfmation

-~

fla.b) ¢ Lf(a).f(0)],

omitting in practise, for converience,
tation. This yields

{3.26)
the hat no-

Theorem 3.6 (easily proven new result)

tet f:R +« B be a monotone increasing function
between two boolean algebras. Then,the functional
image extension (3 la {3.26)) f: (R{R) (sls) is
well-defined with, for any a,b c R,

f(ajb) = [flab).f(bsa)]) = (flab)|f(boa)> f:ab))
3.27)
a

Theorem 3.7 (corollary to Theorem 3.6 [36])

tet RcP(D) and S<P(F) be two boolean algebras
and f:0+F be any function and f: f(o) - P(F) its
functional image extension and f~!:P(F)+p(D) its
inverse image extension. Then the above f and f-]
both satisfy the hypothesis of Theorem 3.6, with
(3.27) thus valid and f-1:(S|S) = (R|R) well-de-
fined, where for any c,d ¢ S,

F1(c|d)=f1{cd,dvc]e [f°](cd).f"(d~>c))
[V e)-£1(d)  F- 1 (d)=» £ 1 ()]
(V)1 (a)) . (3.2§)
Next, define the product boolean algebra R®S
of boole«n dlgebras R snd S as above by simply
first forming
Rxs ¢ (axp: acR, beS) (3.29)

and then letting R®S be the smallest doolean alge-
bra & P(DxF) with RxScRRS, where, as usual,

{axt)-(cxd)= ac xbd, (3 %)
axb = (ax1)-(I1xb), (3.31)
{ axb)'= (1xb') v{a'x1)"® (3.32)
ax0 =0xa =0, {3.33)
and cartesian sum is given by
atb 9 (a'xb')'= (Ixtv(axt). (3.34)

Theorem 3.8 (new result [36])

Given R and S as in Theorem 3.7, it follows that
the operations x,1:(R,5)~+R®S are both monotone
increasing and an obvious modication of Theorem 3.6
is valid here, yielding, for any a,beR, c,deS,

(alb)x(c|d) = (ab x cd |{{b>a) x {d>c))»(abxcd)

(ab x cd| (a'bx1)v(1 xc'd)v{bxd))
(ab x cd | (a'b x1)v{1 xc'd)v(ab xcd))
(talb)x{d]d})e((b]b) x(c|d))
(Ca]b) x1)(1 x(c]d))

"

(3.35)
and

(atb)f(cid)

(abtcd K(b>alk(d>c))>(ab t cd))
(a0 tcd |(abx1)v( xcd)vibxd)) (3 36
= ((alb)* x(c]d))* ={(a]b) X1} v(1 x(c]d)
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conditional r.v.’
antecedent restriction.

noting the complete analogue of eq .(3.35) to éon-
junction (2.23),{2.24) and of (3.36) to disjunction
(2.25),(2.26), for the GNW al