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FOREWORD 

The mathematical method presented here for finding solutions to Lambert’s problem in the 

presence of drag is a central element to several of the computer programs used to determine missile 

performance for the Anti-Tactical Ballistic Missile Program. This report discusses the derivation of the 

linearized equations and resulting solution method to find approximate intercept solutions between 

orbiting and/or ground-launched aerospace vehicles. A robust iterative procedure to find exact 

solutions, based on the approximate solution method, is also presented for cases where the errors of the 

approximate solution are not sufficiently small. Numerical examples are presented, which serve to 

illustrate the salient features of the algorithms. 

This report has been reviewed by Ted Sims, Head, Space Sciences Branch, and J. L. Sloop, 

Head, Space and Surface Systems Division. 

Approved by: 

R. L'SCHMIDT, Head 
Strategic Systems Department 
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ABSTRACT 

An algorithm is developed that solves Lambert’s problem when a vehicle encounters drag. For 

an environment of low to moderate atmospheric density, Lambert’s solution is obtained by linearizing 

about a reference Keplerian trajectory. This linearization process requires no numerical ordinary 

differential equation solution techniques and, as such, is computationally efficient. For flight through a 

region of higher atmospheric density, or if greater accuracy is required, an iterative technique is used 

that starts with the linearized solution and does a quasi-Newton iteration process with an analytic 

initial approximation to the Jacobian. For subsequent iterations, the Jacobian estimate is updated 

using Broyden s update. The resulting algorithm converges superlinearly. 
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INTRODUCTION 

Lambert’s problem is a classical astrodynamics problem that plays a critical role in diverse 

space flight applications and current research topics. The definition of Lambert’s problem is to find 

the trajectory of a vehicle that flies between two positions in space in a specified time of flight. The 

solution of Lambert’s problem is central to a large class of rendezvous and intercept problems, 

including fuel-optimal and time-optimal transfer problems, single impulse intercept problems, etc. 

Because of its central importance in astrodynamics, many authors have proposed numerical soli tjr.n 

techniques that strive for computational speed and robustness with regard to types of orbits that can 

be handled; of special note among these algorithms is that due to Battin and Vaughan1’2 because of its 

tenacity with even ill-conditioned problems and its superlinear convergence properties. 

When drag is introduced into the astrodynamics problem, however, these extant methods no 

longer directly apply. The initial velocity vector from these drag-free solution techniques (which 

together with the specified initial position vector uniquely defines the trajectory) provides a useful 

initial guess to iterative methods that incorporate drag in the solution in the resulting trajectory. Such 

a technique iterates on the three components of the velocity vector to find the three zeros of the 

differences between the final position of the integrated trajectory and the specified final position. Thus, 

the problem is that of finding the solutions to three nonlinear equations in three unknowns. A quasi- 

Newton or secant algorithm designed for n-dimensional nonlinear problems could be directly applied to 

this problem, but these techniques generally require a significant number of function evaluations (to at 

least compute an initial numerical Jacobian, and possibly to do line searches if the initial guess is far 

enough from the solution). Since one function evaluation for the problem at hand means one 

numerical solution of an ordinary differential equation (using, for example a Runge-Kutta or an 

adaptive method), which requires significant computational time, the number of function evaluations 

must be kept as low as possible to maintain computational efficiency. 

1 
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One way of keeping the number of function evaluations low is to linearize about a Keplerian 

trajectory (i.e., a trajectory with no drag, which can be analytically integrated). The Keplerian 

Lambert’s problem is solved using Battin and Vaughan’s algorithm.1,2 The linearized change in 

position, Är(t), is the difference between that trajectory with drag, r(t), and the Keplerian trajectory, 

rk(t). The linearized initial velocity, ¿vQ , is determined to make the final position change, 6r(ty), zero 

in the specified time of flight ty. Then, to first order, the solution to Lambert’s problem in the 

presence of drag is the Keplerian initial velocity plus this linearized initial velocity, v0 = vok + Äv0. 

The advantage to this technique is that no numerical ordinary differential equation solution technique 

is required; only one relatively inexpensive Gaussian quadrature is necessary. 

For many applications in regions of moderate drag, the true error in the final position at time 

ty resulting from this linearized approach is sufficiently small to consider the trajectory to be a 

solution. For applications requiring high accuracy and/or flight in high drag regions, the linearized 

solution provides an excellent first iteration in a secant method algorithm. Also, as part of the 

linearized solution process, an excellent analytical approximation of the Jacobian of the nonlinear 

problem is obtained, thus negating the need for an initial numerical Jacobian using finite differences to 

initialize the secant algorithm. The resulting algorithm converges superlinearly, typically to within 

1-m accuracy in five or less iterations. 

LINEARIZED EQUATIONS IN THE PRESENCE OF DRAG 

Let the state of the interceptor vehicle be 

x(t) 

r(t) 

v(t) 

(1) 

Furthermore, let <r denote a parameter of the system, which will have one value on the reference 

s c 
trajectory and another on the trajectory of interest. For the problem at hand, <r = —where S is 

2 
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the reference cross-sectional area, CD is the drag coefficient, and m is the vehicle mass. Thus a is the 

inverse ballistic coefficient, and <r =, 0 for the reference Keplerian trajectory since Cp = 0. 

In general notation, the state differential equation is 

X = f(x,<r) (2) 

Or, for inverse-square gravity with drag 

V 

* = (3) 
-^r - jp(r) I vr I vr 

where vr ,the velocity of the vehicle relative to the atmosphere, is defined as 

A vr - V - u»xr (4) 

and u is the Earth angular-rotation vector. Since vr is in general not in the plane normal to the 

angular momentum vector, the motion of the vehicle is no longer planar as it is in drag-free motion. 

This is why the nonlinear problem cannot be reduced to two equations in two unknowns. 

Linearizing about the reference trajectory 

¿X + 

Evaluating the partíais in Equation (5), 

(5) 

I 

0 
(6) 

3 
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and 

0 

5^(rfc)lvrfclvrfc 

(7) 

The subscript “fc” denotes that these quantities are on the Keplerian trajectory. Substituting Equation 

(6) and Equation (7) into Equation (5) gives 

¿X 

I 

0 

6x + (8) 

When <7 = 0, Equation (8) has a homogeneous solution 

6xh = <&(t,t0) 6x0 (9) 

where $(t,t0) is the 6 x 6 state transition matrix. From linear systems theory, $(t,t0) can be written 

¢(1,t0) 

frfc(t) dtk(t) 
dik(t0) d\k(t0) 

ôrfc(to) ôvfc(t0) 

(10) 

This is true because ¢(1,t0) in Equation (9) is a linear transformation from the initial state vector to 

the final state vector, and for any linear transformation z2 = A Zj straightforward partial 

4 
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differentiation gives g^ = A. The partíais in Equation (10) have “fc" subscripts because the 

homogeneous solution has <r - 0, meaning no drag is present, so the motion is Keplerian. In the case 

of Keplerian motion the final position and velocity are known analytically as functions of the initial 

position and velocity, and thus each of the partíais contained in Equation (10) is determined 

analytically. 

Now let <r 0, and obtain the total solution through the variation of parameters solution 

technique: 

¿x(t) $(t,to) ¿x0 + I 
t 

$(t,T) 
0 

d 
dr (11) 

where 

d ê -jp(Tk)\vrk\vrk (12) 

is the acceleration due to drag. 

To determine the change in final position due to drag with the initial velocity equal to the 

Keplerian velocity, set 6xq = 0 in Equation (11), and pick off the first three rows corresponding to the 

position vector: 

6tf* = J forfr) d(T) dT (13) 
to 

The “/e subscript stands for final error, since this is the error in final position neglecting drag. 

Determining the linear estimate of the final position error due to drag does not require using a 

numerical ordinary differential equation solution technique such as a Runge-Kutta but merely a 

quadrature of an analytic integrand. In practice, a 5-point Gaussian quadrature has been sufficient to 

accurately compute Equation (13).3 For Keplerian orbits that extend outside the atmosphere (i.e., 

5 
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above a cutoff altitude of around 80-100 km), only that portion within the atmosphere needs to be 

integrated. 

To solve Lambert’s problem, it is desired to find the initial velocity that makes the final 

position change zero in the specified time of flight. Setting ¿r(ty) = 0 in Equation (11), and using 

Equations (10) and (13), gives 

0 
Ôvfc(t0) 

6v„ + 6t /« 
(14) 

so that 

6v0 
dTk^f) 
öv*(t0) 

-1 

6i /e 
(15) 

Then 

vo = vk(to) + ¿vo (16) 

is the initial velocity (to first order) that will cause the vehicle to reach the specified final position in 

the specified time of flight. 

FURTHER ITERATIONS 

Often, the accuracy of the linearized solution is sufficient for the application at hand. It may 

be that in the altitude bands considered, and for the given times of flight for a given analysis, the 

errors in the trajectories are well within the noise of modeling assumptions and the desired accuracy. 

For example, experience has shown that for flight above 50-60 km with velocities up to orbital velocity 

and times of flight in the hundreds of seconds, trajectory errors from the linearized model are within a 

6 
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few kilometers. This level of accuracy is sufficient for system level modeling of low-altitude orbital 

maneuvers. In contrast, optimization techniques typically require a higher level of accuracy in the 

knowledge of the state. 

If the linearized solution does not have sufficient accuracy, then further iterations are 

necessary. While the linearized solution method requires no numerical ordinary differential equation 

methods, thus making it extremely fast, successive iterations by their very nature must involve 

numerical ordinary differential equation methods. The goal, therefore, is to minimize the total number 

of times numerical ordinary differential equation solutions must be calculated. 

To this end, casting the problem in nonlinear systems parlance, the goal is to find the vector 

X ^ v(t0) 6 Ä3 (17) 

such that the map 

F(x) : *3- X3 (18) 

F(x) ê Kt/) - >/ (19) 

is the zero vector. Expanding Equation (19) in a Taylor series, and truncating after the first-order 

term 

F(x + Ax) = F(x) + J(x)Ax (20) 

where 

J(x) 
A ÔF(x) 

dx (21) 

7 
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is the Jacobian of F(x). Since it is desired that F(x + Ax) = 0, setting the left side of Equation (20) to 

zero and solving for Ax results in 

Ax = -J(x) 1 F(x) (22) 

This Ax is a well-known Newton’s method step, which successively upgrades x of the next iteration 

with x + Ax. This iteration scheme converges quadratically if the initial guess is sufficiently close to 

the solution and if F(x) is sufficiently well behaved. If the Jacobian cannot be determined analytically, 

as is the case for the problem at hand, then typically a finite-difference estimate of the Jacobian is 

calculated at the beginning of the iteration scheme. Give this estimate the symbol A0. Subsequent 

iterations then update the estimate of the Jacobian with Broyden’s update formula4 

A n+l A„ + F(*„) -m- 
Ax„Ax_ n n 

(23) 

The resulting iteration scheme using An in place of J(xn) in Equation (22) is commonly called a quasi- 

Newton algorithm or a secant method. 

With the linearized estimate of Lambert’s problem from the previous section, the finite 

difference estimate of the Jacobian need not be calculated. To see this, recast Equation (22) in r and v 

notation, so that 

Av(t0) 
Ôv(t0) 

Ar(ty) (24) 

Comparison of Equations (24) and (15) reveals that the linearized solution method is essentially a first 

iteration in the quasi-Newton process, using an analytic approximation to the Jacobian on the 

8 
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Keplerian trajectory, and an estimate for Ar(ty) from the Gaussian quadrature, ¿r/e (Equation (13)). 

Hence, a first iteration is obtained with no function evaluations of r(ty). For the second and 

subsequent iterations, r(tj) must be accurately computed with some numerical ordinary differential 

equation solution method. 

As was mentioned, the initial estimate of the Jacobian is the analytically derived partial 

derivative matrix evaluated for Keplerian flight: 

A0 
0vfc(to) 

(25) 

This has been used successfully, without update, as an estimate to the Jacobian for the whole iteration 

process. The convergence, however, is not generally superlinear. Broyden’s update can be added to 

refine the knowledge of the Jacobian at each iteration, at very little extra cost in terms of 

computational speed. Using Equation (23) with Equations (17) and (19), the update is 

A n+l 
A + (Ar'."-H)(Av0.n+l)r 

(AvO,«+l):r(AvOln+l) 
(26) 

All of these quantities on the right-hand side of Equation (26) are already known from the numerical 

ordinary differential equation solution of r{tf) and from the evaluation of Equation (24), so the cost of 

updating the Jacobian estimate is minimal. The resulting algorithm does in practice converge 

superlinearly. 

Before leaving this discussion, it is appropriate to mention that more general quasi-Newton 

methods incorporate line searches,^ or the equivalent, in order to help secure convergence even when 

the initial guess is far from the solution. These line searches have proven to be unnecessary in practice 

for the problem at hand. Experience has shown that in cases where the linear approximation is so far 

from reaching the desired point as to require line searches, the resulting solution is far from feasible in 

9 
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practical terms, requiring, for example, thousands of kilometers per second of initial velocity. Note 

that the magnitude of the relative error of the linear approximation can be used as a measure of 

whether a given set of ballistic coefficient, velocity, and time of flight yields feasible performance for a 

given altitude band. If the relative errors are large, the vehicle under these conditions behaves like a 

“feather in the wind” (that is, drag is extremely high for the given mass), thus rendering flight of that 

vehicle at those altitudes generally infeasible. As for the total iterative algorithm developed here, the 

quasi-Newton method works very well without line searches for physically meaningful problems. 

RECAPITULATION OF TFE ALGORITHM 

For clarity, a concise recapitulation of the algorithm is given at this point. Given r0, ry, and 

ty, Lambert’s problem for Keplerian flight (no drag) is solved by extant methods for vk(t0). This 

velocity is the initial guess for the case of Lambert’s algorithm with drag. For the first iteration, 

perform the integration in Equation (13) using 5-point Gaussian quadrature, evaluating the integrand 

along the Keplerian trajectory, and set 

Ar/,o = ¿r/e (27) 

Also, set A0 to the numerical approximation of the Jacobian, Equation (25). Then iterate the 

following five equations until convergence is achieved: 

Av0,n+1 = _ Af»1 Ar/,n (28) 

V0,n+1 = v0,n + Av0,n+1 (29) 

r/,,.+l = ^ V0,n+1 - '0. t/) (30) 

10 
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and 

* 

Ar/,»+l - r/,»+i ” r/ (31) 

^n+l 
(^0,^+1)^^0^+1) 

(32) 

EXAMPLES 

As a first example of the algorithm derived herein, consider Lambert’s problem with initial 

position r0 = (6418 0 0)T km, final position tf = (6412 53: 0)T, and time of flight t} - 200 sec. 

Three trajectories corresponding to the solution to this problem are drawn in Figure 1. The Keplerian 

trajectory is the solution if no drag were present. This solution is determined using extant Lambert’s 

algorithms for drag-free flight. The Keplerian solution is = (0.927 2.853 0)T km/sec. The lowest 

trajectory in Figure 1 is the trajectory flown with the Keplerian initial velocity in the presence of drag; 

that is, it is uncompensated for drag. The final position error for this uncompensated trajectory is 8.2 

km. The third trajectory is the result of adding the linearized initial velocity to the Keplerian velocity, 

yielding the total velocity v0 = (0.941 2.893 0)T km/sec. The final position error of the linearized 

trajectory is 0.8 km. 

If greater accuracy is required, then iterations using Broyden’s update are necessary. If 

accuracy to within 1 m is desired, then two more iterations are required. The errors of those two 

iterations are 9.0 x 10 2 km and 1.6 x 10 4 km. Subsequent iterations, if extreme accuracy is required, 

yield the following sequence of errors: {4.0 x 10-6 km , 1.4 x 10-9 km}. These iterations demonstrate 

the superlinear convergence properties of the algorithm. 

11 
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O 100 200 300 400 SOO 600 

DOWNRANOE (KM) 

FIGURE 1. EXAMPLE LINEARIZED SOLUTION RESULTS 

For a more extreme example, consider Figure 2. Almost the same configuration is examined in 

this example, except the initial and final altitudes are dropped by 20 km thus significantly increasing 

the effects of drag on the trajectory. In the figure, the number next to eech trajectory is the iteration 

number. The zeroth iteration is the result of using the Keplerian velocity; it has an error of 174 km. 

The linearization process, iteration 1, reduces the error to 39 km. Subsequent iterations yield the 

following sequence of errors: {4.0 km, 2.3 km, 1.5 km, 2.1 x 10-2 km, 1.1 x 10-4 km, 1.5 x 10-6 km, 

1.3 X 10~8 km}. Again, the superlinear convergence is evident. The final iteration increased the initial 

velocity from the Keplerian solution vot = (0.927 2.853 0)T km/sec to v0 = (1.232 3.721 0)T 

km/sec. 

12 
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DOWNRANOE (KM) 

FIGURE 2. SUCCESSIVE TRAJECTORIES IN THE ITERATION PROCESS 

CONCLUSIONS 

Two algorithms are presented for addressing solutions to Lambert’s problem with drag. First, 

for an environment of low to moderate atmospheric density, and for moderate accuracy requirements, a 

linearized solution technique is proposed. This technique requires no numerical ordinary differential 

equation solutions (only a fast 5-point Gaussian quadrature), and has an analytic transition matrix, so 

it is efficient for those techniques involving drag. It has been used successfully to do large-scale 

systems-level analysis without requiring inordinate computer time. 

For problems requiring greater accuracy, such as trajectory optimization, or for flight at very 

low altitudes, the linearized solution must be embellished with an iteration process. This process uses 

13 
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the analytic transition matrix from the linearized solution as an initial estimate of the Jacobian, thus 

negating the need for an expensive finite difference Jacobian. Subsequent iterations improve the 

Jacobian, using information gained in each iteration, with Broyden’s update formula. The resulting 

algorithm converges superlinearly, requiring few numerical ordinary differential equation solutions in 

the process. This is important since ordinary differential equation solutions are very expensive in terms 

of computer run time. 
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