SOUND WAVE SCATTZRING -=CMi AN cLASTIC @
SPHERICAL sHELL

S EARTRIOGE AR - 006 - 3§
.o, FARTRIDGE

- 1N Ne -y
il - - -
ARL-TR-31-78

JANUARY 493

AD-A264 039 _DTIC

; " ELE
ORI s mfa’}ésD

c..

.. w APPROVED ’

FOR PUBLIC RELEASF #

@ Commonwsalth of Australia
. _?-‘ﬂ‘d}mmi"‘?‘ '

93-10340
LU S

ATERIALS RESEARCH LABORATORY

- JSTO
98 5 11 10e




Sound Wave Scattering from an Elastic

Spherical Shell

C.J. Partridge

MRL Technical Report
MRL-TR-91-10

Abstract

The Helmholitz integral equation may be formulated by combining the scalar wave
equation and Euler’s equation for motion within a fluid. The solution fo this integral

equation yields the radiated pressure from a submerged vibrating body.

The solution

obtained from applying Hamilion’s variational principle governs the response to a given
surface pressure excitation. These two solutions may be used in conjunction o

investigate the scattering of incident sound waves from shell-like bodies.

In this report,

the scattering from a submerged steel spherical shell having a thickness to radius ratio

of 0.01 is investigated for ka values up to 8.
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Sound Wave Scattering from an Elastic
Spherical Shell

1. Introduction

Anechoic coatings have the ability to modify the scattering behaviour of sound
waves incident upon a body. The first step in the investigation of anechoic
coatings is to consider their effects when applied to simple objects such as a
sphere or a spherical shell. Before an analysis of this is possible, it is necessary
to have a firm grasp of the scattering characteristics of the body prior to the
application of the coating.

The purpose of this report is to extend the analysis given in Partridge [1] for
the rigid sphere, to the scattering behaviour of a thin elastic spherical shell.
The mathematical derivation of the scattered pressure requires the use of both
the Helmholtz integral equation and Hamilton’s variational principle. This
analysis essentially follows that given in the work of Junger and Feit {2},
Combining this with various scattering parameters in the literature [3-7], such
as target strength, back-scattering cross-section, reflection factor and intensity
field around the body, the overall behaviour of the elastic sheli, may be
analysed. In a subsequent report, these results will be compared with those
obtained from coated spherical shells.

1.1 Helmholtz Integral Equation

A sound wave can be thought of as a time dependent pressure fluctuation P
around the static pressure P, in a compressible fluid such as water. The
temporal and spatial variations of this fluctuation are governed by the wave
equation

2
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where ¢ is the wave propagation speed through the fluid. If we restrict
ourselves to steady-state situations, where the pressure varies periodically with
time, i.e.

P(r,) = P(r)e™*™ a2
then the above reduces to the "Helmholtz" or “steady-state™ wave equation
(V2 « kHP() = 0 13

where the acoustic wavenumber is given by k = w/c. Euler’s equation of
motion within a non-viscous, homogeneous fluid is given by

VP =-p %;. (14)

where p and v are the density and velocity respectively. For a non-viscous
fluid, pressure can act only in a direction normal to the surface boundary S
and letting the normal component of velocity to the boundary be given by

WL, 1) = w(r,)e as
where r, defines the surface S, the above boundary condition reduces to

P .
> = (iop) on S, (1.6)

where 7 is the unit outward normal to S,. The pressure radiated from a body
vibrating with a surface velocity distribution w, is governed by equations (1.3)
and (1.6). From Partridge (1], these two equations may be combined to form
the Helmbholtz Integral equation

P = - [ [P 2 - Gop)Gie |z, ue,) (25(s,) 1 outside 5, 17

where Green’s function G(r | r,,) represents the field at a point r due to a unit
impulse located at r,. If the Green’s function satisfies the Neumann bourdary
condition

aG
> o 0 on the boundary S, a8

then the Helmholtz integral equation reduces to the simple integral




P(p) = tivp) [[[Gle|r,)ws,)] 45, (19)

1.2 Pressure Field for a Spherical Radiator

For a vibrating spherical body of radius g, the above integral becomes

L3
P(7,0) = Giwp) (2xa®) [[G(7,01a,9,)0(8,)] sind, a0, (110
o

The Green’s function and surface velocity are given (1] by

R h, (kr)
G(r,9)a,8) = (2n+1)P_{cosB)P_{(cos? ) {1.11)
° ket nz-;) " ? ’ h;(ka)

w(6) = y, W, P, (cosd) (1.12)

neo

where P, (cos 9) and h,, (kr) are the Legendre and Hankel functions respectively
and

n

1
W e (2n2+1) [ Pytmywimydn, 1 = cosd (1.13)
-1

Substituting equations (1.11) and (1.12) into (1.10), yields the pressure radiated
from a spherical body

(1.19)

- ho (k)
P(r,0) = ilpc) ¥ W, P, (cos®) —
nwo k, (ka)

This solution will be applied later to obtain the scéttered pressure from a
spherical shell impacted by plane waves.

1.3 Radiation Loading

When a submerged body vibrates, it sets up pressure fluctuations in the
surrounding fluid. These fluctuations (termed the radiation loading) then act
back on the structure. This radiation loading modifies the forces acting on the




structure, and since these pressures depend on the velocity at which the
structure vibrates, a feedback coupling between the fluid and the structure
exists. The ratio of surface pressure to the surface velocity is defined as the
specific acoustic impedance. In modal form this becomes

z, = fn/wn (1.15)

where

Pad) = Y f P (cosB), w(B) =Y WP, (cosd) (1.16)

n=o n=o

The specific acoustic impedance measured on the surface of the source,
determines the radiation loading, and may be expanded into its real and
imaginary components which are designated by r,, and wm,,. Therefore,
equation (1.15) may be rewritten as

f, = (rn.- i© mn)“Wn (1.17)
=r W, +m W,

The surface pressure is the sum of two terms, (1) a term proportional to the
surface particle velocity w embodying a resistive or damping force, which
represents the energy lost by the pulsating sphere in the form of radiated
acoustic energy, and (2) a term proportional to the surface particle acceleration
associated with the mass of fluid set into motion by the pulsating surface of the
spherical source. Using equation (1.14) for the radiated pressure, the modal
acoustic impedance for a spherical body becomes

oy k)
z, = i{pc
" k! (ka) (1.18)
=r -iQm,
where
ih, (ka)
n = (po)Re|
hy (ka)
= (po) [ (ka) | (ka) |12 (1.19)
2n+2
{pc) (ka) . (ka)? << j2n -1}
(n+1*[13..2n-DF
~ (pc), (ka) >> n+1
and
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ih, (ka)
m, = -%’Elm._;__

h, (ka)
. , /
L pa Jn()jy(ka) +y, (ka)y, (ka) (120)
L3 k! (ka) 12
- pa(n+1)), (ka)? << |2n -1|
- paka)2, (ka) >> n?+1

2. Equations of Motion for a Spherical Shell

2.1 Formulation of Problem

The solution to the equations of motion for an air-filled spherical shell subjected
to an excitation pressure, yields the velocity distribution around the shell’s
surface. The surface pressure excites the normal vibration modes of the shell.
The exterior boundary pressure and the displacements on a spherical surface
(called the shell middle surface) which is located centraily between the physical
surface boundaries of the shell, may be expressed as

P(a9) = Y f,P,(m), n =cosd

nwo (2_1)
w® = ¥ U (1-92V2dP (m)/dn, wd) = Y W_P (M)
n=o neg

where 1 and w are the "tangential” and "normal” displacement components
respectively. The velocity distribution is related to the displacements via

u = (- iw)u and w = (- iv)w. In order to derive the equations of motion, several
assumptions must be made:

(@) Displacements are assumed smail compared with the shell thickness.

{b) The shell thickness is small compared with the radius of curvature of the
sphere.

(c)  Fibres of the shell initially perpendicular to the shell middle surface
remain so after deformation and are themselves not subject to elongation.

(d) The normal stress ©,, acting on planes parallel to the shell middle surface
is negligible in comparison with other stresses.

These assumptions allow us to reduce the problem of shell deformation, to the
study of middle surface deflection. The equations of motion are derived from

11




displacements. Hamiiton’s principle states that if the work done on the shell
by the external pressure causes the displacements to undergo a variation
between the times ¢, and t,, then

b 4
8 [(E,+E)dt + [wat = 0 22)
t {

o o

where E,, E, are the kinetic and strain energies, and 6w 5 the work done by the
pressure. Consider a thin spherical shell of thickness h and mean radius "g" as
shown in Figure 1. In this derivation, only non-torsional axisymmetric motions
of the shell are considered, making the variables independent of the angular
coordinate ¢. The shell displacements U, and W, can be written in terms of
the middle-surface displacements u, and w using [2]

x\ x | dw 2.3)
= - -1 R W =
Y, {1 * a)“ [a]ﬁ 3 v
where x = r - a. The total kinetic energy of the system may be written as
1 22 .
E, = ip,fff(u, « W do
1 2n n +h/2 2 5
= 3P f f f u; +W€,)a2 sind d¢ d0 da 24)
e o -h{2
n
= np,ha’ f(u2+w2)sinﬁ v
(o]
In spherical coordinates, the strains and stresses are
¢ _ 1 (aus*del(au *w]*x du Fuw
40 - Toa oy s|T = -3 -
(@a+x) | 09 FREL] a’ 338 “3—5; @25)
€ * ! (coto U *W)el(cotﬂu*fw)*_f.cotﬂ u-aw
o0 @a+x) s 78T g 22 rE}
Cae = E (eoﬂ+vs“), Gp = .._E_i_(e“+ve“) (2.6)
(1 -7) (1-v9)
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spherical wave

incident
plane wave

"™ Shadow boundary

Figure 1: Sound scattering from an elastic spherical shell.

The strain energy of the system in tcrms of these components is

2]
]

.- JIf (%"ii‘ﬁ)‘"
2n "n +h/

3 [ | [ (Gantont0yyeyy)atsinddsdodx
o o -~k/2

+

( nER {g% -»w]z +{cotOu +w) +2v (% +w}(cowu +w) {sinddd
1

nEhﬂz b u Fw [ awI
+ - +co?d|u -
i [w 3 %
du _dw _ow || .
+ 2vcot0{.§3 34_0,2.][14 ‘3‘5) sinddy an
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where the contribution of the bending stresses to the strain energy is
represented by the term p? = //12¢%. The work done by ine surface pressure
(applied normal to the undeformed shell surface) is

2
W = ffP‘wdS . azf }.P‘wsinﬁdﬂdQ
o o 28)

X
= (2ra?) fP,w sind 49
©

Applying Hamilton’s princple with respect to the variations du and 8v to obtain
the equations of motion for the spherical shell yields

AY
2 Fu du _ 2 a2 Pw
(1+8%) .é..'t.).z.«»com.53 {v +cot 0)uj 4] 557
_a2 Fw . 2 dw _ alu
B cott‘).gsf+((l v)+p (v«corzﬁ)) 55 ':T 0
p
Fu 2 Pu 2 2 2.\ du
'32 +2B° cot® -((!&v)(loﬁ ) + B cot 13),._.
0 a0 J
34
ccotd {(2-v +cof8)B? - (1 +v))u -2 22 _2p2cots f_“.’
ad* a0
iy ~P(1-v)a?
*Bz(l *v*cotz\‘))%-52cow(7.-v#cot2ﬁ>%% =21 vw -f._c.;.”. = _'__Er__
P
29
where the wave speed in the shell material ¢, is given by
g ; 210
P (1 -v7)

Introducing the variable 1 = cos @ and asstming harmonic time variation, the
foregoing set of equations may be rewritten in the form

Lo(u) + L (w)+ Qv = 0

.11
Loy(8) + L (w) + Qw = -p a?(1-vh)
2 Eh

where
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2
. (1489 (“ _n2/2 'i*z (-9, ,V)J
an
= (1-g9)2 (152(1 v)- “""”T'Bz?‘vf‘J @12)

-l(pra1-v)-(1 +v)]T(1 n’)"hazv’ d (1 -n? )‘/’J

i L F

BV} -B21-VIV -2(1 +v)

and

VZ

4. (2.13)
n 'ﬁ'“ ﬂ)Hﬁ

Substituting « and w for their respective series representation, yields
(2 -1 +BH)(ver, ~DIU, ~[BE(ved, -D e (1+V)]W, = 0

2
A BV AR, 1) « (W)U, + (@2 -201 +w) - BV 4 A - DI W,, = -{“_%;fl}/n

2.14)
where A, = n(n + 1). Therefore to obtain the response of the shell, the above
linear equations are sotved for each n, to obtain U, and W, and then
substituted into equations (2.1) for ¥ and w to yield the middle surface
displacements of the shell due to the excitation pressure P,.

2.2 Natural Frequencies of the Shell

2.2.1 In a Vacuum

The resonant frequencies for the free vibration of a spherical shell may be
obtained by setting f, to zero in equation (2.14), and then eliminating U, and
W,. This yields the frequency equation

-((1*3v+1,.)~Bz(l-v43.-v?~n’)“2*”‘n‘2”’“2’ 2.15)
B2 a2 ea,5-v) - 20 -0 = 0

where the non-dimensional frequency Q is defined as (ka) (c/cy) and ¢, is given
by equation (2.10). The above equation may be written in the form

15




[o’ -mf,”)’] [nz -@®7] « 0 216)

where 2,7, @ are the two resonant frequencies, of which 02,@ is the larger.
For each mode characterized by a spedfic value of n > 0, there are two distinct
positive real resonant frequencies, but for n = 0 corresponding to what is called
the breathing mode, there is only one real positive frequency, the other being
imaginary.

2.2.2 Submerged in Water

In order to determine the resonant frequencies of the submerged shell, we need
to go back to the equations (2.14), i.e.

(B -1+ (ved -DIU, - [BHUV+A - +(1+V)]W, = 0
217

2(1-
SR BV AR, D)+ (14U, + [P -2(1+v) B2 (vod - 1] W,, = -[f_%;iz_’}/n

To determine these frequencies, a radiation damping term must be introduced.
The loading, in the absence of a driving force, is expressed in terms of the
specific acoustic impedance as

P, = - % z W, P, (cosd)
nee 2.18)
= ¥ [, +(o’ym )} W, P, (cosd)

n=o0

The negative sign arises because the applied pressure was defined previously as
positive outward, whilst the radiation loading is positive inward. Therefore,
replacing f, in equation (2.17) with

fo = -liwr, + (@Prm )W, .19)
yieids

Q2 - (1+B)(v A, ~DIU, -[BP (VoA -1 +(1+W)]W, =0  (220)

A BV e, =1+ (e, o @102 hig| 20|21 ev) =By A ~D)W, = 0
n U w n

16




Combining equaaons (2.20), and noting that the natural frequencies are the
roots of the real component of the resultant equation yields

aoﬂ‘ oalﬂz +a, = 0 221

where

ml‘\
a, = (1 4-_p...h.)

a = —(2(14v)¢B21.,,(v+1,,-1)4(1*52)(v+k"-1)(1+£%)l
2y = [201+9) + BV oA~ DI +pD (v or, - 1) - A [BHV oA - 1) + (152

The solution to this equation yields the natural frequencies for a submerged
shell. It is a transcendental equation since m,, given by equation (1.20) is

frequency dependent.
Listed below are the values that will be used in this report for both the

propagation medium and the spherical shell.

Propagation medium

Sound velocity in water ¢ = 1500 {m/s)
Water density = 1000 (kg/m)
Spherical shell (steel)

Mean radius a = 10 (m)
Shell thickness h = 001 (m)
Density Ps = 7700 (kg/m?)
Young’s modulus E = 195x100 (Pa)
Poisson’s ratio v = 029 )

The natural frequencies for the above steel shell in a vacuum and submerged in
water, are tabulated in Table 1. From the table, it may be seen that radiation
loading reduces the natural frequencies of the shell.

17




Table 1:  Effect of submergence on the normal modes of a spherical shell

Dimensioniess Dimensionless
Natural Frequency Q Frequency parameter ka
Branch n In vacuo Submerged In vacuo Submerged
Lower
Qv 0 imaginary imaginary 0.00 0.00
1 0.000 0.000 0.00 0.00
2 0.7205 0325 247 1.14
3 0834 0411 292 14
4 0.886 0.468 310 1.64
5 0912 0514 319 1.80
6 0.930 0548 3.25 192
7 0944 0.582 n 2.04
8 0.958 0610 336 214
9 0.975 0.639 341 2.4
Upper
Q% 0 1.606 1.156
1 1.967 1.763
2 2715 2.367
3 3.360 3417
4 4592 4.444
5 5572 5.460
6 6.559 6471
7 7550 7478
8 854 8.483
9 9539 9.487

2.3 Velocity Response of Shell due to an Arbitrary
Surface Excitation

2.3.1 In a Vacuum

The middle-surface displacements caused by a surface excitation

P,® = Y f, P, (cos®) @.22)
neg
were earlier expressed as

u{9) = E un(l _.“2)1/2 dpn(q)/dn, w(Y) = E w, Pn(n) {2.23)

nwo neo

18




where the coefficients of U, and W, are given by

[ - (1+BUV -2, =D U, - [BAV+A,~1D) +(1+V] W, = 0

220
2
S IB2 (v A =1) + (1o Uy + [P -2(1 ov) -BIA (VoA -] W, = _[a (1-#)}"
Solving the above for L, and W,,, yieids
0+ [0 Predin e
. Eh a (01_0:0)1(03-09)3
W, - - a’(x—v’)]f- (0% - (1 +p3(v +3,-1)] 225
Eh ©@* - o’ - oy

The above may be simplified sormewhat by introducing a term known as the
modal mechanical impedance Z,,, which is defined as the ratio of the resultant
surface pressure to the normal velocity, i.e.

Z, =f,/(~iaW)
.[p,cph} 102 -2y - P 226)
-~
Q8 | [QF-(1+°)(ver,-1)]

Then for a given excitation pressure the normal velocity may be expressed as

w(®) = ¥ (f,/Z,)P, (cosd) @27)

n=o

2.32 Submerged in Water

Let the excitation and resultant pressures be represented by
P(®) =Y fiP,(cosd), P(O) =Y f,P,(cosd) (2.28)

n=o neg

Then the resultant pressure may be written in modal form as

fo = f:‘znwn 229)

19




The resultant pressure is however also related to the modal mechanical
impedance via Z, = f,/W,. Combining these two expressions yields the
resulting normal velocity, i.e.

= f
w(d) = -7 P_{(cos®) 230)
ngo zn’ n "

where z, and Z; are given by equations (1.18) and (2.26).

3. Scattering of a Plane Wave from a
Spherical Shell

Consider a distant point sound source which generates a continuous sound
wave. Far away from this source, and over suitably restricted regions, these
waves may be said to approximate plane waves. Consider these plane waves
to be incident upon a stationary thin elastic spherical shell, whose surface S is
given by the position vector r,, shown in Figure 1. The following analysis
differs from that of a rigid sphere, in that the scatterer is allowed to deflect
elastically. In this situation, the structure’s dynamic response radiates a
pressure field which further modifies the sound field.

If we define a wavenumber vector k, whose magnitude is k and which lies in
the direction of wave propagation, then the incident pressure wave may be
written as

Pi(r,t) = P expi(k'r-wit) 3.1
In spherical coordinates, a wave incident from the 9 = 180° direction is
represented by

Pi(r,®) = P expi(krcosd) (3.2

If the pressure scattered by an elastic boundary is denoted by P,,, then the
resultant pressure for a thin shell becomes

P = P+P, 33)

The term P,, may be broken up into two components, a term P,,, which is the
pressure scattered if the shell behaved like a rigid body, and another
component P, ie.

20




P,

= P +P

Therefore, the resultant pressure becomes

P = P +P,_+P

1 4

From equation (1.6), the resultant pressure and velocity are related by
.g-:; = (iwp)w onS$,

where the resultant velocity on S, is

o= (W ) e,

Substituting for w and P in the above, yields the four relations

W ow (a) Wy, = 0 (b)
: AL , - 9P
R TR T

In order to apply the Helmholtz integral equation solution, the scattered
velocity components are represented in the form

Wy = 3 WP (cos®), w, = ¥ W, P, (cos0)
n=o n=o

The incident wave may be represented in terms of a series of concentric

spherical waves as

Pi(r,8) = P, 3 [(2n+ D(D"j, (k)] P, (cos®)

n*o

(34)

(35)

3.6

3.7)

(38)

39

3.10

where ji. (kr) is the spherical Bessel function. From equations (3.8b, d), the

coefficients of w,., may be obtained, i.e.

W™ = (P, /pc) (2n + 1) ()] (ka)

n

(KAL)

In order to apply the Helmholtz integral equation solution, P,,, is regarded as

the pressure radiated by a spherical source vibrating with velocity w,.,
therefore

21




kr)

- - h (
Po(rd) =i(pc) T Wi~ P, (cost) 2

e by (k2) (3.12)
- By (kr)

= =P, ¥ (2n+1) (), (ka) P, (cos) 2
n=o hy (ka)

The Helmholtz integral equation solution can also be used to determine P,.
Equation (3.8¢) indicates that P, has the nature of a radiated pressure caused by
a spherical body vibrating with velocity w,. This vibration is due to the elastic
structure responding to the surface pressure generated by the incident wave
field. This surface pressure may be written as

P(0) = P(a,8)+P,_(a0)

13
= ¥ f2P,(cost) a1
neO
where from equation (3.10} and (3.12)
synel
£ . P, (2n +1)(i) 3.14)

(kaYh, (ka)

From equation (2.30) in the previous chapter, the modal velocity W, caused by
the modal excitation f.* is

W h (315)
" zl\+ n
Thus
" Py et i
r = P, L (cos®) (3.16)

neo (z, +Z,)(ka)? [k, (ka)]

From the Helmholtz solution, the radiated pressure P, is

= hy, (kr)
P (r9) = i(pe) 3o Wy Py (cosd) —— G317
n=o h, (ka)

Substituting for W,* yields

22




= QneD)Ph, (kr)
P.(r8) = (pc)P, ¥ - P (cos®)  (3.18)
neo (z,+Z,)[(kadh, (ka)]?

When r is a long distance from the boundary S, i.e. "far-field", the Hankel
function h, (kr) may be approximated by

+1

- explik) (-i*!

and the scattered pressure fields become

1
iP o (2n+1)P (cosD)j, (ka)
P, (r,8) = o expilhr) ¥ z I P, (cos®) (3.19)
L A= b (ka) i
~i(pc) P, - (2n+1)P, (cosd)
P (r,0) = expitkr) 3 (320
) 1 neo (2, + Z_){(ka)h, (ka)l?

4. Methods of Presenting Scattering Solutions

To examine the scattering behaviour of a thin elastic spherical shell, certain
parameters for the scattering body need to be determined. These parameters
include (i) the resultant pressure field in the backscatter direction, (ii) the
backscattering cross-section of the target, (iii) the target strength of the scatterer,
(iv) the reflection factor around the scattering body and (v) the intensity field
around the scatterer. To determine these parameters, values previously given
in chapter 2 for the properties of the shell and the propagation medium are
used.

4.1 Resultant Pressure Field in Front of Scatterer

In this report, the resultant pressure magnitude in the backscatter direction is
computed. This pressure field (normalized with respect to the incident
pressure wave amplitude) may be written as

23




P = [P|/P, = |(P,/P,)+(P,,/P) +(P,/P)| @D

where the incident and elastic scattered pressures close to the sphere have been
determined previously to be

P,/P, = PN (r,8)/P, = exp(itrcos®) @3
- il

PIL/P, = Pou(r0)/Py = = 5 (2neDP (cos®) | "Iy (zpy 43
a=o h (1)

< (2n+1)(i)"P_(cosD)h, (17)
pYrp, = BN GoVP, « - (00) T bt
mmo (2, +Z Uk (1)

4.4)

where nn(])’ Qn(Z) depend on BZ' v, A, and

tekafur/a,y=h/a,Q=1c/c) B =V /12 4, = n(ns1) @S

z, = i(pc)

A @ - @212 (P
,,,m' Z - -i(p,cp)(%][ (o )i[ @M.
g (D) [ - (1+B) (v +d_-1)]

4.2 Resonance Scattering Theory

The resonance scattering theory is applied in order to analyse the backscattering
cross-section of a spherical shell. The backscattering cross-section is defined as
the ratio of the scattered power (referred to a distance of 1 metre), to the
intensity incident on a unit volume (8], and may be written as

4.7

Upon normalizing this cross section with respect to value n, the form function
f(r) may be defined, i.e.

2P_(a,x)
[+] ge 2 2

— 1" = {ftm)] 4.8)
na Po f

where
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neo

and f;, is termed the nth "partial wave". The form function may be broken up
into two components; the backgrounds and the resonances, i.e.

[f(®)] = |fium)+f(n)]| = 15: fase ™ f: for | 4.9)

n=o n=o

where f_ ., and f,, are the modal components and

A
2P a,R) = (e =D ()
foulm | = |y | = 1(2D) y | 4.10)
] ° neo th (1)
2P (ax) had -1
: - [-@ipo) B 2nDCD

o

fm | = | i
h P neo (z,+Z,)Ch) (1)

The resonance scattering theory is useful in the treatment of penetrable
scatterers in that it establishes connections between the background and
resonance features observable in the backscattering cross-section of any target.

4.3 Target Strength

The target strength in the far-field may be defined as

rIPE_ (r,9) + Pf (r,0)]
TS = 20logyg | | 5 ! 4.12)
° =180°

= 20 logy [(r/P,) | PE. (r,0) + Y (r,0) | 14 1000

where PF_, P, combine to give the scattered pressure in the far-field and

(r/P,)PL (r,8) = (ia/t)exp(it?) ¥ (2m+1)P, (cos®)(jp (1) /Ay (1)]
n=9Q

4.13)

E ; ) = (2n+1)P (cosd)
(r/P)P, (1,8) = -(ia /t)(pc)exp(itF) ¥,

414
neo (2, +Z)[(Dh) (0P




4.4 Reflection Factor

Using the expressions in the previous section, the ratio of scattered to incident
pressure may be written as

F F
ps. r f, cikz(l-cosd) £(8) (4.15)
r

‘ -

The 1/r term characterizes the spreading of the scattered wave, whilst the
exponential term takes into account the phases of the incident and scattered
waves. The reflection factor can be made independent of these terms by
defining it as

R = (r/a) 'e‘uu'(l—COSO)[(P’F.. + Pf)/Pi] | (4.16)
to yield
= (2n+1)P_(cos®H)
R=|(/0) Y = [ G | 417)
a=o hy (T (21h, (1) (2, + Z,)

The reflection factor will be computed as a function of angle around the body,
for various ka values.

4.5 Intensity Field Around Scatterer

Using the solution to the resultant pressure field, the construction of two
different types of time-averaged intensity plots are possible, including:

(@) Plots of the intensity magnitude around the body (both "near-field” and
"far-field")

(b) Plots of the intensity vector field around the body ("near-field" only)
For both type (a) and (b) plots, the intensities for the scattered and resultant

pressure fields are computed. The radial and transverse components of the
intensity vector (averaged over one period of the wave) are defined as

L(r,0) = .%Re[P(r,ﬁ)a;(r,ﬁ)] (4.18)
I,(r,0) = %&[P(r,ﬁ)a;(r,ﬁ)) @.19)
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where Re denotes the real part, * the complex conjugate and u,, u,, the velocity
components corresponding to the pressure field P whether it be a scattered or
resultant pressure. The magnitude and direction of the intensity vector are
given by the formulae

I = [2(r,9) + 12 (r,0)]/2
¢ = O+arctanll,(r,9)/1 (r,9)] (420

® = arctan{z/x], r = {x? +2%}!/2

where x, z are shown in Figure 1. For the polar intensity plots of type (a), the
intensity value is first divided by the incident intensity I, = P;2/2pc. The
intensity is then normalized with respect to the maximum value that it obtains
over the range of angles from 0° to 360°. For the type (b} intensity vector
plots, each vector has first been divided Ly I, and then normalized with respect
to the magnitude of the largest vector in the plot. The square root of the
magnitude is then calculated and multiplied by the grid spacing. The vectors
are plotted over the coordinate range - 2 < (x/a) < 2 and 0 < (z/a) £ 2, where g
is the mean radius of the spherical scatterer.

In order to compute the time-averaged intensity, the velocity field associated
with the pressure field must be found. This may be determined from Euler’s
equation, vP = (itplu, or in component form

o < | Lll=ijep 1 |i-ilap 421)
R U AR Gk

Using the "near-field"” and "far-field" pressure expressions given in sections 4.1
and 4.2, the following velocity components are obtained.
Velocity due o incident pressure P,

(pe/P ) u ], = +cosd exp(ikrcos®) (4.22)

(pc/P ) [uy)y = -sindexplikrcosd) (4.23)

Velocity due tc rigid scattered pressure P,

Near-field:

N
had ()
Pe/P I ]y = & Qneli' P los®) Bkl x5y (424)

neo h, (1)
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/
- o (1)
(0O /PN, . = ~(sin®/th) T @n+ D! P (cos®) [

h (xf)
/
fa=0 b, (1)

(4.25)
Far-field:

e 2 (<)
(pc/POET), = (i/19)e™ T (2n+1)P, (cosd) [°
neo hy (1)

(4.26)

/
- o (1)
(pc/P Mgl = (-sin® /(7)™ T (2n+1)P! (cosD) .’:‘7._.. 4.27)

h, (1)

n=o0

Velociiy due to the radiated pressure P,

Near-field:

2r+ 1™ P_(cosIh! (17)
/PN = B b
ave  (z, +Z)[(DA, (D]

(4.28)

@+ TP (cosB)h_(2r)
(1/P)ig} = -(sind/t7) ¥ 2 2

4.29)
n=o (z, +Z (R (D

Far-field:

) (2n+1)P_(cos®)
A/POE) = (-i/1h)el™ T -
neo (znozn)[(‘t)hn(t)lz

(4.30)

!
(2n+1)P_ (cosd)
(1/P)ig] = (sind /(17 ) T 2

@31
reo (z, +Z)(0)h, (OF

By combining equations (2.1}, (2.17) and (3.16), the radial and tangential
displacements are derived, i.e.
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= (2n+1U)" P, (cos®)

w) « A, ¥ , “432)
a0 (Z vz )k, (1)
= (2n+1) (1 -cos?9) 72 P! (cos®)
u(®) = A, ¥ % ) n (4.33)
neo (Z, +2, )k, (1)
where
A - Lo . ek -Dea e @34)

R S [ -(1+BD) (v oA - 1)

Using equations (4.32) and (4.33), the deformed shape of the elastic shell may be
plotted.

5. Results and Discussion

In this chapter, plots of the various scattering parameters for the elastic
spherical shell are discussed and compared with those of the rigid sphere. For
some plots, only four specific ka values will be considered, namely kz = 1.14,
1.44, 3.30 and 5.20. These values correspond to the n = 2, 3 resonances, as well
as a dip and a maximum in the target strength spectrum.

5.1 Resultant Pressure Field

Figures 2(a) to 2(d) show the normalized resultant pressure as a function of r/a
for the above four ka values. For Figures (a) and (b), corresponding to the

n = 2, 3 resonances of the shell, radiation scattering far outweighs that of rigid
body scattering, resulting in the shell pressure being many times that of its
rigid sphere counterpart. In Figure (¢) away from the surface, the radiation
scattering and rigid scattering interfere destructively thus cancelling each
others’ effect, whilst for Figure (d) the shell pressure magnitude is comparable
to that of the rigid sphere except for a phase difference of approximately 180°.
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5.2 Resonant Scattering Theory

As mentioned previously, each partial wave contained in the form function of a
penetrable scatterer can be broken up into two components, a smooth
background, and a set of modal resonances. Figures 3(a,b) show the first five
modal backgrounds and modal resonances for the thin steel spherical shell.

The frequency dependence of the form function contains effects which arise
from four distinct types of contributions. These contributions are (1) specular
reflection, (2} creeping waves, (3) symmetric and antisynunetric Lamb waves
and (4) waves bouncing within the inner and outer boundaries of the shell
material.

Specular reflection, which is effectively the rigid body reflection, does not
produce any drastic change in the form function since these waves do not travel
along any part of the surface. Creeping waves are diffracted waves that
originate at the edge of the shadow boundary and reradiate in all direc’.ons as
they circumnavigate the body in the fluid medium. Extrerma in the form
function due to waves scattered within the elastic boundaries, can only occur
for high frequencies.

Background

The background is essentially the rigid body scattering response, i.e. the
response of the scatterer as if it were impenetrable, and is due to creeping
waves travelling around the shell. The background is the contribution due to
the scatterers’ shape only, and is thus independent of changes in shell thickness
and material composition.

Modal Resonances

The set of modal resonances is the radiation scattering response, and represents
the sound radiation from the shell which is undergoing forced vibrations due to
the incident wave pressure. This energy of vibration in the shell goes into the
creation of surface (Lamb) waves, and the resonances are the resultant process
of phase reinforcement of the surface waves during the scattering process as
they travel around the shell.

For thin shells such as the one considered in this study, only the zeroth order
symmetric Lamb wave is dominant, and there is only one resonance per mode n
(see Fig. 3(b)). The resulting form function has a simple structure as compared
to that of thick shells, where many Lamb waves interact simultaneously,
making the response difficult to interpret. Figure 4 shows the resultant
backscattering cross-section for the steel spherical shell.
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5.3 Target Strength

The monostatic target strength spectra of the thin shell, is illustrated in

Figure 5, where the dominant resonant peaks are labelled by their individual
modal numbers. The resonant peaks of this shell are high, with the n = 2 peak
being almost 20 dB above the “rigid body" datum plot. The oscillations in the
rigid sphere curve are the result of interference between the creeping waves
and the specular reflection. There are no resonances for either the n = 0 or the
n =1 modes. The n = 0 mode which is termed the "breathing mode”
corresponds to a uniform expansion and contraction of the spherical shell,
which does not occur for plane wave ensonification. The n = 1 resonance
occurs at zero frequency and corresponds to an undeformed shell moving back
and forth in the fluid medium,
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Figure 5: Monostatic Target Strength of an Elastic Shell.

5.4 Reflection Factor

Figures 6(a) to 6(d) show the reflection factor for the four ka values of interest.
In Figure 6(a), the scattered field is symmetric about the plane containing the
shadow boundary. In Figures 6(c) and 6(d) the overall appearance of the
scattered field is not too different from that for a rigid sphere, where there is a
strong beam of interfering radiation behind the sphere. There are however
variations in the magnitude of the backscattered echo which do not occur with

the rigid sphere at higher frequencies.
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5.5 Intensity

Figures 7 and 9 display the scattered and resultant intensity magnitudes in the
near field as a function of angle around the scatterer. The scattered response
patterns in the far-field are shown in Figure 8.

The scattered and resultant intensity vector fields around the shell are shown
in Figures 10 and 11. An examination of the resultant fields in Figures 11(a,b)
clearly shows the large distortion of the incident sound field at the resonant
frequencies. At ka = 1.14 (n = 2) there is a maximum of power flow into the
shell at the poles, and a maximum of power flow out of the shell at the equator.
At ka = 1.44 (n = 3) however, there is a minimum of power flow into the shell
at the poles, but still a maximum of power flow out of the shell at the equator.

The resultant intensity vector fields which correspond to the non-resonant ka
values 3.33 and 5.20 are shown in Figures 11(c,d). Unlike the previous
resonant intensity fields which display complex variations in pattern, these
fields are very similar to those generated by an impenetrable sphere. The
deformed shapes of the shell at the four ka values is illustrated in Figures 12(a)
to 12(d). These results apply to deformations which occur at various times
during the excitation period and demonstrate the types of results which can be
produced. It should be noted that the deformations as shown have been scaled
by the factor 0.1 a/{w(8)] .
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Figure 12(a): Deformed shape of elastic shell. (Incident pressure P, = 10 Pa)
(Scaling factor = 2.2 E+06).
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i H Oisplacements are
tncident i magnified by
wave i 2.1 x 10¢

Figure 12(b): Deformed shape of elastic shell. (Incident pressure P, = 10 Pa)
(Scaling factor = 2.1 E+06)
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Figure 12(c): Deformed shape of elastic shell. (Incident pressure P, = 10 Pa)
(Scaling factor = 6.5 E+07),
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Figure 12(d): Deformed shape of elastic shell. (Incident pressure P, = 10 Pa)
(Scaling factor = 5.9 E+(7),

6. Conclusion

An analysis of the plane wave scattering from a thin steel spherical shell
submerged in water has been carried out and results are presented for ka values
up to 8. Various scattering parameters such as target strength, back-scattering
cross-section, reflection factor and the intensity field around the body have been
computed to illustrate the solutions. Results from a rigid sphere of comparable
size have also been included for comparison purposes. At values of ka
corresponding to the shell resonances, intensity vector plots show large
variations in the sound field around the shell and target strength results
indicate echoes of up to 20 dB greater than that obtained from a similarly sized
rigid sphere.
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Glossary of Symbols

P Resultant pressure

P, Incident pressure amplitude

P Incident pressure

Py, Scattered pressure from an elastic body

P,. Scattered pressure from a rigid body (infinite impedance)
P, Radiated pressure from an elastic body

P, Pressure at the shell surface (r = a)

c Backscattering cross-section of target

fim) Form function in backscatter direction

fosw foir  Modal backgrounds and resonances of form function

I, Average intensity magnitude of the incident pressure
LI Radial and tangential components of the intensity vector
G(rTro) Green’s function

® Angular frequency

Q Normalized frequency of incident pressure wave

Q@ Natural frequencies of vibration for a spherical shell (i = 1, 2)
k Acoustic wavenumber

Mean radius of spherical shell

Speed of sound in water

Speed of wave in a shell

Density of water

Density of shell material

Young’s modulus of the shell

Poisson’s ratio of the sheil

Shell thickness

Shell thickness factor

Spherical strains

Spherical stresses

r,0,¢é Spherical coordinates

Kinetic energy

Strain energy

Boundary of sphere (r = a)

Normal velocity component of resultant pressure at S,
Normal velocity component of incident pressure at S,
Normal velocity component of rigid scattered pressure at S,
Normal radiated velocity component at S,

Unit outward normal

Modal acoustic impedance

Modal mechanical impedance

S0 R

BT < mp

£
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NS BEEESopm
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