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ABSTRACT

In this paper, we discuss the use of a sensitivity equation method to compute ,t-ri vat i ves

for optimization based design algorithms. The problem of designing an optimal fore!bod y

simulator is used to motivate the algorithm and to illustrate the basic ideas. Finally. wke

indicate how an existing CFD code can be modified to compute sensitivities and a nmnwrical

example is presented.
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1 Introduction
A large number of identification, control and design problenis may be formulated as infinite
dimensional optimization problems. These problems arise in almost afl fields of science
and engineering and range in scope from invers(, pr,)blems in seismology, to LQR and JH-
control, to shape optimization in fluid/structure dynamics. See [4,7] for typical applica-
tions. Although there are numerous approaches to solving these problems, each approach
requires that some type of approximation be introduced at sonie point in the design pro-
cess. Moreover, it is often the case that somne iterative scheme is needed to solve the state
equations (in black-box methods [3,8]) and the adjoint equations (in adjoint and "one-shot"
methods [9]). Also, the optimization algorithm may itself be iterative. In ary case, the
development of computational methods for optimal design and control can produce several
levels of approximation and the convergence properties of the overall algorithm, ate very
much dependent on the approximations. In this paper we concentrate on the problem of
computing accurate sensitivities for gradient based optimization algorithms. In order to
keel) the paper short and, at the same time illustrate the basic idea, we concentrate on a
particular application. We give a brief description of the problem and use this problem to
motivate the algorithm presented below.

2 Optimal Design of a Forebody Simulator
This problem is a 2D version of the problem described in [1,2,6]. The Arnold Engineering
Development Center (AEDC) is developing a free-jet test facility for full-scale testing of
engines in variou. free flight conditions, Although the test cells are large enough to house
the jet engines, they are too small to contain the full airplane forebody and engine. Thus.
the effect of the forward fuselage on the engine inlet flow conditions must be "simulated."
One approach to solving this problem is to replace the actual forebody by a smaller object.
called a "forebody simulator" (FBS), and determine the shape of the FBS that produces
the best flow match at the engine inlet. The 2D version of this problem is illustrated in
Figure 1 (see [1,2,5,6]).

The underlying mathematical model is based on conservation laws for mass, momentum
and energy. For inviscid flow, we have that

, - + aF2 =(

where

"" / u + P 71
Q = F, = and F2 = (2)

E (E+P)uI (E+ P)v

The velocity components u and v, the pressure P, the temperature T, and the Mach number
M are related to the conservation variables, i.e., the 'ý;;ponents of the vector Q, by

U =-, V =-, P- )(7- E - p)+vP 2

u2 + 7)2 (3)
T=y(7-1) -•-½(u2+v2)l , and M 2 - 7
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[rhe components of Q at thet inflow inax then be determnined fromn (.1) t hroutgh I h rf dt ions

~ n 1 = p/1 11, nIl= , an El PIj -+ Id/
F, ~-1 2

The forebodv is a s0ojl surface, so that the norinal comnponent of tile x elocit \ vaitiles.-

1011 + 1P2 =0 On thle forebodv (

where n, and nt2 are the components of thle unit normnal vector to the hoti i(a rv.yNot(It that
we inipose (6) on the velocity comnponents it and r. and not onl the itlolltlietiti 1113 (010ponvnt s

in and n. Insofar as the state is concernled, it is clear that it doe)s not ittakc anyv difference

whether (6) is imposed onl 7n and n or onl it and u, since rn pn ari(l Yi pr' and p ý t0. It
ca~n be shown that it does not make any difference to the sensi tivi ties a~well.

Assume that at x = the desired steady state flow Q -Q(yj is giveti ')s dat a onl thle
line, (called the Inlet Reference Plane)

JIR~ I { (x, y) Ix (7, < 11K }

Also, we assume here that the inflow (total) Mach number Alo c--an b7 -iscc a,;a designi

(control) variable along with the shape of the forebody, Let the forebody be determined

lby the curve r = r(r), a < x < /3 and let p =(Mo, I({)). The problem can he statedl as the
following optimization probienli:

Problem FBS. Given data Q ~)on the IRP, find the parameters p* = (Me, *(,))
such that the functional

JAp) ~ I~/~y) - 4Q(Uj)1 2dy
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is 1ininlized, where Q,(xy) = Q .( jyyp) is solution t t Otti stealy stai- lI vuvr 1q•1:ttl,•

G(Q, p)= "-F, + 0-F, = 0.

(Clearly the statement ," the problem is not co'mlp)lete. 1oi exam•])lC', oii(' 4h,,uld iartfly

specify the set of admissible curves V(.) and questions remaini auint cxi.stonce. nqiielf<>

and integrabilily of "the" solution Q.,. We will not address h-ese issues in this shf,rl imte.

NMost optiniiza;tiou blased design utithods require the conipli tat in of t ,,e derivat iv,,
Q '-," ( ,J ). I hese derivatives are called selsitivitics amid va rious, sc5(1 ou s hav lwon (I-

vo}lped to approximate the sensilivities numericaHly (see 13.5.10.11]). A commuon apprnachl

is to use finite differences. In part iciliar, the stpa e N, slate equation (S) is stulved ffr p, aind

again for p + -p and then Q. Y f) is approximated by. +- -+•, . T>i7
method is often costly adi(] can introduce large errors. Another approach is to first riwe .y

an equation (the sensitivity equation) for Q' L Q-, ( r, yp) al<l then iTImerically solve thi,

equation. We shall illustrate this approach for the forobody desigi problevi arid proeset a

comparison of the two methods.

3 Sensitivities with Respect to the Inflow Mach Number

First, we consider the design parameter A1,. Thus, we will derive equations for the, sensi-

tivit, y

EP/Q/= 9 (7)

where
Op O n and E

The differential equation system (1) has ro explicit dependence on the design param-

eter kiy, so that equations for the components of Q' are easily determined by formally

differentiating (1) w~th respect to .1,. The result is the system

OQ' + OF" ' + L 2  0

where

F MuW + 771'U + P' and F' m, + n'11 (10)

S (E + P)W,+ (E' + P')Z ((E+P)r'+(E'+ P")V/

and where,

O)u Ov Pt =07" Ou' - 0 1' -, and T 1 T (= ,)

0Af0

and where, through (3), the sensitivities (8) and (11) are related by

I I m - -, P, - f l)(,- ½p,(U2 + ,,) - p(U,' + 1,,,,)

p= - t - P 2p' and T , = 7(7 - 1) (!E' ---- (_u' + m0)
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Note that (9) is of the same form as (I), wit I, a differen , flix ve•t(I. II pic It bilttr. i9

is in conservation form. As a result of the fact that (9) is l,, imIn the il rinted v'arrpihle,.

and that by (12) u', r', and P' are linear in the compofn,,t ofQ, (91., it , ir n'er v.ten inl

the sensitivity (7), i.e., in the components of Q'.

Now, we need to discuss the boundary conditions for Q'. l'xcpt for the in lhw coi,,li-

tions, all boundary conditions are independent of the design parametor Al,". Thlis. t h lae :•er

may be differentiated with respect to All to obtain bonndary -on ditjons for the" fensitivii i--.

For example, at the forebody where (6) holds, we simply would have that

u'mn + v'nŽ = 0 on the forebody- (13)

Similar operations yield boundary conditions for the sensitivities along synmiettry lines.

other solid surfaces, and at the outflow boundary. Note that if instead of (6). one intorprets

the no penetration condition as one on the momentum, z.C., 7LniI + 71. -= 0 Oil I lie forclhody.

then instead of (13) we would have that

Y' fnl + 7'712 = 0 on the forebody (14)

which is seemingly different from (13). However, (6) and (12) can be used to show that

reni + n'n2 = p(u'nz + v'712) + p'(unr + V712) = p(u'nt + '7n)" ()

so that, since p # 0, (13) and (14) are identical.

The inflow boundary conditions for the sensitivities may be determined by differentiat-

ing (4) and (5) with respect to the design parameter M.2 Note that this parameter appears

explicitly in the right-hand-sides of the equations in (4) and (5). Without dihicultv. one

finds from (5) that

P P' T' m', = ptu, + uPp'T

n' ; =0 , and El 1 (16)
±~p + pU1 U:,

_1 p 2

where, from (4),

T1M- 1 and

2 2) (17)
v/• M0 T'= v " (I + (r )g

u}=2M-o-- 2• VT M (I + -_I Me2)}

4 Sensitivities with Respect to the Forebody Design Parameters

We as;sume that the forebody is described in terms of ai finite niimber of deb'igl paratet e r'

which we denote by M., k = I ... h, and tIat the forebody may be (Mdosri bed by the re'laitoio

y = 'F(X; P1,,,., K). J < < , x1)

We express Ihe dependence of the state variable Q on t he co irdinat es and tdl dI

parameters by Q x(2( x, y; A/(', PI , P, . K). We have already sve,, what equlat ionsm ,'a

be I scd to determine the sonsitivity of Ithe state wilti respectl tO .1j, -.. for Q'. We
4



now discuss what equations (,al 1)e use(d to dctoriml ite lie sensiti vii .es witll respect to th,
forebody design parameters Pk, k = I .... N. 1. t, for

1p, 1'~OQ _ ,k
-OPk --- flk

Ek-

where

Op 0771 On OE
Pk -- k and Ek 1I... I' (20)

,kkIlkk - nk

System (1) has no explicit dependence e-i the design parameters Pk. so that equations
for the components of Qk are easily determined by differentiating (1) with respoct to Pk.
k = 1, .K A. This produces the systems, k = 1 .... , K, given by

OQk tOFk OFk2
at OX F Oy 0, (21)

where
771k -I-l~k

"I TUk + nkU +Pk IlUk + 2kUi(2
mVk + Mky ) and Fk2  ( flVk + 7lkV + Pk (22)

(E + P)uk + (Ek + Pk)u (E + P)vk + (Ek + Pk),

and where,

On Ov OP OT
Uk = -Pk vk =-, Pk - and Tk = -0 . (23)' ~ OPk: OPk OPk 23

Moreover, by (3), the sensitivties (20) and (23) are related by

I "I"Uk = - Pk Pk = (' - 1) Ek - ipk(U2 + V2 ) - p(Ujk + 1:1)k)

Vk = -n•fl- Pk, and Tk•= (-7-l)( - E) Pk - (Uk + •VVk),

fork= 1,...,K.

All boundary conditions except the one on the forebody also do not depend on the
forebody design parameters Pk, k = 1,..., K. For example, consider the inflow boundary
conditions (4)-(5). Differentiating these with respect to Pk, k = . K yields that

Pk! M2 kI 4 = Ekl = Tki PkI = UkI = 141 =0) (25)

at the inflow boundary. Now, consider the boundary condition (6) on the forebody. We
have that on the forebody

n1 04) (26)
71-2 0/I•

Combining (6) and (26) we have that

U I,, =, (27)

Ox



along the forebody or, displaying the full functional dlependellc ()n The co,.,I iulat.-.- :,Ti(

design parameters, we have at a point (j-, y) on the forebodY, and at any I inie te

u x, y = D(x; P1, P2 ..... 11K); M1, P1, P>2,...., PK 7-(': I' .... P. )
/\

V t( -, X,2Y. P=(. P ( I, P1. 1'2... ) -,PK 0

We can proceed to differentiate (28) with respect any of the forebodv de•.on parainterb

Pk, k = 1,... K. The result is that, along the forebody for k = I,.... K.

04P (OuN \(0mp (0U\(~v( 4
UkT v .~k \~ - k =-) -k (291

where u, v, and their derivatives are evaluated at the forebody (X, y
If an iterative scheme is used to find a steady state solution of this systein ((21).

(25), (29)), then we assume that present guesses for the state variables i and I. and their

derivatives Ou/dy and Ov/Oy and for the design parameters M2'I and Pk., k 1.... K. are

known. It follows that the right-hand-side of (29) is known as well and equation (29), the

boundary conditions along the forebody for the sensitivities with respect to the forebody
design parameters, is merely an inhomogeneous version of (27), the boundary condition

along the forebody for the state.
Let us now specialize to the type of forebodies considered by Huddleston, [5,6]. i.>

K

$(X; P1, P 2 .... , PK) = • Pkdk(X), (:i)

where 4ýk(x), k = 1, .. , K, are prescribed functions, e.g., Bezier curves. In this case,

0-P-,= Ok(X) and (I = k (X), (3 1)

OOX dx\iPkJ dxI

and

04 ='k (X (3'2)

Combining (29)-(32), one obtains that, at any point (x,, $(x)) on the forebody and for each
k= I,... K,

Pi U - k__ 10'k - It -

For forebodies of the type (30), (33) gives the the boundary conditions along the forebod.v

for the sensitivities with respect to the forebody design parameters Pk, k = I,..., K. It is

now clear that, given guesses for the state variables u and v and their derivatives Ouloy and

Ov/Oy and for the design parameters MI anid Ilk, k I... then the right-hand-side of

(33) is known.

5 Computing Sensitivities using an Existing Code for the State

Suppose one has available a code to CoinpOite the state variables, i.I., to fiuid apprxiiilato

solntions of (I) along with boundary and initial conidilioins. In wllrinciple, it is ai easy il ater

to ainend such a code so that it can also coinpute sensitivities.

6



First, let us compare (I) with (9). If one wishes to ameiond the existilig stale 1l h 1hat
can handle (1) so that it can treat (9) as well. one has to change the deliniti..nts w1f the fli x
functions from those given in (2) to those given in (10)). Note that th, •olut ion fitr ht1w st atf,
.s needed in order to evaluate the flux functions of (10).

Next, note that (9) and (22) are identical differential equations. Thus. the changf'>
imade to the code in order to treat (9) can also be used to treat (22). In fact, as long as

the differential equation and any other part of the problem specification do not explicitly
depend on the design parameters, the analogous relations will he the, same for all the

sensitivities.
The only changes that vary from one sensitivity calculation to another are those that

arise from conditions in which the design parameters appear explicitly. In our examplo, for
the sensitivity with respect to M2, one must change the portion of the code that treats the
inflow conditions (4)-(5) so that it can instead treat (16)-(17). The only changes needed
to accomplish this are to the data of the inflow conditions. In the problem considere,d
here, the nature (i.e. what variables are specified) of the boundary conditions at the inflow,

and everywhere else, is not affected. Note that for the sensitivity with respect to A12 tho
boundary condition (13) on the forebody is the same as that for the state, given by (6).

For the sensitivities with respect to the forebody design parameters, the inhuw boundary
conditions simplify to (25), i.e., they become homogeneous. The boundary condition at the

forebody is now given by (29) o, (33). Once again, the nature of the boundary conditions
is unchanged from that for the state, and only the data that is specified is different. For the

inflow boundary conditions, we may still specify the same conditions for the sensitivities,
but now they would be homogeneous. The boundary conditions along the forebody change
only in that they become inhomogeneous, (compare (27) and (33)).

in summary, to change a code for the state so that it also handles the sensitivities, on-
must redefine the flux functions in the difforential equatior s, and the data in the boundary
conditions. The changes necessary in the code to account for any particular relation that

does not explicitly involve the design parameters are independent of which sensitivity one
is presently considering.

The previous remarks are concerned only with the changes one must effect in a state
code in order to handle the fact that one is discretizing a different problem when one

considers the sensitivities. We have seen that these changes are not major in nature.
However, there are additional changes that may be needed when one attempts to solve
the discrete equations. In the numerical results presented below we use the fintite difference
code "PARC" (see [2,5]) to solve the state and sensitivity equations. However, the following

comment.s apply equally well to other CFD codes of this type.

Since we are interested in the steady design problems, the time derivative in (1) is
considered only to provide a means for marching to a steady state. Now, suppose that at
any stage of a Gauss-Newton, or other iteration, we have use(d PARC to find an approximate
steady state solution of (I) plus boundary conditions. In order to do this. one has to solve
a sequence of linear algebraic systems of the type

+At A(Q'n'))qo+ 1) = (Q'h" + At B(Qh ½) ,n 0.1,2 (34)

wheor the sequence" is termiinated when one is ,•atisfied that a steady state has been reached
and where denotes the discrete approximation to the state Q at tihe titie I = i.A. Weo

denote this steady state souition for the approximation to th." stale by Qi,. One pr, )loemt of
tihe tvpe (3-4) is solded for every tine step. In (31), the matrix A and vector B arise from

7



the spatial discretization of the fluxes and the lmiutdary condit i, lt-1 !t )1' 1 ',,,kild
on the state at the previous time level.

11aving computed a steady state solution by (3- ). the, task at hand is 1() w w c,,m put I t-,

sensitivities. We will focus on Q', the sensitivity with respect to the ildlw Mach (11mh1bo.
Analogous results hold for the sensitivities with respect to the f&'rebhdv desi gin parmtlitl ,rs.
Recall that given a state, the sensitivity equations are linear in the svtnsitivilics. Th,rehire.

if one is interested in the steady state sensitivities, instead of (9) one may directly tra' it,

stationary version

Ox + .

Since (35) is linear in the components of Q', one does not need to consider niarchinig
algorithms in order to compute a steady sensitivity. One merely discretizes (35) and (,lve•
the resultant linear system, which has the form

A'(Qh)Q'h = B'(Qh) 36

where Q', denotes the discrete approximation to the steady sensitivity. The matrix .4' and
vector B' differ from the A and B of (34) because we have discretized different differential
equations and boundary conditions. Note that A' and B' in (36) depend only on the steady

state Qh and thus (36) is a linear system of algebrzz, -quations for the discrete sensitivity Q,,.
The cost of finding a solution of (36) is similar to that for finding the solution of (34)

for a single value of n, i.e., for a single time step. The differences in the assembly of the
coefficient matrices and right-hand-sides of (34) and (36) are minor. Thus. ill theory at

least, one can obtain a steady sensitivity in the same computer time it takes to perform one thme slep
in a state calculation. If one wants to obtain all the sensitivities, e.g., K + I in our example.

one can do so at a cost similar to, e.g., K + 1 time steps of the state calculatiou. This
is very cheap compared to the multiple state calculations necessary in order to compute
sensitiviLies through the use of diffeience quotients.

In practice, these "optimal" estimates of speed up are rarely achieved. Moreover, it is
important to note that finite difference (FD) and sensitivity equation (SE) methods do not
necessarily produce the same results. Since the ultimate goal is to find useful and cheap
gradients for optimization, the most important issue is w'hether or not the SE method
combined with an optimization algorithm produces a convergent optimal design as fast as

possible. We have tested this scheme on the forebody design problem with excellent results.

6 A Numerical Example

In order to illustrate the use of the SE method in computing sensitivities, we used the

PARC code as described above to find approximate solutions of the sensitivity equations
and compared the results to the finite difference method. In Figure 2 we show the ap-
proximations of -@Tm(z, y, Mo, P,, P2 ) for MJo 2, P .1 and P2  .15 where the forebody
is described by two Bezier parameters (P 1 , P2). Both pictures ore "converged" estimates.
Note that there are considerable differences between the FD method and the SE method.

Moreover, in Figure 3 we see that not only do the FD and SE methoids produce different

sensitivities, the value of the step size API can greatly influence the FD approximlations.
Finally, we note that the SE method ran 4 to 5 times faster than the Fl) method. Also,

although •ijace prohibits a discussion of the optimization problem here, we have used the
SE method in a trust region optimization scheme to plro('uce an optimal forebody design
for the 21) problem in [5,6j. These results will appear in a forthcoming paper.

8



7 Conclusions
The problem of computing accurate' sensitivitios in probhinis involvio, sohti lbio to palirn-

eterized partial dilferential equations is an important part of op1 imal design. lhe P.•,;i i1. 1,)
find derivatives of solutions of partial (lifferontial equations with rospoct 10 varou olV< iran,

oters (including domain shapes) and to use these dvriwativtos ill some ty 11 of opltiiizatliOn

scheme. In almost all practical problems, solutions imust he ob1ane(ld by lumericatl ajpprox-

iniations. This fact leads to "black box" methods for optima] design. In its ifiost basi."

form, a black box method produces approximate s(lutions that are then differentiated (by

finite differences, automatic differentiation, etc.). 'I he sensitivity equation (SE) method

presented here is based on first deriving partial differential equations for the derivative>

ard then approximating these equations numerically. Both approaches produce umerical

approximations of the sensitivities. However, the (SE) method can often reduce conputa-
tional effort, speed up the calculations and, p;ovided that accurate computational schemes

can be devised for the sensitivity equatios, the derivatives can be computed with the sant

degree of accuracy as the state. The 2D op :mial forebody simulator problem is an excellent

prob)lem for illustrating these points. The numerical results presented here show that the

(SE) method is potentially applicable to real problems and, at the same time, raises manym

interesting theoretical and practical questions.
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Sensitivity of U-Momentum
with respect to First Bezier Parameter

Sensitivity Equation Method

i• Values taken at :

7n1. Mach # = 1.7
Bez. P. #1 = 0.10
Bez. P. #2 = 0.15

Legend

Finite Difference Method 0.5

S. ........ ----

0.0

-0.5

Figure 2

10



Absolute Difference of U-Mom. Sensitivities
with respect to First Bezier Parameter
obtained using F.D. and S.E. Methods

Values at: Inlet Mach # = 1.7
Bezier Parameter #1 = 0.10

Bezier Parameter #2 = 0.15

0.2

Step Size=0.01 Step Size=0.001

0.1

0.0

Step Size=0.0001 Step Size=0.00001

Figure 3
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