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Adaptive Beamforming with Imperfect Arrays:
Pattern Effects and Their Partial Correction

1. INTRODUCTION

This report considers adaptive beamforming"' 2' 3 with arrays where some of the

usual idealization assumptions are not valid. Specifically the digital, open loop,

implementations (usually called sampled matrix inversion, SMI, or direct iatrix

inversion, DMI) of Applebaum's 4 "Maximum Signal to Noise plus Interference, SNIR,

ratio" criterion and Frost's 5 "Constrained power minimization" criterion are

Received for publication 15 January 1993
1 Compton, R.T., (1988), Adaptive Antennas, Prentice Hall.

2 Hudson, J.E., (1981), Adaptive Array Principles, Peter Peregrinus.

SMonzingo, R. and Miller, T., (1980), Introduction to Adaptive Arrays, John Wiley
& Sons.
"4 Applebaum, S.P., (1976), Adaptive arrays, IEEE Trans. Antennas and Propagat.,
Sept., pp. 585-598.

5 Frost, O.L., (1972), An algorithm for the linearly constrained adaptive
processing, Proc. IEEE, Aug., pp. 926-935.
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considered. The received signals in the channels are sampled, a covariance matrix

is formed and inverted, or transformed by a similar operation, and multiplied with a

steering vector giving an optimal channel weight vector.

Usually only the resulting SNIR is considered as a quality measure of the

adaptation. However, especially in radar, it is also important to have a good

pattern shape with low sidelobes and a narrow main beam to suppress reflected

clutter and give good direction estimation.

In the following sections different types of errors in the antenna, which will

affect the adaptive processes, are discussed and simulated results are shown. A

narrowband antenna system is assumed. Methods for compensating for some of the

errors are also discussed. The type of imperfections considered are inequality

between the analog receiver modules (gain, phase shift, noise figure), errors in the

conversion from the analog IF signal to complex baseband signal (IQ imbalance,

DC-offset), errors in the conversion from analog to digita" signals (signal

quantization, DC-offset), errors when estimating the covafiance matrix (sampling

effects), and errors in dealing with the resulting weight vector (weight

quantization). Also, the effect of saturation of the signa! and the corresponding

generation of intermodulation products and harmonics are considered.

A modification of Frost's algorithm for tapered quiescent weights is also

discussed. This is not a correction of an error but the modification used is

similar to the correction of some of the errors considered.

In the simulations in the following sections two basic configurations have been

used with small variations in some cases. These basic configurations are:

A) Linear array with half wavelength spacing and N = 16 elements.
0

Desired signal at broadside, 0 d = 0

Uniform quiescent weights (sirnx/x - type quiescent pattern).

Desired signal to noise ratio per channel, SNR = pla/o2 = 10 dB.

One jammer close to the second sidelobe peak, 0. = 18 .

Jammer to noise ratio per channel JNR = p./0 = 40 dB.

B) Equal to configuration A) except for:

Quiescent weights tapered for 40 dB Chebyshev pattern, giving an aperture

efficiency of, T1A= 0.76.

2



0

Jammer close to Chebyshev pattern sidelobe peak, 0. = 20

The optimal gain, SNIR and null depth without any errors are:

A) Gain = 11.96 dB SNIR = 21.96 dB Null depth = -121.4 dB

B) Gain = 10.87 dB SNIR = 20.87 dB Null depth = -144.1 dB

All patterns in this report show the normalized array factor. No element

patterns are included in the plots nor in the weight calculations.

Figures 1 and 2 show the optimal adapted patterns and the corresponding

quiescent patterns.
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Basic configuration B
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2. SOME BASIC RELATIONS

In this section some equations to be used in the following sections are given.

Let x(t) be a vector of dimension N containing the total signals in the N

channels of the antenna as a function of time. Also let xn, x., and xd be the

separate signal vectors of thermal noise, jammers (interference), and the signal

containing the desired information respectively, x(t) = xn+ xj+ xd. The output

signal of the array is: s(t) = wTx(t) where w is a vector containing the channel
Tweight coefficients. (In this report, indicates a transpose, * a complex

conjugate, and + a conjugate transpose.) Applebaum4 has shown that the maximum

expected ratio of the desired signal to the interference plus noise, SNIR, in the

output signal (E{. I represents the expectation value operator):

x Pd ~ a~ I WTX~ '12
max E I = max E d j (2.1)ww I +n f wT ( xji+xn) 12

is obtained when the complex conjugate of the weight vector is given by:

W*~ (AD-d (2.2)

where sd is the steering vector, which defines the desired signal x' as the part of

Xd being parallel to sd' and where 4)A is the covariance matrix of the interference

plus noise:

P A=E"(x.+ x )(x.+ x )+} (2.3)

(Often the covariance matrix is defined as 4) = q) .)

If the interference and noise are statistically independent:

1) = EIx.x) +EIx x,)

A J J 11f (24

This Applebaum criterion can be used when the covariance matrix can be formed

with the desired signal xd either absent or very small, which is often true in

6



radar. Otherwise, Frost's criterion, in which (in its basic form) the total power is

minimized subject to the constraint that the array sensitivity in the desired

direction is constant, can be used.

m in IwTxI ): IWrsd I=constant (2.5)
w

The solution for this is again:

W*~ bFIsd (2.6)

where 4) is now the total covariance matrix:
F

P F= El (xd+xJ+Xn)(Xd+x +Xn)+) (2.7)

In practice the expectation value of the covariance matrixes PA and DF is

(assuming stationary signals) estimated by a time average so that, if X is the

signal matrix of dimension N•K with element (n,k) equal to the kU sample in channel

n, X=[xI x2 ..... xK], we make the estimation:

4 = I XX+ (2.8)

(The effect of this estimation for finite K is discussed in Section 8.)

Equations (2.2) and (2.6) may, as discussed below, be manipulated in different

ways, useful for different purposes.

2.1 Desired Signal Absent in the Covariance Matrix

If, in this case, there are no jammers present, we get the quiescent Applebaum

matrix and weights:

Aq q d (2.9)

where G 2is the noise power in each channel (assumed equal) and where I is the

identity matrix. Thus sd is identical to the complex conjugate of the quiescent

7



weights of the array, which are often chosen to give low sidelobes. This is desired

in radar to keep clutter and other undesired off-mainbeam reflected signals low.

When there is only one narrowband jammer, uncorrelated with the noise, Eq. (2.4),

the matrix inversion formula, [Reference 2, Appendix 1]:

(A+xx+)-' A-' - A xx+ A (2.10)
1 + x+A x

can be used to obtain:

+ A -

A .c 2 +2 pX CF

(2.11)

where A denotes a unit vector and P. is the total jammer power P>= NP1 = xI'." where

p1 is the jammer power per channel. The weights are then obtained from:

P.
w Isd ^d XJ "(X^Sd)

J
(2.12)

from which it is seen that the pattern is equal to the quiescent pattern minus a

jammer cancellation beam with weights proportional to the jammer signals, constant

amplitude and linear phase for a plane wave jammer.

The gain in the jammer direction relative to the gain in the signal direction

becomes:

Relative jammer gain - x 2w

I ~'

^+^A A+A 2 (2.13)
Tlq(Od)I+ - XdXIXjSd ]^+^

02 A dd

8
-Xd - - - -d-



where Ti (0.) = ^ ^s and Y( (2 are the quiescent pattern aperture
q j j d q d) ^dSd 1

efficiencies in the jammer and desired signal directions.

If xd = Sd' 'Iq(Od) = 1 and the last term in the denominator becomes:

A+A A+A

XdXjXjSd = () (2.14)
AxA A q jXdSd XJd=;

If the jammer is in the sidelobe region this last term is small so that in the

configurations in Section 1, where P. /0 = 16 x 104, Eq. (2.13) gives a null depth ofJ
-104 dB relative to the quiescent value, lq (0J -0/q (0 d)' in agreement with the

simulations.

From Eq. (2.13) one can see the interesting fact that the received jammer power

will decrease with increasing P. due to an improved null depth. Since the signal

gain, Eq. (2.15) below, will also decrease, the resulting SNIR will of course not

increase.

The resulting gain in the desired signal direction, when there is one jammer

present, becomes:

I • w 12
Signal gain = N d

Iw W

A+A A. A 2

~+Li (i.XdXISd

= NT q(0d)" d d (2.15)

I + (1 -Tq(0j) -- :t- L+2

where, if xd = sd. Eq. (2.14) can be used to simplify the equation. For our basic

configuration A this gives a gain decrease of 0.08 dB, in agreement with the

simulations.

Sometimes the jammer vector x. will have completely random components. In thisJ
case the algorithms will still try to nullify the jammer signal but the resulting

9



*I A

weight vector will get random components, w - sd + Aw . The mean square error of

the weights can be obtained from Eqs. (2.12) and (A.3). Eliminating the error term

parallel to sd' which will not give any sidelobe contribution (as later in

Eq. (2.25)), gives the result:

A ~ ~ 2 -
A- 2+P-( -I-11N) +0 2 J (

This will, for not too small N, give an average sidelobe level contribution from

Eq. (A.6) of:

P 2

<Aw 2 > Y2+p]
Sidelobe level = A 2 J (2.17)NrA N2T1 A

A
(This assumes of course that there is no error in sd itself that is correlated with

AwA.) It can also be shown that, since <Aw 2> is essentially proportional to the
A

projection I x Jsdi , its standard deviation is, when xj has normal distributed

components, approximately equal to the expectation value itself.

2.2 Desired Signal Present in the Covariance Matrix

This is the Frost criterion, and with no jammer we get, using the inversion

formula of Eq. (2.10):

I2[ I d Xd 1= [I_ PIdd (2.18)

F F,2 + p d

More generally, for uncorrelated narrowband signals:

10



F A Xdxd (2.20)

and, using Eq. (2.10):

(1 + OD I

A ddd A

- = c .i _ (2.21)

-* I -A A -- (222
wF *A ['d"0•d] = WA- 0X(DA xd (.2

• A

where w A is obtained using the normalized steering vector, s d' and where

A +

P 1dXddA s Xd

a=- A= (2.23)
1+ +IAx(PPd d A xd

is a scalar. Defining:

A (- IA4'

oX I[ = d d A Ad (2.24)

A AA A

where wd± is the part of the error vector XdSd that is perpendicular e d' Axd±

A+ A +A

X A ~d - S d(Sd.Xd), we can also write:

w A d = wdA-ot A xd± (2.25)

A A

It is seen that w F w A if, and only if, x d is parallel to s d' (x d = s d). (The

is a scr Wiefining:

Frost case with X = S is equivalent with the Applebaum case wh x

d_____ d (2.24) i

which case Eq. (2.15) gives no signal gain decrease.)

Furthermore since o, Eq. (2.24), is often large, t thatm is in

AA A1 +

general much more sensitive to errors (when Xd # Sd) than Applebaum's algorithm.

When Pd is very large the second term in the denominator of Eqs. (2.23) and (2.24)

cannot be neglected and we get a completely error dominated pattern, itdependent of

the signal power Pde

I l



Also when there are errors the quiescent Applebaum aperture efficiency,
"llq(d) = ^XdSdA 2, will not be equal to one and the Frost gain in the signalA 

A A

direction, xd, will then, according to Eq. (2.15) with x . = Xd # sd' decrease to:
J

Signal gain = N -W I N.I q(Od) (2.26)2W1 P d (Pd+2
IwI + ATlq [ +2

where ATq = l-11q(0d).

As noted above, the Frost and Applebaum weights, and hence also the null depths,
are identical when Xd = Sd" When this is not true, the jammer null depth, and also
the null depths when there are more than one jammer, can be found by expressing the
weight vector w in terms of the old weight vector w0. Thus if w is the weight
vector, and (D 0 the cova, iance matrix, for a specific jammer configuration, including
the desired signal in the Frost case, the weights with one more jammer present can,

using Eq. (2.10), be found from:
~AAp ( . - A, ̂ +

'u- . I A I?~ 
1 W 0(2.27)

I + P.X. -"^.
J J 0 J

which again gives the old pattern plus a jammer cancellation beam.
For one jammer in the Frost case 4)°0 is the covariance matrix given by Eq. (2.18)

and we get the jammer gain relative to the signal direction gain, equivalent to

Eq. (2.13) for the Applebaum case:

Relative jammer gain = J - I
A^+ .2Ix d'wI

^÷ A+ A + A A+^÷ 1
+ d 'j (Nssd-Xdxs) Ad

2 AAsd

Y J÷ j^d 
(2.28)

iq(0d) 1+ P' x d (Sd dPXj j)Sd
2 A+A

x'-sd

12



which differs from Eq. (2.13) only in the numerator containing the desired signal

power Pd* Again we see that the Frost algorithm is quite sensitive to steering
A A

vector errors, xd * Sd.

For more jammers the relative "jammer gain decrease" becomes, assuming I w w= I w0

Jammer gain decrease -- - (2.29)

pA+ ]A
2

which, for not too many strong jammers (when x.- x may be small even when isJ OJ J

not close to an old jammer), will still give a deep null, keeping the old ones.

2.3 Eigenvalue Decomposition of the Covariance Matrix

The properties of the covariance matrixes and weight vectors can also be

analyzed in terms of eigenvalue decomposition. Since the covariance matrixes are

Hermitian there exist N orthogonal eigenvectors e ...eN, forming a unitary matrix, U

= [e,...,eNi so that:

UU÷ = U÷U = I (2.30)

0= U.A.U÷ (2.31)

0, = U.A'-U. (2.32)

where A is a diagonal matrix containing the eigenvalues, X, of 4). If there are M

uncorrelated jammers, including the desired signal in Frost's case, and if all

channels have identical noise, there will be N-M eigenvectors that are orthogonal to

all signals present, called noise eigenvectors and spanning the noise subspace, and

M eigenvectors corresponding to the signals, spanning the signal subspace.6 (If the

noise is not identical in each of the N channels the noise covariance matrix, 4) n is

not equal to a21 and the above statement is not strictly true. If 4n is known,

6 Schmidt, R., (1986), Multiple emitter location and signal parameter estimation,

IEEE Trans. Antennas and Propagat., March, pp. 276-280.
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however, the generalized eigenvalues and eigenvectors, obtained from Oei=x.i)nei,

should be used. 6) The noise eigenvalues are all, or should all be, equal to a2.

As the jammers are in general not orthogonal, Xn x.m* 0, the eigenvectors are

not identical to the jammer signal vectors, but if they are orthogonal the

eigenvalues are X.=P.+o2 and the jammer vectors are parallel to the eigenvectors.J .J
This is also approximately true if each jammer is in the sidelobe region of the

desired signal and the other jammers.

Using the unitary property of the eigenvector matrix U and the fact that all

noise eigenvalues are equal, we can write:

N

-= UA-'U+ =X•I'eie (2.33)
1=1

2 2 i2

M 20

w" ~ Zd (I- (eisd)e, (2.35)
d- =1 I

which gives the quiescent pattern and signal eigenvector cancellation patterns.

Eq. (2.35) is equivalent to the method used by Gabriel7, Eq. (3).

For one jammer in Applebaum's and no jammer in Frost's algorithm, M = I and

X I= P 1 + a2 and Eq. (2.35) is identical to Eqs. (2.12) and (2.19).

When the desired signal is present during adaptation one eigenvector, say e M, is

approximately parallel to the steering vector sd, and term M in the sum will almost

cancel the first term. In this case, using:

+++
eZXe+= I - + e(e2.36

"= ,'Fee: I + I (k-k_)ee• + (!2-k ) " eie (2.36)
M i- I 0 M i=M+I

7 Gabriel, W.F., (1986), Using estimation techniques in adaptive processing
antenna systems, IEEE Trans. Aerospace and Electronic Systems, July, pp. 397-401.

14



M-I X X N

m )(es m(-1) _(e t sd)e, (2.37)w; Sdi- , sd -T---(isd)ei+-T- 2 1+

i=I i Y M+ I

or, denoting the error of sd being orthogonal to xd, with Asd.

M-1 A M•I- ,M +)(e M _1) As _(e.As (2.38)w;-Sd - ,---](2(3sd)e8) i d ,

Since X• for i < M is usually large, this is approximately equal to Eq. (2.35)

except for the last term.
When Pd' and hence X •, is very large and Asd is nonzero the first term, sd, can

be neglected and the pattern will become an error dominated pattern with jammer

nulls.

2.4 Methods of Correction

Some of the errors discussed in the following sections can be partly corrected

for by u.,ing essentially three different methods. These are also discussed more in

the sections where they are used.

In both the Applebaum and Frost cases we know that all noise eigenvalues are, or

should be for good patterns, equal to a2. However, this is not always true for real

covariance matrixes. Therefore, one method for improvement is to identify the noise

eigenvalues by their magnitude and set them to this value.

X *-a 2  (2.39)

This is equivalent to the method used by Gabriel. 7

Another method to decrease the effects of errors in the covariance matrix is

simply to make their relative magnitudes smaller by adding artificial noise to the

covariance matrix, 7'8 forming an artificial matrix:

4D = V + Y2 [ (2.40)

6 Carlson, B.D., (1988), Covariance matrix estimation errors and diagonal loading
in adaptive arrays, IEEE Trans. Aerospace and Electronic Systenis, July, pp. 397-401.
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Of course the noise is added in the covariance matrix only and not to the real

signals. Since the error effects in the Frost algorithm are often functions of Pd/O"&

this artificial noise will decrease these errors too.

In the Frost algorithm we often want the steering vector sd to be parallel to

the desired signal vector xd. Even if this vector cannot be directly found from the

covariance matrix, it is, when all channels have identical noise (and approximately
when the noise is nearly the same), contained in the signal subspace. Thus,

modifying the steering vector by projecting it onto this signal subspace,: 9"10

Sd = - (elsd)e1 (2.41)
S ignalI
s space

which is equivalent to setting the inverses of the eigenvalues in Eq. (2.33) equal to

zero, will often give a big improvement.

3. NONUNIFORM NOISE FIGURES

When deriving many of the equations in Section 2 it was assumed that the noise

in all channels was equal so that the noise part of the covariance matrix became the

noise power times an identity matrix. If the noise figures in the channels are not

equal this is not true but we get:

G2 "ly2

2= 2  (3.1)

So that, if a2 = a2 ± Aa2 where A02 is the deviation from the mean value, theI

quiescent weights will get the same relative error.

9 Steyskal, H., (1991), Array error effects in adaptive beamforming, Microwave
Journal, Sept., pp. 101-112.

10 Bull, J.F., Arnao, M.A., and Burgess, L.R., (1990), Hypersensitivity effects in
adaptive antenna arrays, IEEE AP-S Symposium, 1990, pp. 396-399.
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For rectangular distributed noise, with noise figures F0 ± AF ma. the expected
mean sidelobe level contribution with no jammers will be, from Eq. (A.6):

2

Sidelobe level ma(Ax2/G2) I (AF F)3.2)3 N VilA -3 N T1 A

(provided all channels see 290K external noise).

Figure 3 shows simulated patterns, for configuration B using Applebaum's

algorithm, with relative noise figure deviations AF = 0, ±0.1, _+0.2 and ±0.4 dBmaxt

respectively. The expected mean sidelobe contribution level is, from Eq. (3.2), -c,

-48, -42 and -36 dB respectively.

If a2 is known this can be compensated for to give good quiescent patterns by

adding a matrix o 21 - Dn or, as in Reference 4, use the modified steering vector
S' =4 fnSd"SdM

One method to improve the result, in which the noise figures do not have

to be accurately known, is to make their relative variation smaller by artificially

increasing the noise in the covariance matrix according to Eq. (2.40). This will

make the relative variation, and thus the sidelobe contribution, a factor 1 +

a•02 2 smaller.

Another method is to modify the noise eigenvalues of the covariance matrix. In

the ideal, uniform noise figure case, these are all equal to a2 so that identifying

them by their magnitude and setting them all equal to a 2, Eq. (2.39), will improve

the result. As discussed in Section 2 and Reference 6 the nonuniform noise figures will

also modify the signal eigenvectors slightly but this effect is of minor importance.

Figure 4 shows patterns when these two methods have been used for the AF =

+0.4 dB case.

If the steering vector is parallel to the desired si -ý ,ctor, sdd d' the

Frost and Applebaum algorithms give iden~ical resui: ,ussed in Section 2.

Their eigenvalue spectra, however, are not equal. The cigenvalue decomposition in

Section 2 assumed identical noise figures. When these are not identical the signal

eigenvectors are still almost the same but there will be a small noise subspace

component in the steering vector, Asd in Eq. (2.38), which will give most of the

sidelobe level increase. Thus, identifying the signal subspace by the magnitude of

the eigenvalues and projecting the steering vector on this subspace to obtain a
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projected steering vector, according to Eq. (2.41), will improve the result for

Frost's algorithm.

Figure 5 illustrates this for configuration A by showing a pattern using this

method together with the original pattern, both with AF = +1.5 dB, and themax

pattern with no nonuniformity.

Same as old but rand(0) and 0.1=+-0.4 dB

0

-10-

•' -20-

S-30-

Wg -40-

-50-

-80 -60 -40 -20 0 20 40 60 80

Angle [deg]

Figure 3. Simulated Patterns for Configuration B Using Applebaum's Algorithm. Noise
figure span: 0, ±0.1, ±0.2 and ±0.4 dB.
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+-0.4 dB, - - +10 noise, -.- +100 noise, - mod lambda

0

-10

' -20

o -30-

-50 - t : '

-60 -• -
-80 -60 -40 -20 0 20 40 60 80

Angle [deg]

Figure 4. Simulated Patterns for Configuralion B Improved by Adding Artificial Noise
and by Setting the Noise Eigenvalues to Y . Noise f -ure span = ±0.4 dB.

Original pattern, -- - Artificial noise = 0Oa , 2

Artificial noise = 100o", Noise eigenvalues set to a . (The two last
patterns are almost identical).
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noisesp=3, - orig, -- steer v proj, -.- no error

0

-10-

-20-

S-30ii

co

-50 i

-80 -60 -40 -20 0 20 40 60 80

Angle [deg]

Figure 5. Simulated Pattern for Configuration A with Correction by Projecting the Steering
Vector onto the Signal Subspace, and the Results for Uniform Noise Figures. Noise
figure span = ±1.5 dB. Original pattern, - - - Frost's algorithm with
steering vector projection, -....... No errors. (The latter two are coincident in
the plot.)
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4. FROST'S ALGORITHM WITH TAPERED QUIESCENT WEIGHTS

To get a radiation pattern with low sidelobes for the Applebaum criterion we

only have to use a steering vector, sd, corresponding to the desired quiescent

pattern. For Frost's criterion such a steering vector does not solve the problem.

From Eq.(2.19) we get the quiescent weights:

w. - [;d - d .+0 )x] (4.1)

where the projection (XdSd) is of the order of one. The weight vector is thus a

linear combination of the steering vector and the signal direction vector Xd. If
A

the signal is very weak, Pd « &, then w _ sd and the Frost case has gone smoothly
d ~F S

over into Applebaum's. Figure 6 shows the adapted patterns for configuration B when

the signal to noise ratio per channel, SNR, is equal to 0 dB, -12 dB (P& 1=),

-20 dB, and -30 dB together with the Applebaum pattern, corresponding to SNR =

-00 dB. The ratio PI(Pd+V'o) is equal to 0.94, 0.5, 0.14, 0.016, and 0 respectively.

It is seen that very low SNR is required for a good pattern. When there is no

jamn-wr the broadside gain can be found from Eq. (2.26) to be 18.4, 2.3, 0.34, and

0.03 dB below the Applebaum gain. To get good patterns even for stronger signals

the following modifications of the Frost algorithm may be used.

A) Increase the noise artificially by adding a matrix 02 1, Eq. (2.40), to the

covariance matrix so that Pd << = J+a. This will result in a slightly lower

SNIR when a jammer is present although, of course, the added noise is not present

in the real signal. From Eq. (4.1) it is seen that, with no jammer present, this is

equivalent to a low power signal as in Figure 6.

B) The problem with Frost's criterion is that the desired signal, xd destroys some

nice properties of the covariance matrix. If this signal could be subtracted from

the total signal the problem would be solved. However, as noted from Figure 6, for

the Frost case to become an Applebaum case, it is necessary that the residual

signal power APd <<&, or that the residual signal-to-noise ratio per channel
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Psig: 0, -12, -20, -30, -inf. dB

0

-10-

~' -20-- *

• , I / '

96 -30 - ', ,,,

-50-

-60- •• ..-80 -60 -40 -20 0 20 40 60 80

Angle [deg]

Figure 6. Adapted Patterns Using Frost's Algorithm, Configuration B. Signal to
noise ratio per channel, SNR, =- 0 dB, - - - -12 dB ..... 20 dB,

-30 dB and -o dB.
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(SNR) s << l/N, which is not easy to obtain. One possible method could be to

use signals from subarrays with a null in the desired signal direction to obtain

the adaptive weights but apply them to subarrays with a maximum in this

direction to get the antenna signal, as in the Duvall beamformer." This assumes in

principle that all antenna element patterns are identical, and that the signal and

jammers are uncorrelated plane waves so that the optimal pattern has deep

directional nulls.

C) If the artificial noise increase is different for the channels, so that the

total artificial covariance matrix is:

(D = 1> + (2 D- _2I (4.2)
art an

where D is a diagonal matrix, the total noise part of the covariance matrix

becomes: ciD = caD. Using Eq. (2.25) with (A = C29 D the quiescent weights can
flwot a r

be written as:

ar t d d J

= D [d - XAx (4.3)

where a" is a scalar.

Thus, if Sd is the usual plane wave steering vector, equal to Xd and if D

contains the inverse of the desired amplitude weights such as Dolph-Chebyshev, D.. =

1/WDi, the desired quiescent weights are obtained. (If the artificial noise is

allowed to be correlated between the channels, quiescent weights with irregular

phase may also be obtained while keeping (P Hermitian.)

W;q- D;Sd (4.4)

"11 Widrow, B., Duvall, K.M., Gooch, R.P., and Newman, W.C., (1982), Signal
cancellation phenomena in adaptive antennas: causes and cures, IEEE Trans.
Antennas and Propagat., May, pp. 469-478.
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and in general:
W~ -(vrISd (4.5)

This method corresponds physically to a situation where the antenna edge

elements are, for tapered quiescent weights, more noisy than the central ones

(compare Section 3). To get maximum SNIR the antenna will then put more weights on
A

the central elements. It can also be used for Applebaum's algorithm. As sd is now

parallel to Xd the result will then, according to Eq. (2.25), be identical to that of

the Frost algorithm.

The relative janmmer gain, or null depth, can be found in the same way as when D

= I, Eq. (2.28) with the result:
A^+ * 2

Relative jammer gain = Ixj'w I^÷*2

AA1+A +A q(0j) A + AtA ID '12
1+ d SdSd jxjx) D d

02 , IA

q ja rt XA I d12

where7 (q00 ]xj.D Sd an X(d -Q D' re
-Y XdlD-/s d

where il (0. xD- S i. dl /<wD> anduT1 qd) I IxdD- sdI2 2< are the quiescent aperture
J ". 2.-efficiencies in the jammer and desired signal directions and <w D> is the mean square

of the elements in Dt.

When Xd = Sd the equation simplifies to:

Relative jammer gain (xd =sd)

11(0 (4.7)
11+ q <W > 1

ar tq 0 d
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where <w > is the mean value of the elements in D1 and where now= <w > 2=
Tlq( 0d) wD>/<WD.

Figure 7 shows radiation patterns for basic configuration B using both the

Applebaum algorithm with a Chebyshev type steering vector and the above method using

the diagonal elements D l/wDi, where w are the Chebyshev weights with

WDimax = 1, and with a = ar. The resulting null depths are -139 dB using thisDi~maxart

method, which is also obtained from Eq. (4.7), and -144 dB for the Applebaum pattern

using the Chebyshev steering vector.

When there are errors in the array that are corrected for by some method such as

a steering vector projection, Eq. 41), or by noise eigenvalue modification, Eq.

(2.39), the covariance matrix moi.. ication in Eq. (4.2) should be made as the last

step.
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Frost, -, and Applebaum, -- , with Chebyscheff quiescent pattern
0

-10-

•- -20

W~-30-

S-40-

-50 /

-60
-80 -60 -40 -20 0 20 40 60 80

Angle [deg]

Figure 7. Radiation Patterns for Configuration B. Modified noise
covariance matrix, - - - - Applebaum's Algorithm with Chebyshev Steering Vector.
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5. GAIN AND PHASE SHIFT ERRORS

These errors can in principle be measured by a calibration routine and corrected

for, but in this Section the case when this correction has not been made is

considered. They were also discussed in Steyskal. 9'12

When the channels have errors in gain and phase shift the signal vector into the

beamformer will be deformed. Since the adaptive algorithm does not assume anything

about the amplitude and phase relations for the jammers, for example a plane wave

assumption, the jammers will still be eliminated with essentially the same factor as

without these errors. Due to the gain and phase shift errors however, the steering

vector sd is no longer optimum and an optimal pattern will not result.

5.1 Random Error Effects in the Applebaum Algorithm

If the gain and phase shift errors are in front of the thermal noise sources,

which we will assume are all equal, the noise covariance matrix will still be a 21

and the quiescent Applebaum weights will be identical to the error free weights,

Wq0 ~ Sd. For random errors this will give an increase in the average sidelobe

levels and, as seen from Eqs. (2.12) and (2.35), this increase is, for the adapted

pattern, essentially the same as for the quiescent pattern, described by an added

sidelobe level contribution, Eq. (A.6):

Sidelobe level 2 +2 (5.1)

where e and 8 are the gain and phase shift RMS errors relative to their mean values

respectively.

If the errors are after the thermal noise sources there will also be variations

in the output noise power in the channels, as discussed in Section 3, which is

correlated with the gain errors. The covariance matrix is now given by 4 = C4,0C÷

where C is a diagonal matrix containing the gain and phase shift errors,

12 Steyskal, H., (1990), Array error effects in adaptive beamforming, JINA 90, Conf.

Proc., pp. 475-478.
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Cii = exp(c i+ji ), and where D0 is the error free covariance matrix. By correcting
onl th sterig vcto, b setins C= C tAC =ASld (so tha s e Xed for non-taperedolthsteigvector, by setting sds hatd~X

steering vectors), the weight vector becomes w = C'w 0, which is the error free

weights w0 corrected for the gain and phase shift errors and giving the ideal

pattern. When this steering vector correction is not made there will be weight

errors:

Aw= cF(sd- sd) (5.2)

If the errors are small, the relative errors in the complex quiescent weights,

A = Awq/w.q, when the gain errors are in front of or after the noise sources are

related by: A = ,Aa, so that the added sidelobe level contribution is still given by

Eq.(5.1). Normally there will of course be a combination of the two situations

discussed.

Figures 8 and 9 illustrate results using Applebaum's algorithm, Eq. (2.2), with
0

normally distributed errors with standard deviations 0.3 dB and 2 , for

configurations A and B respectively, together with the quiescent patterns and the

adaptive patterns without any errors. The sidelobe contributions from Eq. (5.1) are

-38 and -37 dB respectively. The null depths were -122 dB in the simulation shown

in Figure 8, and -141 and -147 dB in Figure 9 when the errors were in front of and

after the noise sources respectively. The calculated results, using Eq. (2.13) and

the error free values of Tl,(0i.) and Trq(0d), were -121 dB and -144 dB respectively.

For configuration B in Figure 9, where the induced sidelobe level is higher than the

regular sidelobes, the true Tj (0.) may vary significantly between different
qJ

simulations.

Note also that when there are gain errors, the true antenna aperture efficiency

is not given by 11 = I ý.;d.d 2/iW 12, which is the efficiency referred to the channel

outputs, but ri = IXd. dI2/Iw+CCsw 2. This will give some errors when using

Eq. (2.15) for the signal gain.

5.2 Random Error Effects in the Frost Algorithm

In the Frost algorithm the deformed signal xd is also included in the covariance

matrix. If Xd = Sd" as when correcting the steering vector as described above, the
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last term in Eq. (2.25) will vanish, as will the last terms in Eqs. (2.37) and (2.38)

and the Frost weights will be identical to the Applebaum weights. When there are

uncorrected gain and phase shift errors, sd will have components in the noise

- before, -- after, -.- quiescent, .. error free
0

-10-

S-30 -

S-40 ,' ,

-50- I

-60 •'-
-80 -60 -40 -20 0 20 40 60 80

Angle [dB]

Figure 8. Configuration A, Applebaum's Algorithm with 0.3 dB and 2 RMS Errors.
errors in front of the noise sources, - - - - errors after the noisesources, - quiescent pattern ....... error free pattern
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- error bef, -- errro aft, -.- quiescent, ... errorfree
0

-10-

•' -20-

bO -30

IIT

-80 -60 -40 -20 0 20 40 60 80

Angle [deg]

Figure 9. Configuration B. Same parameters as in Figure 8.
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subspace which, as X,/C 2 may be large, can have a substantial effect. Comparing

Eq. (2.38) with Eq. (2.35) we see that the total error will be approximately XM/&l"

larger than for the Applebaum algorithm. Since X M is approximately equal to Pd +
2M

02= NPd + aF this factor can be very large for strong signals and/or many elements.

Alternatively, as a" in Eq. (2.24) is, for not too strong signal power, approximately

equal to Pd/a2 , we get from Eq. (2.25):

e
WF: o-- • w A Ax da- (5.3)

Pd

Aw F= Aw + Awd (5.4)

where AwA is the same error as in the Applebaum algorithm and where Awd is equal to

AwA when the gain errors are after the noise sources, remaining essentially

independent of the position of these errors and being equal to zero when the

corrected steering vector, sd = Csd, is used. Adding the two terms quadratically

the sidelobe level contribution is from Eq. (A.6), assuming small errors:

2

Sidelobe level E 2+52 - ] (5.5)N I G a4(5)

Physically this large effect on the Frost algorithm can be thought of as an

attempt to cancel the orthogonal signal, xd - SJSd(xd), which is considered as a

coherent jammer by the algorithm.

Figure 10 shows the same type of patterns as Figure 8 when using Frost's

algorithm, Eq. (2.6), giving a much worse result (in this example, P/Co2 + 1 = 161 and

X 2 2  = 158). Since the second error term in Eq. (5.4) will now dominate, the

patterns with er-"•rs in front of and after the noise sources are almost identical.

The resulting signal gain in this simulation was only -4.2 dB. With 0.3 dB and

o2 RMS errors, the expected quiescent Applebaum efficiency is, using Eq. (A.2),

7q (0d) --0.998 and the Frost gain, using Eq. (2.26) is -5.8 dB.
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in the noise subspace when the channels have identical noise. One method to partly
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cure the problem is then to identify the signal subspace by the magnitude of the

eigenvalues and project the steering vector on this subspace to obtain a projected

steering vector, Eq. (2.41), as was also done in Section 3. This will make the last

term in Eqs. (2.37) and (2.38) equal to zero.

In the quiescent case (desired signal but no jammer present), with identical

channel noise after the gain errors, the projected steering vector and the resulting

weight vector will be exactly parallel to the signal vector:w ~ d - x =Cx,
Fq d d 0,

where Xdo is the error free signal vector. Since the ideal weight vector is, from

Section 5.1, Wideal- C'Xd0, we get:

w - C*Cw (5.6)Fq ideal

2 r2
and the weights will get a normalized mean square error of <A2> = 4 _ independent of

the phase error 8. This will give a sidelobe contribution of:

42

Sidelobe level - - (5.7)

0

which in our example with 0.3 dB and 2 errors will give a sidelobe contribution

3 dB higher than for the Applebaum case, Eq. (5.1).

When the gain errors are after the noise sources the projected steering vector

is almost identical to that above, giving the same sidelobe level. In Section 5.1

we found that using a corrected steering vectors, = Csd will result in the ideal

pattern. Here we have indeed sd - s'. However since they are not exactly equal andd d
since the noise eigenvalues are much smaller than the signal eigenvalues (provided

the signal is not very weak) the last term in Eq. (2.38) is still significant when

sd = Sd.

This steering vector projection method assumes of course that the signal and

noise subspaces can be correctly identified. When this may be in doubt, in practice

when PJ2 < 1, the elimination of the noise eigenvectors is not so important.

Another method to improve the pattern is to make the factors P ld2 and XMA/o2

smaller by artificially increasing the noise in the covariance matrix to give a new

artificial covariance matrix as in Eq. (2.40). The sidelobe contribution is still

given by Eq. (5.5) with a2 replaced by a2 = a2 + a2 . To get a good pattern the
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artificial noise required is dependent on the total power, Pd' received by the

antenna.

Figure 11 shows patterns when all noise subspace components of the steering

vector have been eliminated, giving sidelobe contributions of -35 dB from Eq. (5.7),

and patterns with added noise a2 = 10 a2 and 100 a"2, giving sidelobe contributions

of -14 and -31 dB from Eq. (5.5). The signal gain was 12, 10, and 12 dB respectively

in agreement with the gain obtained from Eq. (A.2) with <A2> = 4C2, and from

Eq. (2.26) replacing a2 with a2tot using Tlq(0d) = 0.998 as in Section 5.2.

When a low sidelobe pattern is desired, the method described in Section 4,

Eq. (4.2), can be used if the steering vector projection, Eq. (2.41), is first used to
2correct for the errors or if Eq. (4.2) is used with a large Ya . For the steeringart

vector projection method Eq. (5.6) is still valid, giving a sidelobe contribution of:

Sidelobe level = 4 F (5.8)
A

If Eq. (4.2) is used directly we can use Eq. (2.25) with DA= Y D. Performing

the same type of analysis as for the Applebaum case we obtain the sidelobe level

contribution, equivalent to Eq. (5.5):

F 
2

Sidelobe level + + -Pd<w> 2] (5.9)

a rt

where <w D>2 is the mean value of the weight coefficients in D".

Figure 12 shows similar patterns as Figure 1 1 but for configuration B. The

expected sidelobe level contributions from Eqs. (5.8) and (5.9) are -34, -18, and

-34 dB respectively.

5,4 Null Depth for the Frost Algorithm

The null depth for the Frost algorithm may be found using Eqs.(2.28) or (4.6).
A

The unit signal vector xd can, to second order in - and 5, be written as, [compare

Eq. (8.26)]:
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Figure 1 21. Configuration A, Frost's Algorithm withl 0.3 dB and 2 RMS Errors.
a ar = 2 -- 102, - y .... n = 1lO0(2, - signal subspace steering vector,

S....... no errors.
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- no corr, -- noise= 10, noise= 100, - ster vect proj,.. no error
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Figure 12. Patterns for Configuration B, Using Frost's Algorithm. RMS errors 0.3 dB
and 20. -- no correction, - - - - 02 =1~02, -* .... 2 =100o2, -- signal

art art

subspace steering vector,.•......no errors.
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A A 12 2____

X d = Xd1( dE+•5)/2) + r V__+j (5.10)

where xdo is the error free unit signal vector and r is a random vector where each
A

element, except along Xdo' has expectation value = 0 and standard deviation = 1.
A - An

Using this in Eq.(4.6) with Xdo= Sd and assuming that the jammer is in the sidelobe

region we obtain:

T 0)+ p~d I 1 2+,52
"'q(Oj) G 4 Jrl

Null depth =a r t2 (5.11)

tlq(Od)II + 2J <w>D

art

where c1 (0d) and 11q(0 -) are the quiescent (no jammer nor desired signal) aperture

efficiencies and where r. is the projection r. = r+D x.. When no steering vector

projection is used, Ir. I has the expectation value:
J

IrJ= <w>2 >. (5.12)

When the steering vector method is used the null depth is essentially the same as

above because the projection of the steering vector on the jammer vector x. is not

changed apart from a scaling constant close to one (unless the errors are very

large). When using the modification of the covariance matrix in Eq. (4.6) we get,

since r is now essentially parallel to x-, with expected length = 1:

IrI2 <w>2 (5.13)

For configuration A, where <W2> = <WD> = 1, Eq. (5.11) gives -98 dB for the direct

inversion, -98 dB for the steering vector projection, -97 dB for a2- 10 0 and

-81 dB for 0ý = 100 aý, while the results for configuration B are -97, -98, -97,art
and -93 dB respectively. These results are also close to the average results from

several simulations. Since the null depths depend on one single projection of a

random vector on the jammer vector, the results vary significantly between different

simulations.
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5.5 Effects of Pointing Error

A special •,j~e of phase error occurs when there is an antenn•' pointing error

giving a linear phase error in sda.l This will have no effect on the Applebaum

pattern shape but will of course give a lower gain in the desired signal direction.

For Frost's algorithm there will, as for the random errors, be a stronger effect,

which can be partly corrected for in the same way as the random errors.

Figure 13 shows patterns, for configuration A and Frost's algorithm, when there
0

is a 1.6 pointing error (approximately 1/4 of the 3 dB beam width) using no

corrections, with Y2 = 100 02, and when using the signal subspace steering vector.anl

The resulting signal direction gains were -24.6, 8.6, and 12.0 dB respectively. The

gain values for the direct inversion and for a2 = 100 02 are also obtained using
an

Eq. (2.26). As seen, the pattern for the projected steering vector will try to

follow the true signal. For the Applebaum case, where the beam will point in the

steering vector direction, the gain was 11.2 dB.

6. ERRORS IN QUADRATURE SIGNAL GENERATION

In analog quadrature signal (IQ) generation the IF-signal, a0cos((O+-(o.)t+W), is

mixed with the LO-signals cos(wOLot) and sin(0L 0 t) to generate the I and Q video

signals a,= a0cos(wot+w) and aQ= a0sin(ot+W), which together represent the complex

video signal a = a0exp(j(ot+v)). There may however be an unbalance in amplitude (a)

and phase (P)' 3 which, like the gain and phase errors in Section 5, may be corrected

for if they are known.14 Without such correction the signals become:

13 Barton, P., (1980), Digital beam forming for radar, IEEE Proc., Pt. F, Aug., pp.
266-277.
"1Churchill, F.E., Ogar, G.W., and Thompson, B.J., (1981), The correction of I and
Q errors in a coherent processor, IEEE Trans. on Aerospace and Electronic Systems,
Jan., pp. 131-137.
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a =a0[co sW+ co s'V-2sin'I']
1 0 (6.1)

aQa 0 [sin'-2sinT-0cos•]

where T = o~t+j. The complex signal a can now be written as:

ac = a + ja= a+-•2 = a + Q 2 a (6.2)

where a is the correct signal and where A is the total complex unbalance.

If the video frequency (o * 0 the signal consists of the correct signal at (o with
Aphase W, a0expU(wt+WJ)I, plus an error signal at -o) with phase -W, 2 a0 exp[-j(w-t+.)],

that is, corresponding to the image frequency of the I and Q mixers.

Often the errors of the IQ converters are uncorrelated between the channels.

Furthermore, if the antenna element modules have large gain and phase shift errors,

which are compensated for by using a calibration routine (separating out the

0a-component), these corrections will tend to decorrelate otherwise correlated IQ

error signals.

For digital IQ generation, using a Hilbert filter to get the Q signal, the

result will be the same as in Eq. (6.1) with the difference that the phase error 03=0

and that the amplitude error is given by the length of the filter, and is not a

random variable.

6.1 Error Effects on the Quiescent Patterns

For a non-adaptive antenna, an uncorrelated error signal at th• image frequency

will correspond to an average sidelobe level contribution in the total power pattern

of:

Sidelobe level = ! <A > (6.3)

while, if the errors are really identical in all channels, the error signals will

add to form a sidelobe peak of:
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Sidelobe peak level = A I A 2 (6.4)
4

Figure 14 shows quiescent patterns for configuration B with Gaussian unbalances

having standard deviations of cx=0.07 and Pr=0.07, being equivalent to the 0.3 dB and
0

2 amplitude and phase errors in Section 5, and giving a sidelobe contribution of

-37 dB from Eq. (6.3). The figure shows the separate patterns for the true and the

image frequencies and the total pattern valid for or=0. From this figure we can see

that the quiescent pattern for the true frequency is not affected by the IQ errors.

6.2 Pattern Effects for Nonzero Video Frequency

In the adaptive process both frequency components, w and -(o, are included in the

covariance matrix and the antenna will try to cancel both signals so that there will

still be a good null in the jammer direction.

The image frequency component of the jammer will give a random signal in each

channel with total expected power P <A2 >/4 = N.p<A2 >/4. Using this in Eq. (2.17) we

get the average sidelobe level contribution in the true frequency pattern:

Sidelobe level = 1 2 (6.5)

2

Figure 15 shows the adapted patterns for Applebaum's algorithm, configuration B,

when (o * 0 and with the same unbalances as in Figure 14, giving -23 dB sidelobes from

Eq. (6.5). This average sidelobe contribution has a standard deviation equal to the

average itself so that the average sidelobe level can vary considerably between

different simulations. The image frequency pattern also has a good null while its

average level relative to the true frequency peak is the same as the quiescent

pattern sidelobe level, -37 dB from Eq. (6.3).

Since the signals at the true and image frequencies are uncorrelated with

totally different phase relations between the channels, two degrees of freedom of
0

the array are needed to get a null at 20 for both frequencies.

Figure 16 shows the same type of patterns for configuration A f,)r both the

Applebaum and Frost algorithms, which, as seen, give very similar results. The
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Figure 14. Quiescent Patterns for Configuration B. Uncorrelated errorsAx = = 0.07 (RMS). Total pattern (Io=), - te frequency,
gimage frequency.
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Figure 15. Adapted Patterns for Configuration B, Using Applebaum's Algorithm.
Uncorrel~ted errors oa = 13 = 0.07 (RMS). true frequency, - - - - image
frequency, - -.-.... no IQ errors.
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Figure 16. Adapted Patterns for Configuration A, (o * 0, True and Image Frequencies.
Uncorrelated errors a = 0 = 0.07 (RMS). Applebaum's algorithm,
- - - - Frost's algorithm, - .. no IQ errors.
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reason is that when 0 * 0, the true and image frequency signals are uncorrelated so

that the error of the desired signal, A/2.ad, is simply considered as one more

uncorrelated jammer by the Frost algorithm. The sidelobe level contribution due to

this signal is also given by Eq. (6.5) with pj replaced by Pd' giving -34 dB in this

configuration. One more degree of freedom will however be required.

6.3 Pattern Effects with Zero Video Frequency

When the video frequency for one of the signals is zero the corresponding error

signal A/2.a* is completely correlated with the true signal :; -here will not be

any new image signal frequency generated but the signal vector will be deformed as

in Section 5.

For the Applebaum case with jammer video frequency w. = 0, but desired signal

video frequency wd •: 0, the total jammer vector is essentially a plane wave and the

effect on the desired signal pattern is very small. The expected sidelobe level

contribution is, as seen using Eq. (2.12), approximately given by Eq. (6.3) multiplied

by the total quiescent pattern gain in the jammer direction, which is also given by

Eq. (6.3) and by the regular sidelobe pattern. Close to the jammer direction

however, the true and image frequency patterns will have equal, but nonzero,

magnitude with expectation value given by Eq. (6.3). When, in addition, Od = 0 the

signal pattern will simply be the complex sum of the true and image frt quency

patterns, as in Figure 14 for the quiescent case, with a null in the jammr,ý

direction.

Figure 17 shows simulated patterns for configuration B when using Applebaum's

algorithm when oj --- 0 and wd 0.

For the Frost case with o. = 0 but •d # 0 the image frequency signal -(od will still
Jact as a new jammer giving an increased sidelobe level cotULlibution given by

Eq. (6.5) with p. replaced by Pd' giving -34 dB for config'iration B. When (o. * 0 but
J P'J

wd = 0 the desired signal will be deformed as in Section 5, resulting in a very

deformed pattern. The situation w'. = tad = 0 corresponds to a complete correlationJ
between the desired signal and jammer, a situation which will always give very bad

patterns.

Figure 18 shows simulated patterns for configuration B wl-en using Frost's

algorithm when w. -- 0, wd •* 0 and when o. # 0, od = 0.
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Figure 17. Adapted Patterns for Configuration B, Applebaum's Algorithm.
Uncorrelated errors at = P = 0.07 (RMS). (0j.=0, tod0. true frequency,

- - - - image frequency, -....... no IQ errors.
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6.4 Pattern Effects for Identical Channels

In Figure 19, the same kind of patterns as in Figures 15 and 17 for Applebaum's

algorithm are shown when the errors are identical in all channels, a = P = 0.07,

giving a sidelobe peak of -26 dB from Eq. (6.4). Due to the change in the sign of

the phase of the error signal, a signal from direction 0 will generate error signals

that will look like a plane wave from direction -0. To illustrate this, the main

lobe has been moved to 100 and the jammer to 31 0 . The image frequency peak at 0 =
0

-0d = -10 is given by Eq. (6.4). There is also an extra null at -310. This happens

because the patterns for the two frequencies are mirror images of each other.

Therefore, generating a null at 310 for the image frequency will cause a oull for

the true frequency at -310, and vice versa. Two degrees of freedom are still

required.

7. DC OFFSET ERRORS

The DC offset errors in the video circuits and A/D converters will, as opposed

to the other error types considered, give error signals that are independent of the

input signal. Like the gain, phase shift, and IQ errors in Sections 5 and 6, it may

be corrected for by a calibration routine. For non-adaptive antennas, random

DC-offset errors will give an RMS output signal level, at video frequency (0 = 0,

relative to the maximum, or saturated, power of:

P <A2>
DCo ff q 2 -2b (7.1)-- = 8 -- ,.(7 )

max A

where A is the ratio of the DC offsets (A) and the quantization step (q) in the A/D
q2

converters, <A 2> is the mean square and b is the number of bits in the A/D
q

converter. Alternatively we can write the DC offset signal to quantization noise

ratio as:

P
=Cof f = 12<A2> (7.2)

quant q
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Figure 19. Adapted Patterns for Configuration A, Applebaum's Algorithm. Identical
errors a = 0 = 0.07. - total pattern (od=O),- - true frequency,

image frequency.

49



If the errors are correlated between the channels, or even identical, the DC

offset will look like an incident plane wave, at broadside for identical errors,

with a video signal frequency of zero (center of RF band). However, when there are

large gain, phase shift, and/or IQ errors that are compensated for, this

compensation will tend to decorrelate the DC offset signals.

In adaptive beamforming the DC-offset signal will be considered as a jammer

signal by the process and will thus be partly eliminated. This will require one

degree of freedom.

Figure 20 shows adapted patterns for configuration B, using Applebaum's

criterion, when the RMS value of the offset is equal to the RMS noise voltage at the

input of the A/D converters, giving an equivalent total jammer power of P. = No&.

It is here assumed that the video frequency w # 0 so that the DC offset is

uncorrelated with all signals. Patterns for both uncorrelated and identical errors

are shown as well as the patterns without any error. Here, the desired signal is at

20 and the jammer at 43 to better show the null at 0 for the pattern with

identical errors. This null may give a severe effect when the desired signal is

close to broadside. It is seen from Eq. (2.13) with P./&2 = N.A 2/02 that, for large

N, A must be very small for the corresponding null depth to be small.

For uncorrelated errors there is no null but an increase in sidelobe level.

Using Eq.(2.17) with P/112 = N<A2>/o2, where <A2> is the mean square of the DC
offset errors, we get the average sidelobe level contribution:

Sidelobe level = I (7.3)

N + <>. 12

giving -23.4 dB in the simulated case. This has a standard deviation equal to the

average itself and the sidelobes can thus vary considerably between different

simulations. In this -40 dB sidelobe configuration we would thus need at least

A RMS < 0.1o when the errors are uncorrelated.

Since no additional error signals are introduced by the desired signal the

result for the Frost algorithm is the same.

For digital IQ-generation there is no DC-offset error for the Q signal if this

is created in a Hilbert filter, stopping any DC component. There may be an offset
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error for the I signal (possibly converted to the frequency -f/4) but as there

should never be any DC component in the signals this may be filtered out if

necessary.

- No errors, -- uncorrelated, identical

-10-
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-20 - , /' - , a - a -, . ,, ,,/ , - ,-

a , a,,
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Figure 20. Configuration B with DC-offset Errors, Using Applebaum's Algorithm.
A= -,-=0, -... uncorrelated with A RMs= r, - ... identical with A=O,
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8. SAMPLED COVARIANCE MATRIX

In the previous sections it was assumed that the covariance matrix used was the

correct one. In practice we don't know the expectation values of the matrix

elements, E (xii}), but only their estimation in the form of mean values over a

finite number of time samples, Eq. (2.8). The finite number of samples also means

that some nice properties of the covariance matrix used in Section 2, such as no

correlation between jammer signals and noise and between noise in different

channels, are only approximately true.

8.1 SNIR as a Function of the Number of Samples

In Reed' 5 it is shown (see also Reference 3, Chapter 6) that, for

Applebaum's criterion, K > 2N-3 samples are necessary for the expected SNIR to be

within 3 dB of its asymnptotic value. For Frost's criterion, more samples, or

K > 2N[l + Pd1(202)], are required (Reference 3, Chapter 6).

We can define three different types of SNIR's when using sampled covariance

matrices, (D. For Applebaum's algorithm the "maximized" SNIR is the value of the
A A

maximized function, Eq. (2.1). When Xd= Sd:

WT X + 0P
wrxdx w_ Pd^ -^

d d d- ASNIR = w2 sd A sd (8.1)max W To• W G*

A

which is equal to Applebaum's [4, Eq. (2.43)] in the asymptotic case. This is

approximately related to the asymptotic value SNIR , obtained with an infiniteasym

number of samples (using the correct asymptotic covariance matrix) by:

SNIR max= SNIR N- 1 (8.2)

where K is the number of time samples used in the estimation of DA"

"15Reed, I.S., Mallett, J.D., and Brennan, L.E., (1974), Rapid convergence in
adaptive arrays, IEEE Trans. Aerospace and Electronic Systems, Nov., pp. 853-863.
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The reason that SNIR > SNIR is that the sampled noise, together with themax asym
jammers, can be considered as K jammers (one strong and K-1 weak when there is one

real jammer). Of these jammers N-I can be canceled leaving K-(N-1) weak

noise-jammers. [Eq. (8.2) can be shown approximately by an series expansion,

Eq. (8.8), of D-1 and it has the correct behavior when K = N-I and when N = 1.1

More important is the expected value of the SNIR, obtained when using the
A A

calculated weights and random uncorrelated noise. This is. when Xd sd? given

by, (Reference 15, Eqs. (15) and (18)):

T +
SR 1 d Xd. N-1

SNIRexp wT 4) W* asym a KT (8.3)
A

8.2 No Signal Incident on the Array

This is the situation for the Applebaum algorithm with no jammer and for the

Frost algorithm with no jammer and a very weak desired signal. The effects of

sampling will enter as errors in the estimation of the noise covariance matrix. This

estimation error is the essential factor determining the resulting sidelobe level

and gain loss in the Applebaum case and the absolute sidelobe level in the Frost

case. This is also true when there are jammers present except, of course, close to

the jammer directions.

That K is large enough to give a good expected SNIR as discussed above does not

necessarily mean that the pattern looks good in terms of average sidelobe levels,

etc.

If we estimate the elements of the noise covariance matrix using K samples:

.nij= <X> = Xi k (8.4)

k= I

the following statistical relations can be shown, assuming that xi,kl and xj,k2 are

uncorrelated when i • j or kH # k2:

Expectation value: E(4) nij= O2Ysi (8.5)
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G2

Standard deviation: v/ Var i C ..J) -i (8.6)nlu

so that:

(Dn [I + -L1 R] (8.7)

where o2 is the noise power in each channel, I is the identity matrix and R is a

Hermitian matrix where each element is a random variable with expectation value = 0
and standard deviation = 1, (equally distributed in the real and imaginary parts for
the off-diagonal elements). As an example, Figure 21 shows results from a

simulation with two complex, normally distributed, random variables wth c9 = 1. The

upper left figure shows the magnitude of the mean values as function of the number

of samples, whereas the upper right shows the magnitude of the variances or the mean

square sum, cDT) and Dn22 and the lower left shows the magnitude of their

covariance, I D n . Lines for the expected values and the standard deviations are

also shown.
As seen, the elements in the covariance matrix approach their asymptotic values

rather slowly. If VW' is large enough so that the eigenvalues of R/Vr' , which are

of the order VN7K, are less than 1, the inverse can be found using the series

expansion (Reference 2, Appendix 1):

[I + A]-' =1 - A + A2 - A3 + A4-.... (8.8)

This gives the inverse of the covariance matrix to the first order:

4.- I- -L Ri (8.9)
n Y2 L VK-

and the resulting complex conjugate of the quiescent Applebaum weight vector:

we =" - I -w * -I R's (8.10)
q qa VY' qa d K

where w is the asymptotic quiescent weight vector. Thus the weight vector w

qa q
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Figure 21. Two, Normally Distributed, Simulated Sequences. a) Mean values,
b) Variances, c) Covariance. - - - - Expectation value and standard deviations.
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will, to the first order, have a normalized mean square error, Eq. (A.3) of:

<A2> = N/K (8.11)

which will result in a mean sidelobe level, Eq. (A.6), of:

<A2>
Sidelobe level = I- - " (8.12)

A A

The effects of the random matrix elements can be decreased by adding an

artificial noise covariance matrix oYl 1, Eq. (2.40), increasing the magnitude of the

diagonal elements. This will make the relative standard deviation of the matrix

elements a factor (1 + 021 /2) smaller. The results for the normalized errors and

sidelobe levels will still apply if we simply replace K by:

K = K(l + 2 2)2 (8.13)
art ar )

Since the SNIR when there are no jammers is equal to the signal power per

channel times the antenna gain we can combine the rigorous result in Eq. (8.3) with

the gain loss in Eq. (A.2) to get a higher order, "rigorous", weight error. (The
A A

result in Eq. (8.3) was derived in Reference 15 for Sd = Xd or ilA(Od) = 1.) The

result of this is:

<A2>
<A2 >N (8.14)

R K + -- N 1 <A2>

The antenna aperture efficiencies obtained from several simulations are shown in

Figure 30 together with the efficiency obtained from Eqs. (A.2) and (8.14):

G(O = N 71 (9 N - l/Ti (0 d)(.5G(Od) = N d) = Nlo(Od)1 - K + d (8.15)

where G(Od) is the antenna gain, i"(0d) is the resulting aperture efficiency and

1Ol(0d) is the asymptotic efficiency.
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The absolute, sampling induced, sidelobe gain is, from Eq. (A.2), (see also

Reference 8):

Sidelobe gain = N (8.16)

and the relative sidelobe level is, from Eq. (A.5):

Sidelobe level = 1 I I (8.17)
(d) (K+l) lo(Od)(K+l-N) + 1

This and the results from several simulations are shown in Figure 31.

Figure 22 shows adapted patterns for basic configuration B using Applebaum's

algorithm and K = 32 (=2N), 128, 512 and 2048 samples together with the asymptotic

(K = 00) result. As seen, the mean sidelobe level is high for the lower K. Equation

(8.17) gives sidelobe contributions of -11, -19, -26, and -32 dB respectively.

Figure 23 shows the results with K=32 when using a2 = 0, 10 Y2 and 100 &
respectively together with the asymptotic pattern. The sidelobe contributions from

Eq. (8.17) with the modification of Eq. (8.13) are -11, -35, and -54 dB respectively.

The Frost case with a very weak signal is, as was shown in Section 4, very

similar to the Applebaum case with the difference that the tapered quiescent

weights can be obtained from a modification of the covariance matrix, Eq. (4.2),

rather than from a tapered steering vector.

Applying Eq. (4.2) to Eq. (8.7) we get to the first order:

_= D-1[I_ D-' (8.18)
fnF o 2 0 2 VWJ

a rt a rt

to be compared with Eq. (8.9) for the Applebaum case. The gain and sidelobe level

results for the Applebaum case above can then still be used if K is replaced by:

4
G

K = K a r t (8.19)
D <W 2 >y4

D

where <w2> is the mean square of the elements in Dt.

57



k=32, 128, 512, 2048
0

I I

'010

""-20 - " ""%

96-30- ' # '"

W -40 :

-50 i

-80 -60 -40 -20 0 20 40 60 80

Angle [deg]

Figure 22. Adapted Patterns for Configuration B, Using Applebaum's Algorithm.
K = 32, 128, 512, 2048 and ,•
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App, add noise= 0, 10 and 1I.O, sigma' 2
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Figure 23. Configuration B Applebaun's Algorithm. Asymptotic (K=oo) and K = 32
with added artificial noise Y= 0, 10 cy and 100 aY.
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The reason for the pattern degradation in the basic algorithm is the random

matrix R, which makes the noise eigenva!ues nonequal. One method to partially solve

the problem is to calculate the eigenvalues and eigenvectors and try to identify the

noise eigenvalues, which are of the order of &2 with standard deviation o2 'N]7K, and

set them to their "correct" value a2, or to some other constant value, Eq. (2.39).

As the noise eigenvectors only have to span the noise space they can still be used

as they are.

Since the signal eigenvalues are often significantly larger than the noise

eigenvalues the identification of the eigenvalues is often not very difficult. When

the jammers are so weak that this is not the case they are probably not so important

to cancel out. With this method, the error induced sidelobes will be very small and

the gain is essentially equal to the error free gain.

Figure 24 shows adapted patterns using K=32 samples, when setting all

eigenvalues less than 302 equal to 02, (the largest noise eigenvalue in this example
was 2.172). As seen there is a big improvement in the sidelobe region. This method

is also discussed in Reference 7.

8.3 The Applebaum Case with One Jammer

Now the sampled covariance can be written:

= xK + D = (x + n )(x. + n + + n n + (8.20)A xJKj nJ- 1x n1 1)x 1+ n 11

where xKj is a "total" jammer vector, being the sum of the true jammer vector, x

and a noise vector, nil, containing the time correlation between the K noise samples

in each channel and the jammer. The noise vector, n1_, is the rest of the true noise

vector, xn= n + n_, and is uncorrelated with x.. The matrix 4 nD= nan{, is equal to

the sampled noise covariance matrix, Dn'I to the order o2/V'. (The elements are

slightly smaller however, giving a slightly smaller gain decrease so that, including

the jammer signal, the expected SNIR is still given by Eq. (8.3).) The elements of n I
will have expectation value zero and standard deviation Y/I7V-. Using Eq. (2.10) with

A = DnI or Eq. (2.27), the weights for one jammer are:
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Modification of eigenvalues
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Figure 24. Patterns for Configuratiop B, Using Applebaum's Algorithm. K = 32.
All eigenvalues less than 3o set to a-. - - - Asymptotic pattern.
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X .w-I ^

w = - ^+ ,, ^ .1 + P x .cD •

K KJ n KJ

where P = P. + Na2 K is the total power in the total jammer vector x .. This gives aK J K)quiescent pattern, with sampling induced sidelobes and a "jammer plus correlated

noise" cancellation beam.
If we assume that there is a perfect null in the XK. = x. + ni "direction", the

null depth in the true jammer direction, x-, is obtained by projecting the n11 vector
onto the w vector. Assuming n 1 is a random vector in element space, the expected

result is:

Jammer gain = G(0) N a 2 -2 (8.22)J KP X Kp

where p. is the jammer power per channel. This jammer gain has a standard deviation

approximately equal to the expectation value itself. The null depth is obtained

from Eqs. (8.22) and (8.15).

G(O.) 02
Null depth = G = G 2 (8.23)

This is illustrated in Figure 32.

For more than one jammer the result is essentially the same because nulling any

linear transformation of the jammers (to get uncorrelated jammers) will also null

each separate jammer.

In the simulations shown in Figure 22 the null depth for K = 32 = 2N was -67 dB

while Eq. (8.23) gives -63 dB.

When artificial noise is added Eqs. (8.22) and (8.23) are still valid, using the

true a2 and K, but the aperture efficiency, l(0 d)' is now obtained from Eq. (8.15)
using K from Eq. (8.13). In the simulations in Figure 23 the null depths are -73,art

-71, and -70 dB respectively while Eq. (8.23) gives -66 to -63 dB. This is also

illustrated in Figure 22.

In the patterns in Figure 24 where the noise eigenvalue modification has been
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used, the absolute jammer gain is essentially the same as in Figure 22. However,
since the array gain has increased, the null depth, Eq. (8.23) has improved. This is

further illustrated in Figure 32.
When using this eigenvalue modification method, even fewer than K = 2N samples

may be used because the random matrix R is, to a large extent, eliminated and the
sampling only enters through the projected noise vector n11. Figure 25 shows
patterns for configuration B using Applebaum's algorithm, with K = 32, 16, and 8
samples together with the asymptotic, K = c-, pattern. As seen, all patterns have

good sidelobes. The null depths have, however, decreased to -71, -62, and -55 dB in
these simulations as compared to the asymptotic -144 dB and -66, -63, and -60 dB
from Eq. (8.23) with 11(0d) being the error free efficiency.

In the basic algorithm the reason for the loss of expected SNIR is mainly loss

of antenna gain, while the null depths are usually good. When using the noise
eigenvalue modification, and when adding artificial noise with sufficient magnitude,
the antenna gain is very close to the error free gain and the reason for the loss of

SNIR is the decreased null depth, increasing the received jammer signal. Using
Eq. (8.22) for the expected jammer gain, the expected SNIR becomes for these methods,
when there is one jammer present, approximately:

SNIR (G=G ) = SNIR K (8.24)
cxp &sym asymT

In the simulations in Figure 25 the expected SNIR decreases to 20.8, 20.5, and
19.4 dB compared to the asymptotic 20.9 dB and 20.7, 20.6, and 20.3 dB from
Eq. (8.24). Like the null depth, the SNIR has a large standard deviation so that for

few samples these numbers may vary significantly from simulation to simulation.

Simulated SNIR results are illustrated in Figure 33.

8.4 The Frost Case with Desired Signal But No Jammer

Here the situation is similar to the Applebaum case with one jammer. The total
sampled signal vector x Kd + n' N is now nearly, but not exactly, parallel to the

true signal vector Xd (which is here assumed equal to the steering vector Sd) so
that a null will not result but the array gain may be decreased significantly for

small K.
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Figure 25. Patterns for Configuration B, Using Applebaum's Algorithm. K = 32, 16,
8 and -. All eigenvalues less than 3c2 set to a2.

The random part of the remaining covariance matrix n= nn + will also give a

gain decrease as discussed in Section 8.2 and, as seen from Eq. (8.21), the total

aperture efficiency is essentially the product of the quiescent efficiency, affected

by the errors in •n-- and obtained from Eq. (8.15), and an efficiency affected by the

error, nl,1, in XKd:
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GF= Nrl qII (8.25)

Using the fact that nil is a random vector with standard deviation N/'K7- in all
elements we can write the unit total signal vector xKd= xKd/IXKdI to second order in

G/VKiP,:

A~ Ad I N - 1 2- dY
K d X= X " -- 1 + r o (8.26)

where r is a random vector where each element, except along xd, has expectation
value = 0 and standard deviation = 1. Since the errors are included in the adaptive

process the resulting weight errors will be correlated and Eq. (A.2) cannot be used
in the main beam region. Instead we can, if we consider the total signal XKd as a

jammer, get the array gain in the true signal direction, Xd' by using Eq. (2.15).
The quiescent aperture efficiency, ri (0.), in the "jammer" direction, XKd' is now

for uncorrelated channels obtained using Eq. (8.26). When Xd = Sd:

2
A+l~ d l -= 1 - -A. d(N -l) (8.27)

1qKd ''sd'Kdl Kd

so that from Eq. (2.15):

(1+ N-I 2

GF(Od) = Nrl(Od) = NTlq( 0d) 1 + - K(P d/ 2+2 ) (8.28)

where Tiq(0d) is the quiescent efficiency in the true signal direction, dependent on

the errors in •n± and is obtained from Eq. (8.15). Since we have neglected the
effects of the errors in 4n.- on rill, Eq. (8.25), this should be considered as a first

order approximation for Gp(Od), valid for not too small K. Also, since we have

approximated the expectation value of a ratio by the ratio of the expectation
values, we can expect some errors, especially for small K.

When the covariance matrix modification for the Frost algorithm, Eq. (4.2), is

used, we get, using Eqs. (4.3) and (8.26) and the same method as when deriving
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Eqs. (2.15) and (8.28):

+ < > N- 12

G<(w) = N(0 Nil D + ) (8.29)(= d q(0d) + W > N-I P' 2
S>(< d' O2+2)

where <w D> is the mean value of the elements in D1 and where ilq(0d) is obtained

from Eqs. (8.15) and (8.19). When • &,:E a2, <WD > should be replaced by <w >-O'/Oý .

Simulated and calculated curves for the aperture efficiency l(Od) are shown in

Figure 30.

The error in the unit signal vector will also give an increased sidelobe level.

In the sidelobe region the errors will add incoherently and Eq. (A.2) can be used. As

above, we can separate the weight errors into those due to an incorrectly sampled

noise covariance matrix and those due to an incorrect steering vector being
A

nonparallel to the total signal vector XKd. From Eqs. (2.24) and (2.25) the total

weight error can be written as:

<A,> = <A,> + <A,> + <A2><A2> (8.30)n s n s

where <A 2> is due to the error in (D _. and is given by Eq. (8.14) together withn
Eq. (8.19), and where <A2s> is due to the steering vector error. Using Eq. (8.26) in

Eq. (2.25) we get:

Pd -

<A2> d N- 1 (8.31)

where K should be replaced by KD from Eq. (8.19) if the covariance matrix

modification, Eq. (4.2) is used.

The relative sidelobe level is obtained by using Eq. (A.7) together with

Eqs. (8.28) or (8.29). This is illustrated in Figure 31.

Figure 26 shows patterns for configuration B with 02 = 0 , 103o and 100io. The

diagonal elements are given by D.=l/(Chebyshev weights) with w =1. The sidelobe
level contributions, calculated as described above, are -17 dB for = 10o2 and

-37 dB for 02=
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8.5 The Frost Case with Desired Signal and Jammer

Due to the sampling, both the thermal noises and the desired signal will be

partly correlated with the jammer, and the covariance matrix can be written as:

+ 
+

XkjXkj +Xkdxkd+ •n-

= (x1 + Xdi + ni j) (x. + XdI + n1lj)÷+ (xd± + n11 d)(xd± + n1 d)++ n 1nI_. (8.32)

Frost: added noise 1, 10 and 100
0

-10-

•" -20-

S-30

C -40

-50-

-60 -80 -60 -40 -20 0 20 40 60 80

Angle [deg]

Figure 26. Patterns for Configuration B, Using Frost's Algorithm. Asymptotic (K=-)

and K = 32 with added artificial noise 0; = 0"Y, 100.', and 100 2.
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In Eq. (8.32), XdII aid nlj are the parts of xd and x being correlated with x.. TheyO d n j
have expected magnitudes I Xdul I =VPR and I n l I =oaNTK", where Xdi is the rest of df

being approximately equal to xd' and where nli d is the thermal noise which is

correlated with xd but not with x., being approximately equal to nil in Eq. (8.20).

The total jammer vector x KJ is now uncorrelated with the total signal vector, XKd,

and with the noise vector n1 . The total signal vector XKd is also parallel to the

true signal vector xd with essentially the same magnitude. Assuming that the total
jammer vector xK. has been completely nullified, the null depth in the true jammerA

direction x. relative to the gain in the desired signal direction is obtained by

projecting the vector (Xdil +nilj)/IxKjI onto the w vector. Assuming that n,1j is a
random vector in element space and that P. the expected result is:

G(O) 2 (

Null- dept + (8.33)

where VI(O d) is the aperture efficiency, obtained from Eq. (8.28) or (8.29). The null
depth will have a standard deviation approximately equal to the expected value
itself. The null depth obtained from Eq. (8.33) and from several simulations is

illustrated in Figure 32.

In the simulations in Figure 26 the null depths were -55, -49 and -49 dB

respectively while Eq. (8.33) gives -45 dB.

When the error induced sidelobes have been reduced to a small value by using the

artificial noise method or steering vector projection discussed below, the expected

SNIR is, as for Applebaum's algorithm, decreased from its asymptotic value mainly by

the decreased null depths. Using Eq. (8.33) for the null depth we get for one

jammer:

SNIR = SNIR K (8.34)exp asym (K+l)TIo/1 + SNIR
asym

where il is the asymptotic aperture efficiency and r7 is the true aperture efficiency
obtained from Eq. (8.29). This is illustrated in Figure 33 together with simulated

results.
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8.6 Effects of Steering Vector Projection

Since the problem with the high sidelobes in the Frost algorithm is that, due to

the correlation between the signal and noise samples, the steering vector has noise

eigenvector components, the steering vector projection, Eq. (2.41), as used for some

other error types may be used here too. The sidelobes will then be similar to those

of the Applebaum algorithm using a steering vector with small errors. The steering

vector components in each of the noise eigenvectors is random with an expected RMS

value of (5/VKF . The total mean square error in sd after the projection will then

be:

<A2>a = ý2 N-M 0.2 N _ 2(8.35)

where M is the number of signal eigenvectors. The resulting sidelobe level

contribution for small errors is then:

Sidelobe level - 2 (8.36)K Pd "lA

or C2pd times that of the basic Applebaum algorithm, Eq. (8.12). The gain and

aperture efficiency is now given by Eq. (A.2):

(2

1 + -KP-O• 2.(0

G(Od) = N'T(od)= Nrlo(Od) 2 (8.37)N a5
1 + - d

d

while the null depth is still given by Eq. (8.33) and the SNIR by Eq. (8.34).

Figure 27 shows adapted patterns for Frost's algorithm, configuration A, using

K=32 samples. The weights have been calculated from a direct inverse of the sampled

covariance matrix, Eq. (2.6), by using a projected steering vector, Eq. (2.41), and by

using the asymptotic covariance matrix. As seen, the pattern for the direct

covariance matrix inversion is very bad while the pattern obtained when using the
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projected steering vector is much better. The sidelobe level using Eq. (8.36) is

-37 dB. The null depth is only at -49 dB in this example while Eq. (8.33) gives

-45 dB.

In Figure 28 this steering vector projection has been combined with the

modification of the covariance matrix, Section 4, to get the Chebyshev quiescent

pattern of configuration B. Thus first the noise space components have been

eliminated from the steering vector, Eq. (2.41). Then the noise eigenvalues have

been set to a , Eq. (2.39), as in Figure 24 for the Applebaum case, and the corrected

covariance matrix has been obtained using Eq. (2.31). A modified covariance matrix

is then formed by modifying the diagonal elements as in Eq. (4.2) with a2 = 02.
an

Finally the weights are obtained from a direct inversion of this matrix, Eq. (2.2).

The expected sidelobe level from Eq. (8.36) is -36 dB and the null depth, Eq. (8.33),

is the same as in Figure 27, -45 dB. Also shown are the pattern for Applebaum's

algorithm, as in Figure 24, the asymptotic Frost pattern and the Frost pattern

obtained when only modifying the covariance matrix, Eq. (4.2).

This method may also be used when there are amplitude and phase errors. Figure

29 shows the same type of pattern as Figure 28 (except the direct inversion pattern)
0

when there are 0.3 dB and 2 RMS errors present.

8.7 Pattern Parameters Versus the Number of Samples

Figures 30 to 33 show simulated and calculated results for the signal direction

aperture efficiency il(Od), the average sidelobe level, the null depth, and the

resulting SNIR respectively for basic configuration B. All simulated curves are

averages over 100 simulations. The solid lines are the simulaed results while the

dashed are the calculated curves for Applebaum's algorithm and the dash-dotted the

calculated for Frost's algorithm. The figures shows results when using direct

inversion of the covariance matrix, when using artificial added noise, a2 = 10 a2,
and when using noise eigenvalue modification, including steering vector projection

in the Frost case.

The curves are denoted with an A or a F for the Applebaum and Frost algorithms

respectively. The direct inversion method is indicated by a d, n indicates the

artificial noise method, m indicates the noise eigenvalue modification in the

Applebaum algorithm and pm indicates the projected steering vector and noise
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Figure 27. Patterns for Configuration A, Using Frost's Algorithm, K('-32.
--.... direct inverse of the sampled covariance matrix, - projectedsteering vector, asymptotic pattern.

71

_a ailmi miH



As old 8-6 with Frost dir inv
0

"" \ /I
-10 . -. ,'

"-" - 0 , j
-20 ,*,\

-50 ,,i -'
m r, (, u i

i72

-60I I__I_,•:

-8I6 4 2 0 0 0 60 8

if i* I I I I ,I !



As 2103 with channel errors

0

-10,

""' -20

6 -30 ------------------------ --------------------

S-40 - , -,,

-50,

-60
-80 -60 -40 -20 0 20 40 60 80

Angle [deg]

Figure 29. Configuration B. K=32. Same type of patterns as in Figure 28 (except
the direct inversion pattern) with 0.3 dB and 20 RMS errors.
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Figure 30. Simulated and Calculated Aperture Efficiency for Config ration B as
Functions of the Number of Samples. See text. simulations, - - -

Applebaum, --.-- Frost
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Figure 31. Simulated and Calculated Sidelobe Level for Configuration B as

Functions of the Number of Samples. See text. simulations, - -

Applebaum, --..- Frost
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Figure 32. Simulated and Calculated Null Depth tor Configuration B as Functions of
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Figure 33. Simulated and Calculated SNIR for Configuration B as Functions of the
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eigenvalue modification in the Frost algorithm. (In some cases it may be difficult

to see the calculated curves since they are so close to the simulated curves.)

Since the sampled covariance matrix is singular for K < N the basic Eq. (2.2)

cannot be used in this case. If the modification of the Frost covariance matrix,

Eq. (4.2), is used, this matrix will not be singular. In the Applebaum direct

inversion curve a pseudoinverse has been used in this case. This is equivalent to

using a partial steering vector projection method where the steering vector is

projected on the "non-zero eigenvalue subspace". This is probably the the reason

for the bump in the efficiency and SNIR curves below K=16 samples.

In the efficiency curves, Figure 30, the calculated curves are obtained using

Eqs. (8.15) and (8.13) for the Applebaum case (except for the eigenvalue

modification case where the gain is very close to the asymptotic value) and

Eq. (8.29), and (8.37) for the Frost case. The agreement is very good except for the

Frost, direct inversion curve where the calculated is slightly lower than the

simulated. Here the relative variance of the denominator, Eq. (8.29) is rather large

so that taking the ratio of the expectation values of the numerator and the

denominator will give some errors. In fact, taking the inverse of the average of

the inverse efficiency, l/<l/rl>, gives a better agreement with the calculated

result.

In the sidelobe curves, Figure 31, the calculated curves are obtained from

Eqs. (8.13), (8.14) and (A.5) for the Applebaum case (except for the eigenvalue

modification case where the sampling induced sidelobes are very small) and

Eqs. (8.30), (8.14), (8:19), (8.31) and (A.7) for the Frost case together with the

calculated efficiency above. The simulated curves show the total average sidelobe
o

levels of the pattern outside 0 = +17.5 , including the regular sidelobes and nulls.

The simulated results will thus go asymptotically to approximately -43 dB. The

calculated results on the other hand only include the sampling induced effects.

In the null depth curves shown in Figure 32, the calculated curves are obtained

from Eq. (8.23) for the Applebaum case and Eq. (8.33) for the Frost case together with

the calculated efficiency above. The simulated and calculated curves are in general

in very good agreement. It should be remembered that the standard deviation in each

of the 100 simulations are equal to the expected value so that the standard

deviation of the average is about 0.4 dB.
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The SNIR results are shown in Figure 33. Here the calculated results are

obtained from Eqs. (8.3), (8.24), (8.15) and (8.13) for Applebaum's case and

Eqs. (8.34), (8.29) and (8.37) for the Frost case. Since the resulting aperture

efficiency is the most important parameter for the direct inversion cases the

agreement is also similar in these cases. For the artificial noise, projected

steering vector, and modified noise eigenvector cases, the aperture efficiency is

high and the SNIR is determined mainly by the null depths. The agreement between

the simulated and the calculated curves for the Applebaum algorithm, using these

methods, is very good while the simulated Frost results are slightly higher than the

calculated result for few samples. This is again probably mainly an effect of the

approximation of taking the ratio of the expectation values. As seen from Figures

30 and 32 both the gain and null depths are well approximated with these methods.

9. SIGNAL QUANTIZATION

If the ratio of the quantization step in the A/D converters (q) to noise RMS

voltage (a;) is not too large the errors due to signal quantization will be random

and uncorrelated between the channels (see Figures 8 and 9 in Reference 13). This

will then simply increase the equivalent noise level of q2/12 so that,

with q = a which is often used, the results with q = 0 are applicable if we put

aq2 = 1 J- 0a2 (0.35 dB noise increase).
equiv T12

Figure 34 shows two simulated patterns with q = 0 and q = a for configuration

A, using K = 1024 samples, which are very similar. In these simulations the

difference in the resulting SNIR was 0.3 dB and the null depths were -88 and -85 dB

respectively while Eq. (8.23) gives -82 dB in both cases.

The small quantization steps (one q-step in one I or Q channel), which are

present in the total signal at each time sample, has an araplitude of V-67N times the

quantization noise RMS value or V6/(T13N) the total noise RMS amplitude when q = a .
When many samples are averaged these small steps will disappear.
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10. WEIGHT QUANTIZATION

We assume here that the weights are calculated correctly using a correct

covariance matrix but that the beamformer can only use the first b bits of these

weights. There is one sign bit and the least significant bit = 2-b-". These

rounded weights will not really be the optimal b-bit weights. For ordinary

non-adaptive arrays the corresponding average sidelobe level contribution is:

Sidelobe level - 2 2 (10.1)
_T N<w 2>11

where <w2> is the mean square of the weights and 1lA is the aperture efficiency. As
the effects of the rounding were not considered in the weight calculation we can

expect the effects in an adaptive array to be similar, including the null depths.

Like the finite null depth due to sampling in Section 8, the null depth contribution
in Eq. (10.1) will have a standard deviation equal to the expectation value itself.

Figure 35 shows radiation patterns for the Chebyshev standard configuration B,

using 6, 8, 10 and 12 bits plus the pattern without quantization. It is seen that
0

most patterns (except for 6 bits) are very similar except at the null at 20.

However in this example, the weights with 6 bits are identical with the 6-bit

quiescent weights. The null depth for the 8, 10, and 12 bits are here equal to -67,

-71, and -74 dB, to be compared with -144 dB for the pattern without quantization,

and with the -57, -69, and -81 dB average level from Eq. (10.1).

If we have maximum bad luck however, all weights will have their maximum

quantization error, one half quantization step, adding coherently in a jammer

direction. The maximum sidelobe contribution due to this is equal to 6N times the

average level given by Eq. (10.1), or approximately 20 dB above the average level in

this example.
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Figure 34. Simulated Patterns for Configuration A, K=1024. Effect of signal
quantization, q = 0 and q - a.
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Figure 35. Effects of Weight Quantization on the Patterns. Configuration B;
number of bits = 6, 8, 10, 12, and o-. (The two last patterns are coincident
in the plot except at the null.)
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11. SATURATION

For strong input signals the receiving system becomes nonlinear. Here only the

effects of this nonlinearity on the adaptive process will be considered. Generally,

a nonlinearity will generate new frequency components (intermodulation products) of

the type f = nf, + mf , where fland f2 are two input frequency components. Usually

the components with n = 1, m = 2 and n = 2, m = 1 are the most important since they

often are within the signal bandwidth. For the low frequency circuits, where the

relative bandwidth is large, and for the A/D converters, after wh;ch there is no or

little filtering but a possible folding into the signal frequency band, the

components (harmonics) with n or m = 0 may also be important.

If the nonlinearity is before the splitting of the I and Q components the output

signal, including harmonics, will be:

ac= aI + jaQ= aIexp(jwt+(p) + a3exp(3(j-t+(p)) + a 5exp(5(jt+Cp))+... (11.1)

where it has been assumed that the nonlinearities are symmetrical so that only the

odd frequency components are generated. All ai are nonlinear functions of input

power. For not too Ligh input power the pcwer in the nw-component will be

proportional to (ilaput power)n. When in # 0 the result -"11 be similar. As the

relative phases in the channels for the intermodulatiun proaucts are different from

those of the input frequencies, these signals will appear to come from different

directions.

If the nonlinearity is after the splitting of the I and Q components, for

example as a limited dynamic range of the I and Q A/D converters, all harmonics in

the Q channel are delayed 1/4 period of the basic frequency component so that the
0

extra 90 phase shift will also get multiplied with n. This is equivalent to a

change in sign for the frequency components n = 3, 7, I1, 15 etc., giving tht output

signal:

ac= a QI + jaQ= aIexpj0t+y) + a3exp(-3(jtit+p)) + a exp(5(wt+p())+... (11.2)
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If the I and Q channels are not identical, both the positive and negative

frequency components must be used, as in Section 6 where the component n = -1 was

generated. That is also true if the nonlinearity is nonsymmetric so that even

frequency components are also generated. The IQ errors in Section 6 have much in

common with the saturation effects, the main difference being the number of

harmonics and signal power dependence.

If the nonlinearities are to have negligible influence on the adaptive process

the total power in the new frequencies should not be higher than the noise power.

For a Gaussian distributed noise jammer this means that the average jammer power per

channel should not be larger than about II dB below the saturation level for 10 bit

converters with a quantization step equal to the noise RMS voltage (q = ar), and

about 15 dB below for 18 bit converters, provided that the the jammer is really

Gaussian distributed far out in the tail of the distribution, which could be

questioned. For CW jammers the power limit is more distinct; the power should be

below the saturation level.

As an example, Figure 36 shows simulated radiation patterns for three different

jammer input power levels for basic configuration A. The covariance matrix has been

estimated from K = 4096 samples, corresponding to an RMS sidelobe level of -36 dB

from Eq.(8.12).

It is assumed that all channels are identical. Radiation pattern means the

pattern that the calculated weights will produce in a linear system. This is also

equal to the radiation pattern of the basic signal component, when the dynamic

ranges of the channels are identical. For identical channelz the other induced

frequency components will have similar patterns, shifted in angle. The

nonlinearities are assumed to be lumped in the two 12 bit I and Q A/D converters.

The quantization step is equal to noise RMS voltage (q = a') so that, for a CW

jammer, saturation begins at a jammer to noise ratio per channel of JNR - 63 dB. The

saturation is assumed to be of a hard limit type, so that the output is linear

up to the saturation level and constant above this limit. Patterns are shown for a

Gaussian noise jammer with a jammer to noise ratio per channel of JNR = 53 dB, where

there were no saturated samples at all, for JNR = 58 dB, where the nonlinearities
0

has started to show up, and for JNR = 70 dB. When the jammer is at 0 ., 18 here,
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the equivalent directions, O0n, of the nth harmonic can, for half wavelength element

spacing, be found from (k is an integer to make On real):

sin 0 = n sin 0. + 2k (11.3)
n J

If the channels have large errors that are corrected for, these corrections will

leave the harmonics uncorrelated between the channels. These harmonics will then

not give any deep nulls but an increased average sidelobe level, as in Eq. (2.17).

The resulting SNIR will however be approximately equal to that for identical

channels.

The directions obtained from Eq. (11.3) are indicated in the figure and it is

seen that they correspond to nulls in the JNR = 70 dB pattern for quite high values

of the harmonic number n. This shows how the adaptive process will try to eliminate

all relevant signals to get a high total SNIR. This will of course cost some

degrees of freedom, which may be important, especially for an antenna with few

elements. In 'his example with N = 16 elements and one jammer the antenna would be

able to null out harmonics up to n = 29. As the power for higher n may still be

quite high compared to the noise (for very high power the saturated signal will

become a square wave and the power in the harmonics will go as 1/n2) there will be

some residual jammer power decreasing the SNIR. Of course, the algorithm does not

eliminate the lowest order harmonics, leaving the other harmonics unaffected, but

will affect all harmonics to give the lowest total SNIR. For the three different

jammer powers in this example the deviations cf the resulting SNIR from the

asymptotic nonsaturated values were 0.3, 9.5, and 32.1 dB respectively. These

numbers are for one particular statistical outcome of the simulations; the numbers

vary somewhat between different simulations, in particular for the JNR = 58 dB case

where there are relatively few saturated samples. The SNIRs here are the maximized

SNIR obtained from Eq. (8.1) and not the asymptotic SNIR or the expected SNIR using

the calculated weights. The difference for K = 4096 samples is very small, however.

For larger antennas more harmonics can be suppressed. The deviations from the

asymptotic nonsaturated cases in simulations with N = 16, 32, 64, and 128 elements

and JNR = 70 dB were equal to 32.1, 22.3, 6.7 and 0.8 dB respectively.
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There is also a possibility that, a- for n=13 in this example, a jammer outside
the main beam will generate a frequency component with an equivalent direction

within the main beam, which may have serious effect on the SNIR and main beam shape.

When the desired signal is present during the adaptation, as in Frost's
algorithm, the corresponding intermodulation products will also be considered as new

uncorrelated jammers by the adaptive process.

One possible method to improve the pattern and the SNIR would be to use only the

nonsaturated signal vectors when forming the covariance matrix. This assumes of

course that the same is also done for the total output signal from the antenna.

Hence much of the information in the desired signal may be lost. Using only

nonsaturated signal vectors in the JNR = 70 dB case would cause only about 20

percent of the samples to be used. Even fewer samples would be used for a saturated

CW jammer.

For less hard saturations, without any knee in the transfer function, the

magnitudes of the higher order harmonics will be smaller. These less hard

saturations are more realistic for amplifiers and mixers. A non-linear transfer

function of the type:

V
011= + "(/ )]I (11.4)

o 1 [1 + (V in /V max)p]Ip

has also been used in the simulations (p = oo corresponds to the hard limit case).

When p = 6 the compression at V. = V is 1 dB. ForN = 16 and JNR = 70 dB the
I• max

deviations of the resulting SNIR from the asymptotic nonsaturated value were for p =

6, 12, and 24 equal to 18.2, 25.7, and 29.7 dB respectively, to be compared with

32.1 dB for the hard limit case.

12. CONCLUSIONS

The effect of various imperfections on the pattern of adaptive arrays has been
investigated. The algorithms considered were Applebaum's "Maximum signal to

interference plus noise ratio" and Frost's "Constrained power minimization". In

these algorithms there are no explicit constraints or requirements on the sidelobe
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levels included and hence some types of array imperfections can cause severe

degradation, in particular in Frost's algorithm where the desired signal is directly

included in the adaptive process.

Three types of solutions to these problems have been discussed: to make the

errors small enough or to compensate for them when they are known; to reduce their

influence by adding artificial noise; and to use some a priori knowledge about the

covariance matrix and its eigenvalue spectrum. In many cases, where the error is

due to an incorrectly estimated covariance matrix or steering vector, the methods

discussed will also improve the SNIR.

It may also be desirable to modify the correct covariance matrix slightly to

obtain some desirable pattern properties at a very low cost in terms of resulting

SNIR as discussed in Sections 3 and 4.

One type of error occurs when the steering vector used is not optimally chosen.

This is the case for the amplitude and phase errors in Section 5 and for the IQ

errors in Section 6, when the signal video frequency wod = 0. The Frost algorithm is

most affected by steering vector errors because some of the desired signal, which

does not match the steering vector, is considered as a coherent jammer by the

process. These errors can in principle be measured and corrected for.

Alternatively, they can be partly corrected for by decreasing the importance of the

desired signal by adding artificial noise or by using a priori knowledge about the

noise eigenvalues and signal subspace eigenvectors.

Another type of imperfection is that some additional jammer signals may be

created internally in the array. This is the case for the IQ errors in Section 6,

when the video frequency (o # 0, for the DC offset errors in Section 7, and for the

saturation effects in Section 11. The first two could be compensated for if they

are known, while the last one should be kept small by having sufficiently large

dynamic range in the receiver modules and A/D converters, or by rejecting saturated

samples.

A third error type is due to quantization of the signals, discussed in Section

9, and quantization of the calculated weights, discussed in Section 10. The first

will give an additional equivalent noise contribution while the second will limit

the obtainable null depth. The latter may be very serious and a sufficient number

of bits is necessary.
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If the noise covariance matrix is not an identity matrix, as is usually assumed,

large effects on the pattern may result as discussed in Section 3. Forcing it to be

equal, or close to, an identity matrix gives better sidelobes at the cost of a

slightly lower SNIR.

As the covariance matrix can only be estimated by a time average it will have

some errors. This problem is discussed in Section 8. In particular there will be

apparent correlations between truly uncorrelated signals, including the noise. This

type of error can also be partly corrected for by using a priori knowledge about the

eigenvalue spectrum or by minimizing the relative errors by adding artificial noise.
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Appendix
Error Induced Gain Loss and Sidelobes

For an array antenna the gain is, for isotropic element patterns, given by:
N2

")• wexp(jk.r)l21=1 i

G(0) N N = N.qA (0) (A.1)
[Iw. 12
i 21

where the w. are the total element weights, including possible gain and phase shift

errors, k is the propagation vector and ri is the element position vector. When the

weights have random errors, the total weight vector w can be written as a sum of a

vector w0, parallel to the error free weight vector, and a vector Aw, uncorrelated

with the error free weight vector so that w = w0+Aw and E (w0-Aw) = 0. If we also
0 0

assume that the weight errors, Aw, are mutually uncorrelated, the expected gain in

direction 0 can be written as:
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E (Wo0 +Aw.)cxp(Jk rid

G(O) = Ni(o)= E- NN

N.rj0 (0) + <A2>

I + <A 2> 
(A.2)

where <A2> is the normalized mean square error:

<A> Aw 12-iN= /iN
Aw 12i Aw'12 / iI,2 (A.3)

0 =i

and 1T0(0) is the error free aperture efficiency as a function of the angle 0. In

Eq. (A.2) we have also approximated the expectation value of the ratio with the ratio

of the expectation values. This will often give a result that is slightly too low.

For very large errors we can see from Eq. (A.2) that G(0) -> 1.

The expected, error induced, sidelobe level relative to the error free gain in

the desired signal direction is thus:

<2>

Sidelobe level = > (A.4)
N10o(Od) (1 + <A>)

and the sidelobe level relative to the actual signal gain:

<2>

Sidelobe level = <A> (A.5)
Nrl0 (0d)+<A2>

When the errors are small, or if we know that the error weights Aw. do not give

any contribution in the main beam direction, we can use:

<2>

Sidelobe level <A> (A.6)
N4 l 0 (Od)
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Sometimes, such as when the weights will tend to partly cancel the desired

signal in the Frost algorithm, the components in Aw are mutually correlated and

Eq. (A.2) is valid only in the sidelobe region. The relative sidelobe level can

still be found from Eq. (A.4) if NT1o(Od) is replaced with the actual gain, G(Od).

Sidelobe level = <A2> (A.7)
G(Od) (I + <A2 >)

If the antenna elements have an element gain factor, g(O), this is simply

inserted in the numerator of Eqs. (A.1) and (A.2) and in both the numerator and

denominator of Eqs. (A.4) to (A.7).

95



MISSION

OF

ROME LABORATORY

Rome Laboratory plans and executes an interdisciplinary program in re-
search, development, test, and technology transition in support of Air
Force Command, Control, Communications and Intelligence (C31) activities
for all Air Force platforms. It also executes selecte'i acquisition programs
in several areas of expertise. Technical and engineering support within
areas of competence is ,rovided to ESD Program Offices (POs) and other
ESD elements to perform effective acquisition of C31 systems. In addition,
Rome Laboratory's technology supports other AFSC Product Divisions, the
Air Force user community, and other DOD and non-DOD agencies. Rome
Laboratory maintains technical competence and research programs in areas
including, but not limited to, communications, command and control, battle
management, intelligence information processing, computational sciences
and software producibility, wide area surveillance/sensors, signal proces-
sing, solid state sciences, photonics, electromagnetic technology, super-
conductivity, and electronic reliability/maintainability and testability.


