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EXPANSIONS OF CUMULATIVE DISTRIBUTION FUNCTIONS
DIRECTLY FROM CHARACTERISTIC FUNCTIONS
INTRODUCTION

. The performance analysis of nonlinear signal processors in

noise can often be accomplished in closed form in terms of the

characteristic function of the system output decision variable;
for example, see [l - 4). However, due to analytical complexity,
determination of the corresponding probability density function
and the cumulative or exceedance distribution functions then
generally requires some sort of numerical procedure, such as a
fast Fourier transform; for example, see [5].

Alternatively, expansions of the probability density function
or cumulative distribution function in a Hermite or generalized
Laguerre series is possible if the system output high-order
moments or cumulants can be easily determined [(1,6]. However,
this approach of breaking a given characteristic function down
into its moments or cumulants, followed by a build-up of a series
expansion from coefficients determined recursively from the
moments or cumulants [6], can involve a large amount of number-
crunching with its attendant round-off error. What is desirable,
instead, is a method of proceeding directly from the closed form
characteristic function to series expansions for the probability
density function and cumulative distribution function. A step in
this direction was taken recently in [3,4]), where the receiver

output characteristic function, for a multiple-pulse processor in
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a noisy medium with correlated-fading, was expanded in a series
involving only positive terms and coefficients. Here, we will
generalize those results and obtain an extension of the
generalized Laguerre expansion.

The ideal goals of this analysis would be as follows:
the new series expansions should be rapidly convergent and
involve as few terms as possible; the series should contain some
adjustable parameters that can be modified to achieve more rapid
convergence, especially for difficult situations such as very low
false-alarm probabilities or very high signal-to-noise ratios;
the individual terms in the series should be easily computed,
preferably by efficient recursions; the series for the
probability density function should be easily integrable to yield
the cumulative or exceedance distribution functions; and the
series should involve only positive terms, if feasible, in order
to retain high accuracy in the tail prcbability regions.

The following results have achieved partial success in
realizing these goals. The expansions are not limited to
orthogonal expansions, such as the Laguerre and Hermite cases.
There exists the possibility of creating additional convergence
factors in the expansions which speed convergence significantly.
And, arbitrary signal-to-noise ratios and thresholds can be
easily accommodated without sacrificing accuracy. There still
exists the problem of deciding how best to pick the free
parameters in the expansions for most rapid convergence. It is
generally not simply to make a few low-order coefficients zero;

this is consistent with [6; page 3 and examples].
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EXPANSION OF CHARACTERISTIC FUNCTION

Before presenting the new expansions, it is worthwhile to
review some earlier results. The generalized Laguerre expansions
of a probability density function p(u), for a positive random
variable, and its corresponding characteristic function (Fourier

transform) f£(f) are given, respectively, by (6; (102)] as

p(u) = 2 exp(-u/f) a nVDIBl gy s 0 , (1)
gY I'(v) %zg L [5]
© (v) . n
- 1 n -i&g
£(8) = v = 4nh "n! [1 - 1&B ) (2)

(1 - 1&B) " n=0

Except for the leading factor 1/(1 - i{ﬁ)v, the basic idea here
can be interpreted as the expansion of the characteristic
function f(§) in a power series of the quantity -i§/(1 - i&B).
There are two free parameters in (2), namely v and B, which can
be chosen to speed up convergence, that is, hasten the decay of
the terms in (1) and (2). Observe that a, = an(v,ﬁ).

An alternative approach is given by the following expansion
of the characteristic function, involving only powers of the

factor 1/(1 - i(B); see [3; appendix D] and [4; appendix A]:

v-1 © n
p(u) = u B\’eip(-U/ﬁ) : an .Ll(‘l_é.?.)__ for u > 0 , (3)
(v) n=0 n
_ 1 o 1 n
€8) » ——7 "o (=) - (4)

(1 - iZg)" n=0

Again, there are two free parameters, v and B, and a, = an(v,s).

. |
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LINEAR FRACTIONAL TRANSFORMATION

Both of the expansions in (2) and (4), above, are special

cases of a linear fractional (or bilinear) transformation

. a - ik r _ O - Z
z = T_:_Tf% ’ i = Yy - gz Y # Ba , g >0, (5)

between the complex { and z planes. A linear fractional
transformation is the most general analytic transformation
yielding a one-to-one correspondence between all points in the
simple & and z planes [7; page 365]. (The transformation in
(2) corresponds to a = 0, y = B, while that in (4) utilizes

y =0, a=1.)

We observe the following associations:

§ =0 maps into z = a ;
£ = g << 1 maps into z ~ (a - iey)(1l + ieB) ~ a + ieg(Ba - y) ;
§ = maps into z = y/B . (6)
Then, for positive parameters a,f,y, the upper half {-plane maps

into the interior of a circle in the z-plane, with center c and

radius r’, where

c = %[a + %] , r' %'u - %| . (7)

This result holds regardless of whether Ba > y or Ba < y.
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EXPANSION PRGCEDURE

To demonstrate how the expansions are developed, suppose
characteristic function f(f) is given, and that its asymptotic

behavior is governed by
f(&) ~ c/(i{)“ as £ > o, v > 0. (8)

- This behavior determines parameter v. Now, define auxiliary

function

Form the following product, and then develop the product in a

power series expansion in z according to
Y - Ba b = n
[Y —z) L(z)=l_f,z i £ = f (vBay) . (10)

Then, from (9) and (5), the original characteristic function is

f(E)=£z=a:‘:1{Y= 1 “:15 . (11)
[ 1 1ER (1 - 1{ﬁ) =0 1 1E8

The scale factor y - Ba is used in the product on the left side

of (10) in order to get the more compact form (11). The
asymptotic behavior of expansion (11) agrees with (8), due to the
introduction of leading factor (y - Ba)/(y - Bz) =1 - i¥B in
(10), before the power series expansion in z is accomplished.

The coefficients {fn} in (10) and (11) are functions of the

four parameters v,B,a,y. If a = 0, the quantity fn(v,ﬁ,o,y) yn
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in (11) can be denoted as fn(v,ﬁ), giving form (2). On the other
hand, if vy = 0, the quantity fn(v,ﬁ,a,O) a™ in (11) can be
denoted as fn(v,ﬁ), giving form (4).

Although four parameters are available in (11), only three

are fundamental; that may be seen by writing (11) in the form

© . n
£8) = —L—= 7 g oM (L2EEE] (12)

(1 - iEg)" n=0

provided that a # 0. Coefficient fn o™ is then a function only
of the three parameters v, B, a/y. Since characteristic function

value f£(0) = 1, there follows from (12) the useful constraint

@

> £ o’ =1 . (13)

n=0

Another possible triplet of parameters 1is

Y asymptotic decay ;
B scaling constant ;
Ba/y matching constant . (14)

Whichever set of three parameters are used, they should be chosen
so that series (11) or (12) has rapidly decaying coefficients

{fn}, if possible.
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EXPANSION OF PROBABILITY DENSITY FUNCTION
In this section, the probability density function

corresponding to cliaracteristic function expansion (11)

will be developed. For future use, we define

r = ég—%—x , Y #0. (15)
We begin by observing that the numerator term (a - ity)" in
(11) can be expressed as
n n
T A [§] [ﬁg_é_x 1 - 1gﬁ] =
n _n
- (x n) _m o n-m
[ﬁ Z;% [m] r' (1 - i&g) . (16)

This enables us to express the n-th term in (11) according to

(1 - ;zs)“ 3= i§g]n ) [%]n %ﬁ% (B) - g™

Then, characteristic function (11) takes the desired form

® n _n
(e =1 £, (¥ i [p) - s (18)
n=0 m=0
The expansion of probability density function p(u),

corresponding to this form of f(§) in (18), is

-1 & n
_ (u/B)’"" exp(-u/B) ru
= ;=0 £, [%] Sn[ 5’“] for u > 0, (19)

2y ET(v)
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where auxiliary function
_ < (n n! _(v-1)
Sn(x,v) = ;=0 [m = 1Fl(—n;v;-x) = (“)n L (-x) . (20)

Here, we used [8; (13.6.9)). The recursion for Sn(x,v) is, by

means of [8; (13.4.1)],

s _ (v+2n-2+x) Sn_l(x,v) - (n-1) Sn_z(x,v) 57
A(x,v) = T (21)
for n 2 1, with Sp(x,v) = 1. Value S_l(x,v) can be arbitrarily

set to zero, since it gets multiplied by zero when n = 1 in (21).

From (15), if y < B8a, then r > 0 and all the terms in
Sn(ru/ﬁ,v) in (20) are positive. Sequence [Sn(ru/ﬁ,v)} in (19)
does not decay rapidly to zero with n; in fact, the sequence can
grow slowly with n, depending on the polarity of r. Convergence
of (19) must be furnished by sequence f (yv/8)"

We could express the probability density function in (19) as

. (22)

-1
- (u/B) " exp(- u/ﬁ) Y 4
p(u) B T(v) [ ]

(Then, by using [9; 7.414 8], the corresponding characteristic
function is readily obtained as (11), which constitutes a check
on the above developments.) Notice that the argument, -ru/g,
of the Laguerre polynomial L, in (22) is not the same as the
argument, u/g, of the exponential, unless r = -1, that is,

unless we are dealing with the special case of a = 0.
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For a = 0, the results above reduce to

_ (u/8)°"! exp(- u/B)
p(u) R

£(E) = L - jlizﬁ : (24)
(1 - i&p)° =
These agree with the usual generalized Laguerre expansion in
[6; (102)] when we set y = B and identify v, £ here with
atl, ag (a+1)n/n! there, respectively.
On the other hand, in the limit as y » 0, observe from

(20) that

B sal=) = () = () o (B y) -

]“ _ 1 [g%]“ as y » 0 . (25)

Then, the result in (19) reduces (as y » 0) to

-1 © n
= (u/g)¥”" exp(-u/B) (au/g) -
p(u) BT (v) ;=0 fn (V)n for u > 0, (26)

while (11) becomes

8

1

n
£(8) = £ —2—] . (27)
TRk ("3}
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These agree with [3; (D-15) and (D-13)], respectively, when we
set a =1, g = 2, and identify v, fn here with K, F 9, there,
respectively.

Relations (22) and (19) are extensions of the generalized
Laguerre expansion of a probability density function. These are
the desired results, in so far as the probability density
function is concerned; we now proceed to expansions for the

corresponding cumulative distribution function.

10
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EXPANSION OF CUMULATIVE DISTRIBUTION FUNCTION

The cumulative distribution function is

\
C(v) = J du p(u) . (28)

-0

We will obtain expansions for C(v) in two different ways, each

with its own merits and limitations.

FOURIER TRANSFORM OF C(v)

The Fourier transform of the cumulative distribution function
C(v) is considered in appendix A; it is given in terms of the

characteristic function f(f) by
g(E) = J' dv exp(ifv) C(v) = ;—% £(§) for 0 < & <a, (29)

where Ei is the imaginary part of §. Constant a is positive, and
can be +», as for a random variable which is always positive.

Then, from (8), the asymptotic behavior of g(f) is

g(E) ~ ——7

('E)v+1 as § » =, (30)
i

Analogous to (9) and sequel, we define auxiliary function

g(z) = g6 = § £=%;] = - L=B2 ¢4 , (31)

where we used (29). Now, we form the following product, G(z),

and develop the product in a power series in z according to

11
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_ av+1 © -
6(z) = (L=£3] " q(z) - T 9 2 gy T g (k) - (32)

In order to find coefficients lgn], we use (31) and (10) to find

v+1 ©
G(z) = - —Lr=Fol fz) = TL5 g 2" (39
(v - Bz)  (a - z) n=0
Now, if a # 0, we expand (a - z)'l = o1 (1 - z/a)"1 in a

power series in z, and combine the two series in (33), thereby

obtaining coefficients [gn} in (32) as

+ B2 — ¥ £ forn20, (34)

with g_, = 0. Thus, coefficients {gn} are readily found in terms
of the earlier coefficients [fn} in (10), at least when a # 0.
Finally, using (31) and (32), we have the desired expansion for

the Fourier transform (29), namely

. © . n
= = 0‘_‘—151] = 1 [a_-lﬂ]
g(E) ﬂ(z 1 - 1{5 (1 _ i{ﬁ)v.'.l g gn 1 - IEB 14 (35)
where g, = g, (v,8,a,Y)-
Observe from (34) that
lim g ot - (B - v) ¥ __ £ o= Ba - v, (36)
n-o m=0
where we used (13). Therefore, the asymptotic decay of

coefficients {9,} is according to

12




TR 10371
~ Ba - Y
9, an+1 as n > o, (37)

This result demonstrates that series (35) will converge if |y| is
less than |Ba].

Then, by reference to the Fourier transform pair (11) and
(19), the cumulative distribution function (inverse Fourier

transform) corresponding to (35) is immediately available as

_ (v/8)" exp(- v/m Y
CV) = T (v 9n (% NGRS
_ (v/g)Y exp(- v/j) (v)
= ST (v+1) [x] (v+1) LY [ for v > 0 , (38)
where we also used (20). These results apply only for a # 0.

The series converges if |y| < |Ba|, as may be seen by reference
to (37) and [10; (8.22.1)]. The relations in (38) are the main
results of this subsection.

If 0 <y < Ba, thenr > 0 from (15), and all the terms in
Sn(rv/ﬁ,v+1) are positive. Again, notice that the arqument,
-rv/B, of the Lagquerre polynomial L, is not the same as the
argument, v/f, of the exponential, unless r = -1, that is, unless
we are dealing with the special case of a = 0. However, this
special case cannot be obtained from the above by simply letting
a » 0 in (38); see the comment under (33), where property a # 0
was explicitly used in developing the series expansion for

(1 - z/a)'l.

13
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SPECIAL CASE OF a = 0

From (32) and (33), when a = 0, we have

v+l o
G(z) =dx=Bz) 57— ¢ 1, (39)
Y n=0

q(z) = [I_Z_ﬁi

v+1
7]

with fn = £.(v,B,0,v). Then, (35) yields

1" L o)

= = -1{ = Y = _-E.L
g(&) 3[2 T‘:‘I%E] (1 - iEB)v+1 %;% fn [1 - 1&B
Again, we could let £ (v,B8,0,Y) y" o= fn(v,ﬁ), where the latter

quantity is independent of vy.

The cumulative distribution function term corresponding to

the n = 0 term in (40) requires special treatment; we have
g (k) = Y g, L=2E8 - i (41)

Since we know the Fourier transform correspondence

u\’_1 exp(-u/g)

gY r(v)

(1 - i)™ — for u > 0 , (42)

the go(E) term corresponds to the cumulative distribution

function component (see (28) and (29))

v
v-1
_ u exp(-u/g) _ v,v/ _
cy(v) = £, f du S = £ ﬂ_l_ﬂr'(v) =
0 B~ T(v)

14
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- (v/8)° exp(-v/B)
= £, e F1[1 1+v,B] for v > 0 , (43)

where y(v,x) is the incomplete gamma function [8; (6.5.2)], and
1F1 is the confluent hypergeometric function [8; (6.5.12)].

The remainder, gl(E), of g(&) in (40) can be inverse
transformed immediately by comparing Fourier transform pair (11)

and (19). Its cumulative distribution function component 1is

ye) - g e (s, (o]

for v > 0. The total cumulative distribution function is given

by the sum of (43) and (44):

C(v) = C (V) + Cy(v) = (45)

- (v/ﬁ):(gﬁgg-v/ﬁ) [fo ) 1[1 1+\:,ﬁ] [ ] n- 1[%"’”]]

This expansion for the cumulative distribution function applies
for a = 0. Again, we could let f (v,8,0,v) Yyt o= fn(v,ﬁ).

An alternative expression for C(v) is available when we use
identity (20) on result (45). When this is done, the result for
C(v) in (45) agrees with [6; (95)], when we set y = 8 and

identify v, fn here with a+l, a, (a+1)n/n! there, respectively.

15
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SPECIAL CASE OF vy = 0
As another check on general result (38), we consider letting

y 2 0. From (25), we have

B ) -, () v e

Then, from (38), when y = 0, the cumulative distribution function

becomes
_ (v/B)" exp(-v/B) +— (av/B)" _
St = B T(v+1) g I v T
— (V/ﬁ) exp(-v/
= T v+l ﬁéi [E f ] (v+1) for v > 0 . (47)

Here, also, we could let fm(v,ﬁ,a,O) o™ = fm(v,ﬁ).
The quantity 1 - C(v) is a rearrangement of (3; (D-21)};
agreement can be confirmed when we set a =1, 8 = 2, use (34),

and identify v, fn here with K, F 9, there, respectively.

16
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INTEGRATION OF PROBABILITY DENSITY FUNCTION EXPANSION

At the beginning of this section, it was noted that
expansions for the cumulative distribution function C(v) would be
obtained by two different methods. The results above were
obtained by means of the Fourier transform of C(v); now, we
integrate directly on the probability density function p(u).

From (12), the characteristic function f(f), for arbitrary

v, B, a, Y, can be expressed as
@©

£(E) = Z:% £ o F(E) , a#0, (48)
n=

where characteristic function component

: n
F(E) = (1 - fEY/gln , v>0. (49)
(1 - 1EB)
Component Fn(E) is a characteristic function, in that Fn(O) =1

for all n. Then, from (19), the probability density function

corresponding to (48) is

p(u) = E fn o Pn(u) for u > 0, (50)
n=0

where probability density component

n v-1
[E! (u/B) %" exp(-u/B) sn[r_g,\.] for u > 0 .  (51)

Pn(u) a B T'(v)

Component P_(u) is a probability density function, in that

[ du Pn(u) = 1 for all n.

17




TR 10371

There follows, from (50), the cumulative distribution

function

v
C(v) = J du p(u) = Z:g £ o c (v) for v >0, (52)
0 n=

where cumulative distribution component

v+m-1 exp(-u/p) _

r(v+m)

du (u/B)
B

m=0

\'4
c (v) = J du P_(u) = (E§ : Zf: [3] .
0

O <

= [E§ " ZE: [n] - g[v+m,%] for v >0 ; r = ﬁg—%—x . (53)

m=0 o

Here, we have used detinition

v-1
C(v,x) = I dy Y P?t?( Y) for x 2 0, v » 0 ; (54)

see appendix B for additional useful recurrence relations on this
incomplete gamma function. Component Cn(v) is a cumulative
distribution function, in that C (=) =1 (using C(a,») = 1).
Relations (52) - (53) are the main results of this subsection.
The cumulants corresponding to an individual component may be

found readily from (49); the k-th order cumulant is

X, (k) = (k-1)! [(v+n) gX - n [g]k] for k 2 1 . (55)

In particular,

Xy(1) = (vtn) g -n L,

18
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2 2
X, (2) = (v+n) ° - n L5 . (56)
a
Therefore, if y < Bq,
Xp(l) > @ as n > =, (57)
and
xn(2);’
—_——— 30 as n > > , (58)
Xp(1)

That is, the mean of probability density function component P (u)
tends to =, while the component concentrates around its mean.
This implies that, for fixed threshold v, the cumulative

distribution function component
Cn(v) 20 as n *» =, (59)

provided that y < Ba. Thus, expansion (52) has two convergence
factors when y < Ba, but otherwise arbitrary g, a, y; recall
(13). Also, if y < Ba, then r > 0, and all the terms in

component C_(v) in (53) are positive.
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SPECIAL CASE OF a = 0

Instead of letting a » 0 in (52) and (53), we return to (23),
which gives the probability density function p(u) for a = 0. The

corresponding cumulative distribution function is

Sl = } du p(u) Vfﬁdt t¥! exp(-t) ZE: £ [x]n n! L(“'l)(t)
) T(v) 4z T (8] T
- 5o clvg) ¢ — roey e L [1) (v) T w5 o

for v > 0, where we used [6; appendix C). The result in (60)
agrees with [6; (91) and (95)). If desired, we could again let

£ (v,8,0,v) vy o= fn(v,s), indicating a two-parameter dependence.
SPECIAL CASE OF vy = 0
Observe, from (53), that
Cn(v) > g[v+n,%] as y » 0 , (61)

meaning that we have, from (52), cumulative distribution function
[+

C(v) - E fn o g[v+n,%] as y > 0 . (62)
n=0

The corresponding limiting exceedance distribution function,

E(v) = 1 - C(v), agrees with [3; (D-21)], when we set a =1,

B = 2, and identify v, fn here with K, F 9, there, respectively,
and recognize that C(n,x) here is 1 - Hn_l(x) there. Also, since
C{»,x) = 0 according to (B-4), the sum in (62) has two

convergence factors as n » «. Also, fn(v,s,a,O) ot = fn(v,ﬁ).
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TYPICAL CHARACTERISTIC FUNCTION COMPONENTS

Up to this point, the given characteristic function f£(f) has
been general; the power series expansion developed in (10)
allowed for arbitrary f(&) and f(z) in (9). Therefore, all the
expansions developed in the previous three sections had general

coefficients {fn} and {gn] in the expansions; see (38) and (52),

for example.

Now, we will consider some typical characteristic functions
that have occurred in recent signal processing studies [3,4], and
will develop the specific equations for the coefficients (£,1.
The four types of characteristic function components, that we

will concentrate on, are labeled as follows:

A: £(E) = (1 - ita)™Y , (63)
M -V
B:  f(E) = T‘[[l - i) ™, (64)
m=1
. M ¢m
C: f(&) = eXP[li %;% T‘:‘;fg;] ' (65)
M 9
. Fy = —n
D: f(g) = exp[%é% T itdm] : (66)

These individual forms may not be valid characteristic functions
for some choices of parameter values; that is, the corresponding
probability density functions may go negative somewhere.
Nevertheless, these functions frequently occur in combinations

and are useful as building blocks for more complicated forms.
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TYPE A, (63)

The characteristic function of interest is given in (63).
The asymptotic decay is in agreement with (8). Function f(z) in

(9) is then

Yy - Bz Y
i(z) = [Y -aa - z(B - a)) - (67)

The producc function in (10),

AV] [+4]
F(z) = (£=83) " £(a) =ptie (68)

takes the form

v
F(z) =t (1 - hz)"Y , t = [I_:_EE] , h= g - a (69)

for y # aa.
Probably, the most efficient way to determine the
coefficients {fn] in expansion (68) is to take a logarithm

of (69) and expand in a power series:

[
In F(z) = 1n t - v In(l - hz) =} _ e 2", (70)
n=0

where the latter coefficients are given by

e =1nt , e = ' forn 21 . (71)

o n

Sle

Then, exponentiation of (70) immediately leads to coefficients

Z%: k

h™ £
k=1

nox form 2 1. (72)

h
]
ot
Hn
]
Sle

22
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Here, we used the following useful recursion [6; appendix A]:
@ ©
F(z) = exp[z e, zn] =3y £ z" (73)
n=0 n=0
according to (70) and (68), with

a =1
f0 = exp(eo) ; £ = o

Result (72) is an efficient recursion for the desired coeffi-

cients {fn}. If g =a, thent =1, h =0, e, = 0 for n 2 0,

fo =1, fn =0 for n 2 1, and (11) reduces to (63), of course.

TYPE B, (64)

Let v = vy + <o + v in the following. The asymptotic decay

M
of (64) then agrees with (8). Function f(z) in (9) is given by

Y - Bz
Y = Bya - z(f - By

f(z) =

Bj
] =
—

while product function F(z) in (68) is

-V
F(z) = t T—I [1 - hmz] s

where
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g - b
m Y - bma

¢ = — (v - gy’ — . h
TT (v-b)™

for 1 <m <M. (77)

=

In order to develop the power series expansion of (76),

observe that

M
ln F(z) = 1ln t - E v 1In(1

«©
- n
L - hmz) = E e,z (78)
m=1 n=0
with
1 e = n
esh- In t , e, =5 Hy v Hy = é=1 Vi hm forn 21 . (79)
Then, by use of (73) - (74), we find coefficients
1 XD
f0 =t , fn = i=1 Hy fn-k forn 2 1 . (80)

A possible initial guess for B follows by matching the n = 0
term of expansion (11) to the origin behavior of the given

characteristic function; namely, as £ » 0, (11) gives

\Y

(1 - 1i8B) " ~ 1 + ikBv , (81)

while (64) yields

M
£(E) ~1+iE ) b _v_ . (82)

M M
BESY b v, v=Y_ v, . (83)
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TYPE C, (65)
Here, the asymptotic decay is v = 0 from (65). There follows
M qn
F(z) = £(2) = exp(a - 2) & T—hs) (84)
where
¢ B - Cn
q =————=, h =—— forls<m<M. (85)
m vy - c.a m y-cpa
Then,
M @ L)
In F(z) = (a-2) y _ q 2 h;:zn=§ :enzn, (86)
m=1 n=0 n=0
where

M M
_ _ n-1 _
e, = a é=1 s e= E I hm (ahm 1) form21 . (87)

Then, coefficients {fn] follow directly from (74).
Sequence [hm} in (85) can be kept relatively small by
choosing B = ¢ Cn /M. Alternatively, if we set the sum of (h]

to zero, we find =t c_puy_ /L py_, where p_ = 1/(y-ac_). On the
m “m m m m

other hand, minimizing the sum of [hi] gives B = [ Cn ui /L p;.
Since both of these latter two approaches give a f value which
depends on y and a, the first choice seems more reasonable.

A smaller {hm] sequence leads to smaller [en} and [fn}
sequences, in general, thereby promoting faster convergence of

expansion (11).
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TYPE D, (66)

0. Then, we find

Again, we have v

q

M
F(z) = £(z) = exp((v - B2) L_ T
m=1 m
where
em g - d
Q. = - h = ———-= for 1 ¢
m Y dma ! m Y dma
Then,
M - - 5i [ )
ln F(z) = (y - Bz) )___ a, Y h oz = y
m=1 n=0 n=0
where
M M a1

Finally, sequence {fn} is given by (74) again.

|

m<M,.

forn 21

Sequence {hm] in (89) can be kept relatively small by

choosing

™
2
Xl
3
It
p—

This choice is independent of parameters y and a.

26
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APPLICATION TO FADING
The characteristic function of the output of a multiple-pulse

receiver operating in a noisy medium with partially-correlated

fading was derived in closed form in [3; (D-1)]). It is

M K -
£(E) = (1 - i2p)RCM-1) 177 T—r[l - izzgmk]] x
m=1 k=1
x exp|it Lo 5 1 “nk J : (93)
m=1 k=1 ! = 12&8Qn

where K is the number of pulses, M is the number of fading
components, {ka] are measures of random signal-to-noise ratios,
and {emkl are measures of deterministic signal-to-noise ratios.

This characteristic function in (93) is recognized to be the
product of the three types of terms A, B, C in (63), (64), (65),
respectively. This means that the logarithms of the individual
terms will add. In particular, by reference to (70), it means
that the three sets of {en] coefficients, of each type of
characteristic function component, can be added directly together
before performing the exponentiation indicated by (73) and (74).
We therefore concentrate on obtaining these [en] coefficients for
each type of component A, B, C in (93).

With regard to type A terms, the leading term in (93) leads
us to identify a = 2, v = -K(%¥M-1) in (63). Then, by reference

to (69) and (71), we find
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_ -K(%M-1)
e = [L=£ , h=8-2 (94)
Y - 2a Y - 2a
- Sk M_ ) (e=2)"
€, = In t , e, = ~ [2 1] [Y ~a forn 21 . (95)

The fo coefficient follows from (72) as fo = t, as given in (94).

As for type B terms, the second term in (93) requires the
identifications M » M,K; m - m,k; bm - 2ka; v 2 ¥ in (64).
Then, by use of (83), (77), and (79), we find v = MK/2,

MK/2 B - 20
t = —; (K - Ba) : h o> — K , (96)
m Y - Zank
(TT T Tev - 200,)
m=1 k=1
M K (B - 20 n
_ - 1 mk
e, = In t , e, n é=l i=1 [7_:—556;;] forn 21 . (97)

The fo coefficient is given by (80) as f0 = t, in terms of (96).
Finally, for type C terms, the last term in (93) yields the
identifications M » M,K; m -9 m,Kk; ¢m » e Cp 2 2ka in

(65), in addition to v = 0. Then, by use of (85) and (87), we

find
e B - 2Q
q —mk , h - _*mk_ , (98)
m Y - 2chmk m Y - 2ank
M K e
mk
e =a) / (99)
o =1 k=T ¥ ~ 20Qp
n-1
M K (B - 20 .) €k
e, = (Ba - v) E E it n+1m forn 2 1 . (100)
m=1 k=1 (v 20ka)
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The fo coefficient follows from (74) in the form fo = exp(e,),
where e, is given by (99).

When we combine the three types of characteristic function
components above, the three individual fo terms multiply, leading

to the composite value

K(%M-1)

g = Y - Ba)* (y - 20)

* (T T T - 200

X exp
m=1 k=1

0 g5 | . o)

Similarly, the three [en} terms given by (95), (97), and (100)

combine (add) to yield composite value

(8 - 29"

— [(s - 20 ) (v - 20Q,) +

+2n (Ba - v) emk) - K[% - 1)[%—5—%a]n forn2 1. (102)

The composite v value is obtained by adding the three values
above, to get v = K(1 - M/2) + MK/2 + 0 =
The coefficients {fn] can be found from (7/) in the recursive

form

n
1
£ =+ ke f , forn21. (103)

The expansion for the characteristic function is again given by
(11), and the corresponding probability density function follows

from (19), with the replacement of v by K in both cases.

]
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SPECIAL CASE OF a = 0

In this special case of a = 0, there follows f0 = 1 from

(101), and

M K
ney =3I T (8- 20" (B - 20y - ney) ¢
m= =

+ K [1 , -] B-2)" fornz21. (104)

The characteristic function expansion in (11) now becomes

1 —1{
£(E) = —— - . (105)
(1 - igg)K ! 1‘ﬁ

Again, we could write fn(v,B,O,y) yn = fn(v,ﬁ), thereby

emphasizing the two-parameter dependence in this special case.
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]
o

SPECIAL CASE OF vy

Upon use of vy 0 in (101), there follows

£ (5/2)
(o]
[l l I lka]

L exp

M K e
¥ b unp (106)

Also, from (102), we have

M K n-1 e
" n =1 1 - B [1 - _ﬁ__[l - n Bkl o,
CRE ISP LS 2o Ll
1M -8)" ¢ 1 107
+K[ —5][ -2] ornz21. (107)

The characteristic function expansion in (11) now becomes

1 2 a n
f(E) = —2 5 " f [—-:-7-] ) (108)
(1 - igg) n=p M M- 1ER
Here, also, we could write fn(v,ﬁ,a,O) a = fn(v,ﬁ), explicitly
indicating the two-parameter dependence in this special case.
As a check on the above results, consider the situation where
there is no signal at the system input [3], in which case the

parameters in (93) become enk = 0 and ka = 1. Then, for this

noise-only case, (106) yields fo = (5/2)K, and (107) reduces to
n n
o ne = x[1 - g] for n 2 1 . (109)

The corresponding coefficients {fn] can be found in closed form

by using (73) directly: 1let { = (1 - B/2)/a, getting
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t"zZ"=e - K In(l - Zz) . (110)

Then, performing the exponentiation,

_ ®  (K)
F(z) = exp(ey) (1 - Zz) " = exp(e,) . —2 2", (1
n=

where we used [8; 15.1.8]. There follows the coefficients

LU SN [g]x (:Z" [1 -ag/z]“ for n 2 0 . (112)

Then, (62), along with v = K, yields the cumulative distribution

function
cv = Eo g, o gfkend) - (8) o R (1- )" gfrenY) (113
5 n = 'B z) &z nt 2] = ‘B

for threshold v > 0. Since this result must be independent of £,

we can set 8§ = 2 and get
c(v) = g[x,%] for v > 0 . (114)

(This checks [3; (188) and (D-17)].) The independence of result

(113) on B has been numerically verified.
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APPLICATION TO NORMALIZATION

The general results derived earlier were specialized to the
case where parameter y = 0, resulting in expression (62) for the
cumulative distribution function. We will further presume that
parameter v is an integer, namely K. Then, a combination of
(62), (13), and (B-14) enables us to write the corresponding

exceedance distribution function as

-+
E(v) =1 - C(v) = z fn o §[K+n,§] for v > 0 . (115)
n=0
Since y = 0, we let fn(K,B,a,O) o = fn(K,ﬁ), emphasizing the
two-parameter dependence. This quantity in (115) can be

interpreted as the probability that a random variable, denoted g,

exceeds a fixed threshold v:

Pr(g > v) = E(v) = n::o & g[xm,%] for v > 0 . (116)
Expansion coefficients {fn} and parameters K and B are arbitrary
in expansion (116).

Now, let us suppose that random variable g is not compared
with a fixed threshold, but rather with a variable threshold
determined from some finite size average of another set of
i 1dependent random variables. This normalization procedure is

opted in an effort to realize a constant false alarm receiver.
In particular, let random variable h be evaluated from the
average of L noise-cnly squared envelopes outputs of disjoint

narrowband filters. The probability density function of h is
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then

L-1
py(u) = = Exp('5“/°) for u > 0 , (117)
(20)" (L-1)!

where ¢ is a measure of the noise level in the reference bins.

Random variable g is compared with a scaled version of random
variable h, for purposes of determining whether a signal is
present in g. This leads us to consider the exceedance

(detection) probability of the normalizer in the form

h
Pr(g > v h) = E(v h) = J du po(u) E(v u) , (118)
where v is the scale factor. Here, we used (116) and (117), and
the overbar denotes an ensemble average over random variable h.
When we employ (117), (116), and (B-17), probability (118) can be

developed further as follows:

Pr(g > v h) = j du 2 il exp('*“/Ql y % E[x+n,¥u] =
(20)Y (L-1)r nm=0 "7 B

- J dx X - exp(-x/2)
2Y (L-1)!

- % x"" " exp(-x/2) _ov 1 (av
o= %;% £ { dx 9/ 1) exp( 5x] y l Bx]
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o K-1+

=0 k=0

=

o0

= [——L—]L I T[K-1+n,L-1 —2—""—] .

B + 20v =0 '8 + 20v

Here, we have defined the auxiliary functions

) T e (Y () -

(119)

M k) ko o
T(m,n,x) = i 5 [ k X = i 5 (n+1)k il i 5 U(k,n,x) , (120)

which can be easily evaluated by recursions.

Expansion (119) for the normalizer detection probability,

Pr(g > v h), is now available for numerical evaluation, once the

expansion coefficients [fnl in (115) have been determined.

additional integrals need to be evaluated; rather, only the

No

auxiliary functions in (120) must be evaluated. This procedure

parallels that used in [4; pages 13 - 16].
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EXTENSION TO ADDITIVE GAUSSIAN NOISE

The expansions derived above are most applicable to the
physical situation where filter outputs have been envelope
detected, thereby creating positive random variables. 1If there
is also present additive Gaussian noise at the system output,
modifications to the expansions must be expected in order to
accommodate the negative values that are then possible for the
random variable of interest.

Here, we will derive the new expansions for the special case
where parameter y is taken to be zero. We begin by repeating the

expansion for the probability density function in (26):

v-1 © n
py(u) = (u/B) 3 I,‘(*’\ji)’('“/ﬁ’ P 8 (/B) for w >0 . (121

n=0 (v)n

It is presumed that this expansion has already been accomplished
for random variable x,. A second random variable, Xy, which is
zero-mean Gaussian, is added to X The probability density
function of X, is
1 u2
py(u) = —— exp[- -] for all u . (122)
(2n) ‘o 20
The actual derivation of the probability density function of
X = X, + X, is accomplished in appendix C by convolving results

(121) and (122). The end result is

v-1 2, 2 © n
_ o exp(-%u~/07) (ca/B) u o
p(u) = A }r% £ (V) I\)_l_._n[; = E] (123)
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for all u, where

2

Tyla) = J dx xH (2n)7 exp[‘ 3%+ aX] =
0

=al, j(a)+ (u-1) I, 5(a) for y> 1. (124)

Starting values for recurrence (124) when p is integer, that is,
when v in (121) is integer, are given in appendix C. Thus, the
simple recurrence in (124) allows for rapid evaluation of the
probability density function p(u) in (123), once coefficients
[fn} in (121) have been determined.

The cumulative distribution function corresponding to p(u) is

also evaluated in appendix C. It 1is given by

©

n
C(v) = %=0 fn a Jv—1+n[§’% for all v , (125)
where
J (a,b) = J dx X_exp(-x) o[a - 5] 126
ul@ro) = T(p+1) b - L=
0

A recurrence for Jy is derived in appendix C for the case where yu
is integer; in this case, cumulative distribution function C(v)
in (125) can be rapidly evaluated once the coefficients {fn] are
available. Therefore, the addition of Gaussian noise is easily
accommodated, in terms of finding the density and distribution of

the sum, with the expansion already available in form (121).
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SUMMARY

Expansions of probability density functions and their
corresponding cumulative distribution functions have been
accomplished in a form that can be interpreted as an extension of
the generalized Laguerre expansion. This form does not require
or possess any orthogonality properties. Moments or cumulants do
not have to be extracted; rather, a linear fractional transfor-
mation is made on the available analytical characteristic
function, followed by a power series expansion. Applications to
a class of characteristic functions typically encountered in
signal processing were then made to illustrate the procedure by
which the expansion coefficients can be obtained. These results
are exact, not approximations; their utility depends on being
able to determine the power series expansion mentioned above.

These results have already been used to advantage in
numerically evaluating the performance of receivers in fading,
both with and without normalization [3,4]. In some cases,
appropriate choices of parameter values leads to series of all-
positive terms, with their attendant high accuracy, even in the
range of very small probabilities [3]. However, it must be noted
that these results are very example-dependent and may not extend
simply, in general. A new technique and expansion will usually
be required for each different problem.

The availability to choose four parameters, v,B,a,y, allows

for better fits and more rapid convergence to a given
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characteristic function or probability density function. This is
a worthwhile extension of the Hermite and generalized Laguerre
expansions, where only two free parameters are available. Of
course, only three of the four parameters are fundamental.

Once the characteristic function expansion for a fixed
threshold system has been determined, the probability density and
cumulative distribution functions for a related normalizer follow
immediately without the need for extensive new derivations. This
observation allows for a ready determination of the cost of
employing variable detection thresholds, which are inherent in a

constant false alarm receiver.
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APPENDIX A. FOURIER TRANSFORM OF CUMULATIVE DISTRIBUTION

The cumulative distribution function C(v) is given by

v
c(v) = | au p(u) , (A-1)

where p(u) is the probability density function, and f(&) is

the characteristic function of the random variable under

consideration. The two-sided Fourier transform of C(v) is
g(&) = I dv exp(ifv) C(v) . (A-2)

This latter integral converges at v = -o if £; < a, where a is
a positive constant (and could be +«, as for a positive random

variable). The integral converges at v = += if Ei > 0. Then,

we have
v +o
g(&) = I dv exp(i&v) J du p(u) = J du p(u) I dv exp(ifv) =
- QD u

= I du p(u) eXP("'l{w)ig eXD(lEu) = %%_ f({) . (A_3)
using Ei > 0. That is,
9(E) = Tf £(8) for 0 < & <a ; (A-4)

this relation holds within a strip in the complex &-plane.
Let contour D in the complex f-plane be the real axis with a
slight upward indentation at & = 0. Then, given the

characteristic function f£({), we can return to the cumulative
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distribution function C(v) by means of

5= | dE exp(-ivE) g(¥) = c(v) . (A-5)
D

EXAMPLE 1: TWO-SIDED EXPONENTIAL

1

p(u) = 3 exp(-|u|]) for all u . (A-6)
f(%) = for -1 < &, <1 . (A-7)
1 + {2 1
Here, a = 1. Relation (A-4) yields
g(t) = =L 5~ for 0 < & <1 . (A-8)
i8(1 + &%)

Then, integral (A-5) yields, with contour D passing below § = 1

and above §{ = 0, the correct cumulative distribution function

% exp(v) for v < O
= J dE exp(-ivE) g(&) = = C(v). (A-9)
2 1 - % exp(-v) for v > 0

EXAMPLE 2: ONE-SIDED EXPONENTIAL
p(u) = exp(-u) for u > 0 , (A-10)
1 - exp(-v) for v >0

C(v) = : (A-11)
0 for v < 0
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f£(8) = (1 - ia)'1 for &; > -1 . (A-12)
Here, a = +», From (A-4),
g(&) = TETT:%_TET for 0 < &, . (A-13)

Then, (A-5) yields C(v) as given by (A-11), provided that contour

D passes above § = 0.

EXAMPLE 3: GAUSSIAN

p(u) = (211)';5 exp(-u2/2) for all u , (A-14)
v

C(v) = &(v) = I du p(u) for all v , (A-15)

f(g) = exp(-E2/2) for all & . (A-16)

Here, a = +». Then, from (A-4),

g(k) = {% exp(-£2/2) for 0 < £, - (A-17)

With contour D passing above § = 0, we find

2
5 I At exp(-ivE) g(¥) = oy | dE exp(-ikv) exP(‘§ /2)
D D
=l 1 oy exp(-£2/2)
= m(-ln) = o J( df exp(-ivi) 3 =

3+ gn | ar SBLE) exp(-£?/2) =
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= % + [§(v) - %] = ¢(v) for all v . (A-18)

Here, we used [9; 3.896 4: in particular, integrate both sides

with respect to b].
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APPENDIX B. INCOMPLETE GAMMA FUNCTION RELATIONS

Define the function

v-1
C(v,x) = J dy ¥ r?§$(—Y) for x 20, v>0. (B-1)

(This is P(v,x) -n [8; 6.5.1].) Then, from [8; 6.5.2 and 6.5.3],

_ v, X) _ I'(v,x
g_(\’lx) o %)_ =N r(\’) ’ (B"Z)

in terms of incomplete gamma functions. The function C(v,x) is a

cumulative distribution function; that is,

C(v,») =1 . (B-3)
It is also useful to notice that

C(w=,x) =0, (B-4)

since the unit area of the integrand of (B-1) moves progressively
farther out in the positive direction as v increases. This can
be seen from the fact that the density (integrand) in (B-1) has
mean v and standard deviation Vv.

Also, define (density) function

v-1
p(v,x) = X r?ﬁ?"x) for x 20, v>0. (B-5)

Then, function (B-1) satisfies recurrence
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x
C(v,x) = I dy p(v,y) = C(v-1,x) - p(v,x) for v >1, (B-6)
0
while
p(v,x) = p(v-1,x) 3§T for v > 1 . (B-=7)

Convenient starting values for (B-6) and (B-7), when v is integer

or half-integer, are

ctex) =2 8((20% -1, c(lx) =1-exp(-x) ,  (B-8)

k.

p(%,x) = (nx) ° exp(-x) , p(l,x) = exp(-x) . (B-9)

As an example, with v = n,
p(n,x) = p(n-1,x) E§T for n = 2,3,4,... (B-10)

g(n'x) . Q(ﬂ-l,x) P p(n,x) fOI’ ns= 2'3'4,0.' (B-ll)

along with the starting values for p(1l,x) and C(1,x) given in
(B-9) and ‘B-8), respectively

As a second example, with v = n + %,

;%; for n= 1.2,3,... (B-12)

p(n+k%,x) = p(n-%,x)
C(n+%,x) = C(n-%,x) - p(n+4,x) for n=1,2,3,... (B-13)

along with the starting values for p(%,x) and C(%,x) given in

(B-9) and (B-8), respectively.
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We also define exceedance distribution function

m v-1
E.(\’Ix) =1 - g(\”x) = I dy Y exp(-y) =
X

T(v)
= T(v,x)/T'(v) forx 20, v > 0. (B-14)
Then,
E(v,x) = E(v-1,x) + p(v,x) for v > 1, (B-15)

with recursion (B-7) for p(v,x), and starting values

ECax) = 2 #(-(20)7) ,  E(1,x) = exp(-x) . (B-16)

We also have closed form

E(n,x) = exp(-x) 3__ 37 forn21. (B-17)
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APPENDIX C. RECURRENCES FOR SUM OF RANDOCIt VARIABLES

The probability density functions of random variables X, and
x, were given in (121) and (122), respectively. We will now
derive the probability density function of sum x = x;, + x,, by

convolving these two functions. We have
p(u) = [ dt p;(t) py(u-t) =

- (2n)°8 ZE: £ ga/g) I gt tV-1*n exp[ t ,u t) ]

5“ r'(v) o n=0 n (v) 0

_ oV exp(-tu?/e?) s ¢ loasg)” 2 -
ﬁv T(v) n=o N (v)n v-1+n

5] for all u, (C-1)

where Ip(a) was defined in (124). If v is integer, the

recurrence may be started with
" 2 - -4
Io(a) = exp(a“/2) ¢(a) , Il(a) = a Io(a) + (2n) i (C-2)

where normalized Gaussian cumulative distribution function

=k

s(a) = [ dx ¢(x) ,  ¢(x) = (20)7" exp(-x°/2) . (c-3)

- 00

The cumulative distribution function corresponding to p(u) is

C(v) = J du p(u) = I du pl(u) Cz(v-u) =

—-00 0
[+ ] o =14
=y £ of J du y oi*n exp(-u/g) Q[v - u]
n=0 o 0 8V*™ r(v+n) °
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«©
= :o: £, a" Jv_lm[%,% for all v , (C-4)
n=

where Ju(a,b) was defined in (126).
A recurrence for J” is now derived for the case where y is an

integer m; we have, for b > 0,

© o a-x/b
m m
J_(a,b) = I dx X—XP(-x) ¢[a 3 g] - I dx X eXp(-x) j dt #(t) =
0 0 s

a b(a-t) m a o K "
= I dt é(t) I dx % e;‘l?(‘x) = J dt ¢(t)[1 S _Q_L;'ij_t)_ eb(t-a)]
: k=0 :
—00 0 -0

m bk a ol
= §(a) - g w7 _[ dt ¢(t) (a-t) exp(b(t-a)) =

m kK
= §(a) - i %T J dx (2n)-% x* exp[- %(a-x)2 - bx| =
. 0
2 m_ pK
= ¢§(a) - exp(-a“/2) )} _ = I.(a - D) . (C-5)
k=0 °

There follows immediately the simple recursion

m
Jm(a,b) = Jm_l(a,b) - exp(—a2/2) %T I.(a - b) form21. (C-6)

This can be started with the value

Jo(a,b) = §(a) - exp[%b2 - ab] $(a - b) . (C-7)
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Since probability density function xH exp(-x)/T(p+l) in (126)
has mean p+l1 and standard deviation (p+1)%, its area moves to the
right on the x-axis as p increases. Therefore, the &(a - x/b)
function in (126) forces Ju(a,b) » 0 as gy » », This observation
implies that the cumulative distribution function expansion in

n
(125) has two convergence factors, namely fn a  and Jv-1+n'

51/52
Reverse Blank




TR 10371

REFERENCES

(1] J. I. Marcum, A Statistical Theory of Target Detection

by Pulsed Radar: Mathematical Appendix, IRE Transactions on
Information Theory, volume IT-6, number 2, pages 145 - 267,
April 1960. Originally presented in Research Memorandum RM-753,
RAND Corporation, Santa Monica, CA, 1 July 1948.

(2] C. W. Helstrom, Statistical Theory of Signal Detection,
second edition, Pergamon Press, Inc., New York, NY, 1968.

{3] A. H. Nuttall, Exact Detection Performance of Multiple-
Pulse Frequency-Shift Signals in a Partially-Correlated Fading
Medium with Generalized Noncentral Chi-Squared Statistics,
NUWC-NL Technical Report 10041, Naval Undersea Warfare Center,
New London, CT, 23 April 1992.

(4] A. H. Nuttall, Exact Detection Performance of Normalizer
with Multiple-Pulse Frequency-Shift-Keyed Signals in a Partially-
Correlated Fading Medium with Generalized Noncentral Chi-Squared
Statistics, NUWC-NPT Technical Report 10275, Naval Undersea
Warfare Center, New London, CT, 21 January 1993.

(5] A. H. Nuttall, Accurate Efficient Evaluation of Cumulative
or Exceedance Probability Distributions Directly From
Characteristic Functions, NUSC Technical Report 7023, Naval
Underwater Systems Center, New London, CT, 1 October 1983.

[6] A. H. Nuttall, Evaluation of Densities and Distributions via
Hermite and Generalized Laguerre Series Employing High-Order
Expansion Coefficients Determined Recursively via Moments or

Cumulants, NUSC Technical Report 7377, Naval Underwater Systems

53




T T —

TR 10371

Center, New London, CT, 28 February 1985.

(7] E. A. Guillemin, The Mathematics of Circuit Analysis,

John Wiley & Sons, Inc., New York, NY, 1951.

(8] Handbook of Mathematical Functions, U. S. Department of
Commerce, National Bureau of Standards, Applied Mathematics
Series, number 55, U. S. Government Printing Office, Washington,
DC, June 1964.

(9] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals,
Series, and Products, Academic Press, Inc., New York, NY, 1980.
[10] G. Szegd, Orthogonal Polynomials, third edition, American

"Mathematical Society, volume 23, Providence, RI, 1967.

54




| B I — e

TR10371

INITIAL DISTRIBUTION LIST

Addressee Number of Copies
Center for Naval Analyses, VA 1
Coast Guard Academy, CT

J. Wolcin 1
Defense Nuclear Agency, VA

- J. Meyers 1

Defense Technical Information Center, VA 12
National Radio Astronomy Observatory, VA

F. Schwab 1
National Security Agency, MD

J. Maar 1
National Technical Information Service, VA 10

Naval Air Systems Command, DC
Naval Air Warfare Center, PA

Commander 1
L. Allen 1
T. Madera 1
A. Witt 1
Naval Command Control and Ocean Surveillance Center, HI 1
Naval Command Control and Ocean Surveillance Center, CA
Commanding Officer 1
J. Alsup 1
D. Hanna 1
W. Marsh 1
P. Nachtigall 1
C. Persons 1
J. Silva 1
C. Tran 1
Naval Environmental Prediction Research Facility, CA 1
Naval Intelligence Command, DC 1
Naval Oceanographic and Atmospheric Research Laboratory, CA
M. Pastore 1
Naval Oceanographic and Atmospheric Research Laboratory, MS
Commanding Officer 1
B. Adams 1
R. Fiddler 1
E. Franchi 1
R. Wagstaff 1
Naval Oceanographic Office, MS 1
Naval Personnel Research and Development Center, CA 1
Naval Postgraduate School, CA
Superintendent 1
C. Therrien 1
Naval Research Laboratory, FL 1




TR10371
INITIAL DISTRIBUTION LIST (CONT'D)

Addressee Number of Copies

Naval Research Laboratory, DC
Commanding Officer
D. Bradley
W. Gabriel
A. Gerlach
D. Steiger
E. Wald
N. Yen
Naval Sea Systems Command, DC
SEA-00; -63; -63D; -63X; -92R; PMS-402 6
Naval Surface Warfare Center, FL
Commanding Officer 1
E. Linsenmeyer 1
D. Skinner 1
Naval Surface Warfare Center, MD
W. Phillips 1
Naval Surface Warfare Center, MD
P. Prendergast 1
Naval Surface Warfare Center, VA
J. Gray 1
Naval Surface Weapons Center, FL 1
Naval Surface Weapons Center, MD
Officer in Charge 1
M. Strippling
Naval Surface Weapons Center, VA
Commander
H. Crisp
D. Phillips
T. Ryczek
Naval Technical Intelligence Center, DC
Commanding Officer
D. Rothenberger 1
Naval Undersea Warfare Center, FL
Officer in Charge 1
R. Kennedy
Naval Weapons Center, CA
Office of the Chief of Naval Research, VA
OCNR-00; -10; -11; -12; -13; -20; -21; -22; -23 (3) 1
P. Abraham
N. Gerr
D. Johnson
A. Wood
Space and Naval Warfare System Command, DC
SPAWAR-00; -04; -005; PD-80; PMW-181
R. Cockerill
L. Parrish

b b pd ek pd et b

—t et e ek b [y — b fad ke —

e = N




FlllllIlIIllIlIII--------------

TR10371

INITIAL DISTRIBUTION LIST (CONT'D)

Addressee Numb2r of Copies
U. S. Air Force, Maxwell Air Force Base, AL

Air University Library 1
U. S. Coast Guard Research and Development Center, CT

Library 1

: U. S. Department of Commerce, CO

A. Spaulding 1
Wright Patterson Air Force Base, OH

R. Leonard 1

Brown University, RI

Documents Library 1
Drexel University, PA

S. Kesler 1
Harvard University, MA

Gordon McKay Library 1
Johns Hopkins University, MD 1
Kansas State University, KS

B. Harms 1
Lawrence Livermore National Laboratory, CA

Director 1

L. Ng 1
Los Alamos National Laboratory, NM 1
Marine Biological Laboratory, MA 1

‘Massachusetts Institute of Technology, MA

Barker Engineering Library 1
Northeastern University, MA

C. Nikias 1
Penn State University, PA

Director 1

R. Hettche 1

E. Liszka I

F. Symons 1
Rutgers University, NJ

S. Orfanidis 1
San Diego State University, CA

F. Harris 1
Sandia National Laboratory, NM

Director : 1

J. Claasen 1
Scripps Institution of Oceonography, CA 1
Southeastern Massachusetts University, MA

C. Chen 1
State University of New York, NY

M. Barkat 1

D-3




... mm mam .

TR10371

INITIAL DISTRIBUTION LIST (CONT’'D)

Addressee Number of Copies
Syracuse University, NY

D. Weiner 1
United Engineering Center, NY

Engineering Societies Library 1
University of Colorado, CO

L. Scharf 1
University of Connecticut, CT

Wilbur Cross Library 1

C. Knapp 1
University of Florida, FL

D. Childers 1
University of Illinois, IL

D. Jones 1
University of Michigan, MI

Communications and Signal Processing Laboratory 1

W. Williams i
University of Minnesota, MN

M. Kaveh 1
University of Rhode Island, RI

Library 1

G. Boudreaux-Bartels 1

S. Kay 1

D. Tufts 1
University of Rochester, NY

E. Titlebaum 1
University of Southern California, CA

W. Lindsey 1

A. Polydoros 1
University of Texas, TX 1
University of Washington, WA

Applied Physics Laboratory 1

D. Lytle 1

J. Ritcey 1

R. Spindel 1
Villanova University, PA

M. Amin 1
Woods Hole Oceanographic Institution, MA 1
Yale University, CT

Kline Science Library 1

A. Nehorai 1

P. Schultheiss 1




TR10371

INITIAL DISTRIBUTION LIST (CONT’'D)

Addressee Number of Copies
Accurate Automation, TN

P. Simpson 1
Analysis and Technology, CT

H. Jarvis 1
Analysis and Technology, VA

D. Clark 1
Bell Communications Research, NJ

J. Kaiser 1

D. Sunday 1
Berkeley Research, CA

S. McDonald 1
Bolt, Beranek, and Newman, CT

P. Cable 1
Bolt, Beranek, and Newman, MA

H. Gish 1
EDO Corporation, NY

M. Blanchard 1
EG& G, VA

D. Frohman 1
General Electric, MA

R. Race 1
General Electric, NJ

M. Allen 1

H. Urkowitz 1
Harris Scientific Services, NY

B. Harris |
Hughes Aircraft, CA

T. Posch 1
International Business Machines, VA

G. Demuth 1
Kildare Corporation, CT

R. Mellen 1
Lincom Corporation, MA

T. Schonhoff 1
Magnavox Elect. Systems, IN

R. Kenefic 1
MSB Systems, CT

A. Winder 1
Nichols Research, MA

T. Marzetta 1
Northrop Corporation, CA

R. Nielsen 1
Orincon Corporation, CA

J. Young 1
Orincon Corporation, VA

H. Cox 1

D-5




... I m moa E——

TR10371

INITIAL DISTRIBUTION LIST (CONT'D)

Addressee Number of Copies
Prometheus, RI

M. Barrett 1

J. Byrnes 1
Raytheon, RI

R. Conner 1

S. Reese 1

P. Baggenstoss 1
Rockwell International, CA

D. Elliott 1
Science Applications International Corporation, CT

F. DiNapoli 1
Science Applications International Corporation, VA

P. Mikhalevsky 1
Sperry Corporation, NY 1
Toyon Research, CA

M. Van Blaricum 1
Tracor, TX

T. Leih 1

B. Jones 1

K. Scarbrough 1
TRW, VA

R. Prager 1

G. Maher 1
Westinghouse Electric, MA

R. Kennedy 1
Westinghouse Electric, MD

H. Newman 1
Westinghouse Electric, MD

R. Park 1




TR10371

INITIAL DISTRIBUTION LIST (CONT'D)

Addressee Number of Copies

Assard, G.
Bartram, J.
Beidas, B.
Bendat, J.
Breton, R.
Hahn, W.
Maltz, F.
Nicholson, D.
O’Brien, W.
Pohler, R.
Price, R.
Richter, W.
Schulkin, M.
Urick, R.

Von Winkle, W.
Werbner, A.
Wilson, J.

Admiralty Underwater Weapons Establishment, Dorset, England
Library

Defence Research Establishment Atlantic, Nova Scotia, Canada
Library
S. Stergiopoulos

Defence Research Estab. Pacific, British Columbia, Canada
D. Thomson

Defence Scientific Establishment, Auckland, New Zealand
L. Hall

Dept. of Science and Industrial Res., Lower Hutt, New Zealand
M. Poletti

Materials Research Laboratory, Salisbury, Australia
Airborne Sonar
Sonar Technology and Processing

RAN Research Laboratory, Darlinghurst, Australia

SACLANT Undersea Research Center, NY
Library

SIMRAD SUBSEA, Horton, Norway
E. Lunde

Sonar and Surveillance Group, Darlinghurst, Australia

Welse Sistemi Subacquei, Genova, Italy
H. Van Asselt

et et ot b et e hmd e e el e e d b pd b




L —

TR10371

INITIAL DISTRIBUTION LIST (CONT’'D)

Addressee Number of Copies
Canberra College of Advanced Education, Belconnen, Australia

P. Morgan 1
College of Technology, Dublin, Ireland

R. Lawlor 1
Concordia University, Quebec, Canada

J. Krolik 1
Dalhousie University, Nova Scotia, Canada

B. Ruddick 1
Indian Institute of Technology, Madras, India

K. Prabhu 1
Queensland University of Technology, Brisbane, Australia

B. Boashash 1
Royal Military College, Ontario, Canada

Y. Chan 1
Royal Naval Engineering College, Plymouth, England

I. Stace 1
University of Alberta, Edmonton, Canada

K. Yeung 1
University of Auckland, Auckland, New Zealand

M. Johns 1
University of Strathclyde, Glasgow, Scotland

T. Durrani 1
University of Technology, Leicestershire, England

J. Griffiths 1
L. Lloyd, London, England 1
P. Papoutsanis, Athens, Greece 1

D-8




