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INTRODUCTION

The six-degree-of-freedom (6-DOF) equations of motion are derived in vector form
for a hinged vehicle flying over a spherical Earth. Initially, the most general form of the
equations is developed assuming the combustor may roll with respect to the body, as well
as deflect in pitch and yaw. Next, the primary case is developed in which the combustor
cannot roll with respect to the body. Finally, these equations are specialized to three
simpler cases. The motivation for deriving this set of equations is to support feasibility
studies of the low drag ramjet (LDR), which is streamlined by deleting all acrodynamic
surfaces. All directional control comes from thrust vectoring, which is accomplished by
deflecting the entire motor rather than just the exhaust nozzle, as in more conventional
designs. Since the motor is a large fraction of the total vehicle mass, its inertia has a

significant effect on the dynamics of the overall vehicle.

GENERAL SIX-DEGREE-OF-FREEDOM MOTION OVER SPHERICAL
EARTH WITH ROLLING HINGE

To fully describe the trajectories of two rigid bodies, 24 first-order scalar differential
equations are nceded. For cach body there are 12 equations, three for each of the

following: position, attitude, velocity, and angular rate. In this case, however, the task
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of developing the angular and translational acceleration equations is simplified by the fact
that the combustor is attached to the body. The hinge makes the velocity and acceleration
of the combustor's center of gravity (CG) a function of the combustor's attitude, angular
velocity, and the body states. In this section, the combustor is allowed to roll, pitch, and

yaw with respect to the body.

An additional simplification results from the assumption that the mass properties of
each body change slowly, mp =0, mc =0, EBL =0, Eclc =0, iBIB =0 and

fc .= 0. The missile geometry is illustrated in Figure 1, and the notation is explained in

detail in the notation section at the end of this report.

NEWTON'S SECOND LAW APPLIED TO WHOLE VEHICLE

Apply Newton's second law to the whole vehicle, where the forces and moments in
the hinge are as illustrated in Figure 2. (Reference 1 has a good statement of Newton's
second law.) External forces and moments are assumed to act at the combustor and body
CGs.

d(myV, = = —
—k'-ld—‘:—v-)—=mvﬁv=FB +FC +mVG (l)
In Equation 1, the subscript "V" refers to a quantity that applies to the overall vehicle. A
subscript "C" refers to the combustor or motor section, and the "B" subscript refers to the

main body.
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FIGURE 1. Vehicle Over Spherical Earth.
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M, BODY

COMBUSTOR

FIGURE 2. Forces and Moments in the Hinge.

Since the location of the vehicle CG relative to both bodies varies with combustor
deflection angle, and the inertial measurement unit will be located in the main body, the
body CG is the reference point for these equations. The body acceleration is derived

from the vehicle acceleration as follows:

my3y = mgGp +mcac

myGy = mgdp + Mclpg + MGy — MGy

my@, =(my +m¢)ag +mg(a; - az)

my@y =myap +mcacp

my@p = my3y — mcacp 2

The "ac,p" is the acceleration of the combustor with respect to the body. This is a

noninertial acceleration. Since the combustor is attached to the main body, its position
relative to the main body can be described algebraically.

Xc=Xp+ZXc/
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Xo=Xg+Xpp+Xcn .
Xc =Xg+Bp +Pc

Differentiate for combustor velocity:

e =T o5, 47,

=" BtVc/B

Vc=VB+(ﬁB+53XI33)+(ﬂc+5cXﬁc)
Remember, B =0 and B =0

VC=VB+EBXEB+ECXB-C

Differentiate a second time for combustor acceleration:

- lﬁc —
 — +
ac dt B T4c/B .
ac =aB+[anpB+53 x Bp +@p (@3 xﬁ,,)]

+[?BC XBC +EC XB.C +EC X(EC XBC)]

Since EB and Bc are assurmed to be near zero,
ac =ap +('b"B XEB+6)—B X(&’-B X BB)"'&:’-C X B-C +E)-C X(EC X Bc)
Isolaiing the acceleration of th= combustor with respect to the body,
acyp =g x P + @p x(@p x Bg)+@c x Be + @ % (@c % Bc) (3)

Inserting Equations 1 and 3 into Equation 2 yields an expression for the inertial

acceleration of the main body CG

mydpg = Fg + Fc +myG

_mc[b")'BxBB+EB X(EB XEB)'FGJ';C XBC +&)—CX(ECXEC)] 4
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Because the body and combustor angular rates are relative to inertial space, they

include the rates attributable to the spherical, rotating Earth.

D¢ = ¢ g+ Dpy + By ¢ + g

Op = Bp;y + Wy ,c + Wg

The inertial acceleration of the body CG is now known. But it is more useful to
know the body acceleration relative to the body frame, Vg /GL; (see the notation section),

since this is what a strapdown accelerometer located at the body CG would measure.

Expanding the body CG acceleration in terms of body angular velocity yields

__d%p_d{sy o o
dp=— —Z( sl + @6 xxB)
EB =fBL:+256XfB|G+5G xfB+EGx(EG Xfa)

3 = Vg6l +2@g x Vg + B % (@ x Xp)
where

V8/6lg = VB/6lp + @16 X Vas6
and @ is assumed to be zero.

ap =¢B/GIB+(EB/H +6H/G)XVB/G + 20 X Vg + O¢g X(EG ng)

Rearrange ajp to isolate the different types of acceleration.
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EB'—'ﬁB/GIB*‘EB/H XVB/G Flat Earth
+EH/G X V.’.’ ' Spherlcal Earth
+20c > . Coriolis
— c _B/G_. . . Rotating Earth
+0g % (@g % Xp) Centrifugal relief

"aserting this into Equation 4 and placing all derivatives on the left side yields the

first of the three vector differential equations for translational and angular velocities.

mV‘."B/GIB +mc(07c x Bc +@p x BB)
= Fy + Fe xmyG - mc|@c x (@ x Be )+ @p x (@5 x B3 )| 5)

‘mV[EB/G X Vg6 + 28 X Tp,G + B¢ % (D¢ * fs)]

CONSERVATION OF ANGULAR MOMENTUM FOR MAIN BODY

Conservation of angular momentum for the main body about its own CG is the

starting point for the next derivation.

IsTa)= My + By + By xF,

dt
At this point, an assumption is made about the forces internal to the hinge. The servo is
assumed to exert a pure couple (see Figure 2). Thus, the force internal to the hinge
between the body and the combustor is defined by Newton's third law. (Reference 1 has
a good statement of Newton's third law.) This force is not generally measured, so it is

eliminated by applying Newton's second law to the combustor, solving for the force in

the hinge and substituting for it in the angular momentum equation for the body.

mcac =~F, + Fo + mcG
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. Substitute for F,

, 2 (1as)= My + iy + By x (R + mcT - mec)

Expar ~ out the derivative on the left side.
iBLEB +I-BC0-'_B+6)-B xiBE)'B = HB +ﬁh +EB X(Fb +mc(7—mcc_zc)
Remember, I B IB = (), expand out and place all derivatives on the left hand side:
Tpiop + Bp x mc(¢3/0|8 +@c x e +Wp X BB)
=A—lB +ﬁh+ﬁﬂ X(Fb"’lﬂca)"aa XI.BEB
-EB X mc[58/G X T’B/G + 256 X vB/G + EG X (ﬁ)"G X fB)]

"B-meC[EC X(EC XBC)+EBX(EBXBB)] (6)

CONSERVATION OF ANGULAR MOMENTUM FOR COMBUSTOR

The development of the angular momentum equation of the combustor about its own
CG is very similar to that for the body. At this point, the combustor is assumed to be
able to pitch, yaw, and roll with respect to the body.

di~ —\ — — = _
'd_t(ICwC)=MC-Mh'ﬁCX(‘Fh)

= M¢ ~ M, + B x (F¢ + meG — meac)
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Expand out, assuming iclc = () and rearrange.

Ictoc + Bc x "’C(‘;’B/Glp +@c x Bc + @p EB)
=M-C_M-h+BC X(Fb +mC5)-E)'C Xica)_c
~Bc * mc[@p G %V + 2B X Vg6 + Bg X (@ x X))

ol X B3]

Because the two bodies are connected, Equations 5, 6, and 7 are coupled and must be
solved simultaneously. This can be done by rearranging so that the whole set of
equations can be treated as a single nine-element vector differential equation, which is
then inverted to solve for the state derivatives. To do this, a common coordinate system
must be chosen for all three equations. The simplest choice is the body frame. Second,
all vector cross products to the left of the equal sign must be replaced by matrix products.
In general, a vector cross product can be replaced by a matrix product as follows:

ab

axb

where

Also in general,
axb=-bxa
These two rules must be applied to the left side of the equal sign, but for aesthetics, they

are also applied to the right side. The result after rearranging is

10
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mi mcB mcB |[ihd,
B (7 782 2858 || -
mcBy (I8 -mcBR?) -mcBiBE | @f
g =88 (78_  z82\|| =
mcBE  -mcBEBs (Ic —mcBc ) g

FE+F8+mG?® 0 0
={M} +B§(F® +mcGP)1+{ MP t~ioplfmy
ME +BE(FE +mcGP)| |-MP] |odif@E

~B-BZB _ -B-BREB ~B_B ~B_B . ~B-B_B
mc(@EDEPE + @55 Bz )+ my (573G + 20875 + DEDEXR )
ZB(-B-BAB , ~B-BAB , ~B B ~B-B _ ~B-B-B
mcBg (0COEBE + @p@pPBs +®F GV8/G + 20674/ + PEDEXS @)
ZB(-B-BBB  ~B-BEB, ~B _B ~B-B _ ~B-B_B
mcBE(@CDEPE + DRARBE + @f6VE/ + 200878/ + DEDEX )

The matrix premultiplying the derivative vector serves as an expanded inertia tensor.
Written in partitioned form above, it appears to be nearly skew symmetric. However,

when (tediously) expanded, it is symmetric.

To make use of this equation, each vector in Equation 8 must be written explicitly in
the body frame. Selected vectors are listed below. Figures 1 and 2 and the nomenclature

section provide further information.

Body CG location with respect to the hinge and hinge location with respect to the

combustor CG:
- —(lg — x5) -Xc
B = 0 .+ BE=[Tcas)y ©
0 0
Gravitational acceleration:

11
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2{0

G®= [Tﬂzalgo(R—':f;)
1

Body position: The position of the body CG, X, is relative to the inertial reference point

at the Earth's center. Thus, the z-component of EB" (body CG position expressed in

the local horizontal frame) is (Rg + A).

Angular velocity of the ground frame:
) Qp
&g =[Tg28K 0 }=[Tu2pl[Toau} 0
0 0

Angular velocity of local horizontal frame with respect to the ground frame:

0 A
ot =[Tuzs) {6 1 +1€),10
0 0

Combustor inertia tensor: I =[Tg,c JIE

KINEMATICS

In the preceding section, nine of the 18 differential equations describing the motion of
the two connected bodies were developed. Additional differential equations that describe
the position and attitude of the vehicle are now needed. Start with the attitude of the main
body with respect to local horizontal. Remember, on the spherical Earth the local

horizontal frame rotates with respect to the inertial frame. The body frame is related to

12
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. local horizontal by the Euler rotation sequence y about z, 6 about y, and ¢ about x.

The inertial angular velocity of the body is
Wp =Wy + Dy G + Dg
@py = Bp — By~ Bg

Again, use the body frame.

ol 1 0 0170 [t 0 0 Jcos® 0 -sin6][0
5£,H= 0}+|0 cosp sing KO'+{0 cos¢p sing] O 1 0 0
0} |0 -sing cos¢p||0] |0 —singp cosp]sin@ O cosO ||y

1 0 -sin@ (¢
55,,,: 0 cos¢p singcosd [{6
0 -sing cos¢cos@|{y

Solve for the Euler angle rates using Cramer’s rule:

j«p 1 tan@sing tanfcos¢

6;=]0 cos¢ —sing (@5 9
W 0 sin¢ cos¢ ®)
cosf cosB

An important drawback exists to using the differential equations for Euler rotation
sequence to describe the body angular motion. There is a singularity in the
transformation matrix at 8 = 90 deg, i.e., when the body is vertical. An alternate way to
relate the inertial and the horizontal frames is by using quaternions. This method yields a

transformation matrix that has no singularities and that can be calculated more rapidly by

|
|
|
| 13
l
|
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computer. However, quaternions are not physically intuitive, and this vehicle should

never reach a large pitch angle, so Euler angles were used in this development.

Next, determine the position on the surface of the spherical Earth of the body CG
with respect to a reference point, usually the intersection of the prime meridian and the
equator.

Xpi6 = Xn/6 + Xp/H

Xpic =Xy —Xg)+Xgiy

Note that the origins of the body and local horizontal frames coincide, so Xg;y = 0.

Differentiate with respect to the ground frame:

VB/6 = X8/l

Vas6 = %ul, ~ %ol
Assume the Earth rotates at a constant rate about the axis through the poles, fclc =0.
VB/G = Xn|y + @6 XXy

To solve for the latitude and longitude rates, this equation must be expressed in scalar

form. Choose the local horizontal frame:
<H _ zH —H <H
VBIG = XB IH +OHG X XH
N _ B
316 =[Te2n V8/6

Note that for a spherical earth, VE’ /G is a non-inertial quantity. In a later section, when

the equations are reduced to flat Earth, it will be inertial. To avoid confusion with the

14
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inertial velocity, we will add the superscript "H" to each element of the vector, keeping in

mind that the two become identical for flat Earth.

uH
“H _J. H
VeiG =1V
wh
ul? 0 Acosé 0

vil=d0bel & Ix 0
wi| |-h] |-Asin&| |-(Rg+h)

Solving for the spherical coordinate rates:

. utl 0
é—RE'l'h (10)

vH

A= (Rg + h)cosé

(11)
h=-wH (12)
The geographic position is

X =R
Y=REA,

The final equations needed are for the combustor deflection relative to the body.
Oc/p =0c —Wp

Write out in the body frame.

15
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8, cosd, coss, ~ 5‘, sind, p
S, cosd, sind, +3, coss, b =L -Bp ={q (13)
—stm6y+sz r C/B

By convention, p, ¢, and r are assumed to be angular rates about the axes of the body

frame. E},’ and Eg are available from integrating Equations 8. Solving for the

combustor deflections yields
5, 1 —cosd,tand, sing, p
Sy =|tané, cos sind, tand, i ¢ (19)
3, 0 0 1 rlcs

Remember, the combustor deflection angles are modeled as an Euler sequence in this
development. This choice was made for convenience in the formulation and would
represent a set of nested gimbals. Depending on how the actual servo is designed, some

other model might be more appropriate.

The combustor CG velocity is available algebraically. Though it is not needed for
simulation of the vehicle's motion, it is provided here for reference. Remember, the

subscript " A" refers to the hinge.

Vc16 =Vc/B +VBiG
=Vein+Vnp+ VG

=@ G X Bc +@p;c % Bg + Vg6

For interest, the surface distance flown along a great circle since launch is also included

(Reference 2):

16




NAWCWPNS TP 8134

R=Rgcos™ {005(12" - gz)cos(% - 51) + Sin(% - 52)sin(§ - ‘51)‘:03(2'2 - 34)}

The motion of the missile and combustor have been fully described. Equations 8
through 12 and Equation 14 describe the dynamics of the vehicle's 18 independent states,
subject to the following assumnptions:

1. Combustor and body are rigid

. Control servo in the hinge only exerts pure couple

2

3. Hinge can be modeled as a gimbal set

4. Earth is perfectly spherical, rotating at a constant rate
S

. Mass properties of the two vehicle sections change "slowly”

GENERAL SIX-DEGREE-OF-FREEDOM MOTION OVER SPHERICAL
EARTH WITH NO-ROLL HINGE

Adding the constraint that the combustor may not roll with respect to the body

removes a degree of freedom; the combustor roll rate, wg, = pc, is no longer

independent and is deleted from the state vector. Further, M,f, is just a reaction moment

and is eliminated from the equations. Doing this will reduce the size of the state vector to
be integrated, but will also destroy the nice, compact form of Equation 8.

Define p using Equation 13, remembering that &, =8, =0.

17
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The y and z elements yield differential equations for §, and J,.

2 _ 9c/B 15
% cosé, (13)
$z=rc,3. (16)

Use the x element to relate pe to the other states.

Pcys = Pc — Pp =—0,sin,

Pc=Pp— Sy sind,

pc = ps -~ (4c —qp)tans, an
Differentiate and use the expression for 5, .

lacaeon)
4

Pc = bg —(dc - gp)tanéd,

Set up the following definitions to make subsequent work more compact.

kv 0 n'c(ﬂ)c(ﬂcﬂc +(DB(DBﬁB)+mV(mBVB,G +2a)GvB,G +(OG(I)GIB)
7 iB=—=B ~ ~ - B~B-B
ky =~ 0fI5wy - mcB(0¢dEPE + ®§ R B + 5 16V8/c + 20875, + BEDEXR )
k

~B7 B~ ~B=~B-B
ofifag) |mche (wcwcﬁc +®FBFBE +@FcV8)c + 206786 + DGOCX )

(19a)

18
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fv EB + ‘;:B + mVa-B
foy={M3 + B3 (FE +mcG®) (19b)

f.) |ME+BA(FE +mcT®)

ju jiz 73] [mi  -mepE -mcpg
j21 J22 J23|=|mcBf (I -mcBR?) -mcB3BE (190)
T 7 T R aBn 7 aB2
731 Jn2 33| |meBE  -mcBEBy  (iE-mcBEY)
Equation 8 then becomes
- - ~ =B - —_
J1i J12 13 "BIGIB 1, 0 k,
J21 J22 J23) a@f V={ft+{ MP }+{k, (20)
J31 J32 Jj33|| @f £l |-M2| |k,
Remember,
f"f,(;|8
~B _ B B B [ . P . . T
wp = uB/GIB VBIGIB WB/Glz 1PB 9B "B Pc 4c Tc
g
0 T
mft={o o oMl My MEi-ME -Mj -ME}
M}

Solve the seventh equation in Equation 20 for M ,f,.
[13111113 /G|n +J311398 6|, + I313 wg,(,.|a]+[132,1 Pp+ 321545 +I32375]

+{J33) B + I3312dc +I33137c) = for = Mp + ke,

19
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B _ B B B : . :
My = —{-’3111“8/G|B +J3112"B/G|B +J3113WBIG|B]"[J3211PB +J32)24p +J321373]

73311 + I33124c + I33137c ]+ fox + kcx

Substitute into the fourth differential equation in Equation 20

(721008 6], + 7200B1c], + T21039B 1 |+ (72201 b5 + 22005 + T22137]

{723y, pc + I23124c + T2137c) = fpe + M +kp,

JZlulig/G +12112‘.’g/6 +12113Wg,6 +[12211p3 +‘,2212q'8+‘,2213’.-3]
B B B

+{7231 e + I23154c + T 2337 ]

= -{13111133/G|B +-’3112"’g/G|B +-’3113Wg/c:|8]
~{732), P + 732134 + I321375]~ [J33)1 B¢ + I 33124c + I 33137 ]
+fpx + fox +kpx +kex

Place all the derivatives on the left side and write out the full matrix equation. The
result is shown in Equation 22 at the end of this section. To eliminate the extra state pc,
insert Equation 18 into Equation 22 and rearrange. The result is shown in Equation 23 at

the end of this section.

Now, for the specific vehicle being modeled, this equation can be simplified. First,
the deflection angles are fairly small, and second, the deflection rates are large in only one

direction at a time, i.e., 3, and 5, will not be large at the same time. Referring to

Equation 18,

(9c —as)(rc ~78)
cos* &,

pc = pp—(4c —4p)tand, -

20
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Recall that 8, = (g¢ - gp)/c0s6, and 6, = (1c - 75).

L 5.6
pe = pg - (gc - gp)sind, - L=
cosd

z

Apply small angle assumption:
pc ~pp-(dc - 4s)o. - 8yéz
Remember that éy and 5, will not be large at the same time:
Pc ~Ps (21)

Applying this yields Equation 24.

Equation 22

o o 0
[ : . - , ) 0 0 0
Jii ! J12 i J13 | Jeeemmemmmmee
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Equation 23
E {J13p J133) [0 0 0 1 13y
J11 i J12 '3, J135| | 0 0 0 | J13,,
_________________ I . - = (N I S N N - W
. i ] TP B\, I, i[ S ]
j21 | j22 | J235 J23+ | #7234 +733y)
_________________ E________________ sy, Jmg |00 0 TP
J31, T3l J31, .13221 J32,, 732, .'fis‘{'fii,;' 0 0 0 | J235
J3ly J3y J3ls | J32; 325 J325 03y J33| | O O O "E"""J-si;; ——————
0 0 0 ! 7335
J13;
0 J13,
'_f:v_’ fextker| [Ky ] J135,
- _f_‘B_ . Mf?y . _E_B_ +(qc-q5)(rc—r3) J23y; +J33y
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Equation 24
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SPECIAL CASE: SINGLE RIGID BODY

When the second body is removed, Equations 8 decouple and can be treated as three
separate vector equations, rather than as one 9-element equation. Further, the differential
equations for @¢, 6,, 8,, and &, are typically replaced by three second-order equations
to adequate fidelity. This is the case for most missiles, both thrust vector controlled and
aerodynamically controlied, because the mass of the deflecting nozzle or control surface
is negligible relative to the total mass of the rest of the vehicle, and the distance from the
hinge to the CG is small. The effect of the second body on the dynamics is restricted to
its contribution to the forces and moments on the body. From Equation 8, the equations

for the body velocity and angular rate are

"B
vaB,Gl B FC +myG +mV((DBVB/G +2vaB/G +(DGCOGXB)

Igop = M5 + BiF + M) - agl g

The remaining Equations 9 though 12 are unchanged.
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SPECIAL CASE: FLAT EARTH

For flat Earth, the radius of the Earth becomes infinite and its angular rate zero. The
gravitational field is usually assumed to be uniform, and the local horizontal frame
becomes parallel to the ground frame, which is now inertial. Assuming the combustor
can roll with respect to the main body, most of these changes can be applied to the initial

set of equations by zeroing out the appropriate terms.
7 - RrB = = = -
myl -mcPp -mcPc VBB/G| R FE+FE® +m,G®

mcfl (iB-mcP8?) -mcPRRE | 68 \=138 + BA(R2 +mcT")
mcfl  -mcBRBR (1B-mch2?)|| &8 | |92+ B(RE +mcT?)

&

-p-B=B  -B-B7 -B_B
0 0 me(0¢aEBE + apas B )+ my@3vg)c
7B = B7B—B AB(~B-BFEB , ~B~BEB  ~B -B
MP | -aiswp p—{mcBh(@lalBE + 3R Bs + @8 678/c) 25)
58| |~B78-B AB(~B-B%B , ~B~BRB . ~B B
-mM2) \@lilat) |mcBE(ololBE +ajayBE +a%6v8c)

The exception is the set of equations describing the missile CG position. In this case it
is necessary to shift from motion on the surface of a sphere to motion over a flat surface.
The missile position rate in the inertial frame is simply the velocity in the body frame,

transformed, or

X u
¥t =[Tpan}v
2fp Wis (26)

where h=-wp
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The surface distance traveled is simply

2, .2
R=qx5+y3 27
Equations 9 and 14 are unaffected.

In this section, the combustor can roll with respect to the body. For the LDR,

however, this roll freedom is gone, so equations 9, 15, 16, 19, 24 (with @;=0) and 26,

along with assumption 21, were implemented in the simulation.

SPECIAL CASE: FLAT EARTH AND PITCH PLANE

The assumption that motion is restricted to the pitch plane results in an enormous
simplification: the three vector equations in Equation 8 are reduced to three scalar
equations, which can be solved separately. The notation for the scalar forces and

moments is illustrated in Figure 3.

An additional assumption here is that both sections are symmetric homogeneous
cylinders, so the inertia tensors of the body and combustor are diagonal with the y and z

elements equal, i.e.,

iZ={o0o 1, ol ,and If={0 I ©
0 0 Iy 0 0 I
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Mc
COMBUSTOR

FIGURE 3. Planar Vehicle Over Flat Earth.

Since this is the planar case, neither the body nor the combustor roll.

myii+me & xcsind = Ag +(Ac +T)cosd— Ncsind
—mygy smo—m[éz(l-x3)+§zxc cos8]—mvéw

rmyw +mcb(l - xg )+ mg £ xo c0s8 =~Ng ~ N cos8 — (Ac +T)siné
+nmy go cosO + me E2xcsind + mybu

IBé«i-mc(l—xB)[w+§(1—xB)+fxccos5]=MB +M,

+(I- xB){—NC cosd — (Ac + T)sind + mcgg cosb + mc(fzxc siné - éu)]
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I+ mCxC[WCos5+ isiné +6(1 - xg)cosS + fxc] =Mc~-M,

+xc{—NC +megycosl — mc[éz(l — xg)sind +@(ucosd ~ wsin5)]}

Equation 9 becomes 6 = g5. The differential equations for position reduce to

Xp = upcosf+wgsind

2p =~—upsin@ +wpcosd

CONCLUSIONS

Equations of motion for a missile consisting of two rigid bodies connected by a hinge
have been developed for flight over a spherical rotating Earth. These equations have been
specialized to three simpler cases: flight over a spherical rotating Earth where the second
body is much smaller than the first, flight over a stationary flat Earth, and pitch plane

flight over a flat Earth.

For modeling the dynamics of more complex vehicles, i.e., with more sections or
with more complex connections, the development by Abzug in Reference 3 would be
useful. The notation, while intricate, is well laid out for handling the complexity of that
type of vehicle. For the LDR vehicle, we used both approaches for developing the first
set of equations in this report, and concluded that the more intuitive approach presented

here was workable for two bodies and would be clearer to present in this report. As the
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number of bodies increases and the connections become more complex, the more intuitive

approach taken here becomes impractical.

NOMENCLATURE

GENERAL NOTATION

- Because this is a two-body vehicle, reference is made to the two portions, the front
body and the aft combustor. These two parts make up the vehicle.
[ ]- marix
(7) - (tilde overbar) - matrix

(") - (overbar) - vector

Transformations and Coordinate systems

Several coordinate systems are used in this development. First, of course, is the
inertial frame, which is assumed to be fixed in inertial space. Next, the ground frame is
attached to a fixed point on the surface of the Earth. For the flat Earth, the ground and
inertial frames are identical. The body frame travels and rotates with the main body. The
combustor frame travels and rotates with the combustor. The local horizontal frame
travels with the body, but remains aligned with the local horizon. For flat Earth, the local
horizontal and ground frames remain aligned.

32




NAWCWPNS TP 8134

The coordinate frames are related to each other by a sequence of Euler rotations. In
this discussion, all Euler rotations are in the sequence x,y,z. To illustrate with the

rotation from local horizontal to body frames:

a® =[Tyqp)a"

where

[Tu2p]=[0].[6],[¥],

1 0 0 Jcos@ 0 -—sin@f cosy siny O
[Tyag]={0 cosp sing] 0 1 0 |[-siny cosy O
0 -sing cos¢]sin@ 0 cos6 0 0 1

cosfcosy cos@siny -sinf
[Tﬂza] =|sin¢gsin@cosy —cosPsiny sinPsinfsiny +cosgcosy singcosf
cos¢sin@cosy +singsiny cos@sin@siny —singcosy cos@cosé
Other transformations
[T8ac)= [8,][8,][8,] - body to combustor

[Te2n]= [-£],[2], - ground to local horizontal

[Th28]=[#],16],[¥], - 1ocal horizontal to body
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Derivatives

A final relevant subject is that of noninertial derivatives. Since there are several
noninertial frames in this development, the notation becorres a little more intricate than
usual.

da
dt
@p); - angular velocity of body frame "B" with respect to the ground frame "G"
&IG - time derivative of vector @ with respect to (usually) noninertial frame "G"
dag,c
dt

of "G" is with respect to inertial space, the "I" in the subscript usually is

- inertial time derivative of vector @

Note that agigll = = sz,GIG + g X 53/6. Since the angular velocity

dfOppCd, ie., G_)G” = ZD-G.

a®  -vecwora expressed in components along the body frame

Note that a vector may be expressed in any coordinate system, regardless of its physical
meaning. For example, the angular velocity of the body with respect to the ground
(@p;;) may be expressed in components in the body frame (5{,’,6), in components
along the ground frame (Eo'g,c;), or any other frame, such as the combustor frame

(a;f ;6)- References 1 and 6 both contain good discussions of transformations.

SYMBOLS
Superscripts and subscripts

B - body

C - combustor (motor)




NAWCWPNS TP 8134

G - ground

h - hinge

H -local horizontal
I -inertial

V - vehicle (body + combustor)

Scalar variables

Rg - radius of Earth

R - distance travelled by main body

h -altitude
- position from a reference point along constant meridian of the spherical Earth
- position from a reference along constant parallel of the spherical Earth

X

Y

1 - latitude position
¢ - longitude position
m

- mass

8o - magnitude of gravitational acceleration at sea level
u,v,w - components of velocity in body frame

p.q,r - components of angular velocity in body frame
x,y,2z - position components

g - magnitude of Earth's angular velocity

. Vector Variables

a - ageneral vector
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b - ageneral vector
F - external forces except due to gravity and due to the other body via the hinge
G - gravitational acceleration
M - external moments except due to the other body via the hinge
X - position
v - velocity
a - acceleration
@ - angular velocity
B - location of component CG within that component
I - without subscript, identity matrix
I - with subscript, inertia tensor
Abbreviations

CG - center of gravity
LDR - low drag ramjet
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