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INTRODUCTION AND BACKGROUND 

In previous reports [1,2,3] the theoretical prediction and experimental verification of strain amplification 
due to critical velocity effects in gun tubes have been given. In particular, equation (19a) of reference [1] 
shows the importance of the shell bending stiffness, D, and the shell membrane stiffness, M, in determining 
the projectile velocity that causes resonant flexural vibrations in a thin-walled guu tube, i.e.. 

where 

~~ hp 

D = 
Eh3 

12(1 - V2) 

(1) 

and 

.V/ = 
Eh 

R2 

E and u are Young’s modulus and Poisson’s ratio, respectively and R is the mean radius of a tube having 
wall thickness h and mass density p. 

Increasing either D or M thus increase.« the critical velocity of a thin-walled gun tube. Theories that 
account for substantial wall thickness and/or bore eccentricity predict critical velocities somewhat lower than 
that predicted by equation (1) above. The essentia! result, however, is that projectiles fired at velocities 
sufficiently less than the critical value yer, do not significantly amplify stresses within the tube wall. 

Conceptually, at least, a lightweight material wrapped around and bonded to the tube to form a jacket 
is one way of increasing the overall stiffness and hence the critical velocity of a given gun tube. In this report, 
the development of the necessary theory to predict the critical velocity of an orthotropically-wrapped gun 
tube is given and applied to a particular composite material. 

THEORY 

A uniform, isotropic cylinder (a gun tube) is assumed to be infinite in length and is wrapped with an 
orthotropic layer. A cross section of this composite cylinder is shown in figure 1. Donnell shell theory [7] 
forms the basis for the theoretical development. In the following, all displacements and strains refer to the 
exterior surface of the jacket. From reference [4] the relevant equations for the free motion of the wrapped 
cylinder when written in terms of these displacements are: 

Lnu + Lijv + L13W — prii — 0 

Ljju + Ljjv + L23W — prv = 0 (2) 

¿ISU + L23V + L3310 + PTW = 0 
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- where u,v, and w are the axial, tangential and radial displacements, respectively, of the exterior surface 
of the jacket. For axisymmetric motions, these displacements are functions of the axial coordinate x and the 
time t. p-r is the density parameter: 

PT =pwhi+p^2)(h2-hi) 

In keeping with the notation of reference [4], the superscript (1) refers to jacket properties and the superscript 
(2) to properties of the isotropic cylinder. Note, however, that while h\ refers to the jacket thickness, h? is 
the combined thickness of the tube and jacket, (cf. fig 1) 

The operators are defined as follows: 

£ii( ) = --1 u( J,** 

¿120 = 0 

¿13( ) = -^( U.-O12M ),* 

¿22( ) = ),xz (3) 

¿23( ) = 0 

¿33( ) = Du( ) txxx + (2/a)Dl2( ),rr + (-l22/a')( ) 

* 

where 

^11 = Oi + CiV + hj) 

^2=01 + ^(-/^ + /12) 

+22 = (01 + 0-/11 + /12) 

^1 = ^01+0-/^+/15)} 

^2 = ^0?+ 0-/1?+ />;)} 

(^22 = + 022^ (—hi +/lo) } (-1) 

0ii = 5{O? + ^n (~h?+ /»?)} 

^12 = j {Ci^h? + Cn (-/»? + /*2)} 

Æ22 = + C22 (—/»i + h?)} 

^6 = 01 + ^(-^1 + /12) 

0«6 = 2(^88^1 + (“/“l + /*2)} 

2 



and, for j = 1,2 : 

c«,_ri'1 

11 " 

wi'. 4J) 

” ' {1-^) 

w/) _ S', 

13 ■ (1-^( 

Wi) _ 
- uzi 

(5) 

—where for example, £Íl) and are Young’s modulus and Poisson’s ratio, respectively, of the or¬ 

thotropic jacket in the directions indicated. (In for example, the stress is applied in the x-direction 

and the lateral deformation takes place in the ^-direction.) G(JJ is the torsional shear modulus. The same 
definitions apply to the isotropic cylinder when the superscript is (2), but these of course reduce to just two 
independent elastic constants because of the isotropy. The axisymmetnc displacements of interest have tne 
general form of travelling waves: 

u = Ueia(t-V,) 

V = VVa<*-#,) (6) 

m = Weia{t~v,) 

— where v is the phase velocity of the wave and a is the wave number. 

These displacements, when substituted into equations (2), give the following three homogeneous equa¬ 
tions for the determination of the coefficients U,V, and W: 

'¿hÆl _ AnUa- + -iDmn Wa3 + Ua'prv2 = 0 
a 

- (TseVor) + VorpTU2 = 0 (7) 

AmW t iAxiUa 
2lH,hïï°Î + -xD\xUa3 + Du Wa* - Wa'-pj-v2 = 0 

The second of equations (7) is uncoupled from the others and gives a value for v independent of a. 
This is the dispersion relation for torsional waves showing that torsional waves are uncoupled from the axial 
and radial motions and are nondispersive. These waves are of no interest to this study, and the second of 
equations (7) is therefore eliminated from the system leaving two homogeneous equations in the unknowns U 
and W. In order for these equations to yield non-zero solutions, the determinant of the coefficients of U and 
W must vanish. This gives the dispersion relation for the axisymmetric flexural waves assumed in equation 
(6). 

3 



This dispersion relation is: 

_ Z^nD^a2 2.<4nP*;a2 
a2 a2 a a 

-AnDna* + Pu2«4 
mWpt 

a2 
(8) 

2 2 2PT*»Û2V2^7* 4 *ï 2 4 ^ a 
+/iua2v2pr - .....+ Dna*v'pr - arv*pr‘ = 0 

a 

Since the dispersion relation is biquadratic in the phase velocity, v, there are four solutions or branches 
^•(a), j = 1,4. Of these, the branch uj - which contains the lowest possible phase velocity - is of primary 
interest. As shown in reference [1], waves having a phase velocity t> are only excited in a gun tube when the 
projectile velocity is also v. Usually, the lowest branch of the dispersion curve includes all of the possible 
phase velocities of which a conventional gun tube is capable. Moreover, thin shell theories, such as the 
Donnell theory used herein, do not usually predict the higher branches accurately. 

APPLICATION: 60-MM GUN TUBE WITH A GLASS/EPOXY JACKET 

The main purpose of this experiment was to test the applicability of the forgoing theory rather than to 
make a serious attempt toward a superior design. In fact, as shown, the jacket thickness of the glass/epoxy 
material utilized theoretically does not have a sufficient strength-to-weight ratio to raise the critical velocity 
above that of the unjacketed tube. Its main attributes were availability and ease of construction as well as 
being representative of materials that have seen use in tube components and appendages. 

The 60-mm gun tube referred to in previous studies [2] was wound with a continuous glass filament for 
a distance of 48 inches rearward of the muzzle. The filament windings were precoated with epoxy resin and 
wound at angles of +60° and -60° with respect to the tube axis, the sign of the angle alternating with each 
layer. Eighteen layers complete the jacket with a final measured wall thickness of 0.151 inch. The jacketed 
portion of the steel gun tube has a uniform wall thickness of 0.12 inch. Prior to winding, strain gages 
were bonded to the exterior surface of the gun tube at several locations. After the jacket was completed, 
additional gages were placed on the exterior jacket surface directly over those on the gun tube, as shown in 
Figure 1. Figure 2 is a photograph of the jacketed gun tube. 

Knowledge of the material properties of the gun tube and the jacket are needed to evaluate the coefficients 
in the dispersion relation, Eq.(8). For the steel gun tube: 

£<2) = 3.03 * 107psi i/2) = 0.3 ^2) = 0.0007365 lb-sec2/in. 

By substituting these values in Equation (5), the Cjj*’ can be determined: 

i.e., Cn* = Cg* = 33.3 * 10sp»i and Cj7) = 9.99 * 106psi 

(Note that Cgg is only needed for the torsional equation of motion which was -liminated previously.) 

The Cjp for the jacket can be determined theoretically from the material properties of the filament and 
matrix materials or by direct measurement of a sample of the composite jacket material. Both procedures 
were used in this study. A computer program [5] was used to theoretically predict the elastic moduli and 

Poisson’s ratios of the orthotropic jacket. The resulting were computed using equations (5) and com¬ 

pared with those obtained from test measurements. The Appendix describes how the C^1’ were established 
using these test measurements. For unknown reasons, the agreement between the predicted elastic properties 
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of the jacket and those resulting from these direct test measurements was poor. Some of the theoretically 
predicted elastic moduli were nearly twice those deduced from the test measurements. 

Considering the substantial difference between the measured elastic properties and those calculated using 
the computer program, one can expec* a considerable difference in the corresponding dispersion relations. 

The measured CjJ) are as follows: 

Cft - 1.60 * 106psi = 3.39 * 106psi = 0.987.106psi 

= 0.0001972 lb-sec2/in,was obtained from the measured dimensions and weight of a jacket sample. 

From figure 1 we have that: 

a =(bore radiusj+Zij = 1.1811 + (0.151 + 0.12) = 1.4521 in. 

Substituting all numerical values into equation (8) results in the following biquadratic equation for u(a): 

-8.19447 * 1012 - 5.71641 * 1010a2 - 3.99518 * 101(V + 252.551tr+ 

457.619a2v2+21.8019aV-1.3961U10-âa2v4 = 0 (9) 

Of the four roots to this equation, the lowest branch is: ui(a) = 

1.63891+^^ä+0.0780809a2- ^2.78631 + 0 - 2^11 + Q,227318q2 4- 0.00609662a-1 
.1 3 

(10) 

The predicted set of elastic constants, computed by K. Miner of Benet Laboratories using the computer 
program previously mentioned [5], has the following values: 

= 2.87 * 106 4^ = 5.23^106 i/^ = 0.24 i/^ = 0.437 

Substituting these values in equations (5): 

Cjl) = 3.21 * 106 psi = 5.84 * 106 psi = 1.40 * 10öpsi 

The jacket wall thickness, h\, as computed by the program. 0.144 in. The density of the jacket is not 
computed by the program, however, and the measured value was therefore used (0.0001972 lb-sec"/in.). 

The corresponding dispersion equation (equation (8)) is: 

-9.38486*1012 - 4.61712*10loa2 - 5.70712*101(V+ 

273.676t/2+ 484.3aV+20.5909aV-1.3961 l*10~8aV =0 (11) 

Plots of the dispersion relation t/i(cr) corresponding to the measured and predicted values of the C¡}1 ' appear 
in figure 3 along with that for the tube w *hout a jacket. The minimum phase velocity of each curve defines a 
critical velocity. The dispersion curve obtained using the measured elastic properties shows a critical "elocity 
of 37260 in./sec (3105 fps), whereas the curve obtained using the predicted values shows a critical velocity of 

43258 in./sec (3605 fps). The tube without any jacket has a critical velocity of 46618 in./sec (3885 fps). It 
is notable that both of the critical velocities corresponding to the jacketed tubes are lower than that for the 

bare tube. Evidently, the additional mass of the jacket has a stronger influence than the additional stiffness. 
As suggested from the thin-walled case (equation (1)), increased mass (the ph divisor) lowers the critical 

velocity. 
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THE MORE GENERAL SITUATION — 

As the example applicaticn of the previous section has demonstrated, adding a glass/epoxy jacket to a 
gun tube does not necessarily raise its critical velocity, since the effect of the increased mass may outweigh 
the effect of increased stiffness. (This is not the case for the tube without a jacket, whereby an increase 
in the tube wall thickness always results in an increase in critical velocity.) It is of interest to know if the 
critical velocity of the jacketed tube might have turned out to be greater than that of the bare tube had 
the jacket thickness been made sufficiently large. Figure 4 shows that if the lítasund values of the elastic 
constants were used in the analysis even a very substantial jacket thickness would not result in a critical 
velocity greater than that of the bare tube. On the other hand, if the predicted values of the elastic constants 
were used, a jacket thickness in excess of 0.254 inch would result in a critical velocity greater than that for 
the bare tube. 

Usually it is desirable that the gun tube be designed so that its critical velocity is well above any 
anticipated projectile velocity while keeping the weight of the tube at a minimum - especially in those 
regions near the muzzle. The question arises as to whether these goals can be better achieved by simply 
increasing the wall thickness of the tube itself and eliminating the glass/epoxy jacket altogether. Figure 5 
shows that this is indeed the case, at least for the 60-mm tube in question. The curves clearly show that 
adding a given amount of mass by increasing the wall thickness of the unjacketed tube results in a greater 
increase in critical velocity than by increasing the thickness of a glass/epoxy jacket. (Predicted values of the 
elastic constants were used in compu ting the effect of adding jacket mass - these are assumed to represent the 
highest stiffness possible for the glais/epoxy jacket as designed.) On the other hand, there may be instances 
when it is actually desirable to lower the critical velocity of a gun tube. This can arise when the projectile 
velocity exceeds the critical velocity of the tube despite all practical efforts to the contrary. As shown in 
references [1,2], a projectile velocity sufficiently greater than the critical value will excite dynamic strains, 
which at worst approach only twice those predicted by the Lame' formula.* Thus, dynamic tube strains 
might actually be lessened by lowering the critical velocity as much as possible. A thinner tube wail and a 
glass/epoxy (or similar) jacket to replace lost tube strength might be used to this end. 

* Strictly speaking this applies only to steady-state strains. 
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Figure 3 — Comparison of Relevant Dispersion Curves 
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Figure 4 — Effect of Jacket Thickness on Critical Velocity 
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Figure 5 — Effects of Adding Mass to Tube or Jacket 
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Appendix 

For an orthotropic cylindrical shell (the jacket), the stress-strain relations are: 

—where d — CwCn - (¾ 

ir* = 

e«# = 

d d 

-Cn<rtt 
(.-11) 

Relations (Al) can be used with experimental measurements of the strains to compute the 1. 

1. Uniaxial compression test — e“, and are measured in response to the application of a uniform 
end load F. The superscript c indicates the strains measured during this compression test. Then = -j, 
where A is the cross-sectional area of the jacket. <rj# = r‘t = 0. Equations (Al) then give two equations in 
the three unknowns Cu.Cu and C23 

2. Hydraulic pressure test — is measured upon application of an internal pressure p,-. In this test 
<rÇx = 0. For moderately thin orthotropic shells, work by G.P. O’Hara [6] shows that the Lame' formula 
can be used with accuracy: —i.e. 

Pi (--12) *9» = ~T~—T 
U/* - 1 

—where w is the wall ratio of the outer and inner radii of the jacket. Applying the second of equations 
(Al) then gives a third equation in the same unknowns. Thus the first two of equations (Al) applied to the 
compression test and the second of equations (Al) applied to the pressure test yield the following expressions 

for the Cjp: 

cil* = 
ep ac 2 * 99er zz 

- it utt 

W1) _ Ou - 

/Ml) _ 
'-'is - 

Ztt(TXTa%t 

^í4**0** “ <9í*<Tí* 
(A3) 

,:xxL'xxuit 

^li^xx^xx ~ 

The data actually recorded during the compression tests were F vs (cxx and F vs , whereas that 
recorded during the hydraulic pressure tests was p, vs c^. i.e., 

F = miel, 

F = mcteett 

Pi = rfS" 

-where, for example, mx is the empirically derived slope of the average F vs exx data. 

In addition we have that: 

<rx_ = — = mrF = 0.7646F 

and 

r* A 

2 
Pi = mt pi = 8.1565p¿ 

(A4) 

(A5) 

(A6) 
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where m, is simply the reciprocal of the measured croes-aectional area A of the jacket and, from equation 
(A2), m, = where w is the measured wall ratio. Thus, from equations (A5) and (A6) we have the 
stress quantities in terms of the measured compressive force F and the measured hydraulic pressure p, and 
(A4) gives F and pi in terms of the measured strains. 

Empirical values for the average slopes were established using a least squares ñt and resulted in the 
following: 

mj = -5.87822* (106)^ 
in 

m'= 1.71309 *(106)-^ (.47) 
in 

mí = 0.340432 *(106)^ 
in 

Substituting equations (A3), (A6), and (A7) into (A3) gives the Cj}-' in terms of the empirical slope quan¬ 
tities: 

dtf = 1.59745* (106) 

=3.38646* (106) (.48) 

= 0.986916* (106) 

From equation (5) one can also deduce that these correspond to: 

= 1.30983* (106) 

41’= 2.776734* (106) (.49) 

^ =0.61781 

= 0.29143 
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